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The strong CP problem

/(. 1 a (a,pv

4g2 3272 M

[@ = Ogcp + argdet M, Clj CPV parameter

Neutron EDM d

u
d=24X 10_16 6 e-cm Pospelov, Ritz, hep-ph/9908508v4

\;J
M P Nl |d| < 1.8%107%° ¢ - cm (90% C.L.) Abel et al., 2001.11966
oy A (1015107
1 v\i_/ Why so small???

v.

... and the CPV phase in the CKM matrix gy ~ 1.2
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Solution 1: the Axion

Promote @ to a dynamical scalar field a, the axion,
which washes out CP violation in QCD

1 1 a -

¥, =—(0,a)*+ GG +
© o2 ) 3272 f,
_ a
0 = Q with (a) =0
Ja
New global U(1)pq Peccei, Quinn, PRL 38 (1977) 1440; PRD 16 (1977) 1791

» spontaneously broken => the axionis a NGB

» anomalous under QCD (%Jlﬁ‘Q x GG) => the axion is a pNGB

Quality problem

» Corrections of order ( fa/MPl)# from higher-dimensional operators

> U(1)pq should be an accidental symmetry in a complete model



Solution 2: P or CP is symmetry of UV

0ocpGG is P-odd and C-even => CP-odd

» P or CP is a symmetry of the UV theory

> Challenge: break P/CP spontaneously such that @ = 0 and Sy = O(1)
> In the SM both P and CP are broken explicitly => BSM extensions



Solution 2.1: P is symmetry of UV

P-invariant theory Beg, Tsao, PRL 41 (1978) 278; Mohapatra, Senjanovic, PLB 79 (1978) 283
» Extended gauge group (e.g. left-right symmetry)

z Mirror fermions

Example: Babu-Mohapatra model Babu, Mohapatra, PRD 41 (1990) 1286
SU2); Xx SUR2)r with L< R and H; ~(2,1)and Hy, ~ (1,2)
q;. g are SU(2); g doublets and Q' = Q; @ (O is vector-like singlet quark

A7 dr _ (— AT 0 quL 4R
(QL QL) Mq <erq> — <QL QL) ()’;VR MQ’) <QI/Q>

> detM, = — yqy;VLVR isreal if v, and vparereal => argdetM, =0



Solution 2.2: CP is symmetry of UV

CP-invariant theory

» CP is broken by the Yukawa interactions

» Promote Yukawa couplings to dynamical variables
» Break CP spontaneously

Example: Nelson-Barr models Nelson, PLB 136 (1984) 387; Barr, PRL 53 (1984) 329
New heavy vector-like quarks Q' and scalars z with CPV complex VEVs (z)

— 4R —— [ YV U qR
e (2)-@an (00 ) (L)
(QL L) q QR <QL L) y <Z> MQ’ QR
> CPisasymmetry => the couplings y, y’and the mass MQ, are real
> detM, = yvyM,, is real (and positive) => argdetM, =0

» Light quark mass matrix depends on (multiple) (z) => Ocgp F 0

Additional matter, tuning, loop corrections... Dine, Draper, 1506.05433
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Toy model with 2 quark generations
gYuk — Uic Yz;t(z) Q] Hu +Dic Yg(Z) Q] Hd la] — 192

1. Give each field a charge: k., kp., in, kHu, kHd and k, =+ 1

2. Assume Y =7

ke + ko + k ke + ko +k
i Ui 770 e gnd Yg’ =z 0 7Y Ha



Toy model with 2 quark generations
gYuk — Uic Yg(z) Q] Hu +Dic YZZ(Z) Q] Hd la] — 192

1. Give each field a charge: k., kp., in, kHu, kHd and k, =+ 1

kye+ ko +k kpe+ ko +k
2. Assume Y=z "% " and Yg — 7D TR Ry

¢ Q1+kHd d kD§+kQ2+kHd )
Czlz C22Z

2
detm, = (cflcgz — cfzcgl) 7% with d, = Z (le_c + in> + 2ky.
i=1

det M, = det (m, @ m,) = det (¢"c?) z¢ with d=d, +d,

Cd =0 = det M, is a z-independent real constant]




Example

kpe=(—=1,+1) ko=(1+1) ky, =0

d -2 d
C11 < C12 .
md — J J ) W|th det md — det Cd
o1 Crn <

In an EFT, singularities occur when would-be heavy states integrated out from the
full theory accidentally become massless (EFT breaks down)

Assuming no singularities leads to cfl = 0 and

d
0 Cly

d d

- ___d d
, with det My, = —Cj,Cy € R
Cr1 €<

md:



Model with 3 quark generations
Ly = U Y21, 02y) QH, +Df Y (20 02y) O Hy  6,j=1,2,3

» No physical ockyp in the case of 2 quark generations
» No physical ocky in the case of 3 quark generations and 1 complex scalar z

> At least 2 complex scalars z; and z, with a relative phase between their VEVs
are needed to have Oqxy # 0 see e.g. Kanemura et al., 0704.0697
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Model with 3 quark generations
Ly = U Y21, 02y) QH, +Df Y (20 02y) O Hy  6,j=1,2,3

» No physical ockyp in the case of 2 quark generations
» No physical ocky in the case of 3 quark generations and 1 complex scalar z

> At least 2 complex scalars z; and z, with a relative phase between their VEVs
are needed to have Oqxy # 0 see e.g. Kanemura et al., 0704.0697

Example (assuming no singularities)
with 2 scalars z, and z, . with charges kZ+ =+ 1 and kZ+ =42

+

kpe=(=1,0,+1)  ky=(=1,0,+1)  ky =0

0 0 ¢ty
_ d d
mg=|0 cx €234

d .d d 2 d
€31 €322y €3327+C337,,

Scxm 7 0 if argz,, # argz?
10



General conditions for 9 = 0 and 5y # 0

Ly =U Y (zl,...,zN) QjHu+Dl.CYg (zl,...,zN) O H,

l l

1. Y1 = 2 cl Zh .z with z, being ‘scalars’ with complex VEVs
] ij,ap...ay 1 N a

ap...ay a, > 0 (no singularities)

2. YI(AMzy, .. 2Mvzy) =297 (21,..02y)  VAEC with k, 20

3. det Y4 (24, .., Avzy) | = 2% det | ¥(z,, 2| withd, = D ke

l

11



General conditions for 9 = 0 and 5y # 0

Ly = Ui Y (21, .02y) QH,+Df Y (2,0, 2y) Qi H,

U _ d _

det [ ¥ (245, Av2y) | = det [1902Gy. o) ] = 2 et [ 12y 2]

3 3
d,= Y (kus + kg ) + 3Ky, dy= Y, (kos + ko) + 3k,
i=1 =1
( 3 )
_ =1 D

12



Patterns of Yukawas for 0 = 0 and S # O

([ (0 (Pi-r)  v(pi=ps))
Y{I) Y11291 D> Y131 3
Y = Yéfz_p ) Yég) Yégﬂ%) with det Y = const

(p3—p1) (P3—P2) 0
Y3li73 P1 Y31293 D Y3(3)

\ )

Y v v
* P =Dy =D = Y=|Y) YY) Y{|=const
RENREAREY
Y v vEe)
* P1=D2F D3 = Y=y Y9 v
0 0 Y

\ )
( _ _ )
Y{(l)) Y1(1291 Pz)(z) Y1(§1 P3)(Z)
* D1 ¥ Dy # D3 = Y=10 Y Y. 2(1392_]93)(2)
0
0 0 vy o

Feruglio, Parriciatu, Strumia, AT, 2406.01689 (see also Penedo, Petcov, 2404.08032)
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QFT realisation with SUSY

Y? depend on z,and noton 7, => SUSY

A =1 global SUSY action

_ 1
L = JdZHdZQ K (e*'®,®7) + szg W (®) + 1—6[d29 f(®) €% +he.

Kahler potential K Superpotential W Gauge kinetic function f
(kinetic terms, (Yukawa interactions) 1 , QQCD
gauge interactions) = g_32 — 1 3 72
O = {M, Z)

Z=1Z,...,Zy} dimensionless gauge-invariant chiral superfields

M=1{U;, D;, E;, O, L;, H, ;} matter and Higgs chiral super fields



QFT realisation with SUSY

The general conditions 1-4 are realised assuming invariance under

(0—APeg Ui ATUE DESATDE 7,5 Nz, )

» The transformations A can be either global or local
> If local, they form a gauge group 1, either continuous or discrete

» I can be realised either linearly or non-linearly

15



QFT realisation with SUSY

The general conditions 1-4 are realised assuming invariance under

(0 -A%0 U AU DEs ATV 7, M,

» The transformations A can be either global or local

> If local, they form a gauge group 1, either continuous or discrete

» I can be realised either linearly or non-linearly

The invariance of the superpotential
W(®) = Uy Y (Z2) Q;H, + D{ Y (Z) O H,

under these transformations requires

j
rYlll}t (AkZIZI, cooo AkZNZN> = AkUC+kQJ+kH Yu (Zl’ coe ZN)

LYZ? ( Az, 7, .. Al ZN) Akpetko ke, yd ( Zi, ..., ZN)

15



Linear vs non-linear realisation

Linearly realised I
A=Ay rel

/ are elementary

M; — A(y) ™ M,
Z = ANy)™uz,

The invariance of the Kahler potential
K (e ®,0") = @'V @
V = VSM + kVBSM k — dlag <_le 0 kZa)

under I implies

Vsm = Vsm
2Vesm = 2Vpsm — In A(y) — In A(y)
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Linear vs non-linear realisation

Linearly realised I
A=Ay rel

/ are elementary

M; — A(y) ™ M,
Z = ANy)™uz,

The invariance of the Kahler potential
K (e ®,0") = @'V @
V= Vg + kVigoy k = diag (—le_,kZa)

under I implies

Vsm = Vsm
2Vesm = 2Vpsm — In A(y) — In A(y)

Non-linearly realised 1"
AN=ANy,7) yel
Z = /Z(7) are composite

(7> YT non-linear transformation
IM, — Ay, 7)™ M,
Z(1) = Z,(y0) = N, % Z,(7)

K=Me?YM+ K (T, TT)
V=Vou + kViasm (T, TT)

K (T, TT) — K (T, TT) + fx (7/, T) +fK (;/, TT)
(invariant up to Kéhler transformation)

16



U(1) vs modular symmetry

Linearly realised I' = U(1)
A =e®
Z/ are elementary
M, — e_ikMi“Mi
Za — e+ikZaaZa
The VEVs of Z, break spontaneously

U(1) and CP

One needs to build U(1) and CP
invariant (super)potential realising
the desired vacuum alignment

17



U(1) vs modular symmetry

Linearly realised I' = U(1)
A = eia
Z/ are elementary

{Mi ~ et M,

+ik, a
Z,—> e "L,

The VEVs of Z, break spontaneously
U(1) and CP

One needs to build U(1) and CP
invariant (super)potential realising
the desired vacuum alignment

Non-linearly realised
modular symmetry

What is this symmetry?
What is 77

What are A(y, 7) and Z (7)
in this case?

Modular invariance and CP are broken

by the VEV of a single field 7

Presence of multiple ‘scalars’ Z (7)

with CP-violating VEVs is the result
of the modular mathematics

17



Modular invariance

String theory requires extra dimensions Images: Takuya H. Tatsuishi

t Compactification 4

M N RRTSN SRS

>

Wlth identification W
2

@ - 77w
W1

modulus
Lattice left invariant by modular transformations
at+ b
T — YT = a,b,c,d e 7 ad — bc =1
ct+d

non-linear transformation

These transformations form an infinite discrete group

18



Modular group

Homogeneous modular group Im’(f)
F=(S, T|S*=(T)y’=1)=~SLQ2,Z Fundamental
< | GT) > (&) // domain
0 1 1 1 i
S = 1T = . PE
<— 1 O) <O 1> a)O/f.\
s 1 T ; R
T—> —— To>7+ 1 -1 - v e(7)
T
duality discrete shift symmetry

Special points

> T =1 l>——=1 = Zf
l
2qi ST | )
P T=@W=¢€3 . a — — = = quTXZiSw
w+ 1
. . T . . 2
> T=10:. I00—=>Ii0o+1=icc = ZTXZzs

19



Modular forms
Holomorphic functionson # = {r € C : Im(r) > 0} transforming under I as

(Z(yr) = (cr+d) 20).  yeT)

k is weight, a non-negative even integer

Normalised Eisenstein series

1 1
Ei(7) = ——
{0 =220 (m’néo’ ) (m+ o

Each modular form of weight k can be written as a polynomial in £, and E;

Z0)= Y cpEf(DEXx)  with  4a+6b=k
a,b>0

Modular weight £ |0 2 4 6 8 10 12 14

Modular forms 1 - E4 EG Eg — EZ ElO — E4E6 Ei), Eg E14 — EiE(;

20




Modular-invariant SUSY theories

A =1 global SUSY action

L = sze d*0 K (1,e*"M, 7", M") +

Jd29 W (z, M) + 1—16 sze A7) 8 € +h.c.

Kahler potential K Superpotential W Gauge kinetic function f
(kinetic terms, (Yukawa interactions) ! 1 Hocp
interacti =5 !
gauge interactions) 3 g32 Q72

Under modular transformations y = <a Z) el
C

at+ b , . . .
T — 7 is promoted to a (dimensionless) superfield

cT+ d

M = (c*c + d) M a1 matter supermultiplets Ay, 1) = ct+d

V- V—kln|ct+d| vectorsupermultiplets 2Vzq = In (—iT + l'TT)

Modular symmetry acts non-linearly

Ferrara et al., PLB 225 (1989) 363; PLB 233 (1989) 147; Feruglio, 1706.08749
21



Modular-invariant SUSY theories

A =1 global SUSY action

_ 1
L = sze d*0 K (1,e*"M, 7", M") + Jd% W(z, M) + 1—6Jd2«9 f@O)EE +nec.

Kahler potential K Superpotential W Gauge kinetic function f
(kinetic terms, (Yukawa interactions) ! 1 Hocp
interacti =5 !
gauge interactions) 3 g32 Q72

Modular invariance of the action requires

K(r,e*"M, 7", M") —> K(r,e*"M,t", M") + fi(zr, M) + f (z', M")
W(t,M) - W(t,M)
(o) = f(7)

Ferrara et al., PLB 225 (1989) 363; PLB 233 (1989) 147; Feruglio, 1706.08749
22



Modular-invariant SUSY theories

Minimal Kahler potential

K=—hIn(-iz+it") + )
Y, (—if+iﬂ)

MTe?VM

km

Superpotential
W = Yi(z) Uf Q; H, + Y{() Df Q; H,
T-dependent Yukawa couplings

Yi(z) = (ct+ d)i Vi) with kg@ = kyepey + ko, + ky

u(d)

are modular forms!

(Yl .]q.(f) = cl.]q, Z,.4(T) with cg eR because of CFD
ij

Gauge kinetic function

f=— Oocp = 0 because of CP
> QCD
83

23



Modular invariance and CP

Fields

CP ¥

T—>—1T and MSEMT

Modular forms

2(1) S Z(—7%) = Z(2)*

CP-conserving values of 7 Im(7)

P
S k= yT (goes to itself up to y)

. CP .
1. T=1y > 1y

1 cp 1
2. 1= ——+1 —+iv=1T171
y T Ty

CP

3. 7= S5—e7" =87 i.] 1 1/

Re(7)

Novichkov, Penedo, Petcov, AT, 1905.11970; Baur, Nilles, Trautner, Vaudrevange, 1901.03251

24



Determinant of quark mass matrix

M,=v YY" M,=v,Y?
det M, = det M, det M; o det Y* det y¢
L, L, D
Y1) = Zkgl Zkgz Zk2q3 = det Y9(7) is a modular form of weight kget
s Lya, Ly
31 32 33

K = iy + K = = D (K + kg ) + 3Ky
i=1
And det Y*(t) det Y¥(z) is a modular form of weight k.,

~ 3 .
kdet = kclitet T kccllet = Z <2in T kUic T kDf) +3 (kH“ + kHd>

1=

. ki,=0 = detY"r)det Y1) = (real) constant
J




Matter fields and canonical normalisation

Gauge quantum numbers

Q U°¢ D¢ L FE° H, Hy

SU3). | 3 3 3 1 1 1 1

SU2)L | 2 1 1 2 1 2 2

O T S U

Canonical normalisation
MM ;
K :) (_lT + ZTT)kM — McanMcan MCElIl — {¢can’ l/jCElIl}
_ky
cT+d 2 ik a(®)
Wean — crt +d Wean = € - Yean a(T) = arg(cr T d)

Modular symmetry acts on canonically normalised fields
as a 7-dependent phase rotation (with 7 = 7(x))

26



Modular-SM anomalies

Conditions for modular-gauge anomaly cancellation

3
i=1
3
SUQ@) = D (3ko + Ky, ) + ki, + Ky, = O
i=1
3
Uy s Y (kg + By + 2kp + 3k, + 6k, ) +3 (ki + Ky, ) = 0
=1

Simplest solution

E{Q — kUc — ch — kL — kEc — (_k, O, k) and kHu + kHd — Oj

Cancellation of modular-QCD anomaly along with kHu + k = 0 implies
3

kgt = (2in + kye + k ) +3 <kHu + kHd> =0
i=1
27



Simplest example: quarks

Simplest non-trivial example giving kg, = 0and A =0

kQ:kUc: ne = (—6,0,6) and ku= =

Yukawa matrices

(0 0 cts ) (0 0 cis )
Yi=|0 cf, chEg => Y _=|0 ct c, (2Imz)’ Eg
(hi chEg chE+CBES) i chQImn)’ E, (2Imo)° [c3q3Ej+c’§13E62])
q — _ 9 ~9 9
det Y?|_ /5650Cy € R

Fixingz = 1/8 +iandtanf = 10

(0 0 156 (0 0 155 )
cgz10_3 0 -—1.86 0.87 cg ~1073] 0 -=2.59 4.59
(129 4.14 351, 1.40, |0.378 0.710 0.734, 1.76,

reproduce the quark masses, mixing angles and Oy at the GUT scale of 2 X 10'° Gev

28



Simplest example: leptons

kL —_ kEc — (_6, O, 6)
Weinberg operator %;(LiHu)(LjHu) for neutrino masses

Charged lepton Yukawa matrix and coefficient of the Weinberg operator

Y =

(0 0 ¢y )

e e
0 Cro cy3kE

e e e 173 e 2
G311 Cnle ckitcessks)

Fixingz = 1/8+iandtanf = 10

e __ -3
cij—lO

(0 0 129 )
0 595 035

—2.56 1.47 1.01, 1.32,

(0 0 ¢ty )
¢ =10 Cy chal
i3 BB, epEp+eiEs
i (0 0 3.4
Y1016 GeV

reproduce the lepton masses and mixings, including Opyng

34 12 0.19, 095,

)




Models with larger modular weights

Yukawa matrices

Modular weights

(ur,dr)123

UR123

dRri23

Alternative bigger weights
(up.dr)123 Urios driogs

)
)

—6
0
6

—6
2
6

)
)

—6
0
6

—6
2
6

|
|

1) ()(

')

30



Finite modular groups

Principle congruence subgroups of SL(2,Z) of level N=2, 3,4, ...

_J[(a b a b (1 0
F(N)-{(C d>€SL(2,Z), <C d>_<0 1> (mOdN)}

Finite modular groups
Iy =T/T(N)
[,=(S,T|S*=(T)°=T1"=1)
Ty=(S,T|S*=T)Y=1"=1, ST=TS*), N=3,4,5

31



Models with finite modular symmetries

s .
M — (CT + d) " () M Feruglio, 1706.08749

. p is a unitary representation of the
Z— (CT + d) “p,(NZ finite modular group Iy

Invariance of the superpotential W ~ Z,(7) M;M:M; under 1" and Iy, requires

{kzuk —_ kMi + kjwj + kMk

y

Pz R Py, @ Pu, Q Py, 2 1,

32



Models with finite modular symmetries

—k io, 1706.
p is a unitary representation of the

k
7 (CT + d) “p,NZ finite modular group I'y

Invariance of the superpotential W ~ Z,(7) M;M:M; under 1" and Iy, requires

kZijk — kMi + kjwj + kMk
Pz R Py, @ Pu, Q Py, 2 1,
Penedo, Petcov, 2404.08032

Multi-dim irreps p ~ r, r > 1 for SM quarks do not allow to simultaneously

- realise the proposed mechanism for 0=0
- successfully describe quark masses and mixings

For the mechanism to work, SM quarks must furnish 1D irreps p ~ 1y, 1, 1,, ...

32



Models with finite modular symmetries

Minimal models (6 Lagrangian parameters per sector)

k / (k'
cf; O 6132{*)+c‘{32()

Minimal models (I and II)

q — q (k)
Y 0 ¢}, VA
S
O O C33 only
(up to weak basis transformations)
Al
Modular weights are large only

String compactifications
favour smaller weights

(For models based on modular A,
see also Petcov, Tanimoto, 2404.00858)

ANl T (k, k) =(10,12), (12, 14), (14, 16)

(10’,12), (10,18"), (10", 18), (12,12'),
(12,14"), (12,16"), (12, 16), (12,20"),
(12°,20), (14’,16), (14,18"), (14",18),
(14,22"), (14’,22), (16,16"), (16", 18),
(16",18"), (16,20"), (16',20), (18, 20"),
(18,20"), (20,20), (20',22), (20',22)

(8’,12), (8,18), (10’,12), (10,16"),
(10’,16), (10,20"), (10’,20), (12,12"),
(12,12"), (12,14"), (12,14"), (12,16""),
(12',16), (12",16"), (12,18"), (12,18"),
(12°,18), (12”,18), (12,22"), (12, 22),
(12”,22'), (14,16"), (14’,16), (14’,16"),
(14",16), (14”,16"), (14’,18), (14,20"),
(14,20"), (14',20), (14’,20"), (14", 20),

(14”,20"), (14,24"), (14" ,24"), (16,16"),
(16",16"), (16,18"), (16,18"), (16’,18"),
(16",18"), (16", 18), (16”,20"), (16, 22"),
(16',22"), (16", 22), (16”,22"),
(16",26"), (18,18"), (18,18"), (18’, 20),
(18",20"), (18",20"), (18", 20), (18", 20"),
(18"",20"), (18,22"), (18’,22), (18", 22"),

(18",24"), (18",24"), (20,22"), (20", 22"),

(20”,22"), (22,22"), (22/,22"),
(22,24"), (22",24"), (22",26")

Penedo, Petcov, 2404.08032

33



Heavy guarks and singularities

» Heavy quarks are not needed for the mechanism to work, but assume they exist
k,=(=6,—2,0, +2, +6) and ky; =ky =0

Light chiral quarks Heavy vector-like quarks

> Inthe full theory f;v € R and detM,;; € R => Oy =0
M. — <MLL MLH>
||
" MHL MHH
N ~1 ~
Mlight ~ MLL o MLHMHHMHL Mheavy ~ MHH

Singularities where det My,,(7) = 0
(breakdown of EFT)

det M all — det Mlight det Mheavy
det Mlight —> (CT + d)klight det Mlight d@t Mheavy —> (CT + d)kheavy det Mheavy

kal = Kiight T Kneavy = 0

34



EFT of light quarks

In the EFT of light quarks
éIR — HQCD + al‘g det Mlight —_ 871'2 Im]LiR ~+ arg det Mlight

The EFT has anomalous field content with kq =(—6, —2,0)

Anomaly is cancelled by a new contribution to the gauge kinetic function
arising from the integration over the heavy quarks

1
fIR — f uv — @ In det Mheavy

Thus
Org = argdet My, + arg det M, = argdet M, = 0

35



Extensions of Nelson-Barr models

Heavy vector-like SU(2); singlet quarks for review see Alves et al., 2304.10561

D ~@3,1,-1/3) D%~ (3,1,+1/3) a={1,..., P}

Wy = ¥5 0, Df Hy+y'%, 0, D"y Hy + N Dy Df + M¢, D, D'

ap p
DC D/C
d d
w.=2((m n) md = v vl nd — v
d D,<Nd Md dY dY

_ =12T —1 ~112
E@I‘{{ K [mq nq(Mq) Nq] ch]

1+ (m‘l N4 + nd Mcfr) (Mqu‘r + NquT)_z (Nq mat + M4 ncﬁ)

T _
K=

K, =1+N7 (MIMe) ™" N4

q
Nelson-Barr limit: /%q= (N"ZZ) ]\2‘1> and mIqR—K_l/szqch

In particular, ocky, originates from wave-function renormalisation factors K, and ch 36



Model with VLQs based on I, =~ S,

Feruglio, Parriciatu, Strumia, AT, 2406.01689

SM quarks Extra vector-like quarks

Q DC UC D/C D/ U/C U/

SU(2)r ® U(1)y 21/6 Ly/3 193 Ly/3 143 1_9/3 ly/3
FlaVOI' Symmetry FQ 2 ) 10 2 &P ].1 2 &P 10 2 . 10 2 &b ]_1 2 ) ]_0 2 ) ]_0

Modular weights kg —2 —2 —2 +2 +2 +2 +2
1 0| o 1 0] 0 —ZO 4 70 25 z;" rnZ
me = 03,3 n' =n, [O 1] 0 ] NY=N, [0 1 O] M? =M, ;" Z{ + y0 28| vnZs”
00 00 ha \ rZs) ~YasZt” 0 )

(Zl(4)(f),Z(4)(T))T ~2 Z3(4)(T) ~ 1, level N =2 modular forms of weight k = 4
det A/ ; = det lmd —n¢ (Md)_lNd] det M? = — det [nde] = —nNya,f, € R

In the full theory: 0y = argdet (MM ;) =0
In the EFT: Or = — 8% Imfip + arg det (qung{) = arg det (/%u/%d) =0

fir =1 —Llndet(M”Md)
R =JUV ™ g 5
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Model with VLQs based on I, =~ S,

Feruglio, Parriciatu, Strumia, AT, 2406.01689

SM quarks Extra vector-like quarks
Q Dc UC D/c D/ U/c U/
SU(2), ® U(l)y 21/6 Ly/3 193 Ly/3 143 1_9/3 ly/3
Flavor symmetry I's | 261, 261, 261,| 261, 261, 241, 21,
Modular weights kg —2 —2 —2 +2 +2 +2 +2
Input parameters Output values
Modulus Up sector Down sector my,/m. | 1.46 X 1073
Rer | —0.4347 | o, 13.71 | a 13.30 m./my; | 2.68 x 107°
Im7 | 1646 |p, —0.0723 | B, —4.681 mg/ms | 4.99 x 1072
Yo 0.1087 mg/my | 1.42 x 1072
Yl —0.2442 | v, 1.105 sin® 6y, | 5.06 x 10~*
Yoo —0.0216 | 74 —0.2165 | | sin®6;5 | 1.03 x 107°
Y3 —62.38 | 7,3 —0.0460 | | sin®6y; | 1.25 x 107°
N,/M, 1.515 | Ny/M,; | 0.6220 o/ 0.391
n, [GeV] | 24.82 | n, [GeV] | 0.3411 X’ 0.47
> Low weights | k;,| < 2 (favoured by string theory compactifications) ©
» 15 dimensionless parameters to describe 8 dimensionless observables ®
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Corrections to & = 0

MPl

Aﬂavour/CP

ASUSY

Mgysy
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Corrections to & = 0

MP]
SUSY unbroken

» Modular invariance determines completely (up to real couplings)
Afayour/cP  the functional dependence W(7)

> |t is not the case for K, but @ is insensitive to K

» No-renormalisation theorems Ellis, Ferrara, Nanopoulos, PLB 114 (1982) 231

ASUSY

Mgysy
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Corrections to & = 0

MP]
SUSY unbroken

» Modular invariance determines completely (up to real couplings)
Afayour/cP  the functional dependence W(7)

> |t is not the case for K, but @ is insensitive to K

» No-renormalisation theorems Ellis, Ferrara, Nanopoulos, PLB 114 (1982) 231

Agqusy SUSY breaking corrections

> In general, can be large

Msyusy > Small if Ag,vourcp => Agusy (@s e.g. in gauge mediation)
and soft SUSY terms respect the flavour structure of the SM
_ MIMyMIM;
v < ——L 5 j,tan®p ~ 10728 tand g

v12



Corrections to & = 0

MP]
SUSY unbroken

» Modular invariance determines completely (up to real couplings)
Afayour/cP  the functional dependence W(7)

> |t is not the case for K, but @ is insensitive to K

» No-renormalisation theorems Ellis, Ferrara, Nanopoulos, PLB 114 (1982) 231

Agqusy SUSY breaking corrections

» In general, can be large

> Small if Agvourcp => Agusy (@s e.g. in gauge mediation)

Msusy
and soft SUSY terms respect the flavour structure of the SM
_ M*MIM*M?
v f<— 512 S Jep tan®f ~ 10728 tan® g

SM corrections are negligible

> @ ~ 107! at four loops  Khriplovich, PLB 173 (1986) 193
Ellis, Gaillard, NPB 150 (1979) 141
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Conclusions

> General conditions for @ = 0 and §xip # 0 in theories with spontaneous GP

» Can be implemented with an anomaly-free local flavour symmetry (and SUSY)

40



Conclusions

> General conditions for @ = 0 and §xip # 0 in theories with spontaneous GP
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» Modular invariance is inherent to toroidal compactifications in string theory

> |t can be consistently implemented in a SUSY QFT

” The VEV of the modulus 7 is the only source of spontaneous GP

40



Conclusions

> General conditions for @ = 0 and §xip # 0 in theories with spontaneous GP

» Can be implemented with an anomaly-free local flavour symmetry (and SUSY)

» Modular invariance is inherent to toroidal compactifications in string theory

> |t can be consistently implemented in a SUSY QFT

” The VEV of the modulus 7 is the only source of spontaneous GP

9 — QQCD + arg det Mq
b HQCD = 0 because the UV theory is CP-conserving

> arg det Mq = (O because of anomaly-free modular symmetry

Heavy VLQs are not needed, but can help to lower modular weights

> Corrections to @ = 0 are small under certain assumptions on SUSY breaking



Back-up slides
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Our solution: CP + modular invariance

1. CPisasymmetry => 6ycp =0 (and real Lagrangian couplings)

2. Modular invariance/anomaly cancellation => argdet M, =0

3. CP is broken spontaneously by the VEV of a single complex scalar field,
the modulus 7 => Ocgp = O(1)

4. Quark mass hierarchies and mixing angles are reproduced by O(1)
parameters

5. Corrections to @ = 0 are small under
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Phenomenology and cosmology

> Couplings to matter are suppressed by 1/A (1/Mp, in SUGRA)

» No couplings to gauge bosons in the exact SUSY limit

» m_2 10 TeV not to spoil BBN

? Fermionic component of 7 could be LSP and maybe DM

» Scalar potential V() = V(—1*) => CP-conjugated minima
(domain walls are inflated away if CP breaking occurs before inflation)



CPon dark matter

limits from
Inverse
Square
Law

of gravity

stellar energy loss in

Y.
- Red Giants and White Dwarfs A
F 4 i [here

1/
-7

‘____-

6VisL(r) = G2 o/
10'® T -
1017k .- A% mi
allowed A::' X-rays diffuse

parameter space

emissions
from DM decay
in galaxy clusters

CMB distortion from
energy of DM decay
or annihilation

109 10-8 167 10° 10-5 10+ 103 10-2 10~ 10°
’ mg [MeV]

< 7x10716

Feruglio, Ziegler, 2411.08101

[From Feruglios talk
at DISCRETE 2024]
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Toy model with 2 quark generations
ZLyw=U YD) QH,+DY{(2) O H,  i,j=1,2

Assume

d d

J dy 2 dp, 2 o

my=v, Y%= y y d; € R by CP invariance
d21 z%21 d22Z 22

Full quark mass matrix M, = m; @ m, has

— ki k5 kih+kd kil +kY kiKY
deth — <d11d22z 11752 — d12d21Z 127421 (”11”22Z HTE22 — Y5l 212 21)

We want det M to be a positive constant

d 1
detM, x z% V dj,u; if

d d _ 1.d d —
kll + k22 o kl2 + k21 klul + ng o klu2 + kgl

det M, = (dy dyy — dypdy) (it — uppiyy) 29 d = Z (Kt + ki)

Cd =0 = det M, is a z-independent real constant) ,
5




Toy model with 2 quark generations

Interesting class of solutions to

d d _ 1d d _
ki) +kyy = kip + k3, ki) +kyy = kiy + Ky,
IS given by
d _ u _
@ij =k e + ij T kHd kij - kUiC T ij + kHD
k4 are determined up to additive constants Ay, ® = {U¢, D, O, H,,;}:

kg can be interpreted as charges (modular weights) in models with U(1) (modular)
flavour symmetry. For example, in the case of U(1)

(I)i _ e—lkq)ia (I)i 7 — €+ikZaZ

Py D DO H N (ke =+1)

2

2
d D (ki k) = D (Kp + s + 2k, ) +2 (i, + K =0
i=1 i=1
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Toy model with 2 quark generations

Example

2 u,d

di d, z Ui Ui z
dy; 2 dy, Uy < Uy

The elements m,_ 5, are singular in the limit z — 0

In an EFT, singularities occur when would-be heavy states integrated out from the
full theory accidentally become massless (EFT breaks down)

If no such states exist in the full theory, d,; = u,; = 0 and
d d k k
m; = 1 2% m, = Y i< k:ch‘l‘kQ > 0
0 d22 0 Ury ! 2
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Modular group

Homogeneous modular group

F=(S,T|S*"=(ST)Y’ =1I)=SL(2,2)

s=(50) 7=6)

1
25— — N
T
duality discrete shift symmetry

Inhomogeneous modular group
T'=(S,T|S*=(ST)Y =1I)=PSL(2,2) = SL(2,2)/{I, - I}
In other words, SL.(2,7) matrices y and —y are identified

at+ b () —ar —b
T YT = T>(—y)Tt = = yT
! ct+d ! —cTt—d !




Modular forms

Holomorphic functionson # = {r € C : Im(r) > 0} transforming under I as

[f(}/l') = (ct+d) fx), ye r]

k is weight, a non-negative even integer
y=—1 = f(o)==D"fr) = kiseven

Modular forms are periodic and admit g-expansions

y=1= <(1) }) > fe+1D)=fr) = f(ﬂ:Zanqn, g = ¥
n=0

Modular forms of weight k form a linear space .Z , of finite dimension

-

0 if k is negative or odd
dim ., = { |k/12] if k =2 (mod 12)
L[k/12J + 1 if kK % 2 (mod 12)




Im

Modular forms of level 1: E4 and EG

20 4

-06 -04 -0.2 0.0
Re 7

1.8
1.6
14+
1.2+

1.0+

E,(7) = 1 + 240 Z

n=1

Eg(r) =1-540 )
n=1

((Im 12 E ()]

n

3qn

1 —g"

1

0

0.2

0.4

0.€

I’ZSC]

n

qn

Im

208

1.0+

-06 -04 -0.2 0.0
Re 7

(Im 13 Eg (o)

1.8
1.6
14+

1.2+

0.2

0.4

0.€

Im

= 1+ 240q + 2160g° + 6720¢° + 17520q" + O(q°)

=1 —504q — 16632¢> — 1229764> — 532728¢* + O(q°)

20—

16"

1.4

1.2

arg Eg/E%
? a 0.01 |
i 0/1 |
/A%/’_— QS i
0 | I I I | I I I | I I I | I I I | I ’\ I ]
-0.6 -04 -0.2 0.0 0.2 04 0.6

1.8¢

1.0¢

Re
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Modular forms of level 2

Dedekind eta function

n(z) = Q%H (1-¢") g = e’
n=1
72) _ 2i [77'(7/2) n'((z+1)/2) n'(27)
1 T — 8
n(z/2)  n((z+ 1)/2) n(2t)

2031 | n'(z/2)  n'(z+ 1)/2)
2 _ _ _ 112 2 | Q3 4
Z, " [ 2 et D) ] 8\/§q <1 +4qg+6g-+8qg°+ O (q ))

] = 14 24q + 24¢* + 96¢° + 244" + O (q°)
T
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Group properties of [, = §,;

L,=(S,T|S*=@ETyY=7"=1I) S.[1, 1, 2
11 -1].%
T11 -1| %

( \
P -3 ¢_<1 o)
) 727 0 -1
v b

Tensor products
1,®1, =1, 1,2=2 202=1,61,2

Clebsch-Gordan coefficients
<}/11 ® ﬂ2>2 = (=15, 1))
(2®B), =@y +ap,
(2 ®4), = aif— ap
(2 ® o), = (s — aufpy . arfiy + arfpy)

52



More on modular-gauge anomalies
M- M =A@y, 7)™ ™mM

JacobianJ: M =JIM Arkani-Hamed, Murayama, hep-th/9707133

logJ = —

- Jd“x d*0 | Y T(M)ky | W*W* In A
T
M

T(M) is the Dynkin index of the rep of M: tr (tatb) =TWM)o,,

[%: T(M) ky, = (ﬂ

SUG).: ., (2, + kys + Ky ) =0

i

SUQ) Y, (3kg, + K, ) + kg, + iy, = 0

i

Uy: Y (in + 8y + 2k, + 3k, + 6kEic) +3 (kHu + kHd> =0

l
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Modular invariance and SUGRA

/" = 1 SUGRA action depends on

G K +1 d
= —_— O —_—
Mg | M,

For GG to be invariant, both K and W have to transform

K—>K+M5(F+F') and W-oe W

In the case of modular transformations
h2

F = W lOg(CT + d)
Pl

( h2 )

W — (CT+d>_kWW with kW=W>O
Pl

_

The superpotential is a modular function, having singularities at some values of 7

ky, = 0 rigid SUSY limit

_
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Modular invariance and SUGRA

W = Yi(z) U Q; H, + Y{(v) Df Q; H,

k4 - d) _
Yg(’l—) —> (CT + d) Y Yg(’f) with k;( ) — kUzC(DzC) + kQ] + kH @ — kW

u

Furthermore, the Kahler transformation must be accompanied by a U(1) rotation

F—FT _F—FT
Ww—e 4y A—>e 7 A how gaugino
enters the game
kw_ ko _kw
ct+d \* ? p ct+d 4 p
— >
Vean cti +d Vean cti +d

Modular-QCD anomaly modifies as
3
A=Y <2in+ka+1¢ iC—2kW> + Chy
i=1
C = 3 is quadratic Casimir of 8 of SU(3)



Gluino mass

0 = Oycp + argdet M, + Carg M

Assume k;.. = 0 and the quark contribution to A vanishes. Then

0= QQCD + CargM3

Gluino mass requires SUSY breaking

_&

My == KMo K D-W

Assuming D_W = 0 and no additional phases from SUSY breaking
arg M, = —arg W

coMs, Cky,
W=..+ and = ...+4——1o

0 =—8x°Imf— Carg W =0



More on modular invariance in SUGRA

kdet 3

2
d ) detM, koot = Z <2sz-  Kye + kp; = 2kW> + <kHu T kHd)
i=1

k
ct+d \? | | | |
M5 — M5  (gluino mass arises only if SUSY is broken)

S7



Theories based on finite modular groups

A =1 rigid SUSY matter action
S = {d“x d’0d%0 K(z,7,y, ) + Jd“x d?0 W(r,y) + [d“x d’0 Wz, w)

Ferrara, Lust, Shapere, Theisen, PLB 225 (1989) 363
Ferrara, Lust, Theisen, PLB 233 (1989) 147

-

at + b
T —
< — N {W(r, w) — W(z,y) B
k. K(z,7,y, W) = K(7,7,y, W) + f(z, @) + fx(T, )
y; — (ct+d) " p(Dy;

A Feruglio, 1706.08749
Cunitary representation of I N)

W(t,w) = Z Z Z 8iy ... iy <Yi1...in,s(7) '//zll//zn>

no {ig,...ol,} S

(Y@ L (et + Yoy Y0

Yukawa couplings are modular forms!

1.s

kszll-I_ coe +kln
py®p,®...8p; D1

58



Quark masses and mixings

At the GUT scale of 2 X 10'° GeV,
assuming MSSM with tan # = 10 and SUSY breaking scale of 10 TeV

My /M

093 4+ 0.60) x 1073 m, = 87.46 GeV

1
2.824+0.12) x 103 my, = 0.9682 GeV

Me /My

mq/ms | (5.0540.62) x 1072

( )

( )

( )
ms/mp | (1.82 4+ 0.10) x 1072

( )

( )

(

5.08 +0.03) x 1072

1.22 +0.09) x 10—

sin fa3 | (1.61 £ 0.05) x 1073
o/ 0.385 4+ 0.017

SiIl2 v 12

SiIl2 v 13

Antusch, Maurer, 1306.6879
Yao, Lu, Ding, 2012.13390
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Lepton masses and mixings

NUFIT 5.2 (2022)

with SK atmospheric data

Normal Ordering (best fit)

Inverted Ordering (Ax? = 6.4)

bfp 1o 30 range bfp £lo 30 range
sin” 019 0.30310015 0.270 — 0.341 0.30310013 0.270 — 0.341
612/° 33.4119-75 31.31 — 35.74 33.4119-75 31.31 — 35.74
sin? O3 0.45110 016 0.408 — 0.603 0.56910 055 0.412 — 0.613
623 /° 42,2155 39.7 — 51.0 49.0719 39.9 — 51.5
sin? 613 0.022251 0000z 0.02052 — 0.02398 | 0.0222310-000s8  0.02048 — 0.02416
013/° 8.58T0-11 8.23 — 8.91 8.570- 11 8.23 — 8.94
écp/° 23271350 144 — 350 276152 194 — 344
Am%l +0.21 +0.21
TR 7.4110-5% 6.82 — 8.03 7.417038 6.82 — 8.03
Am%e = ~+0.026 - +0.025 N
a2 | F2507Igeer 42427 +2590 | —2486Tg0g  —2.570 — —2.406

m,/m, = 0.0048 = 0.0002
m,/m, = 0.0565 £ 0.0045

Esteban et al., 2007.14792 and www.nu-fit.org
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