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Recent Progress on x-dependent
GPDs from the Lattice
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§ Backgrounds
& LaMET Method and Progress on PDFs
§ Selected GPDs Results

&Progress on the zero-skewness GPDs

&zero-skewness GPDs

oo gy

)
U T T
mmn s ¥

R

r MICHIGAN STATE : ——
Q UNIVERSTTSY Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus



3D Imaging

§ GPDs encode information about the spatial structure & the
partonlc distribution of spin and orbital angular momenta
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Physics Report, 416

(2015)

Electron lon Collider:

The Next QCD Frontier
Imaging of the proton
EIC White Paper, 1212.1701

Yellow Report, 2103.05419
Christine Aidala & Marco Radici on Mon
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What is Lattice QCD?

§ Lattice QCD is an ideal theoretical tool for investigating the
strong-coupling regime of quantum field theories
§ Physical observables are calculated from the path integral

(0|o(¥, ¥, A)|0) = 1]13/1 DY DY eSBPA)0 (1,1, A)
in Euclidean space

& Quark mass parameter
(described by m,;)

& Impose a UV cutoff \ H
discretize spacetime r

quark field

& Impose an infrared cutoff gluon field L
finite volume X, Y, Z |
§ Recover physical limit : |
phys | " . ,
my;—->m; " ,a—>0,L— o0 t a
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Lattice 9CD 101

§ Lattice QCD is an ideal theoretical tool for investigating the
strong-coupling regime of quantum field the
§ Physical observables are calculated from the
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Moments of PDFs

§ PDq-Ilke rating system or average (x"—l f dx x84 (x)
§ LatticePDF Workshop
& Lattice representatives came together and
devised a rating system
§ Lattice QCD/global fit status
LatticePDF Report, 1711.07916, 2006.08636

Moment Collaboration Reference N¢ DE CE FV RE ES Value Global Fit
ETMC 19 (Alexandrou et al., 2019b) 241+1 B * O * X 0.926[32)
gT PNDME 18 (Gupta et al., 2018) 2414+1 % * * Kk K 0.989(32)(10)

YQCD 20 (Horkel et al., 2020) 2+1 H * O % % f 1.096(30)
LHPC19 (Hasan et al., 2019) 2+1 O % O *x *x ° 0.972(41)
Mainz 19 (Harris et al., 2019) 241 * O * * * 0.965(38)(T13 010 —1.1
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 1.08(3)(3)(9)
ETMC 19 (Alexandrou et al., 2019b) 2 H * O % % 0.974(33)
ETMC17 (Alexandrou et al., 2017d) 2 H + B % % 1.004(21)(02)(19)
RQCD 14 (Bali et al., 2015) 2 O % % % H 1.005(17)(29)
ETMC 19 (Alexandrou et al., 2019b) 241+1 B * O * X 0.716[28)

<1>5u— PNDME 18 (Gupta et al., 2018) 24141 % * * Kk K 0.784(28)(10) -0.14 — 0.91
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 0.85(3)(2)(7) ) ’
ETMC 17 (Alexandrou et al., 2017d) 2 H * H * % 0.782(16)(2)(13)
ETMC 19 (Alexandrou et al., 2019b) 241+1 W Kk O * K* -0.210(11)

(1)54— PNDMELS (Gupta et al., 2018) 241+1 * K K K * -0.204(11)(10) 097 — 047
JLQCD 18 (Yamanaka et al., 2018) 2+1 H O O % % -0.24(2)(0)(2) ) )
ETMC 17 (Alexandrou et al., 2017d) 2 H * B % % -0.219(10)(2)(13)
ETMC19 (Alexandrou et al., 2019b) 24141 B * O * X ° -0.0027(58)

<1>5s_ PNDME 18 (Gupta et al., 2018) 241+1 % * * K K -0.0027(16) N A
JLQCD 18 (Yamanaka et al., 2018) 2+1 B O O % % -0.012(16)(8) /
ETMC17 (Alexandrou et al., 2017d) 2 H * B * % -0.00319(69)(2)(22)

’ @ MICHIGAN STATE Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus

UNIVERSITY



Moments of PDFs

§ PDq-Ilke rating system or average | 1) f dx x84 (x)
§ LatticePDF Workshop

& Lattice representatives came together and
devised a rating system

§ Recent lattice QCD/global fit status 015 020 025 020
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Lattice Structure Limitation

§ Lattice calculations rely on
operator product expansion,
only prO\{ide moments

(x"_l)q =f dx x™" 1g(x)

§ Longstanding obstacle!
& Holy grail of structure calculations

§ Applies to many structure quantities:
& Parton distribution functions (PDF)

& Generalized parton distributions (GPD)
@ Transverse-momentum distributions (TMD) = b
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- ANEW BOPE

't I1s & pprerioc, ofFf waar EAMNMC) 2 COMOTrT™Mic s LAEYE T TS
FTesrPrrrxoil hhas eongulfed thhe gsalactic republics.

Basic truths at foundation of the hman civilization
are disputed by thhe dark forces of thhe evil emplilvre..

A small sroup of QCD HKnights from United Federation
of Physicists has gathered in a remote location on the
third planet of a star called Sol on thhe inner edge of

the 'Orion—Cygnus arm of the galaxy.

The QCD Knights are the only ones who can tame the
power of the Strong Force, responsible for nol\ding
atomic nuclei together, for giving mass and shape Yo

matter in the Universe.

They carry secret plans to build the most powerxritul
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Lattice Parton Method

§ Large-momentum effective theory (LaMET)/quasi-PDF
(X. Ji, 2013; See 2004.03543 for review)

ast &
!@] N(P,) rrc
§ Compute quasi-distribution via

dz . _ z
G(x,u,P) = jﬁe“”‘z <P ‘l/)(Z)F exp (—igjo dZ’AZ(Z’))l/)(O)‘P>
§ Recover true distribution (take P, — oo limit)
= M2 AZ W
qCa,uwP;) =f dyC(x ”)q(y,u) +o| =N, =2 S

|y P2’ (xP,)?’ ((1 _ x)PZ)Z
X. Xiong e.a., 1310.7471; ).-W. Chen e.a., 1603.06664
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Lattice Parton Method

§ Large-momentum effective theory (LaMET)/quasi-PDF
(X. Ji, 2013; See 2004.03543 for review)
\

Additional source of systematics: P,

Smaller P, gives better signal but larger systematics
(like how heavier pion mass gives better precision)

New parameters in x-dependent methods to
pay attention to p

§ Compute quasi-distribution via
_ _(dz _, ] _ i Sy ,
G(x,u,P) = fEe f <P ‘IIJ(Z)F eXp( lgjo dz'A,(z )>¢(0)‘P>

§ Recover true distribution (take P, — oo limit)

qCx,p Py) =f_ D (2 L) qly,m) +0

X. Xiong e.a., 1310.7471; J.-W. Chen e.a., 1603.06664

M%  Agep Ajep
P% ’ (XPz)Z , ((1 — x)PZ)Z
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Direct x-Dependent Structure

§ Longstanding obstacle to lattice calculations!

Quantities
that can be
calculated
on the lattice
today

pQCD-
calculated
kernel

& Quasi-PDF /large-momentum effective theory (LaMET)

(X. Ji, 2013; See 2004.03543 for review)
& Pseudo-PDF method: differs in FT (A. Radyushkin, 2017)
& Lattice cross-section method (LCS) (Y Ma and J. Qiu, 2014, 2017)
& Compton amplitude method (A.J. Chambers et al., 1703.01153)
& Hadronic tensor currents (Liu et al., hep-ph/9306299, ... 1603.07352)
& Euclidean correlation functions (RQCD, 1709.04325)

r MICHI'SAN STATE :
Q UNITVERSTTSY Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus




Lattice Parton Calculations

§ Rapid developments!
HL, Prog.Part.Nucl.Phys. 144 (2025)

LaMET /quasi-PDF
lattice calculation
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Lattice Parton Calculations

§ Physics-quantity milestones
First PDFs

First unpol.
lattlce PDF
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https://arxiv.org/pdf/1402.1462.pdf
https://arxiv.org/abs/1804.01483
https://arxiv.org/pdf/1702.00008.pdf
https://arxiv.org/pdf/1712.10025.pdf
https://arxiv.org/pdf/1904.12376.pdf
https://arxiv.org/abs/2003.14128
https://arxiv.org/abs/2007.16113
https://inspirehep.net/literature/1858017
https://arxiv.org/abs/2112.03124
https://arxiv.org/pdf/1603.06664.pdf
https://inspirehep.net/literature/1794140
https://arxiv.org/pdf/1708.05301.pdf

Lattice Example Results

§ Summary of PDF results at physical pion mass

unpolarized longitudinally polarized transversely polarized
u(x) — d(x) Au(x) — Ad(x) Su(x) —8d(x)
sE womosocer L mmmmpeiezoce |0 ELPSI8 P =506V
[ ETMC'20, |Pax| = 1.4 GeV ] [ ETMC'18, |Praxl = 1.4 GeV | i [ ETMC'18, |Pmax| = 1.4 GeV
4 I ETMC'18, |Pras| = 1.4 GeV ] i
. M JLab/W&M?20, |Pmas| = 3.3 GeV | 3r ]
I ' . *
2 [
10 17 :
; 1B
0.‘2 | O.‘4 | 016 | 018 I 1-.0 I 0‘.2. | 014 | 016 I 0‘.8 | 1.(_) o 012 T 0!4 o 0!6 T 0.‘8 I“ 1.0

Finite volume,
Discretization,

A V 2006.08636 (PDFLattice2019)
‘ =y
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Lattice Example Results

§ Summary of PDF results at physical pion mass

unpolarized longitudinally polarized transversely polarized
u(x) — d(x) Au(x) — Ad(x) Su(x) —8d(x)
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S oar W CJ15 .
1 r ! \ _
0% 0 0 '
- 0z 04 06 08 10 Tz o4 08 08 10 Tz o s 08 10
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Finite volume,
Discretization,
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Lattice Example Results

§ Summary of PDF results at physical pion mass

unpolarized longitudinally polarized [ transversely polarized

----------------- t — 1l R

§ Complementary Iattme mputs for best PDFs

1| Theory Exp’t Work has been made in _;
=| . ‘ this directi ]
lnput Input 115 dlrectioIl _
Global Analysis + 4

of PDFs :"

0 02 04 06
Phys. Rev. lett. 120, 152502 (2018)
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Lattice Example Results

§ Summary of PDF results at physical pion mass

unpolarized longitudinally polarized [ transversely polarized

r MICHIGAN STATE
QUNMERHTY

—9’4- « 04
0.2
u(x) —d 0 , _
—— i T S
§ Complen =021 PDF ?
omplen | t S _.
< —0.4- Work has been made in |
| TheOry mm | =========-=-- . this direction |
Input 0.2 0.4 0.6 Z |
Global Analysis + ko
of PDFs r
)
0 o0z 04 06 o
Phys. Rev. Lett. 120, 152502 (2018)
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Isovector PDFs Update

§ Nucleon isovector PDF calculated directly at physical pion mass
& NNLO matching & treat leading-renormalon effects @ ?
- Leading-renormalon resummation (LRR) R. Zhang, et. al.
s Renormalization-group resummation (RGR) PLB 844, 138081 (2023)
@& Ne=2+1+1 clover/HISQ, a = 0.09 fm, P, = 2 GeV
J. Holligan, HL (MSULat), 2312.10829 [hep-lat]

3.0——

Wanted 2.5 \ A — NNLOxRGR ‘ —@’ = %’
PDFs, [ \ N\
GPDs, [ \

ol N _ NNLO+LRR _
| _ (NNLO+LRR)xRGR

u(x) — d(x)

etc...

1.5¢
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Isovector PDFs Update

§ Nucleon isovector PDF calculated directly at physical pion mass

& NNLO matching & treat leading-renormalon effects @ 9

s Leading-renormalon resummation (LRR)
s Renormalization-group resummation (RGR) PLB 844, 138081 (2023)

@& Ne=2+1 clover/HISQ, a =

4.0

Wanted

PDFs, 3.0+

GPDs,

etc...

=2.0 GeV)
NN
o )

aqu—d (X, u

0.076 fm, P,
X. Gao et al (ANL/BNL), 2310.19047 [hep-lat]

JAM3D-2022

Radici, Bacchetta ‘18
DNN (Zmax = 0.92 fm)
x-space (NLO+LRR)

x-space (NLO+LRR+RGR)

R. Zhang, et. al.

~ 1.5 GeV

Transversity

$-¢

du(x) — 6d(x)
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Conttnuum PD’F

§ Nucleon PDFs using quasi-PDFs in the continuum limit é
& Lattice details: clover/2+1 clover (LPC) qm

a ~ {0.49, 0.64, 0.85, 0.98} fm,
M_ e [222,354]-MeV pion,

M_L e [3.9,8.1]
P, €[1.8,2.8] =4 Su(x) —5d(x)

241

#&== This Work

Fei Yao et al (LPC), 2t JAM 22
2208.08008 16l JAM 20
1.2}
0.8

Wanted
PDFs, GPDs, 0.4}

etClll D

~0.4}
-075 -05 -025 0 025 05 0.75 1

' MICHIGAN STATE Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus

UNIVERSITY



Bjorken-x il)epend'ent QZP:DS

A y
9z, ~1/Q dz, ~1/Q
».;m ....... ’ o ,F
. =9 ‘D
pz @ x ﬂpz e x
f(x)

Picture from A. Belitskya and A Radyushkin,
Physics Report, 416 (2015)
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Bjorken-x Dependent GPDs

Single-ensemble result

oo gy

Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus

finite-volume,
discretization,
heavier quark mass,
Smaller boosted P,




‘First Lattice GPDs

§ First glimpse into pion GPD using Quasi-PDF/LaMET

& Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass
MILC, Phys. Rev. D, 82 (2010), 07450T1;

P, = 1.6 GeV Phys. Rev. D, 87 (2013), 0545056

J. Chen, HL, J. Zhang, 1904.1237;

an~ _. .+ _(n” - - n-
T — _ ! _,-ixn™P L +
HF(x,&,t, 1) f am 7T(P+A/2)‘CI<2>V F( q
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‘First Lattice GPDs

§ First glimpse into pion GPD using Quasi-PDF/LaMET

& Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass
- MILC, Phys. Rev. D, 82 (2010), 07450T1;
F, = 1.6 GeV Phys. Rev. D, 87 (2013), 0545056

J. Chen, HL, J. Zhang, 1904.1237;

dn~ . __.
HT[ , ,t, — _ ! ,-lxn P
Fogn = [ e

L0 B, ~ 1.6 GeV + Bz P4 t=-2)

0.5} i”[i (2P t=-2)
g ¥

h(z,P, t)

-0.5

I J : : . L 4 L 1 L L L Wanted
10 P 0 0 10 0.0 0.2 04 06 0.8 1.0 1.2 1.4 NS
z  (plot by J. Zhang) GPDs,

X etc...
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Isovector Nucleon GPDs

§ Nucleon GPD using quasi-PDFs at physical pion mass

& MSULat: clover/2+1+1 HISQ
0.09 fm, 135-MeV pion mass, P, = 2 GeV

& ¢ = 0 isovector nucleon GPD results

N -d/D)

t urce
L P,rdz . 5 , . u(P") . . = io%A,
F(x’ E’ t’ PZ) = p_:)j EelePZ(P |0y0 (Z)lp) = ZPO (H(xl Er tr PZ)yO + E(xr E; tr PZ) ZM
"4 p'H n+ _ o+
pli = P P ’ AH = p”M - p’l«l’ t = AZI f = p//+ p/
2 p + p +

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Isovector Nucleon GPDs

§ Nucleon GPD using quasi-PDFs at physical pion mass

& MSULat: clover/2+1+1 HISQ
0.09 fm, 135-MeV pion mass, P, = 2 GeV é

& ¢ = ( isovector nucleon GPD results vm,

|
0.0

HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Isovector Nucleon GPDs

§ Nucleon GPD using quasi-PDFs at physical pion mass

& Lattice details: clover/2+1+1 HISQ (MSULat)
0.09 fm, 135-MeV pion mass, P, = 2 GeV

& ¢ = 0 isovector nucleon GPD results

+1 n-1
j dx x™ 1 = Z (=28)AT.(1) + (=28)™C] (©)
-1 " i=0even neven
o T % PNDME19 2+1+1f 0.06fm = -
n = 1 i * PNDME19 2+1+1f 0.09fm '
I A ETMC18 2+1+1f
0.8} v PACS18 2+1f ]
[ m LHPC17 2+1f ]
06k &= \[SULat20 2+1+1f
S Checked for the
oaf very first time on
. the lattice!
0.2F -
(I). - IOIII - l0|2. - l0|.3. - l0|.4. - l0.|5. - IOIGI .
0% (Gev?) HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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Isovector Nucleon GPDs

§ Nucleon GPD using quasi-PDFs at physical pion mass
& Lattice details: clover/2+1+1 HISQ (MSULat)
0.09 fm, 135-MeV pion mass, P, = 2 GeV

& ¢ = 0 isovector nucleon GPD results

n-—1

D (C2IBL® - (-2"CH®)

i=0,even

neven

T T [ T T T "~ [ "~ T "1 °
=)\[SULat20 2+1+1f

AETMC'19 2+1+1f A
»ETMC'19 2f ]

- RQCD'18 2f )
< H h 1 Checked for the
0.1 ]' - very first time on
the lattice!

OI | .0.2. | I0.4I | .0.6. | IO.SI | .1.0. | .1.2
Q" (Gev?) HL, Phys.Rev.Lett. 127 (2021) 18, 182001
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First LOCD Tomography

§ Nucleon GPD using quasi-PDFs at physical pion mass

& Lattice detalils: clover/2+1+1 HISQ
0.09 fm, 135-MeV pion mass, P, = 2 GeV

& ¢ = 0 isovector nucleon GPD results

dq 2\,iG-b M g
= = — —( q-b
00) f Gyt 18 =0t =0 g v

HL, Phys Rev. Lett. 127 (2021) 18, 182001

§ Nucleon helicity GPD (H) and pion GPD (H”) using quasi- PDFs

at phys|ca| p|on mass HL (MSULat), Phys.Lett.B 824 (2022) 136821;
Phys. Lett. B 846 (2023) 138181

finite-volume,
discretization,
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Tomography @ Physical Pion Mass

§ Lots of progress on tomography by many collaborations

2.0 T T T T T T T T T T s ! ’ ' ' ' ' ! x ' ' ' 'l T T J T T T T T T
L x o -
(1 1 - - X .
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SE ., ab e 3 Lol W04 ]
B T, g ] "3 W05
10F g, i . 4 ] RO B 06
= P, 2 s 1% 10 " g - mo7
! e, =, e i . L —
ey, G, S — T ] ) - = .
o5k e e e "--.___m_ e, 1 o L T T
1 g o 1., - ) 0.5 SR -
-a B Ol - i S -4 1 s .
""""" L . CTE UTTTTPRRRRN - - w o =+ & ]
0f ; Loy . : d  oh—asgies G TR e e - E—— §-] Nis % 4 » s
i} 0.2 0.4 0.6 0.8 1.0 L] 0.z 0.4 0.6 0.a 1.0 il 0.2 0.4 0.6 0.8 1.0
Q° (GeV?) Q7 (GeV?) QF (GeV?)

Figure 4.1: Nucleon isovector H (left), E (middle) and H (right) GPDs at £ = 0 with z-expansion to Q7 at selected z values.

HL, Prog.Part.Nucl.Phys. 144 (2025) 104177
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Tomography @ Physical Pion Mass

[ ]
§ Lots of borations
10 10 1.0
2.0 05 0s 0s .
E'h : 1 2 00 2 00 a 00 [ ] 33
15F g, ) ) . B 04
T . 5 > B o5
[E--.. —— 10 05 0.0 05 1.0 L !‘*---.....i..
D'E..;_ — - b, ""'""'""‘1‘---------*:
v oo
0.6 e 1.0

selected @ values,

-
u:l_n_l_n_l_n_l_
Figure 4.1: i

HL, Prog.Part.Nucl.Phys. 144 (2025) 104177
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Asymmetric-Frame GPD

§ New calculations by ANL/BNL/ETMC using asymmetric frame

& 2+1+1 twisted-Wilson, 0.09 fm, P, = 1.3 GeV finite-volume,
260-MeV pion, one source-sink used #&” discretization,

& ¢ = 0 isovector nucleon GPD results

& heavy quark,
~ excited-state, ...

v
f )

I
J N(BG/2)
L‘“ = =
Lsource source | mk
F(x.&,t,Py) FH=PA) = oy, )| o = A,
=az(§é)("<x,é,aﬁz)y°+E(x,é,aﬁz)wow“>“@"> NECLEIN

i . . ) As/u .z
H(z- PO/, 5 A%, (A%10)2) = Ay + 52 A d

ANL/BNL/ETMC, 2209.05373,2310.13114

‘“r MICHIGAN STATE -
UNIVERSITY Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus


https://arxiv.org/abs/2209.05373
https://arxiv.org/abs/2310.13114

Asymmetric-Frame GPD

§ New calculations by ANL/BNL/ETMC using asymmetric frame
& 2+1+1 twisted-Wilson, 0.09 fm, P,

260-MeV pion, one source-sink used
& ¢ = 0 isovector nucleon GPD results

3 T

t=2.24 GeV2
25 4=1.49 GeV?
-t=1.36 GeV2 mam
2 F =1.22 GeV? =
1=0.79 GeV? -
15 F -t=0.64 GeV? =
-t=0.33 GeV?
1 b =017 GeV?

=0 GeV’ -

H(;x.rcf = 0,1) |

u =2 GeV

NLO

~ 1.3 GeV |

0 AQCD 1
(1x1P) ] |

6

~ 1.3 GeV

finite-volume,
discretization,
. heavy quark,

" excited-state, ...

1=2.24 GeV2
- -t=1.49 GeV2
-t=1.36 GeVZ mmm
4=1.22 GeVZ
-t=0.79 GeV?
1=0.64 GeV* I
L -t=0.33 GeV2
4=0.17 GeVZ

E(x,E=0.) .

u=2GeV
~ 1.3 GeV

NLO

o Aqcep
([x[P?) ) |

See Joshua Miller talk next
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GPD Systematic Update

§ Nucleon isovector GPDs calculated directly at physical pion mass

& NNLO matching & treat leading-renormalon effects

s Leading-renormalon resummation (LRR) R. Zhang, et. al.

&V

v Renormalization-group resummation (RGR) PLB 844, 138081 (2023)
@& Ne=2+1+1 clover/HISQ, a = 0.09 fm, 135-MeV pion, P, = 2 GeV

Wanted
PDFs,

GPDs,

etc...

H(x,Q%.& 1)

20

1.5}

1.0}

L“I

— NLO
— NNLO

— (NLO+LRR)xRGR

— (NNLO+LRR)xRGR

Q2=0.39 GeV?

0.4

0.6 0.8 1.0

Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus

d

J. Holligan, HL (MSULat), 2312. 10829 [hep-lat]

AzQCD AQCD
(xP9)2” ((1 — x)P3)?

P: Jack Holligan
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GPD Systematic Update

§ Nucleon isovector GPDs & pion valence-quark GPDs
& NNLO matching & treat leading-renormalon effects @ ?

- Leading-renormalon resummation (LRR) R. Zhang, et. al.
s Renormalization-group resummation (RGR) PLB 844, 138081 (2023)

& Ny=2+1+1 clover/HISQ a = 0.09 fm, @ Ng=2+1 clover/HISQ a ~ 0.09 fm,

135 MeV pion, P, = 2 GeV 300-MeV pion, P, = 2 GeV
J. Holligan, HL (MSULat), H. Ding et al (ANL/BNL/Wuhan),
2312.10829 [hep-lat] 2407.03516 [hep-lat]

Heng Tong Ding @ Tue. 9:30 AM

- \Z NNLO+LRR 2 GeV
Wanted (NNLO+LRR)xRGR — Q%=0.0 GeV? 20 A —NNL0+LRR+’fon
X% plon = 8%1\/0 Ve
—t = 0.2¢ weV?

PDFs, -, N — 02 =0.19 GeV 2
GPDs, - W

—t = 0.455 GeV?
—t = 0.887 GeV?
—t = 1.095 GeV?
—t = 1.690 GeV?2

— Q%=0.39 GeV?
N\ — @%=077GeV?

P, = 1.937 GeV
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GPD Systematic Update

§ Nucleon isovector GPDs & pion valence-quark GPDs
& NNLO matching & treat leading-renormalon effects @ ?

s Leading-renormalon resummation (LRR) R. Zhang, et. al.
e Renormalization-group resummation (RGR) PLB 844, 138081 (2023)
z=0.3 z'=10.5 ~ Nf= 2+1 clover/HISQ, a = 0.09 fm,

300-MeV pion, P, = 2 GeV
H. Ding et al (ANL/BNL/Wuhan),
2407.03516 [hep-lat]

FZZINNLO+LRR, u = 2 GeV

2.0 \3 . EEENNLO-+LRR+RGR
2 «;f,\ p]on —t =0 GeV?
) % t = 0.231 GeV?
\/// —t = 0.455 GeV?
A% —t = 0.887 GeV?
1.5 Y(//X, A —t = 1.095 GeV?
\,j//,’A RN —t = 1.690 GeV?
= (X
(s ] \ — WSUY/GeVT B 102 4
a2 ; //4> P, = 1.937 GoV |
0.5 0. 7
0.0 — (1K1 ST e T P —_
-04 02 0.0 02 04 0.6 08 10 0.0 0.2 0.4 0.6 0.8 1.0
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§ Only the NLO matching kernel is available

?C(x,y,H,E,Pz)
=d6(x —y)

ascp(lﬂxl L e+ )(ln(4y2(§+x)2P§)_l)
4 (\28E+y)  E+ )y —x) u>

N 1§ —x N & — x| )(ln 4y%(& — x)?Pf
286 —y) (E-y)x—-y) p?

S+x §—x\ 1 |x =y 4y*(x — y)*P?
T (€+y+f—y)lx—y|_€2—y2 (m( u? )_1)}

Fei Yao, Yao Ji & Jian-Hui Zhang, JHEP 11(2023) 021

_I_
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E=0 GPDs

§ Physical pion mass; NLO P,

Quantities
that can be

calculated on
the lattice
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hi(z.P,)

. NLO

; . NLOxRGR
M . NLO4LRR
it
: . (NLO+LRR)xRGR
i 1
02 il
i
0.0 I e tm tm
* I ts o
B : s
04 06 08 0 5
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2.0 . |
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J. Holligan, HL (MSULat),2312.10829 [hep-lat]
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E=0 GPDs

§ Physical pion mass; NLO P, = 2 GeV, § = 0.1, 0% = 0.23 GeV?

06 :
. NLO [
021 NLO
. NLOxRGR
.‘ . NLOxRGR
04 ity . NLO+LRR 0.0 rr, T
it . NLO+LRR gr, TH IR LT
IR M DAL DN i3 L] tri R T
2.0 : :
— NLO
— NLO
— NLO+LRR

— NLO+LRR

-0 \ H H \ . . \ H H
-04 -0.2 0.0 02 04 06 08 10 -04 -02 0.0 0.2 04 06 08 1.0

X X

05 T 1 -

' . x

Wanted 3 III I I ) -1.5 :!

PDFs, id gy f Jﬂ : : o

0.0 i il S

GPDs, -20 I S I :

tc... : : - - - i i ; ; i
e 04 06 08 10 12 04 06 08 10 12

z (fm) z (fm)

J. Holligan, HL (MSULat),2312.10829 [hep-lat]
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Large logarithms in Matching

J. Holligan, HL, Rui Zhang, Y. Zhao, JHEP 207 (2025) 241

<zr<l - —§€f<r< . :
¢ ¢ ¢ Slide by Rui Zhang (MIT)
Difficulty Irrelevant logarithms Threshold Factorization
Multi-scale nature Quark log can be suppressed Cxy,6.P) xayj(l P) ® H((x + 6P,
xX,V,q, — X — X T
- Outgoing quark (x + &)P, Al (s )fHHO 0 Psata it é
E+y) z
* Incoming quark (x — ¢)P, o . .
. 1=~ 1 (4(6 -x)*P; )‘f —x=0 >0 =)
* Gluon emission |x — y|P, Gy T 2 - ( w2
o)y b :l“(fx(x—f)zpzz)
(x £ P,
ERBL region:
x — y|P Only inthe threshold limit (soft
+ &P z gluon emission x — y), the log Li=In u? _
£OE terms diverge (4("_” Pz)
DGLAP region:
Three different logarithms cannot be Logs diverge when & — 0, but Threshold log: soft gluon x — vy
resummed with only one RG equation same as above when u = 2xP,

’ @ MICHIGAN STATE Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus
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Large logarithms in Matching

§ Application on toy GPD model Slide by Rui Zhang (MIT)
Test on GPD model xn X A P,
- Initial matching o Fo T PR
* CpgLap(W) = Ve (2xP, 1) C(2xP) <l o4
* CerpL(p) = Ve (26P,1)C(28P) T’@Lm:kﬁo I Sos
8 YL NNLL-J®H X
* Separate all scales EOSE—NNLL-HGU Lo2
c B H®J(or) @ H) EO_OE o
* Solving RG equations ey, -0.5/ 0.0 05 70 00 s 10
* Her(W) = Vi, H (up) A g
* Jrr(w) =V (us, )] () | B .’ L
2-0_’ Interepolation ] 1_5:_ | Inverse Matching ]

|Identifying physical scales

15 ) N ] Fo

_ - —J®H, linear B ] Fod

* Up, =2[§ +x|P - _HaJ, linear ) ' &0 |
5 Y __J@H, spline ’ ] S '

° pp, =2|&—x|P e spine ] S

0.5)
5

J ——GPD
gos /g T EaiLr |/ J&H, li
* w; = 2min{|x|,|§ £ x|} P s O ¥ A Ha., inear
0.0 A JeH, spl?ne
* Correct Full Matching s oo A @, spine
- -1.0 ~05 0.0 05 10 ey E— T
Crr = (H®1r ® (H ® iio @ Cnio X b "o 0)'(0 o "

J. Holligan, HL, Rui Zhang, Y. Zhao, JHEP 207 (2025) 241
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Large logarithms in Matching

§ First application to lattice data at physical pion mass

plots by Rui Zhang (MIT)
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Lattice Progress & Challenges

§ Not enough time to cover the following

& Nucleon isovector form factors and generalized form factors
(GFFs) using pseudo-PDF and traditional OPE

& (LO) Twist-3 GPDs by ETMC

§ Challenges ahead for precision PDFs/GPDs

& Large momentum P, is essential
e With sufficient statistics nucleons may reach 5 GeV

& Large non-zero skewness without dropping P,

& Methods for signal-to-noise improvement
s Gluonic observables, new ideas for large momentum
& Access small-x physics; some methods have inverse problem in
PDF extraction, more computational resources, etc.
For more details and references, refer to 2202.07193

’ Q MICHIGAN STATE Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus
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Summary and Outlook

§ Exciting era using LQCD to study nucleon and pion GPDs
& Qvercoming longstanding obstacles: Bjorken-x dependent GPDs
§ Much progress in GPDs on the lattice

& Widely studied with LaMET and its variants
& Improvements: NNLO GPDs and systematics (LRR+RGR)
& Recent progress made in nonzero-skewness GPDs <o

§ Precision and progress are limited by resources
& Challenges = new opportunities

Theory Exp't +
Input ) | Input
Global Analysis
of GPDs

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices & USQCD/NSF/DOE for computatlonal resources
The work of HL is sponsored by NSF grant PHY 2209424 & 1653405, DOE grant DE-SC0024053 & RCSA Cottrell Scholar Award
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Students Wanted

LGT4HEP website: https://lgt4hep.github.io

- L

LGT

ooooo

High Energy Physics
P Computing Traineeship for
Lattice Gauge Theory

Y
‘\/J F
e Sa
B Apply now:

Visit lgt4hep.github.io to learn more and
U L where to apply for the traineeship graduate

school program.

%

MICHIGAN STATE ;
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Asymmetric-Frame GPD

§ New calculations by ETMC using asymmetric frame
& 2+1+1 twisted-Wilson, 0.09 fm,

260-MeV pion, one source-sink used
& ¢ # 0 isovector nucleon GPD results

—0k

a J
3.0

13
.. e

finite-volume,
discretization,

. heavy quark,
" excited-state, ...

%

£= l
B = 05833 Gev

NLO

o Aqcp
(lx|P?)

t= —0.089 GeV2 (H!) £= _1 t= —0.445 GeV2 (HL)
2.5{ mmm t=-0295 c5ev22 Py =1.042 GeV { B t= -0.686 GeVi
t= —0.493 GeV t= —0.914 GeV
2.0 t= —0.865 GeV? NLO t= —1.337 GeV?
B t= —1.041 GeV2 B t= —1.534 GeV2
1.51 mm t= —1.696 GeV? - 5 Aqcp 1 t= —2.253 GeV?2
I (|x|P?)
1.0
=
0.51
00, —
—-0.5 . ; ;
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0
X
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Nucleon Polarized GPDs

§ Helicity GPD (H )using quasi-PDFs at physical pion mass

& MSULat: clover/2+1+1 HISQ @ Q

0.09 fm, 135-MeV pion mass, P, = 2 GeV

& ¢ = (0 isovector nucleon (quasi-)GPD results
HL (MSULat), Phys.Lett.B 824 (2022) 136821

2.0 —_
} H W03 ]
i W04 ]
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1.0F $ W07 ]
L g ) S - ]
I P-- @ B
0.5_—? ] DT P .
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& Take the integral to form moments

03— T T T 7T T T T 7T
; AETMC'19 2+1+1f ]
0.30f n=2 »ETMC'19 2f .
; +RQCD'18 2f '
0.25F
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Q
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0.10¢

0.05t

r MICHIGAN STATE ,
Q UNIVERSITS Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus



Hadron Tomography

§ Lots of progress on tomography by many collaborations

2.0 T T T T T T T 1 T T T T ¥ T T T T T T T T T3 _

L x ik x 1 x

" s i — WO03W04HO05HOENOT 20l B
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Figure 4.1: Nucleon isovector H (left), £ (middle) and H (right) GPDs at £ = 0 with z-expansion to Q"E at selected x values.

HL, Prog.Part.Nucl.Phys. 144 (2025) 104177
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Jirst Lattice Strange PD’F

1.8

§ Large uncertainties in global PDFs

1.6 |
14}
128

|
|

0.8}
06} 8/ Scns

1.0 \/:

MICHIGAN STATE
UNIVERSITY

1074 10~% 102 0.1

x

02 03 04

s (7 = 10 & Assumptions imposed
B CJ15(T=1) .
— MMHT14 due to lack of precision data
— HERAPDF1.5 _ . —
—  NNPDF3.0 S =3 = K(u 4 d)

CTEQ-JLAB https://www.jlab.org/theory/cj/
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Jirst Lattice Strange PD’F

§ Results by MSULat/quasi-PDF method
& Clover on 2+1+1 HISQ, 0.12-fm 310-MeV QCD vacuum

& Extrapolated to M; = 140 MeV . or - romeer o crimnio

————— NNPDF3.1NNLO

0 P,=172GeV

2005.01124, R. Zhang et al
(MSULat)

0.05F ¢ P,=2.15GeV

e (zP,)]

Re[h(2)] / dx (s(x) — 5(x)) cos(xzPz)
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Lattice Strangeness Asymmetry Impact

§ Results by MSULat/quasi-PDF method

& Clover on 2+1+1 HISQ, 0.12-fm 310-MeV QCD vacuum
& Extrapolated to M, = 140 MeV, P, = 1.7 GeV

R. Zhang et al (MSULat),
2005.01124

Re[h(z)] « f dx (S(x) — §(x)) cos(xzi  0.06}

§ From quasi-PDF to PDF

. 1 dy
f(P) = j > 1) Casa Gy, Bat) +

0 Agep  Adep
x2P2’ (1 — x)2P2

-0.02 F
T. Hou, HL, M. Yan, C. Yuan,
2211.11064 20.04 — i . .
10 10 10 10 < 1007 0.2 0.5 09

0.08 r==

0.04 |
—— (s-s), Latt.

T e e aa kbl s )
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CTI18As
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Wanted

PDFs,
GPDs,

§ The strangeness asymmetry s(x,Q) — S(x,Q) atx > 0.2'is

difficult to measure, but can be predicted in lattice QCD
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Anatomy of a Lattice Calculation

1. Start with QCD Vacuum (gauge configurations)

§ Pick a QCD vacuum
& Gauge/fermion actions, flavor (2, 2+1, 2+1+1), m, a, L, ...
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Anatomy of a Lattice Calculation
Lattice-QCD calculation of (N|gTqg|N)

§ Construct correlators (hadronic observables)
& Requires “quark propagator”
Invert Dirac-operator matrix (rank 0(10%%))
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Anatomy of a Lattice Calculation
Lattice-QCD calculation of (qurqlN)

P"Of

t"of

N CaP (2, oyt tsep) |
2p
CY (P m)

Iff | . .
§ Careful analysis needed to remove systematics
& Wrong results if excited-state systematic is not under control )

13 F = 1.3 ¢ = 1.3 F

Ratio ¢
Plot

AR ';‘ ;S &
L ; L afea TR il
[ z x ; @ g x
4 1.2 412 F
r b4 x % x

" tsep = 0.96-1.56 fm |

[ 100 — 10 s Tio0 — Bren 10 Ba 12 WA 14 v |

11 1 1.1r
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Anatomy of a Lattice Calculation

4. Systematic uncertainty (nonzero a, finite L, etc.)

& Nonperturbative renormalization, etc
& Extrapolation to the continuum limit
(m,—» mPvs, [, - 00, a—0)

1.15 —————————— :
1050 [ i _ L3 'E 1k PR
LR - j i L § ] | /M t
1.00—— & [ — = An= : : :
0.95 r
0‘90- |||||||||| :,‘,,|‘,,‘|,,‘.|._.._‘_|_._."| |
0 002 004 006 008 0102 3 4 5 6 7 80 0.05 0.10 0.15

(GEV ) m.l a(fim)
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Moments of PDFs

§ PDq-Ilke rating system or average (x"—l f dx x84 (x)
§ LatticePDF Workshop
& Lattice representatives came together and
devised a rating system
§ Lattice QCD/global fit status
LatticePDF Report, 1711.07916, 2006.08636

Moment Collaboration Reference N¢ DE CE FV RE ES Value Global Fit
ETMC 19 (Alexandrou et al., 2019h) 2414+-1 W * O * ¥ 77 0.926(32)
gT PNDME 18 (Gupta et al., 2018) 24141 % K * Kk K* 0.989(32)(10)

xQCD 20 (Horkel et al., 2020) 2+1 HE % O % % 1.096(30)
LHPC 19 (Hasan et al., 2019) 2+1 O % O *x *x ° 0.972(41)
Mainz 19 (Harris et al., 2019) 241 * O * * * 0.965(38)(T13 010 —1.1
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 1.08(3)(3)(9)
ETMC 19 (Alexandrou et al., 2019b) 2 HE % O % % 0.974(33)
ETMC 17 (Alexandrou et al., 2017d) 2 HE * B *x % 1.004(21)(02)(19)
RQCD 14 (Bali et al., 2015) 2 O % % % H 1.005(17)(29)
ETMC 19 (Alexandrou et al., 2019b) 241+1 H * O ¥ * 7 0.716[28)

<1>5u— PNDME 18 (Gupta et al., 2018) 2414+1 % * Kk Kk Kk T 0.784(28)(10) 0.14 — 0.91
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 0.85(3)(2)(7) ) ’
ETMC 17 (Alexandrou et al., 2017d) 2 H * H * % 0.782(16)(2)(13)
ETMC 19 (Alexandrou et al., 2019b) 2+1+1 W Kk O * x 7 -0.210(11)

<1>5d_ PNDME 18 (Gupta et al., 2018) 241+1 % K * * * ° -0.204(11)(10) —D 97 o U 4?
JLQCD 18 (Yamanaka et al., 2018) 2+1 H O O % % -0.24(2)(0)(2) ’ )
ETMC 17 (Alexandrou et al., 2017d) 2 H * B % % -0.219(10)(2)(13)
ETMC 19 (Alexandrou et al., 2019b) 24141 B * O * * 7 -0.0027(58)

<1>5s_ PNDME 18 (Gupta et al., 2018) 241+1 % K * Kk * -0.0027(16) N A
JLQCD 18 (Yamanaka et al., 2018) 2+1 B O O % % -0.012(16)(8) /
ETMC 17 (Alexandrou et al., 2017d) 2 H * B *x % -0.00319(69)(2)(22)
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Moments of PDFs

§ PDq-Ilke rating system or average | 1) f dx x84 (x)
§ LatticePDF Workshop

& Lattice representatives came together and
devised a rating system
§ Lattice QCD/global fit status

0.15 0.20 0.25 0.30

LatticePDF Report, 1711.07916, 2006.08636
T T T T T T T T T T T T T T T T T T T T T T T T T T '_._| PNDME 20
ETMC19 = gt <I>5, 8 B <A>gq | [ <I>5¢ -
PNDME18 - Ne2+1+1w - al 8= ETMC 19
(QCD20 = O
LHPC19 o .
Mainz19 8 —a— Mainz 19
JLQCD18  ~B- - e T S — B %
ETMC19 - H RQCD 18
ETMC17 @& 8 " B
RQCD14 @ -
pmmmenn e memi PV18 [ ey —B— ETMC 15
5 MEX19 [ Y S—— Y —
[V S— TO13 X [V — 1 1 1
oot TMD15 X - 0.15 0.20 0.25 0.30
b JAM18 Frmmmdomnam [
mehmni JAM20 , | | | i---‘---*-.l..--.- | | e = QGGV | | | <x>6“ — od
02 04 06 08 1 12 14 02 0 0204 06 08 1 -1 05 0 05 1 15 2 -0.05-0.04-0.03-0.02-0.0 0 0.01 S. Mondal et al (PNDME),

2005.13779
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From Charges to PDFs

§ Improved transversity distribution with LQCD g,

& (Global analysis with 12 extrapolation forms: g = 1.006(58)

& Use to constrain the global analysis fits to
SIDIS * production data from proton and deuteron targets

1 hv T | B SIDIS+lattice (b)
1 .2 61 I SIDIS
0 S
3
4
—1 E
=
—9 h(ii ) é 27
.
B T % 05 1
0 0.2 0.4 0.6 €T | gr

Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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From Charges to PDFs

§ Improved transversity distribution with LQCD g,

& (Global analysis with 12 extrapolation forms: g = 1.006(58)

& Use to constrain the global analysis fits to
SIDIS * production data from proton and deuteron targets

0.4

0.2

Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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Nucleon Flavor Diagonal Charges

Comparison with FLAG 2021 results [PNDME, Lattice 2022 update, preliminary]
* Clover fermion on Ny = 2 + 1 + 1 HISQ ensembles

* Flavor mixing calculated nonperturbatively

Nucleon sigma terms

(Scalar charges) Phys
8 ¢ Chiral-Continuum extrapolation including a data at M,
10 20 30 40 50 60 70
* * L
N - Axial and Tensor charges
0' PNDME 22 (Preliminary)
. N 2
+ = PNDME 21
T i MW 20 PNDME (2021) 070 0.75 0.80 0.85 -05 -045 -04 -035 -0.09 -0.06 -0.03 0
i <t 10 oy Which does ‘ ‘ ' i ‘ ‘ i ' ‘ ‘
= . , . not require —— PNDME "22 (Preliminary)
renormalizatio —*— PNDME '22 (Preliminary) —— PNDME ‘22 (Preliminary) - ETM 19
¥ T JLocD 18 n =~ ETM'19 8 ETM 19 —a— PNDME '18
'ZL —— OCD 154 PNDME 18 PNDME 18 =l Mainz 19
i BMwW 15 —=—  QCD'18
. 5 Mainz 18 =8 Mainz’18 ——=——  JLaCD'18
Q —— Ruiz de Elvira 17 = %QCD '18 — #QCD '18 —E— 2QCD "16
z - Hoferichter 15
—e— Alarcon 11 —g— ETM 17 N —8—~  ETMC'17 ——&——  Engelhardt 12
- —a— ETMC 17
10 20 30 40 50 60 70 MeV 1 B | e = ‘ ‘ ‘ .,
—20 0 20 40 60 80 100 0.70 075 0.80 085 Y 05 -045 -04 -0.35d -0.09 -0.06  -0.03 . 0
8A L 8A
O-S s PoME 22 (retminary) 9.7 9.5 O.B -0.I25 -0.I20 -021 5 —D.IOS -0.‘02 -0.01 P 0.01
r - —k— PNDME '22 (Preliminary) ~—%— PNDME '22 (Preliminary PNDME '22 (Preliminary)
T ol B~ ETM'19 £ ETM'19 ETM 19 8
: ETM 19 X , ,
o ol —.— PNDME "18 ~—#— PNDME '18 PNDME '18 -
r MILC 12
= ——&——  Mainz 19 Mainz '19 —a
Mainz '19
—— = - =
Ll JLocD 18 JLQCD '18 A0CD 8 JLQCD '18
- ——
% o e ETM7 —8—  EM'17 ETM 17 =
z i 13 ‘ ‘ . . ‘ . . .
H&H MILC 12 0.7 0.8 0.9 -0.25 -0.20 ;5);15 -0.03 -0.02 -0.01 0 0.01
5
20 0 20 40 60 80 100 eV 81 &1 87

Plots by Sungwoo Park
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Meson Valence-quark PDFs

§ Pion/Kaon PDFs using auasi-PDF in the continuum limit

1,018 1 T ‘ ]
i 1.0/
— a- 0, M—135 MeV L — a- 0, M;—135 MeV J Quantities
[ r q that can be
L N — a%0.12 fm, Mr>135 MeV] 08 — ax0.121m, M>135 Mev]
a~0.12 fm BRI 2~0.12 fm 1 the lattice
= 06 O Mp=220 Mev oA 1 Toel O Mw220Mev ]
% L A Mp=310 MeV RN N S [ A Mestomev
S BN x|
= oA & My=690 MeV o 1 & 04 & Mn=690 MeV .
a~0.06 fm $ ] F a=0.06 fm
02l Mz=310 MeV :&—'—" Wi ] ~;‘;-_~._.: i 02 Mp=310 MeV ]
I b g S I
Mp=690 MeV e o I Mr=690 MeV A
L a4 L e i
0.0F - 0.0 D
Bl 1 1 1 1 L ! 1 1 1 L 1 ! 1 | 1 |31 1 L L L L | I I
0 1 2 3 4 5 0 1 2 3 4 5
zP; zPz
I T I . — 12. — T T 1 T - 1T T T T T T ] T I T | T T T T T
o= O FNAL-E61589 | il ] ] 4
= " ASV'10 : ] 0.4 7
- DSE'16 10 § -
b - BLFQ-NJL'19 L - [ )
LSC'20 08 J 03F -
&= MSULat'20 . ! - ] ! J
i;‘xb - , o
q R 1
L, 06 < 02 - DSE'18 )
= [ = MsuLat20 27 GeV? ! V2 ]
[ _xeory 27 Ge ]
04F = CERN-NA3'S3 Q 1
- - BLFQ-NJL'19 0.1 - BLFQ-NJL'19 -
02F - ' - [ , ]
L~ DSE1l = MSULat'20 ]
= L L 1 * L . ! L L . 1 L a L 0 P R RPN TR RPN S B SR R Y
0.2 04 0.6 0.8 1.0 0 0.2 04 0.6 0.5 10
=p X X
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Meson Valence-quark PDFs

§& Pion/K: X. Gao et al (BNL/ANL), 2112.02208 im limit
, 4.0
1~°?‘ﬁ~ \ DNN-abAsymp s JAM21nlo )
O.8i— | 3'5 1 MOde|-4p L_: JAMZlnlon” c;l]rl:%?lg%g;z%n
i a=~0.12 fm — o o XFItter the lattice
EQG’_ O My=220M )
& [ A Me3toM 3.0 0.4+
EOAj O Myp=690 M
025 azo.?f,,ingmm 2.5T1 =< 0.3
I MeB9OM e g 0.2
0.0F e 20T o U
0 1 = &
0.1
BN
0-8 1 1 1
- T — 1.0} .00 025 050 0.75 1.00
0S5
u=2 GeV
0.0 i 1 1
0.0 0.2 0.4 0.6 0.8 1.0
Pion PDF; 15t NNLO matching X
-8y |
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First Lattice Charm PDF

§ Large uncertainties in global PDFs &

§ Results by MSULat/quasi-PDF method

&= Clover on 2+1+1 HISQ 0.12-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

! 0.01f

I = 0.005 %
5 R s D T
oO——-0 = 0 ;
o . o METR R
-0.01},
o suggest a 0.03
] e P,=2.18GeV CT18NNLO
sym metricc—¢ = | - P,=2.18GeV NNPDF3.1NNLO
’ " i 0.025¢
distribution & Pa=0.43GeV
002l O Pe086GeV
@ much smaller = v Pus1.20Ge T
N 0 P,=1.72GeV ’
v, 0.015 z
than strange S » Peotsey
PDF 001}
0.005¢
D,
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First Lattice Charm PDF

§ Large uncertainties in global PDFs &

§ Results by MSULat/quasi-PDF method

&= Clover on 2+1+1 HISQ 0.12-fm 310-MeV QCD vacuum
2005.01124, R. Zhang et al (MSULat)

001 0.030 S T N S,

= 0.005} . — P,=1.29 GeV |
?:{ . . 0.025 - ‘l“ '.‘.. o Pz:1-?2 Gev 4
o 0 > y 4 1
6‘ (D . — \‘ '~_ o — ]
2 —0.005% s 0.020 Wi P,=2.15 GeV _
001, ® 0.015F Yee!' NNPDF3.1
@ suggest a X \ ;
EECSL < ) 003 T go10f CT18
symmetric ¢ — € 1
' . . 0.025¢ -
distribution 3 0.005 f
0.02} 1
@ much smaller =
N
than strange g 0.015
E

PDF 0.01

0.005¢

o
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Gluon PDTF in Nucleon

§ Continuum Gluon PDF w/ pseudo-PDF

& 2+1+1 HISQ {0.09, 0.12, 0.15) fm, ok
[220,310,700]-MeV pion, 10°>-10° statistics
arXiv:2210.09985

1.1 ————r—————r——r———r—————————————r—r " T ——
1.04
M, ~318 MeV, v-m/4 M,~318 HE"'.I'_, v/ 2 1 1.0 M.~318 HEV, A
1.02 * 10 _ {' :
1.00 ) {- { _ E__-__ .P_'.___;{'_"_ _______ 08 [ N SR P
N g “ E— o N === —
N o.98f '[' —'! Sl =o9 N > 06
096 = 2
0.94 0.8 ] 0.4
0.02} E= 0O(a) = O(a) == O(a)
' = 0(a%) = 0(a% 0.2 == 0(a%
N.005 0.010 0.015 0.020 0.025 0.030 00?000 0.005 0.010 0.015 0.020 0.025 0.030 0.000 0005 0.010 0.015 0.020 0.025 0.030
Quantities T & {fl'l'lz}
that can be 30 . - T
calculated on ' -- CT18 NNLO
the lattice
25 NNPDF3.1 NNLO

=1 a~0.09 fm, M,~310 MeV
i a->0 M,-> 135 MeV

— 9g9+49q

o
o

Wanted
PDFs,
GPDs,

—
(=]
T

4 a09m310

xg(x,u=2 GeV)i(x)
o

[ ® al2Zm220
02k = al2m310 0.5
[ A al5m310
0= 1 1 1 | - | 1 ==
° ! ? ’ ! ° ¢ ’ o.g 0 0.2 0.4 0.6 0.8 1.0
y . G: Bill Good
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https://arxiv.org/abs/2210.09985v1

§ Transversity first moments are most commonly done

n _ n
§ State-of-the art example (x™)sq = 1dx x"6q(x)
& 2 physical pion mass ensembles
& Extrapolate to the physical limit _
Santanu Mondal et al (PNDME collaboration), 2005.13779
0.301 + + +\t:\ N ).301
0.25 1 1.25 - R S ,':::
0.20- ool N
Plot by 0.157 (T)su—sd ).157  209m130:{x)=0.212(11), ¥%/22 =1.30
Santanu Mondal a06m135: (x) = 0.185(16), x2/34 = 1.32
0.10 st = o d T=22 § =20 ¢ T=18 ¢ T=16 2101 mmr= o ¥ 7=16 ¢ =14 ¢ T=12 ¢ T=10
~10 5 0 5 10 -5 0 . 5
t— % t—>
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Moments of PDFs

§ Only lowest few moments xn-1) f dx x" 15 (x)

§ State-of-the art example

& Extrapolate to the physical limit
Santanu Mondal et al (PNDME collaboration), 2005.13779

0.300 - 0.300 -
x?/dof=0.88 v x?/dof=0.88
0.275 - 0.275 -
T 0.250 1 T 0.250 -
w0 w
I 0.225 1 T I 0.225 -
o T >
w w
—— ——
0.200 A 0.200 +
x x
0.175 - 0.175 -
® a06m310W 4 a09m220 ¢ a06m135 B a06m310wW 4 a09m220 ¢ a06m13s
0.150 - ¢ a09m310 ¥ al2m220 ¥ a09m130 0.150 - ¢ a09m310 ¥ al2m?220 + a09Im130
' A al2m310 ¢ al2m220L ® Result=0.208(19) ' A al2zm310 ¢ alzm220L ® Result=0.208(19)
Y al5m310 Y alsm310
0.125 0.125 A
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
M2(GeV?) a(fm)

§ Usually more than one LQCD calculation
& Sometimes LQCD numbers do not even agree with each other...
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Moments of PDFs

§ PDq-Ilke rating system or average | 1) f dx x84 (x)
§ LatticePDF Workshop

& Lattice representatives came together and
devised a rating system

§ Recent lattice QCD/global fit status 015 020 025 020

LatticePDF Report, 1711.07916, 2006.08636 —— PNDME 20
T | T N =Y B ETMC 19
PNDME18 - N=2+1+1n ™ s}
¥QCD20 a L| —=— Mainz 19
LHPC19 =
Mainz19 +m E - RQCD 18
JLQCD18  ~B- o N=2+1 g R I
ETMC19
ETMC17 e c] | —8— ETMC 15
RQCD14 =& N=2

[ PVi8 meeni . ) )

!I\'Agi(f:]g e A — 0.15 0.20 0.25 0.30
s ] ¥ Pemmnmmmm s
R TMD15 X I ("r>5u — &d
b JAM18 ] e
e i | w26 | S. Mondal et al
02 04 0608 1 1214 02 0 0204 06 08 1 -1 05 0 05 1 15 2 -0.05-0.04-0.03 -0.02-0.01 0 0.01 2005.] 3779
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PDFs on the Lattice

§ Traditional lattice calculations rely on
operator product expansion, only provide moments

most well known
(xm1) J dx x™" 1q(x)

© ©

spin-averaged/unpolarized

€ - Q> (), - [ aeiage

spin-dependent
longitudinally polarized

1
— (x"‘l)(sq =J dx x™ 16q(x)
~1

spin-dependent very poorly known
transversely polarized

§ True distribution can only be recovered with all moments

’ Q MICHIGAN STATE Huey-Wen Lin — EINN 2025 @ Paphos, Cyprus

UNIYERSITY



Moments of PDFs

§ PDq-Ilke rating system or average (x"—l f dx x84 (x)
§ LatticePDF Workshop
& Lattice representatives came together and
devised a rating system
§ Lattice QCD/global fit status
LatticePDF Report, 1711.07916, 2006.08636

Moment Collaboration Reference N¢ DE CE FV RE ES Value Global Fit
ETMC 19 (Alexandrou et al., 2019b) 241+1 B * O * X 0.926[32)
gT PNDME 18 (Gupta et al., 2018) 2414+1 % * * Kk K 0.989(32)(10)

YQCD 20 (Horkel et al., 2020) 2+1 H * O % % f 1.096(30)
LHPC19 (Hasan et al., 2019) 2+1 O % O *x *x ° 0.972(41)
Mainz 19 (Harris et al., 2019) 241 * O * * * 0.965(38)(T13 010 —1.1
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 1.08(3)(3)(9)
ETMC 19 (Alexandrou et al., 2019b) 2 H * O % % 0.974(33)
ETMC17 (Alexandrou et al., 2017d) 2 H + B % % 1.004(21)(02)(19)
RQCD 14 (Bali et al., 2015) 2 O % % % H 1.005(17)(29)
ETMC 19 (Alexandrou et al., 2019b) 241+1 B * O * X 0.716[28)

<1>5u— PNDME 18 (Gupta et al., 2018) 24141 % * * Kk K 0.784(28)(10) -0.14 — 0.91
JLQCD 18 (Yamanaka et al., 2018) 2+1 HE O O % % 0.85(3)(2)(7) ) ’
ETMC 17 (Alexandrou et al., 2017d) 2 H * H * % 0.782(16)(2)(13)
ETMC 19 (Alexandrou et al., 2019b) 241+1 W Kk O * K* -0.210(11)

(1)54— PNDMELS (Gupta et al., 2018) 241+1 * K K K * -0.204(11)(10) 097 — 047
JLQCD 18 (Yamanaka et al., 2018) 2+1 H O O % % -0.24(2)(0)(2) ) )
ETMC 17 (Alexandrou et al., 2017d) 2 H * B % % -0.219(10)(2)(13)
ETMC19 (Alexandrou et al., 2019b) 24141 B * O * X ° -0.0027(58)

<1>5s_ PNDME 18 (Gupta et al., 2018) 241+1 % * * K K -0.0027(16) N A
JLQCD 18 (Yamanaka et al., 2018) 2+1 B O O % % -0.012(16)(8) /
ETMC17 (Alexandrou et al., 2017d) 2 H * B * % -0.00319(69)(2)(22)
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Forward-Limit Case: PD'F

§ NNLO hybrid-ratio renormalized matrix elements

h®(z,P,) = <

/

\

hB(Z'PZ)
hB(z,P,=0)

Remove the linear divergence
& renormalon ambiguity
at large distances

forz < z,

N e (8m+mo)(z—25) h®(z,p,)

forz >z
hB(z,P,=0) orz = Zs

& Vary the scale within [0.75, 1.5]: = 15% variation a;(u = 2.0 GeV)
& Systematic errors shown below:

-
o
L

T
£

e

0.8 . : : . . : :
Real - MO NNLO Imaginar
Zzy w
0.6 . NNLOxRGR - 00 8 y
1 « MNLO=RGR _ if z iF
i . NNLO+LRR 5 if EE N S
04 ] . NNLO+LRR PR I SR AT
: i . (NNLO+LRR)xRGR . 3B ;
i . (NNLO+LRR)xRGR ;& & i
1 =05 I T (N i
02 & T s Bl
d N A | t
0.0 By = FAR L
' . 1# IF IF A
y g # I -10 o
-02 1 I 1 I I -0
-0.4 o -
. . L : H : N : -15 . ; . . : H N H
0.4 06 0.8 1.0 12 0.4 06 0.8 1.0 1.2
Z (fm) Z (fm)

MICHIGAN STATE
UNIVERSITY

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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E=0 GPDs

§ NLO & = 0.1, Q% = 0.23 GeV*

. NLO [
- 02/ . nLO
. NLOxRGR
: . NLOxRGR
04 & . NLO+LRR ] 0.0 tx 1F
it . NLO+LRR wy TEOLE LT
_ . (NLO+LRR)xRGR RN & T
. i __ =02} . (NLO+LRR)xRGR S b k
a 02 i Q” AR
N N R R
bt o= -04 T
i I
ﬂH - II ‘i‘
0.0 IH T L EN 3 -0.6F iiil L i
5 s o E ioh - :
AT S S X SR S U b
[ S S B -08f
-0.2 A T
M -10
0.4 0.6 0.8 1.0 12 0.4 0.6 08 1.0 1.2
z (fm) z (fm)
2.0 . :
i . NLO
g 0o NLO
. : « NLOxRGR °
15l iE ) - NLOxRGR
_ . NLO+LRR  NLOSLRR i
[ ; . -0.5} . 3
111 1 (NLO+LRR)xRGR 05 | (NLOSLRR)xRGR BT
o LR : N _10 . i'-
= L R S P00
Lot H o . . S
05 it o 1 § H
: AN T i T
L R A B -1.5} A A
SR N N
00 L SESE [ S
-2.0; t ; '
Quantities ) ) ) ) ) ; i i
e @z b 0.4 0.6 0.8 1.0 12 ] 08 1.0 1.2
calculated on
the lattice z (Tm} z (Tm}

J. Holligan, HL (MSULat), 2312.10829 [hep-lat]
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: Use
Discretize Monte Carlo
QCD action | to evaluate
| integrals

Collect Collect
1 million 1 million SUltS
measurements | J Measurements gy

ST

[

MICHIGAN STATE
UNIVERSITY
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How Can Lattice Help?

THE PDFLATTICE2017 WORKSHOP

1 1
1 ]
! . BENCHMARK : ;
] 1 : 1
1 ¥ \ 1 :
] .

! Global QCD analyses Lattice QCD !
: PDF fits moments/quasi-PDFs I
: ' Ny :
) : 1 1
] 1 ]
. Plot by e N L. : !
] 1
: E Nocel"a LHC (precision physics) RHIC, JLab, ... (hadron physics) '
, Higgs boson characterisation Spin physics, nucleon structure :
X Precision SM measurements (e.g. My ) Large-x behaviour :
X BSM searches, SUSY Nuclear modifications

Example study

5(As") @ Q*=4 GeV? NNPDFpol1.1

Whitepaper , Progress in Par. and Nuc. Phy. 100, 106 (2018)

L_A:70% B:50% C:20% | "= 7

§ Is there one quantity for which & |
LQCD can achieve a precision T
at which it can make a ]
significant difference? o :
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Application on Inverse Problem

Quantities Wanted pQCD-

that can be PDFs, calculat
calculated on GPDs, ed

the lattice etc. kernel
today

R. Zhang, C. Honkala, et al. (MSULat), 2005.13955

Example: Pion/Kaon Distribution Amplitude

Ct(z,P,t) = ( |jd3y e PV (3, 01,ysUG,§ + 2 2P (F + 2 2, £)P,(0,0)y51,(0,0)| 0

l l‘l
]
|
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Application on Inverse Problem

Quantities Wanted pQCD-

that can be PDFs, calculat
calculated on GPDs, ed

the lattice etc. kernel
today

R. Zhang, C. Honkala, et al. (MSULat), 2005.13955
Pion Distribution Amplitude

Machine Learning - A Promising Solution?

1.5}

Machine learning models are effective in extracting complicated

dependence of the output data on input data.
Hidden
Layer 2

Hidden
Input Layer 1

....... H N
\OI ;&}:{" ........... >
\a . AR 0!.\ AQQ. NN\ - H(x
...... A" " Vo 0‘;.< 0,0‘
ST 26800
/" ‘ 4’,‘v \\\\ ........... ,
Output
[N,3]
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Generalized Parton Distributions

§ On the lattice, one needs to calculate the foIIowmg

ey )

. RICREIOT
: t

urce

§ Heavy plon mass results

. "
4 : . — g
E _____ t=0 .;1: 0, —0.69 GeV?)
3 |“ Pion GPD  ----- t=-2] 3r H=, 1/2 —102 GeV?) |-
A @ === t=—5
X 2% &= . Isovector vm.
wanted R A Nucleon GPD |
ante SOl TSeaal ]
PDFs, S SSaaan S, |
GPDs, 0 e . T PP VRO T _
e 00 02 04 06 08 10 12 14 o 0z 0.4 s 2z ‘
J. Chen, HL, J. Zhang 1904.12376 C. Alexandrou et al, 2008.10573
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Isovector Nucleon GPDs

§ Nucleon GPD using quasi-PDFs at physical pion mass
& MSULat: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, P, = 2 GeV é
F(a, 1) = / L—WP Wla= /207 a(—=/2)lp 9-
= 5p7 7 u(p) — Bz, & 1) u(p) —5—u(p)
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Nucleon Polarized GPDs

§ Helicity GPD (H )using quasi-PDFs at physical pion mass
& MSULat: clover/2+1+1 HISQ
0.09 fm, 135-MeV pion mass, P, = 2 GeV

T ; —ixPTz~ —f — —
Fi(z,6,t) = | —e P Wlazm 127 sa(—2 /2)Ip)

W () v sulp) — B9, 6 1) a () 2=—u(p)
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