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Conformal and Weyl symmetries
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Classical Weyl symmetry

Take some action S[®, g,,,], metric is the source of the energy-momentum tensor

T _ 2 95
V8 08w
Local Weyl rescalings for o = o(x)
5(\T/ng/ = 2Uguu 5(‘7/\/49 = wepod

Noether identities of Diff and Weyl symmetries on-shell

V. TH =0 TH, =0
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Weyl symmetry —> Conformal symmetry

Conformal (isometries) group

0= 5;./Vguy -+ 6§-Egp,y = 20&;1; + v/_/,§y + vug,u

Solution iff o = — 1V ,¢&#
0§ =0y +06f

Flat space limit g, — 1, has (d+1)2(d+2) = d(d;l) + d + 1 generators in d # 2

P., Ju, Ku, D

leading to conserved charges
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Weyl symmetry and the trace anomaly
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Quantum Weyl symmetry

From the path-integral

e T = /[dCD] e

The renormalized EMT 5 ST
(T) = -
V& 08w

Trace is dimension d operator but it can be nonzero even for Weyl invariant S

Duff, Deser-Schwimmer, Jack-Osborn ...

6/35



A bit of history

Compute the 2pf of EMT for classically Weyl theory

Nyv,ap = /d4x<Tuu(X)Taﬁ(0)>eip-x x 2 w@m — M@

In dimreg Noether ids. are OK for divergences

P”nw,amdiv = n”u,aﬂ|div =0

But the finite part is anomalous

pﬂnlwvaﬁ‘ﬁnite =0 nul%aﬁ‘ﬁnite ?é 0

history summarized by Duff in Class. Quant. Grav. 11 (1994) 1387-1404
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What does it mean?

Given that I is the generator of T, correlators

or
TM = g;,LV T v~ g v
< H> < M > o3 5g,w

Then schematically

J

n+ ~—
M7O‘B 6gaﬁ

< TM:“> |ﬁat space

Which implies
(T*,) ~ stuff involving g,
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What is this “stuff”?

Imagine g, is the only source and no interactions for simplicity

(T) ~ 05 T[e* gy

o=0

)
= Ay, = /2Ugm,—r =A,I = /O’<T“u>
08w

Due to the Abelian nature of the rescalings we have Wess-Zumino consistency

[Ag, Ayl =0

Which implies an “integrability” condition

A A, = A A,
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Plan

By now we understand that the trace anomaly has this structure:

(TH,) = geometry of sources + renormalization group + EOMs

Plan:
» renormalization group = S-functions
» EOMs — Flavor current and B-functions

> geometry = Ambient space and nonlocal actions
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Local RG analysis of the anomaly

(T*,) = geometry + (renormalization group + flavor and EOMs)
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Renormalization with local couplings

Consistency requires local couplings to source observables p — e =)y,

SO /ddx\/g)\l(x) O+ /ddx\/gj,-(x)gpi

Currents source the expectation values

1 or
(T =-2 2L (o) = -1
VE 08w VE OA
Notice field renormalization from 1PF
1 6r
I e
(¢") N

Shore 80s
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Local rg interpretation

Local scale transformation on the geometrical sources

) ; ; )
W _ A
B = /{2Ug“”m + oI ((d = Be)0 =) 57+ }

Local scale transformation caused by the rg beta functions 3/ = dléigu i
n i 6
AB — —/ Ii.
o Y

The anomaly of I is expressed Osborn 80s — 90s
AVT = AT + A, As D {ON R, T, }
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Wess-Zumino consistency

Rewrite as a full transformation

AT = (A — AO = A,

For Wess-Zumino's consistency and Abelian transformations

[As, Ayl =0

Consistency condition for the anomaly

(AY — MDA, —(c < 0')=0
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Topological charge in d =4
Parametrize the anomaly using Euler density E,4 Osborn, Jack-Osborn

Aoj/d“x ga{a()\) Es+b(N) W2_|-..._|_>2()\),JD)\lD)\J+X()\),JRWaH)\/gu)\J_F...}

Integrability implies for B! = 8/ + (v, - )’ Herren-Thomsen 2021

d
MHEENXUWBJ = 0y~ xB’

Not obvious to establish positivity /irreversibility of x;; because it is 3pf
X1~ (0O0,T) instead of 1 — |x[*(O(x)04(0)) >0

but perturbatively x;; >0
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Pannell-Stergiou 2024

4| Aijkipipjprpr in d =4

O A

Example: \O, =
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Example: \O, = 3| Aijkpivjex in d =6 Gracey-Jack-Poole 2015

F o= )2/,D+X‘4 O 2 b
+%A>_< + A Lo

A = a‘/l//l @ —+ q/{/l @ t+ 4 /g:"/‘”’
@
¥ s S —(()— —— t 4 Mep

_ A37
40368

D
]

So 4

’

=
P2
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Conformal geometry and ambient space

(TF,) = + renormalization group + flavor and EOMs

Crucial actors are special conformal tensors
AUD/d4x ga{aE4+bW2+-.-}

Objective: use an “ambient space” to find all integrable geometrical terms
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Lightcone embedding in flat space

Move from RY to R9*2 on the lightcone Y2 =0

YA= (Y, YT Y) nasYAYEB =0 YA ~ AYA

Spacetime x* embedding on the lightcone YA
Xt = YA = (YR YT Y7 = YT (x#, 1, —x?)
YH
A p_— -
Y& — xt = Ve

Embedding Lorentz YA — Y’4 = Az YB generates conformal on spacetime

(Y/+)277uudxludxw = (Y+)277uudXMdXV
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Fefferman-Graham ambient space

Use Cartesian coordinates, X2 = 2t2p, t=X*t

1+2p—x? 1—2p+x2>

YA o XA = (XX X92) 2 (i, S S

The flat embedding metric

it = nagdx?dx® = 2pdt? + 2tdtdp + t%1,,, dx" dx”

In curved space: FG metric with Rap =0, L5, = 28 and h,,(x,p =0) = g

& = Bapdx?dx® £ 2pdt? + 2tdtdp + t2h,,(x, p)dx*dx”
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Ambient Space in a nutshell

% d+2
w.c_ﬁ n&'

Capn

Pep
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Relation with AdS/CFT

. 2
Coordinates p = —% and t

2
r

dr? + hy(x, r)dx*dx?
s g2 2 puv\ A~y
g=—ds*+s ( 2 )

Asymptotically (in r) local (in s) AdS space

Parisini-Skenderis-Withers

Fixed s: approaching lightcone with hyperobolas. Geometrical fundation of AdS/CFT

Note: If you are familiar with AdS/CFT you can replace p ~ r otherwise don't worry
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PBH diffeomorphisms

A diffeomorphism of the ambient Imbimbo et al.
s ae Cq s s C.z c
0c&aB = Lc8ag = (- 0c&as + 8acOBC™ + 8BcOaC
Preserves the form of the ambient metric (changing h,, — h;W) Penrose, Brown-Henneaux

(f=to(x) P = —2po(x) CH = ER(x) + -

It generates Diff x Weyl on spacetime

S¢huvlp=0 = 0¢cuv = 00,68 = 208 + Vb + V&
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Ricci-flatness determines h,,

Expand in p to solve Rag =0 iteratively

1
hlLV(X7 p) = gul/(x) + ph(l)m/ + *,02/7(2)“1/ + -

2
The coefficients find obstructions in even d Fefferman-Graham
2 R
w _,_ < - =
h 2 ‘|‘d — 5 (R,uu 2(d — 1)g,u1/) 2K/,L1/
2
h(z)uy = —HBMV + 2KMO—KO—V
2
3
h( )NV = d 6B:w

Circumvent obstructions by “analitically” continuing d.
Poles disappear in computations, however...
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Ambient Laplacian(s)

Scalar Laplacian of the embedding

1

2 1 d—
—Décb = —?Dh(b - ?atap(b - ?tatq) -

2
T 0,0+ t—pzh’#“ﬁpcb

Consider a scaling scalar field ® = t2¢(x) and project to Yamabe

_ d—2
g0l — 20,

")

We can construct a family of powers of conformal GJMS Laplacians Graham et al.

_ 2n+d 2n—d

Panp(x) =t 72 (=0g)"(t 7 ¢)lp=0
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Conformal Laplacians and conformal invariants

There are derivative Ay, ~ 0?" and constant parts (exist in d > 2n)

d—2n
Ponp(x) = Aoy + Tan

Constant part transforms nicely for g, = ezagw ind=2n Branson et al.

VEQd = V&(Qq + Dgo)

Conformal invariants are also easy to obtain

vaf
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The integrable terms

We now have all “integrable” geometrical terms such that

(05,0, ] Wi =0 [05,057] Qe =0

We deduce
(TH) =aQa+ Y bW,

E4 ~ Qq plus total derivatives (finite renormalizations). Compare Cardy's conjecture:

(T“#>:aEd+Zb,'W;
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Integration of the anomaly and nonlocal actions
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Example: d =4

Integrability at a RG fixed point implies

(T)=aQs+bW?

The Q-curvature is

1 1 1
=_-R?- ZR,,R™ — Z0OR
Q=75 2" 6

It transforms Q4 ~> Q4 + A4o with the Paneitz operator

1
Ay =7 +2VH (RW - 3gWR> \
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In the real world

Covariant computations (eg. heat-kernel methods)

o 1 31 AL

T 7360 ¢ 180 A 360 ¥
1 1 1

b=—Ny+—Nsy— —N
120" ¢ T 1g""A T 5"

for Ny, Na and Ny, the number of scalars, vectors, Dirac spinors
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Physical meaning

(T) # 0 implies that the conformal factor o in g, ~ e2"§W is dynamical
with effective action

Mol > [ d'xvEo (gl + b Wel + 3840 )

“Integration” means to find an action I[g,, | such that

(T) ~ 2 Te%g]

General strategy: think at g, as “picked” by some gauge fixing Barvinsky-Wachowsky

xlgl =0 = 0= Zx[g]
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Nonlocal actions

Simplest choice

x[gl=Qle]l=0 = o=,

Results in

1
(8] = Teontlg] + Manloclg] — /d4x\/§ (Z Qs+ b W2> EQ4

» Applications: cosmology, black-holes (effective scalar mode coupled at any scale)

» Problems: ambiguities in the choice of x, higher point structure of correlators
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Problems

Ambiguities! E.g. alternative choice

1 R
QZ[g] ’ og( i Dg_% 6)

Results in a different nonlocal action, more akin to RG of curvature terms

Mguw] 2 / d*x\/g R log(0g)R

But neither choice seems to be consistently reproducing 4PFs Coriand et al.

(TTITT)
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Conclusions

» Rich geometrical structure of conformal anomaly linked to scale

» Implications for stat. mech. (reversibility, gradient...)
» Implications for SM (B-functions, RG and flavor...)

» Problems to be solved — have to do with logarithms/obstructions?

» Implications for Quantum Gravity?
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Thank you
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