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Energy participation ratio
○ Energy participation describes how much inductive energy is distributed to 

element/junction 𝑗 in mode 𝑚

○ 𝐻 = 𝐻𝑙𝑖𝑛𝑒𝑎𝑟 + 𝐻𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟

✓ 𝜀𝑗 ෞ𝜑𝑗 =  𝜀𝑗
𝑙𝑖𝑛 ෞ𝜑𝑗 + 𝜀𝑗

𝑛𝑙 ෞ𝜑𝑗

✓ For one JJ: 𝜀𝑗 𝜑 = 𝐸𝑗[1 − cos 𝜑 ]

o 𝐻𝑙𝑖𝑛 =  σ𝑚 ℏ𝜔𝑚𝑎𝑚
+ 𝑎𝑚

o The nonlinear part will read

✓ 𝐻𝑛𝑙 = σ𝑗=1
𝐽 𝜀𝑗

𝑛𝑙 = σ𝑗=1
𝐽 𝐸𝑗(𝑐𝑗3𝜑𝑗

3 + 𝑐𝑗4𝜑𝑗
4 +  … )  ≈ σ𝑗=1

𝐽 𝐸𝑗 σ𝑝=1 𝑐𝑗𝑝𝜑𝑗
𝑝

✓ 𝜑𝑗 =  σ𝑚=1
𝑀 𝜑𝑚𝑗(𝑎𝑚

+ + 𝑎𝑚)

o The EPR is defined as:

𝑝𝑚𝑗 =
𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑 𝑖𝑛 𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑗

𝑇𝑜𝑡𝑎𝑙 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑 𝑖𝑛 𝑚𝑜𝑑𝑒 𝑚 

o In terms of participation ratio, the flux zero-point fluctuations is: 

𝜑𝑚𝑗
2 = 𝑝𝑚𝑗

ℏ𝜔𝑚

2𝐸𝑗
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Energy participation ratio

𝐻 = ෍

𝑚

ℏ𝜔𝑚𝑎𝑚
+ 𝑎𝑚  −  ℏ ෍

𝑚=1

𝑀

∆𝑚𝑎𝑚
+ 𝑎𝑚 +

𝛼𝑚

2
𝑎𝑚

+2𝑎𝑚
2 + ෍

𝑛≠𝑚

𝜒𝑚𝑛𝑎𝑚
+ 𝑎𝑛

+𝑎𝑚𝑎𝑛

o Lamb shift : ∆𝑚=  σ𝑛=1
𝑀 𝜒𝑚𝑛

2

o Anharmonicity : 𝛼𝑚 =
𝜒𝑚𝑚

2
=  σ𝑗=1

𝐽 ℏ𝜔𝑚
2

8𝐸𝑗
 𝑝𝑚𝑗

2

o Cross-kerr interaction : 𝜒𝑚𝑛 = σ𝑗=1
𝐽 ℏ𝜔𝑚𝜔𝑛

4𝐸𝑗
 𝑝𝑚𝑗𝑝𝑛𝑗
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Qubit in 3D cavity

ωq ωr

Dispersive regime

Δ01

Δ01=ωq-ωr ωq=ω01

χ𝑖𝑗 =
𝑔𝑖𝑗

2

Δ𝑖𝑗

χ = χ01 −
χ12

2



Parameters 



Measured data vs simulated

Al Qubit fabricated at IFN CNR;
Pure Al cavity fabricated at LNL – INFN;

Parameters Measured 
𝟏

𝟐𝝅
𝑴𝑯𝒛

Simulated 
𝟏

𝟐𝝅
𝑴𝑯𝒛

Error 𝑒 = |(𝑠 −
𝑚)/𝑠|

𝑄𝑢𝑏𝑖𝑡 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝜔𝑞 5740 5739.04 0.0167%

𝑏𝑎𝑟𝑒 𝑐𝑎𝑣𝑖𝑡𝑦 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 7252 7436 2.40%

𝐴𝑛ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑖𝑡𝑦 𝛼 353 359 1.67%

𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝐶 54.87 𝑓𝐹 53.94 𝑓𝐹 1.73%

𝐷𝑒𝑡𝑢𝑛𝑖𝑛𝑔 ∆ 1510 1696.96 11.01%

𝐷𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑣𝑒 𝑠ℎ𝑖𝑓𝑡 𝜒 1.2 1.405 14.29%

𝐶𝑜𝑢𝑝𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑔 90 (𝑓𝑟𝑜𝑚 𝜒01) 94.33 4.59%

Experimental data validated the simulations 
values within a few percent

𝜒 = −
𝑔2

∆

𝐸𝑐/ℏ

∆ − 𝐸𝑐/ℏ



Two qubits -- 3 cavities

qb Pad_upperPad_bottompad_bottom Pad_upper

y_pad : 2900 um
y_line : 1 mm

y_qubit=2 um

x_qubit = 2 um

𝐿𝑗1 = 𝐿𝑗2 =  10 𝑛𝐻

D. Milillo, Roma Tre University

Readout Cavity 2

Readout Cavity 1

Storage Cavity



Two qubits -- 3 cavities

modes fq [GHz] g01 1° 
[MHz]

g01 2°
[MHz]

α 
[MHz]

χ 1° 
[MHz]

χ 2° 
[MHz]

[0,2,4] 4.91 18.15 48.98 62.80 0.12 0.62

[1,3,4] 4.98 47.12 49.80 69.67 0.78 0.65

𝑀𝑜𝑑𝑒𝑠 0 & 1: 𝑄𝑢𝑏𝑖𝑡𝑠 1 & 2
𝑀𝑜𝑑𝑒𝑠 2 & 3: 𝑅𝑒𝑎𝑑𝑜𝑢𝑡 𝑐𝑎𝑣𝑖𝑡𝑖𝑒𝑠 1 & 2
𝑀𝑜𝑑𝑒 4 ∶ 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 𝑐𝑎𝑣𝑖𝑡𝑦



Two qubits -- 3 cavities

𝑀𝑜𝑑𝑒𝑠 0 & 1: 𝑄𝑢𝑏𝑖𝑡𝑠 1 & 2
𝑀𝑜𝑑𝑒𝑠 2 & 3: 𝑅𝑒𝑎𝑑𝑜𝑢𝑡 𝑐𝑎𝑣𝑖𝑡𝑖𝑒𝑠 1 & 2
𝑀𝑜𝑑𝑒 4 ∶ 𝑠𝑡𝑜𝑟𝑎𝑔𝑒 𝑐𝑎𝑣𝑖𝑡𝑦

Both qubits are detuned and 
separated from each other by a 
distance dz

modes fq [GHz] g01 1° 
[MHz]

g01 2°
[MHz]

α [MHz] χ 1° 
[MHz]

χ 2° 
[MHz]

[0,2,4] 4.61 52.33 57.82 119.97 0.87 0.79

[1,3,4] 5.01 53.50 56.91 104.11 1.01 0.84

𝐿𝑗1 = 11 𝑛𝐻

𝐿𝑗2 = 9 𝑛𝐻



NEXT ???

Optimization of the two qubits device is in progress

Fabrication will follow as well
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