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Extra dimensions

P As far as it is known, there is not afundamental principle for
which the space-time should be 3+1 dimensional... Eemenight
be “legitimate” to assumextraspatial dimensions.

P It can not be denied that, up to now, the thecaétxploration of
extra dimensional models is ratlsgreculativdhan based on well
established facts.

P Nevertheless, the construction of the extra dinmreimodels
is guided by the requirement of physical consistanorder to
show possible ways on how the extra dimensiondeamevealed
(or why arehidder) and to connect the extra-dimensional models
with a morefundamental theory in order to solve long-standing
theoretical problems



Kaluza-Klein proposal (1920, 1926):

e Consider a five-dimensional flat space with theéhfdimension compactified
e The photon resides in the extra dimension

e The unification of gravity with electromagnetisian be achieved

Extra dimensiona la Kaluza-Klein are hidden as a result of their size :
| ~ 1033 cm.
Need for energies as high as the Planck energyake ithhem detectable.




Large Extra dimensions

The idea of models with Large Extra dimensionsoisnected with the

Brane world picture

N

of gravitons) is localised to a 3-D
submanifold brane) embedded in a

fundamental multi-dimensional space
(bulk) |
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The ordinary matter (with exception
|
|
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It is assumed that tH@ane picturas an i
effectivemodel representation. It |
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The large extra dimensions
should be so large as to non
contradict the observations

l

For compactified extra
dimensions their size can be
as big as fraction of
millimeter




Large Extra dimensions (continue)

One of the maimotivations for the Brane picture used in
higher dimensional models is to give an answehéo: t

Hierarchy Problem

1yt

Why ... My >> Mg, ?

|:> Possible answefThe fundamental scaleli$. ~ 1TeV
in a theory defined in a 4+n space

ADD model RS models
[Arkani—Hamed, Dimopoulos & Dvali] [ Randall & Sundrum ]
Phys.Lett.B 1998 Phys.Rev.Lett. 1998




ADD model

¢ Consider dlat brane (no brane tension) embedded in a 4+n spaee-tim
e Standard matter resides on the brane
e Gravity spreads in the bulk

¢ The extra dimensions are compactified

¢ The metric doesotdepend on the extra coordinates

¢ Define a unique fundamental scMe

U

Volumetric scaling: M2 =M™V,

... Itis sufficient to assumexn2 and R~0.1 mm for getting.M 1 TeV



RS model

¢+ Consider a five-dimensional anti de Sitter space
e the extra dimension obeys to
z=z+2 & z— -z (S/Z,orbifolded)
e negative cosmological constant in the bulk

¢ Assume the existence of two branes resided alongxtna dimension and
having opposite value of tension.
e Matter is assumed on the branes while the gravitybeaspread in the bulk

=== |t is shown that the metric admitted for this spttakes the form:
ds’ =0*(z)n, dx"dx' —dz* (with 0*(z) =€**)

The extra dimension becomesarped as a price of maintaining a
4D Lorentz space at every point of the extra din@nsi
(non-factorizable geometry).

The model provides aexponential hierarchy expressed by the
distance which separates the two branes along the eéordinate:

M, ~€e“ M,




(Non) Renormalisability

The couplings defined in extra dimensional theoasiesof negative mass dimension ...

Thecurrent attitudeis to make the ...conjecture to

e treat these theories as effective theories forggnecales up to
E _ 1/g1/n

(n is the mass dimension of the coupling)

e For bigger energies the effective theory has tceptaced by a more
fundamental theory.



(4+1)-dimensional pure U(1) gauge model



The gauge field in extra dimensional space

» What about a possible extension of the gauge ifretde bulk?

» Is there any possibility of gauge localisation oa binane in the
RS set-up?

The answer given in terms of analytical workeégative...

Pomarol, Phys.Lett.B2000
Davoudias, Hewett & Rizzo, Phys.Lett.B200

But ...
since the localisation of the gauge field on thenbnaay
involve strong coupling dynamicaong the extra dimensions,
the non-perturbative methods are necessary for@min
answer.



—>

Abelian Gauge field in the RS background

e Assume thékSmetric : ds’ =e™*(dx? —dx’ —dxZ —dx?)-dz?

e Consider a 5-dinabelian gauge modein the background of th&S metric:

X\/i MK NQ

= J.d4XdZ£— 4:;2 FquKlnuKnvx - 2:19- F an ]
5 5

gauge

e In the Euclidean space the gauge action reads:

Sgauqe:_[dSX 12 FvFKx 1 _klx5|F F M,V:].,...,4
4g; " 295

We get a model withwo different couplingsone defined on the 4D subspace

and the secondigger ) along the extra dimension.

P.D., K. Farakos, A. Kehagias and G. Koutsoumb

[ NPB 2001

}



On the lattice we define thmire U(1) Wilson gaugaction withanisotropic couplings:

Al
Ly
P
“i

Spee =B > ([L-ReU, (0))+p Y (1-ReU (%)

X,1sp<v<4 x,1sp<4

Link variables: U :{ U, ="M U, =t }

'

U, () =U,00U, (x+afu, (x +ai)u, (x)

Plaquettes: )
U,s(x) =U, (U, (x +ayu, (x +a;5)U,(x)

TheFu-Nielsen proposal fodimensional reduction from lattice [Fu and Nielseg5
anisotropic models ( couplings~ 3') NPB 1984, 19

l

Phase diagram becomes richer: A new phase appelars




LAYER PHASE (1)

Confining phase

® ForB#£0and ' =0 = phase diagram of theD isotropicmodel

4D Coulomb phase

Confining phase

® ForB=[3" —> phase diagram of tHeD isotropicmodel

5D Coulomb phase

Confining phase

[
4D Coulomb phast
® For B#[p —> phase diagram of the < Layer phase
5D anisotropianodel
Confining extra
dimension

\_ 5D Coulomb phase

v



LAYER PHASE (1)

The potential between heavy test charges is clas#inected with th&Vilson loops

1. W, (L, L,)=exd-oL,L,]

2. W, (L, L,)=exd-1(L, +L,)]

3. W, (L,,L,) =exd-t(L, +L,)]

4. W, (L, L,)=exd-o'(L, +L,)]

(Confining phasel<p,v<5)
(Coulomb phasel<y,v<5)

} Layer phase

Phase Diagram from Mean Field analysis

184 ' B
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04 Confining phase :
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[Fu and Nielse

n
NPB 1984, 198}



Phase Diagram— Monte Carlo Study

Basic order parameters

e 4D (or space) plaquette 1

R=os 2eosF.(0) R =(R)

X,Isp<v<4
1

AN X‘;u;:os(ﬁl5 (X)) R = <P5

e extra dimension (or transverse) plaquette :

P=

Behaviour of the Plaquette in the two limits of tleeipling values

B/2+0O(B*) [ B<<1, strong coupling

( D is the dimension of the spake
1—DiB+O(B'2) [ B>>1, weak couplind



~ [1-(1/93)] : 5D-Coulomb phasg
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Confining — Layer Phase Transition

There is very strong evidence that the

4D Confining — Coulombphase transition
is first order and takes place at
=1.0111331(21)B'=0).

[Arnold, Bunk, Lippert and Schilling 2003]

Coulomb

el b e
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].2-—

ﬂ 1fa aa Aday

P> What does it happen a$’ > 07?

We do an extensive study of the PT for two valfef'=0.01 and 0.2
while we let 3 variable.
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Confining — Layer Phase Transition (continue)
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As the lattice volume becomes bigger the transibiecomes steeper
Forp<<1,P; —» Pp/2 : Confining phase

Forp>>1, P — (1-1/43) :4D-Coulomb phase

Forall B, Ps;=['/2=0.1 (constant}— extra dimension is confined !!




|dentification of the phases using the helicity modulus

. : L '=0.2
Thehelicity modulus is an order parameter; it gives the | B | | |

response of the system to an external elecrtomiagnet | e
flow. It is defined through the second derivatifeéhe o5 . 7 3D-Coutow |
free energy:Vettorazzo and de Forcrand, NPB 2004 aal v;# D )
aZF (D F 5; Ir;:: V::T 8|
h(B)= _aé)z ) hy %37 ¥ ?g :_.Zh,r: L=1fi ]

®=0 T A ¢.
021 f + _
In the confinement phase the system does not feel.- '_ o “}: i

any changes due to the external flux. On the coyitra | Confiing o]/
in the Coulomb phase the system reveals a response'“fjf; ----- . o “P"‘"M'“m"*?““*" ]

e oo7 u._l;s ' 0.|99 ' I1 8 ' 1.|o1 / 1&; ' 1|03
e h(B)#0 inthe Coulomb phase ....................

elicity modulus in the
transverse directiorn; takes
zero value forll values off3.

e h(B) =0 inthe confining phase

The space-like and the transverse-like helicity nhaglare:

hs(B) =( i 5 <Z(B COS(Ev))>_<(<Z(B sin(Fw))>j >J 1
L i ¥ <Z (B’COS(Es))>_<[<Z (B’sin(ﬁs))>j2>] Confinement along the

. extra dimension

h(B) =




Confining — Layer Phase Transition (continue)

® Distribution of the space-like plaquette:
Two-state signal

® Susceptibility of the space-like plaquette
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Confining — Layer Phase Transition (continue)

The relative analysis shows that:

e The transition between the Confining phase and.&yer phase is dfst order
(though weak) as it happens to be the phase ti@nsetween the confining and the
Coulomb phases for the 4D model.

e The transition points of the 4D gauge coupling ati@ on the horizontal line
the initial point of which is critical value of ¢hpure 4D model.

A
wop o Coulomb
A

oal C phase

[ 1 1 1 1 1 L 1 1 1
(] D2 D4 05 D3 1 12 14 15 13 1

e Hence the Layer phase is completely distinguighad the confining one.

P.D., Farakos, Vrentzo
Phys.Rev.D 2006
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Layer — 5D Coulomb Phase Transition
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» As the system passes to the 5D-Coulomb phase thérafifth dimension ceases
to be confined :hy passes fronzeroto a non-zerovalue




Layer — 5D Coulomb Phase Transition (continue)

a2b

e The susceptibility of the tranverse-like i o L=14
plaquette is: i I "Ega o 1
A ~ A\ 2 gl ak; x 10
S(P5)=V(<P5>—<P5> ) N Va :
M f T4
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.sh y;
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e An increase of the susceptibility peaks,

though weak, with the volume is observed —— o3 036 03:2

0.354 0.356
BJ"
0
S _~V* §<1



Layer — 5D Coulomb Phase Transition (continue)

e A finite scaling analysis assumes:

B'(L) =B. (1+C,L™) o
Spax =Co +C,L" i

v=0.57(5) PB.=0.35028(53 vy =1.24(44)
8 =0.44(15)

1 |

Evidence for a2"% PT

SII]:I\ (L)

* Volumes bigger than V=P4have to be used in order to confirm this evidence



It can be shown numerically on the lattice:

¢ how it can be identified a phase (Layer) which is
coulombic on the four-dimensional subspace while
it exhibits confinement along the extra dimension

¢ The Layer phase is stable and it is well separated from
the confinement phase and the five-dimensional
Coulomb phase

¢ the potential between two test charges in the layer phase
is that of a 4D Coulomb interaction (~1/r) and itis
distinguishable from the potential of the 5D Coulomb
phase (which goes as ~4)r
( Farakos and Vrentzos, Phys.Rev.D 2008)




(4+1)-dimensional Abelian Higgs model



5D anisotropic U(1)-Higgs model

e Assume a U(1)-Higgs model in five dimensions inf&ibackground

e A general metric of the RS type (warped extra disn@n) is written as:

4 = 0*(2)|[dx? —dx*|-dZ2  (©°(@) -0 for z- o)

e Write the action of a five-dimensional Abelian Higgedel (in this background):

S=S_.*tS

gauge scalar

- 4;2 J.dSX\/EFMN FK/\gMK gNA +jdsx\/§[DM¢*DN¢gMN _V(CD)]

, 1 w _a’(z y
:J'd xdz| — 497 FquMU”I?” _ Zéz) F.sF," }+

5 5

+[d*xdz[D,®'D,®n* -a*(2)D,® D, -a‘(2)V (P)]
(M,N=0,.,4and u,v =0,...,3)



Make the rescaling(z)®=¢  and consagnartic scalar potential
The scalar action reads:

Spu= | dxdZD #' D¢ -2 (2)D,4" D,#-M(@2)*4'$ - 1(¢ ¢)’]
(With M@)" = a2 m +[a@)f + Y[ )

Translate the action on the lattice and we get:

SLie =S

+
Lattice gauge scalar

=B, D, (1— cosU, (x))+ B> (1— cosU, (x))

X,Isp<v<4

+8, D [6.00-U, 000, (x+a)] |8, 69 - U, 608, (x +ai)]

X,1sp<v<4

+8, 316,00~ U,006, (x +38)] [, 09~ U, (0, (x + &)
£ mi G (0B, (%) + B (8 (08, (9)
(we set: 2"a*p =¢,)
The lattice couplings obey certain equations wiiepend on the warp factor:

Bl =a’(x)p, Bl =al(x.)p, x:%‘ aZMZ(xS):BEmi

h h

. Due to the assumed function of the warp factor cthwplings for both

the gauge and the scalar fileds along the extrambiiog arestrongly coupled




II‘ We adopt aimplified version for the lattice model under study: the dmgs
along the extra dimension do not depend on the@ e&dordinate but they are
allowed to get different values from the coupliniggined on the four
dimensional subspace. The lattice action reads:

S = S TS

Lattice gauge scalar

=B, > (L-cosU , (x))+[3;z (L-cosU ,(x))

X, 1spu<v<4 X, 1

+By D Re{4¢ﬁ(x)¢L(X) -2 P (U P (x + aﬁ)}

1<p<4

+B. Y Relag: () 4. (%) - 9, 00U .4, (x + a5)]
+3 (=28, - 4B, =B ) 4, (%) + . (B ) & () ]

@tial proposal of Fu and kel to the Abelian Higgs model




@ For thefull phase diagramwe need to study five couplings (!)

Bys Bg» Byy By and By

@ We can make a “reasonable” compromise :

e keep small: B} <<1

e take B <1  inorderto have the posdiptd get a confinement
phase in the four-dimensional subspace.

e Choose different values fop, .As, decrsdbe phase
transitions become stronger.

e Study the phase diagram in terms @f and B,



Order Parameters

1
e 4D (or space) plaquette) : P, E<6N5 Zcos(Fw (x))>
e extra dimension (or transverse) plaquette : P E< 1 Zcos(F (x))>
° 4N5 x,1sp<4 v
e 4D (or space) link: L E<4;5 D cos((x+[)+A, -X(X))>
e extra dimension (or transverse) link : L, = <% Zcos(x(x +5) +A, -X(x))>
. . . RZ — 1 2
e Higgs field measure squared: _sz (X)

[ define: ¢, =p(x) exp(iy (x)) ]



The Phase Diagram

B,=0.1 B ,=05 p,=0.001

C: Confining phase
0.7 -
5D Coulomb phase st H, H,
0.5 - .
H.: five dimensional Higgs phase By ... T
0.4 f
H,: four dimensional Higgs phase 02 C L@
0.1 - r,‘;
broken symmetry on 4D subspace| R R
D 0.0 0.2 0.4 04 0.8 10 1.2 1.4 1.8

confinement along the extra dim P,




Confining - H, phase transition
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e P;does not “feel” the phase transition

It remains in the confined regime
e The same happens to L

e R?passes from a value ~1 (unbroken)

to values > 1 (broken phase)
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Confining-H; phase transition
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Interesting features of the 5D Abelian-Higgs model with anisotropic codimgs

¢ There is astable phase with broken symmetry on the four-dimensional
subspace and confinement along the extra-fifth dimension.

¢ Strong evidence can be provided that for a certain value of the scalar
self-coupling z=0.155 (2) ) the transition from the strongly coupled
phase to the layer Higgs phase becogiésrder.

¢ The separation of {Hrom the H phase seems to bemssover
(for a definite conclusion bigger volumes are needed)



(4+1)-dimensional SU(2)- Higgs model
In the adjoint representation



5D SU(2)-Higgs in the adjoint representation

It is a “toy-model” based on the Georgi-Glashow model

The SU(2) symmetry breaks to U(1)

» 1 massless photon
» 2 massive W-bosons
» 1 massive scalar neutral field

In the Higgs phase

The 3D model is “equivalent” with the SU(2) pure rabdt finite temperature
after dimensional reduction due to the integratbthe heavy modes

It presents two phases (confining + Higgs)

[ Hart, Philipsen, Stack and Teper Phys.Lett.B 1997

A first numerical study of the 4D model can be fdum
[ Mitrjushkin and Zadorozhny, Phys.Lett.B 1986 ]



The lattice model

The action is :

attice B z (1——TI’U (X)j B;Z(l_%TrUus(X)j
+B, Z( Tr[d)z(x)]—ETr[CD(x)Uu(x)<D(x+u)U:(x)]j
+B;Z(ETr[CDZ(x)]—%Tr[cl)(x)us(x)CD (X +§)U;(x)]j

+(1-2B, 4B, ‘BL)Z%TV[Q)Z(X)]+BRZ(%Tr[®2(x)U
The Links are defined by: U =e*" U, =

The gauge potential and the matter fields are sgmted by 2x2 Hermitian matrices:

A, =A’c, and ®=d%, (o,: Paulimatrices)

Five couplings: By, By» Bys By andp,



Order Parameters

e 4D (or space) plaquette) :

e extra dimension (or transverse) plaquette :F. E<

4D (or space) link:

e extra dimension (or transverse) link :

e Higgs field measure squared:

1
P.= TrU (X
> <6N5 LZ ol )>

1

Y- D TrU, (x)>

X, lsp<4

1 1 ool L el
L= <4Ns ¥ (5 Teeu, 0000 00 il (X)U>

L, = <%Z(%Tr[®(X)U5(X)®X) +5)U; (X)]/%Tr[q’z(X)]D

= (2 i)



The phase diagram of the model with isotropic couplings

Take: B, =B, B,=B,

The phase diagram in the parametric-spacg oand [3, for (z=0.01is:

New Higgs phases of the 5D model

e H: five dimensional Higgs phase with
the U(1) symmetry in the confining
regime

e H.: five dimensional Higgs phase with
the U(1) symmetry in the Coulomb
regime

P,

07

T T T T
1.4 -
ot Hy He
0.4 -
__‘_‘—‘——_._\_\_\___\_
0.4 - -\_\_\_\_\_-———__,____\_ -
EE—
0.2 1 SU(2) )
Confining phase 5D Coulomli
0.1 1 7
0.0 T T T T
0.0 as i

The pure SU(2) transition poir3,~1.63_ _____
[ Creutz, Phys.Rev.Lett. 1979



Relationship of the Layer phase and the dimensionality

A lattice model defined in D=d+n dimensions can jueva Layer phase
as long as the d-dimensional model can be fouad @ast two phases
one of which is the Coulomb phase.

Fu and Nielsen
NPB 1984, 198

Y Therefore it is reasonable that Y On the contrary, the 5D
a 4D layer phase can exist in anisotropic SU(2) gauge
the 5D anisotropic U(1) gauge model can not furnish
model since the phase diagram a layer phase since it is known
of the four-dimensional model that the 4D SU(2) gauge
consists of two phases : model doesiot have a well
confining and Coulomb. defined Coulomb phase.

However it can exist a 5D
layer phase of SU(2) in a 6D
space.

‘ But, what does it happen when the scalar fielalded?




The phase diagram of the model witlanisotropic couplings

+ For B,=0and B, =0  the mbdecomes four-dimensional. It has a confining

phase (fo3,, small) and a four-dimensional Higgs phase ffpbig). The U(1) symmetry
that survives in the Higgs phase shows a phassiticanbetween the strong coupled and the

weak phase (following th@, value).

+ The parameteBy “controls” the strength of the phase transitions

< e Swichon B and B!

» Keep B, small (=0.01).
» Vary 3, in the interval for which the confined phase carpbesentf{, < 1.63).

e Give the Phase Diagram in terms|d, and B'g




The Phase Diagram
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Ps~1-(1/4,)

H, — H: phase transition
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» For bothH, andH_the order paramet&? >> O(1)
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Restoration of
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=—>The Higgs phasH , is located in a four-dimensional subspace
embedded in a five-dimensional space.

=—> A massless photon is found to be “localized” on the
four-dimensional subspace

=—> The confinement along the extra dimension due to the SU(2)
Interaction serves for the “screening” of the extiraension

J

H, is a four-dimensional Layer phase formed in a fimensional “bulk”

It shares the characteristics of the analytsodlition of theDvali-Shifman model
(Phys.Lett.B 1997) for the localisation of a massf@sston on a two-dimensional
wall out of which the interaciton is confined by t8&(2) interaction.



Remarks & Conclusions

® (D+1)-dimensional gauge models with anisotropic cqlings can
reveal a new kind of D-dimensional phase which weatt Layer.
It is a D-dimensional Coulomb phase accompanied lgonfinement
along the extra dimension

® The necessary condition for the layer phase formain is that the
D-dimensional gauge model must already have two diisct phases.
Hence the minimum dimensionality is D=4 for the pue U(1) model
and D=5 for the pure SU(2) model.

® Extra dimensional lattice gauge models with anisotpic couplings can
be “inspired” in an extra dimensional space describa by the RS metric.



® The study of the 5D-Abelian Higgs model with anisobpic couplings
shows that a Layer phase exists in the broken phasee get a set of
4-dimensional subspaces in the Higgs phase which dot comunicate
due to confinement along the extra direction.

® The 5D anisotropic SU(2)-Higgs model in the adjointepresentation
shows two main features:
» The inclusion of the scalar field is responsible fahe formation
of a 4—dimensional layer (higgs) phase in a modeltiv non-abelian
dynamics
» The confinement along the extra dimension is of theon-abelian type

® The existence of the layer phase in the phase diagn of (4+1)D lattice
gauge models with anisotropic couplings supports éhconjecture of an
effectively four-dimensional world embedded in a blk of extra dimensions.



