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Motivations
• GW Astronomy Era  

?

Ground based detectors:  LIGO, VIRGO,  KAGRA, ET, CE 

Space based detectors:  LISA 

• What we have seen   

Binary system collision:  Inspiral, Merging and Ringdown

!
(2020  R. Penrose Nobel prize) Neutron stars and BH’s

All observations consistent with GR 
“for the discovery that BH formation is a 
robust prediction of GR” 
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BHs vs ECO’s
• Black holes  

Why yes    Simple, unique, stable

Ringdown:  QNM’s

!?
Why not    Singular, Information paradox (unitary loss), 

huge entropy. !?
Alternatives:  Boson stars, gravastars, wormholes, fuzzballs

• How to distinguish them ?

?

RingdownInspiral

Inspiral:  Gravitational waveforms, Love numbers

• Black hole perturbation theory

EMRI’s:  Extreme mass ratio inspiral
µ

M
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BHs vs ECO’s
• Black holes  

Why yes    Simple, unique, stable

Ringdown:  QNM’s

!?
Why not    Singular, Information paradox (unitary loss), 

huge entropy. !?
Alternatives:  Boson stars, gravastars, wormholes, fuzzballs

• How to distinguish them ?

?

RingdownInspiral

Inspiral:  Gravitational waveforms, Love numbers

• Black hole perturbation theory

Alternatives:  Multipole expansion, amplitudes

EMRI’s:  Extreme mass ratio inspiral
µ

M
<< 1
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• The Physical problem

Ringdown & inspirals 

Outline

• CFT/Gauge/Gravity  duality

Black hole perturbation 

SW/Gravity correspondence 
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Ringdown & inspirals 

Outline

• CFT/Gauge/Gravity  duality

Braiding/fusion relations

Black hole perturbation 

Connection formulas

SW/Gravity correspondence 
<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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• The Physical problem

Ringdown & inspirals 

Outline

• CFT/Gauge/Gravity  duality

Braiding/fusion relations

Black hole perturbation 

Connection formulas

SW/Gravity correspondence 

PM expansions

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

Soft limit of gravitational scattering

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

Soft limit of gravitational scattering

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2
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Black hole perturbation theory

•  Linearized Einstein Equations 

r4Cnm̄nm̄ =

Z
d!

X

`,m

eim��i!tR`m(r)sS`m(�)

<latexit sha1_base64="4iAlgLoFf4knwtDkJHCKJAt8dPA="></latexit>

f(r) = 1� 2M

r

<latexit sha1_base64="3wa6OINPJ/vBTBcx6+OylhSw2BY=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZKQV1IRTduBEq2Ae0Q8mkmTY0MxmSjFCH4q+4caGIW//DnX9j+lho64HA4ZxzuTfHjzlT2nG+rczS8srqWnY9t7G5tb1j7+7VlUgkoTUiuJBNHyvKWURrmmlOm7GkOPQ5bfiD67HfeKBSMRHd62FMvRD3IhYwgrWROvYBCgry5NI9TUu3bWGSSI5Qx847RWcCtEjcGcnDDNWO/dXuCpKENNKEY6VarhNrL8VSM8LpKNdOFI0xGeAebRka4ZAqL51cP0LHRumiQEjzIo0m6u+JFIdKDUPfJEOs+2reG4v/ea1EB+deyqI40TQi00VBwpEWaFwF6jJJieZDQzCRzNyKSB9LTLQpLGdKcOe/vEjqpaJbLl7clfOVq1kdWTiEIyiAC2dQgRuoQg0IPMIzvMKb9WS9WO/WxzSasWYz+/AH1ucP8V6TpA==</latexit>

� = cos ✓

<latexit sha1_base64="XHTSHsWbqGTfngn0tVaXJ73xTpU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBfUgFL14rGA/oAlls900SzfZsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84JUcA2O822V1tY3NrfK25Wd3b39qn1w2NEyU5S1qRRS9QKimeAJawMHwXqpYiQOBOsG49uZ331kSnOZPMAkZX5MRgkPOSVgpIFd9WjErz0qtQcRAzKwa07dmQOvErcgNVSgNbC/vKGkWcwSoIJo3XedFPycKOBUsGnFyzRLCR2TEesbmpCYaT+fHz7Fp0YZ4lAqUwngufp7Iiex1pM4MJ0xgUgvezPxP6+fQXjp5zxJM2AJXSwKM4FB4lkKeMgVoyAmhhCquLkV04goQsFkVTEhuMsvr5LOed1t1K/uG7XmTRFHGR2jE3SGXHSBmugOtVAbUZShZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gDBNpMt</latexit>

Weyl tensorSchwarzschild metric

GMN = 8⇡TMN

<latexit sha1_base64="lM12JmdqcaIAWHA6Nu5MMhqEq+M=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMFKwLoehCN0qFvqAdhkyaaUMzD5KMUIfir7hxoYhb/8Odf2M67UJbD1w4Oedecu/xYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKGVxO/9UCFZFFYV6OYOgHuh8xnBCstuebBtZve3o3RRQV1Y4bq2cs1i1bJyoAWiT0jRZih5ppf3V5EkoCGinAsZce2YuWkWChGOB0XuomkMSZD3KcdTUMcUOmk2fZjdKyVHvIjoStUKFN/T6Q4kHIUeLozwGog572J+J/XSZRfcVIWxomiIZl+5CccqQhNokA9JihRfKQJJoLpXREZYIGJ0oEVdAj2/MmLpHlassul8/tysXo5iyMPh3AEJ2DDGVThBmrQAAKP8Ayv8GY8GS/Gu/Exbc0Zs5l9+APj8wePgJQI</latexit>

gMN = g0MN + hMN

<latexit sha1_base64="mTMmVrlWmAxEQirBghAuWcD18SQ=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsgiCUGSmoC6Hoxo1SwV6gHYdMmmlDMxeSjFDGLnwVNy4UcetruPNtTKez0NYDIR//fw45+b2YM6ks69uYm19YXFourBRX19Y3Ns2t7YaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoPLsd98oEKyKLxTw5g6Ae6FzGcEKy255m7PTa9vRue9eyuDo352uWbJKltZoVmwcyhBXjXX/Op0I5IENFSEYynbthUrJ8VCMcLpqNhJJI0xGeAebWsMcUClk2b7j9CBVrrIj4Q+oUKZ+nsixYGUw8DTnQFWfTntjcX/vHai/FMnZWGcKBqSyUN+wpGK0DgM1GWCEsWHGjARTO+KSB8LTJSOrKhDsKe/PAuN47JdKZ/dVkrVizyOAuzBPhyCDSdQhSuoQR0IPMIzvMKb8WS8GO/Gx6R1zshnduBPGZ8/LQyVlQ==</latexit>
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•  Linearized Einstein Equations 

r4f(r)2
d

dr


R0

`m(r)

r2f(r)

�
+

✓
!2r2 + 4i(r �M)!

f(r)
� 8i!r � (`+ 2)(`� 1)

◆
R`m(r) = T`m(r)

<latexit sha1_base64="bTgBJ5OAmNOotsFSr8LQRfjqIi0="></latexit>

r4Cnm̄nm̄ =

Z
d!

X

`,m

eim��i!tR`m(r)sS`m(�)

<latexit sha1_base64="4iAlgLoFf4knwtDkJHCKJAt8dPA="></latexit>

f(r) = 1� 2M

r

<latexit sha1_base64="3wa6OINPJ/vBTBcx6+OylhSw2BY=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZKQV1IRTduBEq2Ae0Q8mkmTY0MxmSjFCH4q+4caGIW//DnX9j+lho64HA4ZxzuTfHjzlT2nG+rczS8srqWnY9t7G5tb1j7+7VlUgkoTUiuJBNHyvKWURrmmlOm7GkOPQ5bfiD67HfeKBSMRHd62FMvRD3IhYwgrWROvYBCgry5NI9TUu3bWGSSI5Qx847RWcCtEjcGcnDDNWO/dXuCpKENNKEY6VarhNrL8VSM8LpKNdOFI0xGeAebRka4ZAqL51cP0LHRumiQEjzIo0m6u+JFIdKDUPfJEOs+2reG4v/ea1EB+deyqI40TQi00VBwpEWaFwF6jJJieZDQzCRzNyKSB9LTLQpLGdKcOe/vEjqpaJbLl7clfOVq1kdWTiEIyiAC2dQgRuoQg0IPMIzvMKb9WS9WO/WxzSasWYz+/AH1ucP8V6TpA==</latexit>

� = cos ✓

<latexit sha1_base64="XHTSHsWbqGTfngn0tVaXJ73xTpU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBfUgFL14rGA/oAlls900SzfZsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84JUcA2O822V1tY3NrfK25Wd3b39qn1w2NEyU5S1qRRS9QKimeAJawMHwXqpYiQOBOsG49uZ331kSnOZPMAkZX5MRgkPOSVgpIFd9WjErz0qtQcRAzKwa07dmQOvErcgNVSgNbC/vKGkWcwSoIJo3XedFPycKOBUsGnFyzRLCR2TEesbmpCYaT+fHz7Fp0YZ4lAqUwngufp7Iiex1pM4MJ0xgUgvezPxP6+fQXjp5zxJM2AJXSwKM4FB4lkKeMgVoyAmhhCquLkV04goQsFkVTEhuMsvr5LOed1t1K/uG7XmTRFHGR2jE3SGXHSBmugOtVAbUZShZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gDBNpMt</latexit>

Weyl tensorSchwarzschild metric

GMN = 8⇡TMN

<latexit sha1_base64="lM12JmdqcaIAWHA6Nu5MMhqEq+M=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMFKwLoehCN0qFvqAdhkyaaUMzD5KMUIfir7hxoYhb/8Odf2M67UJbD1w4Oedecu/xYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKGVxO/9UCFZFFYV6OYOgHuh8xnBCstuebBtZve3o3RRQV1Y4bq2cs1i1bJyoAWiT0jRZih5ppf3V5EkoCGinAsZce2YuWkWChGOB0XuomkMSZD3KcdTUMcUOmk2fZjdKyVHvIjoStUKFN/T6Q4kHIUeLozwGog572J+J/XSZRfcVIWxomiIZl+5CccqQhNokA9JihRfKQJJoLpXREZYIGJ0oEVdAj2/MmLpHlassul8/tysXo5iyMPh3AEJ2DDGVThBmrQAAKP8Ayv8GY8GS/Gu/Exbc0Zs5l9+APj8wePgJQI</latexit>

gMN = g0MN + hMN

<latexit sha1_base64="mTMmVrlWmAxEQirBghAuWcD18SQ=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsgiCUGSmoC6Hoxo1SwV6gHYdMmmlDMxeSjFDGLnwVNy4UcetruPNtTKez0NYDIR//fw45+b2YM6ks69uYm19YXFourBRX19Y3Ns2t7YaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoPLsd98oEKyKLxTw5g6Ae6FzGcEKy255m7PTa9vRue9eyuDo352uWbJKltZoVmwcyhBXjXX/Op0I5IENFSEYynbthUrJ8VCMcLpqNhJJI0xGeAebWsMcUClk2b7j9CBVrrIj4Q+oUKZ+nsixYGUw8DTnQFWfTntjcX/vHai/FMnZWGcKBqSyUN+wpGK0DgM1GWCEsWHGjARTO+KSB8LTJSOrKhDsKe/PAuN47JdKZ/dVkrVizyOAuzBPhyCDSdQhSuoQR0IPMIzvMKb8WS8GO/Gx6R1zshnduBPGZ8/LQyVlQ==</latexit>

Teukolski equation 

Stress energy 
tensor

wave frequencyradial distance mass angular momentum
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Black hole perturbation theory

•  Linearized Einstein Equations 

r4f(r)2
d

dr


R0

`m(r)

r2f(r)

�
+

✓
!2r2 + 4i(r �M)!

f(r)
� 8i!r � (`+ 2)(`� 1)

◆
R`m(r) = T`m(r)

<latexit sha1_base64="bTgBJ5OAmNOotsFSr8LQRfjqIi0="></latexit>

r4Cnm̄nm̄ =

Z
d!

X

`,m

eim��i!tR`m(r)sS`m(�)

<latexit sha1_base64="4iAlgLoFf4knwtDkJHCKJAt8dPA="></latexit>

f(r) = 1� 2M

r

<latexit sha1_base64="3wa6OINPJ/vBTBcx6+OylhSw2BY=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZKQV1IRTduBEq2Ae0Q8mkmTY0MxmSjFCH4q+4caGIW//DnX9j+lho64HA4ZxzuTfHjzlT2nG+rczS8srqWnY9t7G5tb1j7+7VlUgkoTUiuJBNHyvKWURrmmlOm7GkOPQ5bfiD67HfeKBSMRHd62FMvRD3IhYwgrWROvYBCgry5NI9TUu3bWGSSI5Qx847RWcCtEjcGcnDDNWO/dXuCpKENNKEY6VarhNrL8VSM8LpKNdOFI0xGeAebRka4ZAqL51cP0LHRumiQEjzIo0m6u+JFIdKDUPfJEOs+2reG4v/ea1EB+deyqI40TQi00VBwpEWaFwF6jJJieZDQzCRzNyKSB9LTLQpLGdKcOe/vEjqpaJbLl7clfOVq1kdWTiEIyiAC2dQgRuoQg0IPMIzvMKb9WS9WO/WxzSasWYz+/AH1ucP8V6TpA==</latexit>

� = cos ✓

<latexit sha1_base64="XHTSHsWbqGTfngn0tVaXJ73xTpU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBfUgFL14rGA/oAlls900SzfZsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84JUcA2O822V1tY3NrfK25Wd3b39qn1w2NEyU5S1qRRS9QKimeAJawMHwXqpYiQOBOsG49uZ331kSnOZPMAkZX5MRgkPOSVgpIFd9WjErz0qtQcRAzKwa07dmQOvErcgNVSgNbC/vKGkWcwSoIJo3XedFPycKOBUsGnFyzRLCR2TEesbmpCYaT+fHz7Fp0YZ4lAqUwngufp7Iiex1pM4MJ0xgUgvezPxP6+fQXjp5zxJM2AJXSwKM4FB4lkKeMgVoyAmhhCquLkV04goQsFkVTEhuMsvr5LOed1t1K/uG7XmTRFHGR2jE3SGXHSBmugOtVAbUZShZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gDBNpMt</latexit>

Weyl tensor

Confluent Heun Equation  !

Schwarzschild metric

GMN = 8⇡TMN

<latexit sha1_base64="lM12JmdqcaIAWHA6Nu5MMhqEq+M=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMFKwLoehCN0qFvqAdhkyaaUMzD5KMUIfir7hxoYhb/8Odf2M67UJbD1w4Oedecu/xYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKGVxO/9UCFZFFYV6OYOgHuh8xnBCstuebBtZve3o3RRQV1Y4bq2cs1i1bJyoAWiT0jRZih5ppf3V5EkoCGinAsZce2YuWkWChGOB0XuomkMSZD3KcdTUMcUOmk2fZjdKyVHvIjoStUKFN/T6Q4kHIUeLozwGog572J+J/XSZRfcVIWxomiIZl+5CccqQhNokA9JihRfKQJJoLpXREZYIGJ0oEVdAj2/MmLpHlassul8/tysXo5iyMPh3AEJ2DDGVThBmrQAAKP8Ayv8GY8GS/Gu/Exbc0Zs5l9+APj8wePgJQI</latexit>

gMN = g0MN + hMN

<latexit sha1_base64="mTMmVrlWmAxEQirBghAuWcD18SQ=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsgiCUGSmoC6Hoxo1SwV6gHYdMmmlDMxeSjFDGLnwVNy4UcetruPNtTKez0NYDIR//fw45+b2YM6ks69uYm19YXFourBRX19Y3Ns2t7YaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoPLsd98oEKyKLxTw5g6Ae6FzGcEKy255m7PTa9vRue9eyuDo352uWbJKltZoVmwcyhBXjXX/Op0I5IENFSEYynbthUrJ8VCMcLpqNhJJI0xGeAebWsMcUClk2b7j9CBVrrIj4Q+oUKZ+nsixYGUw8DTnQFWfTntjcX/vHai/FMnZWGcKBqSyUN+wpGK0DgM1GWCEsWHGjARTO+KSB8LTJSOrKhDsKe/PAuN47JdKZ/dVkrVizyOAuzBPhyCDSdQhSuoQR0IPMIzvMKb8WS8GO/Gx6R1zshnduBPGZ8/LQyVlQ==</latexit>

Teukolski equation 

Stress energy 
tensor

wave frequencyradial distance mass

•  Singularities
  Two regular singularities at: 

<latexit sha1_base64="it7f4pJUwIDSOoQVHtLsfxL+O94=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4kCFTah8LoejGjVDB1kI7lEyaaWMzyZBkhFL6D25cKOLW/3Hn35hpK6jogQuHc+7l3nuCmDNtEPpwMkvLK6tr2fXcxubW9k5+d6+lZaIIbRLJpWoHWFPOBG0aZjhtx4riKOD0NhhdpP7tPVWaSXFjxjH1IzwQLGQEGyu11Bk6KV718gXkIlSpVmsQuSWEahUPpkrxtISgZ0mKAlig0cu/d/uSJBEVhnCsdcdDsfEnWBlGOJ3muommMSYjPKAdSwWOqPYns2un8MgqfRhKZUsYOFO/T0xwpPU4CmxnhM1Q//ZS8S+vk5iw6k+YiBNDBZkvChMOjYTp67DPFCWGjy3BRDF7KyRDrDAxNqCcDeHrU/g/aRVdr+yWr0uF+vkijiw4AIfgGHigAurgEjRAExBwBx7AE3h2pPPovDiv89aMs5jZBz/gvH0CozuOiw==</latexit>

r = 0, 2M

  One irregular singularity at: 
<latexit sha1_base64="5tXSr1cxkIw9whDr0PfmU9CFGl0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GiZtbe1CKLpxWcE+oB1KJs20oZnMmGSEYehPuHGhiFt/x51/Y6atoKIHLhzOuZd77/EizpR2nA8rt7K6tr6R3yxsbe/s7hX3DzoqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aZXmd+9p1KxUNzqJKJugMeC+YxgbaSevBgw4etkWCw5drXmNMoIOjaqVBqonhEHNdAZRLYzRwks0RoW3wejkMQBFZpwrFQfOZF2Uyw1I5zOCoNY0QiTKR7TvqECB1S56fzeGTwxygj6oTQlNJyr3ydSHCiVBJ7pDLCeqN9eJv7l9WPtn7spE1GsqSCLRX7MoQ5h9jwcMUmJ5okhmEhmboVkgiUm2kRUMCF8fQr/J52yjWp27aZaal4u48iDI3AMTgECddAE16AF2oAADh7AE3i27qxH68V6XbTmrOXMIfgB6+0TeMqQSQ==</latexit>r = →

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

angular momentum
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Black hole perturbation theory

•  Linearized Einstein Equations 

r4f(r)2
d

dr


R0

`m(r)

r2f(r)

�
+

✓
!2r2 + 4i(r �M)!

f(r)
� 8i!r � (`+ 2)(`� 1)

◆
R`m(r) = T`m(r)

<latexit sha1_base64="bTgBJ5OAmNOotsFSr8LQRfjqIi0="></latexit>

r4Cnm̄nm̄ =

Z
d!

X

`,m

eim��i!tR`m(r)sS`m(�)

<latexit sha1_base64="4iAlgLoFf4knwtDkJHCKJAt8dPA="></latexit>

f(r) = 1� 2M

r

<latexit sha1_base64="3wa6OINPJ/vBTBcx6+OylhSw2BY=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdWGZKQV1IRTduBEq2Ae0Q8mkmTY0MxmSjFCH4q+4caGIW//DnX9j+lho64HA4ZxzuTfHjzlT2nG+rczS8srqWnY9t7G5tb1j7+7VlUgkoTUiuJBNHyvKWURrmmlOm7GkOPQ5bfiD67HfeKBSMRHd62FMvRD3IhYwgrWROvYBCgry5NI9TUu3bWGSSI5Qx847RWcCtEjcGcnDDNWO/dXuCpKENNKEY6VarhNrL8VSM8LpKNdOFI0xGeAebRka4ZAqL51cP0LHRumiQEjzIo0m6u+JFIdKDUPfJEOs+2reG4v/ea1EB+deyqI40TQi00VBwpEWaFwF6jJJieZDQzCRzNyKSB9LTLQpLGdKcOe/vEjqpaJbLl7clfOVq1kdWTiEIyiAC2dQgRuoQg0IPMIzvMKb9WS9WO/WxzSasWYz+/AH1ucP8V6TpA==</latexit>

� = cos ✓

<latexit sha1_base64="XHTSHsWbqGTfngn0tVaXJ73xTpU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBfUgFL14rGA/oAlls900SzfZsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84JUcA2O822V1tY3NrfK25Wd3b39qn1w2NEyU5S1qRRS9QKimeAJawMHwXqpYiQOBOsG49uZ331kSnOZPMAkZX5MRgkPOSVgpIFd9WjErz0qtQcRAzKwa07dmQOvErcgNVSgNbC/vKGkWcwSoIJo3XedFPycKOBUsGnFyzRLCR2TEesbmpCYaT+fHz7Fp0YZ4lAqUwngufp7Iiex1pM4MJ0xgUgvezPxP6+fQXjp5zxJM2AJXSwKM4FB4lkKeMgVoyAmhhCquLkV04goQsFkVTEhuMsvr5LOed1t1K/uG7XmTRFHGR2jE3SGXHSBmugOtVAbUZShZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gDBNpMt</latexit>

Weyl tensor

Confluent Heun Equation  !

Schwarzschild metric

GMN = 8⇡TMN

<latexit sha1_base64="lM12JmdqcaIAWHA6Nu5MMhqEq+M=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMFKwLoehCN0qFvqAdhkyaaUMzD5KMUIfir7hxoYhb/8Odf2M67UJbD1w4Oedecu/xYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKGVxO/9UCFZFFYV6OYOgHuh8xnBCstuebBtZve3o3RRQV1Y4bq2cs1i1bJyoAWiT0jRZih5ppf3V5EkoCGinAsZce2YuWkWChGOB0XuomkMSZD3KcdTUMcUOmk2fZjdKyVHvIjoStUKFN/T6Q4kHIUeLozwGog572J+J/XSZRfcVIWxomiIZl+5CccqQhNokA9JihRfKQJJoLpXREZYIGJ0oEVdAj2/MmLpHlassul8/tysXo5iyMPh3AEJ2DDGVThBmrQAAKP8Ayv8GY8GS/Gu/Exbc0Zs5l9+APj8wePgJQI</latexit>

gMN = g0MN + hMN

<latexit sha1_base64="mTMmVrlWmAxEQirBghAuWcD18SQ=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsgiCUGSmoC6Hoxo1SwV6gHYdMmmlDMxeSjFDGLnwVNy4UcetruPNtTKez0NYDIR//fw45+b2YM6ks69uYm19YXFourBRX19Y3Ns2t7YaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoPLsd98oEKyKLxTw5g6Ae6FzGcEKy255m7PTa9vRue9eyuDo352uWbJKltZoVmwcyhBXjXX/Op0I5IENFSEYynbthUrJ8VCMcLpqNhJJI0xGeAebWsMcUClk2b7j9CBVrrIj4Q+oUKZ+nsixYGUw8DTnQFWfTntjcX/vHai/FMnZWGcKBqSyUN+wpGK0DgM1GWCEsWHGjARTO+KSB8LTJSOrKhDsKe/PAuN47JdKZ/dVkrVizyOAuzBPhyCDSdQhSuoQR0IPMIzvMKb8WS8GO/Gx6R1zshnduBPGZ8/LQyVlQ==</latexit>

Teukolski equation 

Stress energy 
tensor

wave frequencyradial distance mass

•  Singularities
  Two regular singularities at: 

<latexit sha1_base64="it7f4pJUwIDSOoQVHtLsfxL+O94=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4kCFTah8LoejGjVDB1kI7lEyaaWMzyZBkhFL6D25cKOLW/3Hn35hpK6jogQuHc+7l3nuCmDNtEPpwMkvLK6tr2fXcxubW9k5+d6+lZaIIbRLJpWoHWFPOBG0aZjhtx4riKOD0NhhdpP7tPVWaSXFjxjH1IzwQLGQEGyu11Bk6KV718gXkIlSpVmsQuSWEahUPpkrxtISgZ0mKAlig0cu/d/uSJBEVhnCsdcdDsfEnWBlGOJ3muommMSYjPKAdSwWOqPYns2un8MgqfRhKZUsYOFO/T0xwpPU4CmxnhM1Q//ZS8S+vk5iw6k+YiBNDBZkvChMOjYTp67DPFCWGjy3BRDF7KyRDrDAxNqCcDeHrU/g/aRVdr+yWr0uF+vkijiw4AIfgGHigAurgEjRAExBwBx7AE3h2pPPovDiv89aMs5jZBz/gvH0CozuOiw==</latexit>

r = 0, 2M

  One irregular singularity at: 
<latexit sha1_base64="5tXSr1cxkIw9whDr0PfmU9CFGl0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GiZtbe1CKLpxWcE+oB1KJs20oZnMmGSEYehPuHGhiFt/x51/Y6atoKIHLhzOuZd77/EizpR2nA8rt7K6tr6R3yxsbe/s7hX3DzoqjCWhbRLyUPY8rChngrY105z2Iklx4HHa9aZXmd+9p1KxUNzqJKJugMeC+YxgbaSevBgw4etkWCw5drXmNMoIOjaqVBqonhEHNdAZRLYzRwks0RoW3wejkMQBFZpwrFQfOZF2Uyw1I5zOCoNY0QiTKR7TvqECB1S56fzeGTwxygj6oTQlNJyr3ydSHCiVBJ7pDLCeqN9eJv7l9WPtn7spE1GsqSCLRX7MoQ5h9jwcMUmJ5okhmEhmboVkgiUm2kRUMCF8fQr/J52yjWp27aZaal4u48iDI3AMTgECddAE16AF2oAADh7AE3i27qxH68V6XbTmrOXMIfgB6+0TeMqQSQ==</latexit>r = →

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}
•  Boundary conditions

angular momentum

Incoming wave

<latexit sha1_base64="uYLuz4ymyekrl/2P5R2nfg8BjK0="></latexit>

Rωm(r) →
r→2M

D↑

(
1↑ 2M

r

)↑1↑2iεM
<latexit sha1_base64="lwbi6szJyexWBQ8+JFGtLCQ51TM="></latexit>

+D+

(
1→ 2M

r

)2iωM <latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M <latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Incoming
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6Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools for gravity Bologna

Ringdown & Inspiral

•  Ringdown 

  Dominated by:  QuasiNormalModes’s

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M <latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Incoming Outgoing



6Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools for gravity Bologna

Ringdown & Inspiral

•  Ringdown 

  Dominated by:  QuasiNormalModes’s

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M <latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Incoming Outgoing

Connection formulas  



6Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools for gravity Bologna

Ringdown & Inspiral

•  Ringdown 

  Dominated by:  QuasiNormalModes’s

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M
<latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Near Zone
•  Inspiral 

Far ZoneNear Horizon

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M <latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Incoming Outgoing

<latexit sha1_base64="kSpq/sFEUaqe0q1nGLNA/sQS2Hg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXgRKtgPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxkfueJKs0i+WCmMfUFHkkWMoKNlR4V6msmUO2uNChX3Ko7B1olXk4qkKM5KH/1hxFJBJWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LJRZU++n84hk6s8oQhZGyJQ2aq78nUiy0norAdgpsxnrZy8T/vF5iwis/ZTJODJVksShMODIRyt5HQ6YoMXxqCSaK2VsRGWOFibEhZSF4yy+vknat6tWr9fuLSuM6j6MIJ3AK5+DBJTTgFprQAgISnuEV3hztvDjvzseiteDkM8fwB87nD+sMj8k=</latexit>

r → 2M
<latexit sha1_base64="MTlWIpSU8KdFtm/FwiZ2d3MxALU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzpTpLosunEjVLAP6Awlk2ba0CQzJBmhjF34K25cKOLW33Dn35iZzkJbD9zL4Zx7yc0JYkaVdpxva2l5ZXVtvbRR3tza3tm19/bbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTj68zvPBCpaCTu9SQmPkdDQUOKkTZS3z6s3UKPMSjz7p55ESdDVO7bFafq5ICLxC1IBRRo9u0vbxDhhBOhMUNK9Vwn1n6KpKaYkWnZSxSJER6jIekZKhAnyk/z+6fwxCgDGEbSlNAwV39vpIgrNeGBmeRIj9S8l4n/eb1Eh5d+SkWcaCLw7KEwYVBHMAsDDqgkWLOJIQhLam6FeIQkwtpEloXgzn95kbRrVbderd+dVxpXRRwlcASOwSlwwQVogBvQBC2AwSN4Bq/gzXqyXqx362M2umQVOwfgD6zPHxBjlDo=</latexit>

2M → r → 1/ω
<latexit sha1_base64="yrrNVjp9qGQFj6C+JlghAhD30BY=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzpTpLosunEjVLAP6Awlk2ba0GQyJBmhDHXjr7hxoYhb/8Kdf2NmOgttPXDh5Jx7yb0niBlV2nG+raXlldW19dJGeXNre2fX3ttvK5FITFpYMCG7AVKE0Yi0NNWMdGNJEA8Y6QTj68zvPBCpqIju9SQmPkfDiIYUI22kvn1Yu4UeYxBC98wTnAxR/pTlvl1xqk4OuEjcglRAgWbf/vIGAiecRBozpFTPdWLtp0hqihmZlr1EkRjhMRqSnqER4kT5aX7BFJ4YZQBDIU1FGubq74kUcaUmPDCdHOmRmvcy8T+vl+jw0k9pFCeaRHj2UZgwqAXM4oADKgnWbGIIwpKaXSEeIYmwNqFlIbjzJy+Sdq3q1qv1u/NK46qIowSOwDE4BS64AA1wA5qgBTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDxC2Ujg==</latexit>

2M → 1/ω → r

Connection formulas  
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•  Ringdown 

  Dominated by:  QuasiNormalModes’s

?

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M
<latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Near Zone
•  Inspiral 

Far ZoneNear Horizon

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="lvIbvvc6obXVUcm3zy22n9nzVdA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXrwIUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5uZ33ri2ohYPeI44X5EB0qEglG00kPlrlcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5JmpexVy9X7i1LtOosjDydwCufgwSXU4Bbq0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8AGYyNGA==</latexit>

2M <latexit sha1_base64="wNolTaDmqpRQ5GTjEFkZjkqLdxU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0Io/RFePCji1d/jzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKweMEu4H9GxEqFgFK3UHQgVYlYZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0Z1SjYJLPK4PU8ISyKR3zvqWKRtz4s8W5c3JmlREJY21LIVmoPydmNDImiwLbGVGcmFUvF//z+imG1/5MqCRFrthyUZhKgjHJfycjoTlDmVlCmRb2VsImVFOGNqE8BG/15b+kc1H3GvXG/WWteVPEUYYTOIVz8OAKmnAHLWgDgyk8wQu8Oonz7Lw578vWklPMHMMvOB/f/F2PWw==</latexit>→

Incoming Outgoing

<latexit sha1_base64="kSpq/sFEUaqe0q1nGLNA/sQS2Hg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXgRKtgPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxkfueJKs0i+WCmMfUFHkkWMoKNlR4V6msmUO2uNChX3Ko7B1olXk4qkKM5KH/1hxFJBJWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LJRZU++n84hk6s8oQhZGyJQ2aq78nUiy0norAdgpsxnrZy8T/vF5iwis/ZTJODJVksShMODIRyt5HQ6YoMXxqCSaK2VsRGWOFibEhZSF4yy+vknat6tWr9fuLSuM6j6MIJ3AK5+DBJTTgFprQAgISnuEV3hztvDjvzseiteDkM8fwB87nD+sMj8k=</latexit>

r → 2M
<latexit sha1_base64="MTlWIpSU8KdFtm/FwiZ2d3MxALU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzpTpLosunEjVLAP6Awlk2ba0CQzJBmhjF34K25cKOLW33Dn35iZzkJbD9zL4Zx7yc0JYkaVdpxva2l5ZXVtvbRR3tza3tm19/bbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTj68zvPBCpaCTu9SQmPkdDQUOKkTZS3z6s3UKPMSjz7p55ESdDVO7bFafq5ICLxC1IBRRo9u0vbxDhhBOhMUNK9Vwn1n6KpKaYkWnZSxSJER6jIekZKhAnyk/z+6fwxCgDGEbSlNAwV39vpIgrNeGBmeRIj9S8l4n/eb1Eh5d+SkWcaCLw7KEwYVBHMAsDDqgkWLOJIQhLam6FeIQkwtpEloXgzn95kbRrVbderd+dVxpXRRwlcASOwSlwwQVogBvQBC2AwSN4Bq/gzXqyXqx362M2umQVOwfgD6zPHxBjlDo=</latexit>

2M → r → 1/ω
<latexit sha1_base64="yrrNVjp9qGQFj6C+JlghAhD30BY=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzpTpLosunEjVLAP6Awlk2ba0GQyJBmhDHXjr7hxoYhb/8Kdf2NmOgttPXDh5Jx7yb0niBlV2nG+raXlldW19dJGeXNre2fX3ttvK5FITFpYMCG7AVKE0Yi0NNWMdGNJEA8Y6QTj68zvPBCpqIju9SQmPkfDiIYUI22kvn1Yu4UeYxBC98wTnAxR/pTlvl1xqk4OuEjcglRAgWbf/vIGAiecRBozpFTPdWLtp0hqihmZlr1EkRjhMRqSnqER4kT5aX7BFJ4YZQBDIU1FGubq74kUcaUmPDCdHOmRmvcy8T+vl+jw0k9pFCeaRHj2UZgwqAXM4oADKgnWbGIIwpKaXSEeIYmwNqFlIbjzJy+Sdq3q1qv1u/NK46qIowSOwDE4BS64AA1wA5qgBTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDxC2Ujg==</latexit>

2M → 1/ω → r

Connection formulas & PM/PN expansions

Connection formulas  
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7Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools Bologna

Heun gravity dictionary

•  Homogenous Equation 

 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

R(r) =
(1� z)

1
2

z2
 (z)

<latexit sha1_base64="XILZiI8N0OLG5d7nKK6cKsqxJHo=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2F4OQFMbdEFALIWhjGcU8ILsJs5NJMmT2wcyskCz5DBt/xcZCEdt0/o2TR6HRAwOHc87lzj1exJlUlvVlpFZW19Y30puZre2d3T1z/6Amw1gQWiUhD0XDw5JyFtCqYorTRiQo9j1O697gZurXH6mQLAwe1DCiro97AesygpWW2uYZ3OdEHq6SnH06yrcS2wl1HIpjmJNRqwgwBgCnIllulG+bWatgzQB/ib0gWbRApW1OnE5IYp8GinAsZdO2IuUmWChGOB1nnFjSCJMB7tGmpgH2qXST2WFjONFKB7qh0C9QMFN/TiTYl3LoezrpY9WXy95U/M9rxqp74SYsiGJFAzJf1I05qBCmLUGHCUoUH2qCiWD6r0D6WGCidJcZXYK9fPJfUisW7FLh8q6ULV8v6kijI3SMcshG56iMblEFVRFBT+gFvaF349l4NT6Mz3k0ZSxmDtEvGJNvxDachg==</latexit>

<latexit sha1_base64="+RqDe5k1HUqmrvKPZ86NNNd7Tkg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QdONGqGAf0A4lk2ba0EwyJplCHfodblwo4taPceffmLaz0NYDgcM553JvThBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfnNElWZSPJhxTP0I9wULGcHGSv7TVVq+60ibQGrSLRTdkjsDWiZeRoqQodYtfHV6kiQRFYZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsFjqj209nRE3RqlR4KpbJPGDRTf0+kONJ6HAU2GWEz0IveVPzPaycmvPRTJuLEUEHmi8KEIyPRtAHUY4oSw8eWYKKYvRWRAVaYGNtT3pbgLX55mTTKJa9SqtyfF6vXWR05OIYTOAMPLqAKt1CDOhB4hGd4hTdn5Lw4787HPLriZDNH8AfO5w9jXZHf</latexit>

z =
2M

r

Schrodinger like form



7Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools Bologna

Heun gravity dictionary

•  Homogenous Equation 

 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

R(r) =
(1� z)

1
2

z2
 (z)

<latexit sha1_base64="XILZiI8N0OLG5d7nKK6cKsqxJHo=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2F4OQFMbdEFALIWhjGcU8ILsJs5NJMmT2wcyskCz5DBt/xcZCEdt0/o2TR6HRAwOHc87lzj1exJlUlvVlpFZW19Y30puZre2d3T1z/6Amw1gQWiUhD0XDw5JyFtCqYorTRiQo9j1O697gZurXH6mQLAwe1DCiro97AesygpWW2uYZ3OdEHq6SnH06yrcS2wl1HIpjmJNRqwgwBgCnIllulG+bWatgzQB/ib0gWbRApW1OnE5IYp8GinAsZdO2IuUmWChGOB1nnFjSCJMB7tGmpgH2qXST2WFjONFKB7qh0C9QMFN/TiTYl3LoezrpY9WXy95U/M9rxqp74SYsiGJFAzJf1I05qBCmLUGHCUoUH2qCiWD6r0D6WGCidJcZXYK9fPJfUisW7FLh8q6ULV8v6kijI3SMcshG56iMblEFVRFBT+gFvaF349l4NT6Mz3k0ZSxmDtEvGJNvxDachg==</latexit>

<latexit sha1_base64="+RqDe5k1HUqmrvKPZ86NNNd7Tkg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QdONGqGAf0A4lk2ba0EwyJplCHfodblwo4taPceffmLaz0NYDgcM553JvThBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfnNElWZSPJhxTP0I9wULGcHGSv7TVVq+60ibQGrSLRTdkjsDWiZeRoqQodYtfHV6kiQRFYZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsFjqj209nRE3RqlR4KpbJPGDRTf0+kONJ6HAU2GWEz0IveVPzPaycmvPRTJuLEUEHmi8KEIyPRtAHUY4oSw8eWYKKYvRWRAVaYGNtT3pbgLX55mTTKJa9SqtyfF6vXWR05OIYTOAMPLqAKt1CDOhB4hGd4hTdn5Lw4787HPLriZDNH8AfO5w9jXZHf</latexit>

z =
2M

r

<latexit sha1_base64="8cnY22uFuTNZ2tlMBNYSlS9Ad2A="></latexit>

Qgauge = → x2

4z4
+
xm3

z3
+
1→ (m1→m2)

2

4(z→1)z
+

1→ (m1+m2) 2

4(z → 1)2z
+

u→ 1
4+

x
2 (m1+m2→1)

(z→1)z2

with 
<latexit sha1_base64="aFr5UISAfB8EvI9RLZ+kiJcyMQQ="></latexit>

x = 4iMω , m1 = 2iMω , m2 = m→
3 = →2 + 2iMω , u =

(
ε+

1

2

)2

+ 10iMω → 4ω2M2

Schrodinger like form



7Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools Bologna

Heun gravity dictionary

•  Homogenous Equation 

 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

R(r) =
(1� z)

1
2

z2
 (z)

<latexit sha1_base64="XILZiI8N0OLG5d7nKK6cKsqxJHo=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2F4OQFMbdEFALIWhjGcU8ILsJs5NJMmT2wcyskCz5DBt/xcZCEdt0/o2TR6HRAwOHc87lzj1exJlUlvVlpFZW19Y30puZre2d3T1z/6Amw1gQWiUhD0XDw5JyFtCqYorTRiQo9j1O697gZurXH6mQLAwe1DCiro97AesygpWW2uYZ3OdEHq6SnH06yrcS2wl1HIpjmJNRqwgwBgCnIllulG+bWatgzQB/ib0gWbRApW1OnE5IYp8GinAsZdO2IuUmWChGOB1nnFjSCJMB7tGmpgH2qXST2WFjONFKB7qh0C9QMFN/TiTYl3LoezrpY9WXy95U/M9rxqp74SYsiGJFAzJf1I05qBCmLUGHCUoUH2qCiWD6r0D6WGCidJcZXYK9fPJfUisW7FLh8q6ULV8v6kijI3SMcshG56iMblEFVRFBT+gFvaF349l4NT6Mz3k0ZSxmDtEvGJNvxDachg==</latexit>

<latexit sha1_base64="+RqDe5k1HUqmrvKPZ86NNNd7Tkg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QdONGqGAf0A4lk2ba0EwyJplCHfodblwo4taPceffmLaz0NYDgcM553JvThBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfnNElWZSPJhxTP0I9wULGcHGSv7TVVq+60ibQGrSLRTdkjsDWiZeRoqQodYtfHV6kiQRFYZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsFjqj209nRE3RqlR4KpbJPGDRTf0+kONJ6HAU2GWEz0IveVPzPaycmvPRTJuLEUEHmi8KEIyPRtAHUY4oSw8eWYKKYvRWRAVaYGNtT3pbgLX55mTTKJa9SqtyfF6vXWR05OIYTOAMPLqAKt1CDOhB4hGd4hTdn5Lw4787HPLriZDNH8AfO5w9jXZHf</latexit>

z =
2M

r

<latexit sha1_base64="8cnY22uFuTNZ2tlMBNYSlS9Ad2A="></latexit>

Qgauge = → x2

4z4
+
xm3

z3
+
1→ (m1→m2)

2

4(z→1)z
+

1→ (m1+m2) 2

4(z → 1)2z
+

u→ 1
4+

x
2 (m1+m2→1)

(z→1)z2

with 
<latexit sha1_base64="aFr5UISAfB8EvI9RLZ+kiJcyMQQ="></latexit>

x = 4iMω , m1 = 2iMω , m2 = m→
3 = →2 + 2iMω , u =

(
ε+

1

2

)2

+ 10iMω → 4ω2M2

• Singularities: 

 singularity Infinity

<latexit sha1_base64="lQfmFsk1xW8Ej83GHAmxpPdp96s=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKezGPPYiBL14jGAekCxhdjKbDJmdXWdmhRjyE148KOLV3/Hm3zhJVlDRgoaiqpvuLj/mTGnb/rAyK6tr6xvZzdzW9s7uXn7/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w599t3VCoWiRs9iakX4qFgASNYG6lzf95jItCTfr5gF88qNadcQnbRXsAQx7UrroucVClAikY//94bRCQJqdCEY6W6jh1rb4qlZoTTWa6XKBpjMsZD2jVU4JAqb7q4d4ZOjDJAQSRNCY0W6veJKQ6VmoS+6QyxHqnf3lz8y+smOnC9KRNxoqkgy0VBwpGO0Px5NGCSEs0nhmAimbkVkRGWmGgTUc6E8PUp+p+0SkWnWqxelwv1izSOLBzBMZyCAzWowxU0oAkEODzAEzxbt9aj9WK9LlszVjpzCD9gvX0CdMqQRg==</latexit>z = → <latexit sha1_base64="Oqrc2BcAJyoHZh1VqGXfyPjLwzY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZilrkIQS8eI5oFkiH0dHqSJj0L3T1CHPIJXjwo4tUv8ubf2ElGUNEHBY/3qqiq58WcSWVZH0ZuZXVtfSO/Wdja3tndK+4ftGWUCEJbJOKR6HpYUs5C2lJMcdqNBcWBx2nHm1zO/c4dFZJF4a2axtQN8ChkPiNYaenm/tweFEuWeVat25UyskxrAU1sx6o6DrIzpQQZmoPie38YkSSgoSIcS9mzrVi5KRaKEU5nhX4iaYzJBI9oT9MQB1S66eLUGTrRyhD5kdAVKrRQv0+kOJByGni6M8BqLH97c/Evr5co33FTFsaJoiFZLvITjlSE5n+jIROUKD7VBBPB9K2IjLHAROl0CjqEr0/R/6RdNu2aWbuulBoXWRx5OIJjOAUb6tCAK2hCCwiM4AGe4NngxqPxYrwuW3NGNnMIP2C8fQIpkY2/</latexit>

z = 1
<latexit sha1_base64="UeHjbOjft1qyzi3bo5Fib7EK6eI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjK1j9kIRTcuK9oHtEPJpJk2NJMZkoxQh36CGxeKuPWL3Pk3pu0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zO/c4dlYpF4lZPY+qFeCRYwAjWRrq5P0eDYgnZZ9W6UylDZKMFDHFcVHVd6GRKCWRoDorv/WFEkpAKTThWquegWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0ceoMnhhlCINImhIaLtTvEykOlZqGvukMsR6r395c/MvrJTpwvZSJONFUkOWiIOFQR3D+NxwySYnmU0MwkczcCskYS0y0SadgQvj6FP5P2mXbqdm160qpcZHFkQdH4BicAgfUQQNcgSZoAQJG4AE8gWeLW4/Wi/W6bM1Z2cwh+AHr7RMoDY2+</latexit>

z = 0

<latexit sha1_base64="WrDxXkzEESvH3oMHHw1VKOtJZLo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWauvrrlAhjnulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecWrVqr3F+XaTR5HAY7hBM7Ag0uowR3UoQEMJDzDK7w5j86L8+58zFtXnHzmCP7A+fwBHYWQCg==</latexit>r = →
Horizon

Schrodinger like form



7Jose F.  Morales (INFN, Tor Vergata, Roma) CFT tools Bologna

Heun gravity dictionary

•  Homogenous Equation 

 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

R(r) =
(1� z)

1
2

z2
 (z)

<latexit sha1_base64="XILZiI8N0OLG5d7nKK6cKsqxJHo=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2F4OQFMbdEFALIWhjGcU8ILsJs5NJMmT2wcyskCz5DBt/xcZCEdt0/o2TR6HRAwOHc87lzj1exJlUlvVlpFZW19Y30puZre2d3T1z/6Amw1gQWiUhD0XDw5JyFtCqYorTRiQo9j1O697gZurXH6mQLAwe1DCiro97AesygpWW2uYZ3OdEHq6SnH06yrcS2wl1HIpjmJNRqwgwBgCnIllulG+bWatgzQB/ib0gWbRApW1OnE5IYp8GinAsZdO2IuUmWChGOB1nnFjSCJMB7tGmpgH2qXST2WFjONFKB7qh0C9QMFN/TiTYl3LoezrpY9WXy95U/M9rxqp74SYsiGJFAzJf1I05qBCmLUGHCUoUH2qCiWD6r0D6WGCidJcZXYK9fPJfUisW7FLh8q6ULV8v6kijI3SMcshG56iMblEFVRFBT+gFvaF349l4NT6Mz3k0ZSxmDtEvGJNvxDachg==</latexit>

<latexit sha1_base64="+RqDe5k1HUqmrvKPZ86NNNd7Tkg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QdONGqGAf0A4lk2ba0EwyJplCHfodblwo4taPceffmLaz0NYDgcM553JvThBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfnNElWZSPJhxTP0I9wULGcHGSv7TVVq+60ibQGrSLRTdkjsDWiZeRoqQodYtfHV6kiQRFYZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsFjqj209nRE3RqlR4KpbJPGDRTf0+kONJ6HAU2GWEz0IveVPzPaycmvPRTJuLEUEHmi8KEIyPRtAHUY4oSw8eWYKKYvRWRAVaYGNtT3pbgLX55mTTKJa9SqtyfF6vXWR05OIYTOAMPLqAKt1CDOhB4hGd4hTdn5Lw4787HPLriZDNH8AfO5w9jXZHf</latexit>

z =
2M

r

<latexit sha1_base64="8cnY22uFuTNZ2tlMBNYSlS9Ad2A="></latexit>

Qgauge = → x2

4z4
+
xm3

z3
+
1→ (m1→m2)

2

4(z→1)z
+

1→ (m1+m2) 2

4(z → 1)2z
+

u→ 1
4+

x
2 (m1+m2→1)

(z→1)z2

with 
<latexit sha1_base64="aFr5UISAfB8EvI9RLZ+kiJcyMQQ="></latexit>

x = 4iMω , m1 = 2iMω , m2 = m→
3 = →2 + 2iMω , u =

(
ε+

1

2

)2

+ 10iMω → 4ω2M2

• Singularities: 

 singularity Infinity

<latexit sha1_base64="lQfmFsk1xW8Ej83GHAmxpPdp96s=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKezGPPYiBL14jGAekCxhdjKbDJmdXWdmhRjyE148KOLV3/Hm3zhJVlDRgoaiqpvuLj/mTGnb/rAyK6tr6xvZzdzW9s7uXn7/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w599t3VCoWiRs9iakX4qFgASNYG6lzf95jItCTfr5gF88qNadcQnbRXsAQx7UrroucVClAikY//94bRCQJqdCEY6W6jh1rb4qlZoTTWa6XKBpjMsZD2jVU4JAqb7q4d4ZOjDJAQSRNCY0W6veJKQ6VmoS+6QyxHqnf3lz8y+smOnC9KRNxoqkgy0VBwpGO0Px5NGCSEs0nhmAimbkVkRGWmGgTUc6E8PUp+p+0SkWnWqxelwv1izSOLBzBMZyCAzWowxU0oAkEODzAEzxbt9aj9WK9LlszVjpzCD9gvX0CdMqQRg==</latexit>z = → <latexit sha1_base64="Oqrc2BcAJyoHZh1VqGXfyPjLwzY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZilrkIQS8eI5oFkiH0dHqSJj0L3T1CHPIJXjwo4tUv8ubf2ElGUNEHBY/3qqiq58WcSWVZH0ZuZXVtfSO/Wdja3tndK+4ftGWUCEJbJOKR6HpYUs5C2lJMcdqNBcWBx2nHm1zO/c4dFZJF4a2axtQN8ChkPiNYaenm/tweFEuWeVat25UyskxrAU1sx6o6DrIzpQQZmoPie38YkSSgoSIcS9mzrVi5KRaKEU5nhX4iaYzJBI9oT9MQB1S66eLUGTrRyhD5kdAVKrRQv0+kOJByGni6M8BqLH97c/Evr5co33FTFsaJoiFZLvITjlSE5n+jIROUKD7VBBPB9K2IjLHAROl0CjqEr0/R/6RdNu2aWbuulBoXWRx5OIJjOAUb6tCAK2hCCwiM4AGe4NngxqPxYrwuW3NGNnMIP2C8fQIpkY2/</latexit>

z = 1
<latexit sha1_base64="UeHjbOjft1qyzi3bo5Fib7EK6eI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjK1j9kIRTcuK9oHtEPJpJk2NJMZkoxQh36CGxeKuPWL3Pk3pu0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zO/c4dlYpF4lZPY+qFeCRYwAjWRrq5P0eDYgnZZ9W6UylDZKMFDHFcVHVd6GRKCWRoDorv/WFEkpAKTThWquegWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0ceoMnhhlCINImhIaLtTvEykOlZqGvukMsR6r395c/MvrJTpwvZSJONFUkOWiIOFQR3D+NxwySYnmU0MwkczcCskYS0y0SadgQvj6FP5P2mXbqdm160qpcZHFkQdH4BicAgfUQQNcgSZoAQJG4AE8gWeLW4/Wi/W6bM1Z2cwh+AHr7RMoDY2+</latexit>

z = 0

<latexit sha1_base64="WrDxXkzEESvH3oMHHw1VKOtJZLo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWauvrrlAhjnulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecWrVqr3F+XaTR5HAY7hBM7Ag0uowR3UoQEMJDzDK7w5j86L8+58zFtXnHzmCP7A+fwBHYWQCg==</latexit>r = →
Horizon

<latexit sha1_base64="/f5fNyKM4hgYEMRVsveWt5okrHo="></latexit> ∑

ω→=±
Fωω→!H

ω→(z) = !ω(z) =
∑

ω→=±
Bωω→!→

ω→(z)

Near zone

Schrodinger like form
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Heun gravity dictionary

•  Homogenous Equation 

 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

R(r) =
(1� z)

1
2

z2
 (z)

<latexit sha1_base64="XILZiI8N0OLG5d7nKK6cKsqxJHo=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2F4OQFMbdEFALIWhjGcU8ILsJs5NJMmT2wcyskCz5DBt/xcZCEdt0/o2TR6HRAwOHc87lzj1exJlUlvVlpFZW19Y30puZre2d3T1z/6Amw1gQWiUhD0XDw5JyFtCqYorTRiQo9j1O697gZurXH6mQLAwe1DCiro97AesygpWW2uYZ3OdEHq6SnH06yrcS2wl1HIpjmJNRqwgwBgCnIllulG+bWatgzQB/ib0gWbRApW1OnE5IYp8GinAsZdO2IuUmWChGOB1nnFjSCJMB7tGmpgH2qXST2WFjONFKB7qh0C9QMFN/TiTYl3LoezrpY9WXy95U/M9rxqp74SYsiGJFAzJf1I05qBCmLUGHCUoUH2qCiWD6r0D6WGCidJcZXYK9fPJfUisW7FLh8q6ULV8v6kijI3SMcshG56iMblEFVRFBT+gFvaF349l4NT6Mz3k0ZSxmDtEvGJNvxDachg==</latexit>

<latexit sha1_base64="+RqDe5k1HUqmrvKPZ86NNNd7Tkg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QdONGqGAf0A4lk2ba0EwyJplCHfodblwo4taPceffmLaz0NYDgcM553JvThBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfnNElWZSPJhxTP0I9wULGcHGSv7TVVq+60ibQGrSLRTdkjsDWiZeRoqQodYtfHV6kiQRFYZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsFjqj209nRE3RqlR4KpbJPGDRTf0+kONJ6HAU2GWEz0IveVPzPaycmvPRTJuLEUEHmi8KEIyPRtAHUY4oSw8eWYKKYvRWRAVaYGNtT3pbgLX55mTTKJa9SqtyfF6vXWR05OIYTOAMPLqAKt1CDOhB4hGd4hTdn5Lw4787HPLriZDNH8AfO5w9jXZHf</latexit>

z =
2M

r

<latexit sha1_base64="8cnY22uFuTNZ2tlMBNYSlS9Ad2A="></latexit>

Qgauge = → x2

4z4
+
xm3

z3
+
1→ (m1→m2)

2

4(z→1)z
+

1→ (m1+m2) 2

4(z → 1)2z
+

u→ 1
4+

x
2 (m1+m2→1)

(z→1)z2

with 
<latexit sha1_base64="aFr5UISAfB8EvI9RLZ+kiJcyMQQ="></latexit>

x = 4iMω , m1 = 2iMω , m2 = m→
3 = →2 + 2iMω , u =

(
ε+

1

2

)2

+ 10iMω → 4ω2M2

• Singularities: 

 singularity Infinity

<latexit sha1_base64="lQfmFsk1xW8Ej83GHAmxpPdp96s=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKezGPPYiBL14jGAekCxhdjKbDJmdXWdmhRjyE148KOLV3/Hm3zhJVlDRgoaiqpvuLj/mTGnb/rAyK6tr6xvZzdzW9s7uXn7/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w599t3VCoWiRs9iakX4qFgASNYG6lzf95jItCTfr5gF88qNadcQnbRXsAQx7UrroucVClAikY//94bRCQJqdCEY6W6jh1rb4qlZoTTWa6XKBpjMsZD2jVU4JAqb7q4d4ZOjDJAQSRNCY0W6veJKQ6VmoS+6QyxHqnf3lz8y+smOnC9KRNxoqkgy0VBwpGO0Px5NGCSEs0nhmAimbkVkRGWmGgTUc6E8PUp+p+0SkWnWqxelwv1izSOLBzBMZyCAzWowxU0oAkEODzAEzxbt9aj9WK9LlszVjpzCD9gvX0CdMqQRg==</latexit>z = → <latexit sha1_base64="Oqrc2BcAJyoHZh1VqGXfyPjLwzY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZilrkIQS8eI5oFkiH0dHqSJj0L3T1CHPIJXjwo4tUv8ubf2ElGUNEHBY/3qqiq58WcSWVZH0ZuZXVtfSO/Wdja3tndK+4ftGWUCEJbJOKR6HpYUs5C2lJMcdqNBcWBx2nHm1zO/c4dFZJF4a2axtQN8ChkPiNYaenm/tweFEuWeVat25UyskxrAU1sx6o6DrIzpQQZmoPie38YkSSgoSIcS9mzrVi5KRaKEU5nhX4iaYzJBI9oT9MQB1S66eLUGTrRyhD5kdAVKrRQv0+kOJByGni6M8BqLH97c/Evr5co33FTFsaJoiFZLvITjlSE5n+jIROUKD7VBBPB9K2IjLHAROl0CjqEr0/R/6RdNu2aWbuulBoXWRx5OIJjOAUb6tCAK2hCCwiM4AGe4NngxqPxYrwuW3NGNnMIP2C8fQIpkY2/</latexit>

z = 1
<latexit sha1_base64="UeHjbOjft1qyzi3bo5Fib7EK6eI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjK1j9kIRTcuK9oHtEPJpJk2NJMZkoxQh36CGxeKuPWL3Pk3pu0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zO/c4dlYpF4lZPY+qFeCRYwAjWRrq5P0eDYgnZZ9W6UylDZKMFDHFcVHVd6GRKCWRoDorv/WFEkpAKTThWquegWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0ceoMnhhlCINImhIaLtTvEykOlZqGvukMsR6r395c/MvrJTpwvZSJONFUkOWiIOFQR3D+NxwySYnmU0MwkczcCskYS0y0SadgQvj6FP5P2mXbqdm160qpcZHFkQdH4BicAgfUQQNcgSZoAQJG4AE8gWeLW4/Wi/W6bM1Z2cwh+AHr7RMoDY2+</latexit>

z = 0

<latexit sha1_base64="WrDxXkzEESvH3oMHHw1VKOtJZLo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWauvrrlAhjnulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PmecWrVqr3F+XaTR5HAY7hBM7Ag0uowR3UoQEMJDzDK7w5j86L8+58zFtXnHzmCP7A+fwBHYWQCg==</latexit>r = →
Horizon

<latexit sha1_base64="/f5fNyKM4hgYEMRVsveWt5okrHo="></latexit> ∑

ω→=±
Fωω→!H

ω→(z) = !ω(z) =
∑

ω→=±
Bωω→!→

ω→(z)

Connection coefficients

Near zone

!

Schrodinger like form
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GRAVITY 2D CFT GAUGE 
 AGT duality 

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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GRAVITY 2D CFT GAUGE 

Wave function Degenerate Correlator Partition function

 AGT duality 

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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Gauge/CFT/Gravity Aminov, Grassi, Hatsuda 2006.06111
Bianchi, Consoli, Grillo, Morales 2105.04245
Bonelli, Iossa, Lichtig, Tanzini 2105.04483 

GRAVITY 2D CFT GAUGE 

Wave equation Ward Identity Quantum SW curve

Wave function Degenerate Correlator Partition function

 AGT duality 

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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Gauge/CFT/Gravity Aminov, Grassi, Hatsuda 2006.06111
Bianchi, Consoli, Grillo, Morales 2105.04245
Bonelli, Iossa, Lichtig, Tanzini 2105.04483 

GRAVITY 2D CFT GAUGE 

Wave equation Ward Identity Quantum SW curve

Wave function Degenerate Correlator Partition function

 AGT duality 

Singularities & horizons Insertion points Gauge couplings

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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Gauge/CFT/Gravity Aminov, Grassi, Hatsuda 2006.06111
Bianchi, Consoli, Grillo, Morales 2105.04245
Bonelli, Iossa, Lichtig, Tanzini 2105.04483 

GRAVITY 2D CFT GAUGE 

Wave equation Ward Identity Quantum SW curve

Wave function Degenerate Correlator Partition function

 AGT duality 

Singularities & horizons Insertion points Gauge couplings

Connection formulas Crossing symmetry S-dualities

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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Gauge/CFT/Gravity Aminov, Grassi, Hatsuda 2006.06111
Bianchi, Consoli, Grillo, Morales 2105.04245
Bonelli, Iossa, Lichtig, Tanzini 2105.04483 

GRAVITY 2D CFT GAUGE 

Wave equation Ward Identity Quantum SW curve

Wave function Degenerate Correlator Partition function

 AGT duality 

Singularities & horizons Insertion points Gauge couplings

Connection formulas Crossing symmetry S-dualities
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<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1<latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="wU9N8iAZUxUZhrRaMUhOas7zCJM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq0H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4Axu+M8A==</latexit>a

<latexit sha1_base64="N0piRe6DjxUM+fOSgLM9LsiRHOU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8qXrVSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDzBDjSc=</latexit>→a

<latexit sha1_base64="SgezLtzIjASY4ffLYmroU+njmp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc9iH7QL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD/5xjaA=</latexit>m1

<latexit sha1_base64="954Od1Kqy1pLKTFyJZHCaWaOAPk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQi8eI5gHJEmYns8mQeSwzs0JY8glePCji1S/y5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKfloJwkNBR5KFjOCrZMeRL/aL5X9ij8HWiVBTsqQo9EvffUGiqSCSks4NqYb+IkNM6wtI5xOi73U0ASTMR7SrqMSC2rCbH7qFJ07ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunSKLoRg+eVV0qpWglqldn9Zrt/kcRTgFM7gAgK4gjrcQQOaQGAIz/AKbx73Xrx372PRuublMyfwB97nDwAEjaE=</latexit>m2

<latexit sha1_base64="ijpaMVCzBLfA0wblVttbQwWpe7A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNahVa3cXlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEBiI2i</latexit>m3

<latexit sha1_base64="HAVxy/77DfEejtoQbW/WOeu2/bM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbOLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/a8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEmI2k</latexit>q1
<latexit sha1_base64="qb/tfXDey1ZHG0Gq1YoCB5K5dGA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABhyNpQ==</latexit>q2

u = �x@xF(a, x)

<latexit sha1_base64="KIWXzZDAyrPXTQaAwVlAmmkOOac=">AAACBXicbVDLSgMxFM3UV62vqktdBItQQcuMFNSFUBTEZQX7gM4w3EnTNjTzIMlIy9CNG3/FjQtF3PoP7vwb03YW2nrgwuGce5N7jxdxJpVpfhuZhcWl5ZXsam5tfWNzK7+9U5dhLAitkZCHoumBpJwFtKaY4rQZCQq+x2nD61+P/cYDFZKFwb0aRtTxoRuwDiOgtOTm9+PLk4EdgVAMuDvAiU2A45tREY4HR26+YJbMCfA8sVJSQCmqbv7Lbock9mmgCAcpW5YZKScZv044HeXsWNIISB+6tKVpAD6VTjK5YoQPtdLGnVDoChSeqL8nEvClHPqe7vRB9eSsNxb/81qx6pw7CQuiWNGATD/qxByrEI8jwW0mKFF8qAkQwfSumPRAAFE6uJwOwZo9eZ7UT0tWuXRxVy5UrtI4smgPHaAistAZqqBbVEU1RNAjekav6M14Ml6Md+Nj2pox0pld9AfG5w8LGZem</latexit>

Gauge prepotential !

<latexit sha1_base64="LK45Exl5Cu31EMZ5JxI7wnonQ50=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVAolKVLdCEU3LlxEsRdoY5hMJ+3QyYWZiVhCF258FTcuFHHrQ7jzbZymWWjrDwMf/zmHM+d3I0aFNIxvLbe0vLK6ll8vbGxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHF9N6+55wQcPgVo4jYvtoEFCPYiSV5ehFaDlX5YcjOL6rVawUKpZzo+DMcPSSUTVSwUUwMyiBTJajf/X6IY59EkjMkBBd04iknSAuKWZkUujFgkQIj9CAdBUGyCfCTtIjJvBQOX3ohVy9QMLU/T2RIF+Ise+qTh/JoZivTc3/at1Yeqd2QoMoliTAs0VezKAM4TQR2KecYMnGChDmVP0V4iHiCEuVW0GFYM6fvAitWtWsV+vXx6XGeRZHHhTBASgDE5yABrgEFmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP9I+fwDeI5UQ</latexit>

PL(x)y
2 + P (x)y + PR(x) = 0 00(z) +Q(z) (z) = 0

<latexit sha1_base64="Gn2oecPIORpfIFcQUFWK0uEqOds=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2CRVoQyIwV1IRTduGzBPqAdSibNtKGZB0lGqKW48VfcuFDErV/hzr8xnc5CWw8kOTnnXpJ73IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4c3Ub95TIVkY3KlRRB0f9wPmMYKVlrrmAepUJSsUig8npzW9JVd9XlldM2+VrARokdgpyUOKatf86vRCEvs0UIRjKdu2FSlnjIVihNNJrhNLGmEyxH3a1jTAPpXOOBlhgo610kNeKPQKFErU3x1j7Es58l1d6WM1kPPeVPzPa8fKu3DGLIhiRQMye8iLOVIhmuaBekxQovhIE0wE039FZIAFJkqnltMh2PMjL5LGWckuly5r5XzlOo0jC4dwBEWw4RwqcAtVqAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwB7/KUmQ==</latexit>

<latexit sha1_base64="R29NPA4AS2WqueyqD0F8fWH8DG0="></latexit>

→p0
∣∣Vp1(1)Vk0(z)LVkdeg(z)Vk2(z2)

∣∣ p3↑ = 0

Null
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 CFT Brainding and Fusion 

• Hypergeometric

CFT tools for gravity

= (1�z)
1
2+kz

1
2+↵p2

2F1

✓
1

2
+k+p0+↵p2,

1

2
+k�p0+↵p2, 1+2↵p2; z

◆

<latexit sha1_base64="1prJ2jbxsD+8yGX2T0K5Q9fLvQ0="></latexit>
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 CFT Brainding and Fusion 

• Hypergeometric

• Brainding fusion relations

CFT tools for gravity

B↵↵0 =
ei⇡(↵p0�↵0p2)� (1� 2↵p0)� (�2↵0p2)

�
�
1
2 � ↵p0 � ↵0p2 + k

�
�
�
1
2 � ↵p0 � ↵0p2 � k

�

<latexit sha1_base64="HR7m4/9ga+6fyTx++G/R+dvdAiQ="></latexit>

= (1�z)
1
2+kz

1
2+↵p2

2F1

✓
1

2
+k+p0+↵p2,

1

2
+k�p0+↵p2, 1+2↵p2; z

◆

<latexit sha1_base64="1prJ2jbxsD+8yGX2T0K5Q9fLvQ0="></latexit>

F�1
↵↵0 =

�(1� 2↵k)� (�2↵0p2)

�
�
1
2 � ↵k + p0 � ↵0p2

�
�
�
1
2 � ↵k � p0 � ↵0p2

�

<latexit sha1_base64="c80VRxYyu11c48ilKDVjq+sB1LA="></latexit>

Crossing symmetry
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B↵↵0 =
ei⇡(↵p0�↵0p2)� (1� 2↵p0)� (�2↵0p2)

�
�
1
2 � ↵p0 � ↵0p2 + k

�
�
�
1
2 � ↵p0 � ↵0p2 � k

�

<latexit sha1_base64="HR7m4/9ga+6fyTx++G/R+dvdAiQ="></latexit>

= (1�z)
1
2+kz

1
2+↵p2

2F1

✓
1

2
+k+p0+↵p2,

1

2
+k�p0+↵p2, 1+2↵p2; z

◆

<latexit sha1_base64="1prJ2jbxsD+8yGX2T0K5Q9fLvQ0="></latexit>

F�1
↵↵0 =

�(1� 2↵k)� (�2↵0p2)

�
�
1
2 � ↵k + p0 � ↵0p2

�
�
�
1
2 � ↵k � p0 � ↵0p2

�

<latexit sha1_base64="c80VRxYyu11c48ilKDVjq+sB1LA="></latexit>

Crossing symmetry



9Jose F.  Morales (INFN, Tor Vergata, Roma) Bologna

 CFT Brainding and Fusion 

• Hypergeometric

• Brainding fusion relations

CFT tools for gravity

B↵↵0 =
ei⇡(↵p0�↵0p2)� (1� 2↵p0)� (�2↵0p2)

�
�
1
2 � ↵p0 � ↵0p2 + k

�
�
�
1
2 � ↵p0 � ↵0p2 � k

�

<latexit sha1_base64="HR7m4/9ga+6fyTx++G/R+dvdAiQ="></latexit>

= (1�z)
1
2+kz

1
2+↵p2

2F1

✓
1

2
+k+p0+↵p2,

1

2
+k�p0+↵p2, 1+2↵p2; z

◆

<latexit sha1_base64="1prJ2jbxsD+8yGX2T0K5Q9fLvQ0="></latexit>

F�1
↵↵0 =

�(1� 2↵k)� (�2↵0p2)

�
�
1
2 � ↵k + p0 � ↵0p2

�
�
�
1
2 � ↵k � p0 � ↵0p2

�

<latexit sha1_base64="c80VRxYyu11c48ilKDVjq+sB1LA="></latexit>

Crossing symmetry

SW period

<latexit sha1_base64="q8b0EnpznuG7vx411FYAFPyCZ3o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kUoevFYwX5AG8pku2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8d3Mbz8xpXksH80kYX6EQ8lDTtFYqZn0qzfYL5XdijsHWSVeTsqQo9EvffUGMU0jJg0VqHXXcxPjZ6gMp4JNi71UswTpGIesa6nEiGk/mx87JedWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjMPicDrhg1YmIJUsXtrYSOUCE1Np+iDcFbfnmVtKoVr1apPVyW67d5HAU4hTO4AA+uoA730IAmUODwDK/w5kjnxXl3Phata04+cwJ/4Hz+AEAujlY=</latexit>p2 = a !
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PM expansion 

CFT tools for gravity

• PM expansion
<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr
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PM expansion 

CFT tools for gravity

• PM expansion
<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="C8me1v8blGRHVOaCbeCJ8Z2uUvU="></latexit>

H
0
ω(y) = y

1
2→ωa→m3

1F1

(
1

2
→ ωa→m3; 1→ 2ωa; y

)with 

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr

and 
<latexit sha1_base64="6rIPilCSHQ4kwoIS41McTlZLItI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIVJdFNy4j2Ae0IUwmk3bo5MHMRC0hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3ImlWV9Gyura+sbm5Wt6vbO7t6+eVDryCQThLZJwhPR87GknMW0rZjitJcKiiOf064/vpn63QcqJEviezVJqRvhYcxCRrDSkmfWHM86Q4NHFtARVrlTeJZn1q2GNQNaJnZJ6lDC8cyvQZCQLKKxIhxL2betVLk5FooRTovqIJM0xWSMh7SvaYwjKt18dnuBTrQSoDARumKFZurviRxHUk4iX3dGWI3kojcV//P6mQqv3JzFaaZoTOaLwowjlaBpEChgghLFJ5pgIpi+FZERFpgoHVdVh2AvvrxMOucNu9lo3l3UW9dlHBU4gmM4BRsuoQW34EAbCDzBM7zCm1EYL8a78TFvXTHKmUP4A+PzB9HXk64=</latexit>

P0, P̂0 Finite  polynomials of y and x/y. !
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PM expansion 

CFT tools for gravity

• PM expansion
<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="C8me1v8blGRHVOaCbeCJ8Z2uUvU="></latexit>

H
0
ω(y) = y

1
2→ωa→m3

1F1

(
1

2
→ ωa→m3; 1→ 2ωa; y

)with 

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr

and 
<latexit sha1_base64="6rIPilCSHQ4kwoIS41McTlZLItI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIVJdFNy4j2Ae0IUwmk3bo5MHMRC0hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3ImlWV9Gyura+sbm5Wt6vbO7t6+eVDryCQThLZJwhPR87GknMW0rZjitJcKiiOf064/vpn63QcqJEviezVJqRvhYcxCRrDSkmfWHM86Q4NHFtARVrlTeJZn1q2GNQNaJnZJ6lDC8cyvQZCQLKKxIhxL2betVLk5FooRTovqIJM0xWSMh7SvaYwjKt18dnuBTrQSoDARumKFZurviRxHUk4iX3dGWI3kojcV//P6mQqv3JzFaaZoTOaLwowjlaBpEChgghLFJ5pgIpi+FZERFpgoHVdVh2AvvrxMOucNu9lo3l3UW9dlHBU4gmM4BRsuoQW34EAbCDzBM7zCm1EYL8a78TFvXTHKmUP4A+PzB9HXk64=</latexit>

P0, P̂0 Finite  polynomials of y and x/y. !
Connection formulas !
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PM expansion 

CFT tools for gravity

• PM expansion
<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="C8me1v8blGRHVOaCbeCJ8Z2uUvU="></latexit>

H
0
ω(y) = y

1
2→ωa→m3

1F1

(
1

2
→ ωa→m3; 1→ 2ωa; y

)with 

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr

and 
<latexit sha1_base64="6rIPilCSHQ4kwoIS41McTlZLItI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIVJdFNy4j2Ae0IUwmk3bo5MHMRC0hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3ImlWV9Gyura+sbm5Wt6vbO7t6+eVDryCQThLZJwhPR87GknMW0rZjitJcKiiOf064/vpn63QcqJEviezVJqRvhYcxCRrDSkmfWHM86Q4NHFtARVrlTeJZn1q2GNQNaJnZJ6lDC8cyvQZCQLKKxIhxL2betVLk5FooRTovqIJM0xWSMh7SvaYwjKt18dnuBTrQSoDARumKFZurviRxHUk4iX3dGWI3kojcV//P6mQqv3JzFaaZoTOaLwowjlaBpEChgghLFJ5pgIpi+FZERFpgoHVdVh2AvvrxMOucNu9lo3l3UW9dlHBU4gmM4BRsuoQW34EAbCDzBM7zCm1EYL8a78TFvXTHKmUP4A+PzB9HXk64=</latexit>

P0, P̂0 Finite  polynomials of y and x/y. !
• Fundamental solutions:

<latexit sha1_base64="3U86JGGqwzdf6/VGueKrxyJIWes=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVpMyIVDdK0Y3LWuwDOnXIpGkbmmSGJCPUoX/jxl9xI6iILv0T03YWtfVA4HDOudzcE0SMKu0439bC4tLyympmLbu+sbm1be/s1lQYS0yqOGShbARIEUYFqWqqGWlEkiAeMFIP+tcjv/5ApKKhuNODiLQ46graoRhpI/n2ZcVPPMkhFcdxNMw/Hl14Kua+h1jUQzCLU3Y/FYKVVDRp3845BWcMOE/clORAirJvv3ntEMecCI0ZUqrpOpFuJUhqihkZZr1YkQjhPuqSpqECcaJayfjOITw0Sht2Qmme0HCsTk8kiCs14IFJcqR7atYbif95zVh3zlsJFVGsicCTRZ2YQR3CUWmwTSXBmg0MQVhS81eIe0girE21WVOCO3vyPKmdFNxioXh7mitdpXVkwD44AHnggjNQAjegDKoAgyfwAt7Bh/VsvVqf1tckumClM3vgD6yfXwNNpW0=</latexit>

Rin,up(z) =
∑

ω

cin,upω Rω(z)

Boundary 
conditions

Connection formulas !
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PM expansion 

CFT tools for gravity

• PM expansion
<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="C8me1v8blGRHVOaCbeCJ8Z2uUvU="></latexit>

H
0
ω(y) = y

1
2→ωa→m3

1F1

(
1

2
→ ωa→m3; 1→ 2ωa; y

)with 

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr

and 
<latexit sha1_base64="6rIPilCSHQ4kwoIS41McTlZLItI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIVJdFNy4j2Ae0IUwmk3bo5MHMRC0hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3ImlWV9Gyura+sbm5Wt6vbO7t6+eVDryCQThLZJwhPR87GknMW0rZjitJcKiiOf064/vpn63QcqJEviezVJqRvhYcxCRrDSkmfWHM86Q4NHFtARVrlTeJZn1q2GNQNaJnZJ6lDC8cyvQZCQLKKxIhxL2betVLk5FooRTovqIJM0xWSMh7SvaYwjKt18dnuBTrQSoDARumKFZurviRxHUk4iX3dGWI3kojcV//P6mQqv3JzFaaZoTOaLwowjlaBpEChgghLFJ5pgIpi+FZERFpgoHVdVh2AvvrxMOucNu9lo3l3UW9dlHBU4gmM4BRsuoQW34EAbCDzBM7zCm1EYL8a78TFvXTHKmUP4A+PzB9HXk64=</latexit>

P0, P̂0 Finite  polynomials of y and x/y. !
• Fundamental solutions:

<latexit sha1_base64="3U86JGGqwzdf6/VGueKrxyJIWes=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVpMyIVDdK0Y3LWuwDOnXIpGkbmmSGJCPUoX/jxl9xI6iILv0T03YWtfVA4HDOudzcE0SMKu0439bC4tLyympmLbu+sbm1be/s1lQYS0yqOGShbARIEUYFqWqqGWlEkiAeMFIP+tcjv/5ApKKhuNODiLQ46graoRhpI/n2ZcVPPMkhFcdxNMw/Hl14Kua+h1jUQzCLU3Y/FYKVVDRp3845BWcMOE/clORAirJvv3ntEMecCI0ZUqrpOpFuJUhqihkZZr1YkQjhPuqSpqECcaJayfjOITw0Sht2Qmme0HCsTk8kiCs14IFJcqR7atYbif95zVh3zlsJFVGsicCTRZ2YQR3CUWmwTSXBmg0MQVhS81eIe0girE21WVOCO3vyPKmdFNxioXh7mitdpXVkwD44AHnggjNQAjegDKoAgyfwAt7Bh/VsvVqf1tckumClM3vgD6yfXwNNpW0=</latexit>

Rin,up(z) =
∑

ω

cin,upω Rω(z)

Boundary 
conditions ?BHs vs ECOs

Connection formulas !
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PM expansion 

CFT tools for gravity

• PM expansion

SW period

<latexit sha1_base64="qUXuv2KH7MBqBZdciNFinNQOZkU="></latexit>

Rω(y) = e
→ y

2

(
1→ x

y

)2→ x
2

y
→1→ x

2

[
P0(y)H

0
ω(y) + P̂0(y)H

0
ω
↑(y)

]

<latexit sha1_base64="C8me1v8blGRHVOaCbeCJ8Z2uUvU="></latexit>

H
0
ω(y) = y

1
2→ωa→m3

1F1

(
1

2
→ ωa→m3; 1→ 2ωa; y

)with 

<latexit sha1_base64="CqwryI6pw8j58CuhFFfh9tLtoVE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdONGqGAf0IQymU7bofMIMxMxhPorblwo4tYPceffOG2z0NYDFw7n3Mu990Qxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMhTRgVpGmoYaQTK4J4xEg7Gl9P/fYDUZpKcW/SmIQcDQUdUIyMlXpu+fHyLAsUh3QCA8nJEMHbnlvxqt4McJn4OamAHI2e+xX0JU44EQYzpHXX92ITZkgZihmZlIJEkxjhMRqSrqUCcaLDbHb8BB5bpQ8HUtkSBs7U3xMZ4lqnPLKdHJmRXvSm4n9eNzGDizCjIk4MEXi+aJAwaCScJgH7VBFsWGoJworaWyEeIYWwsXmVbAj+4svLpHVa9WvV2t1ZpX6Vx1EEh+AInAAfnIM6uAEN0AQYpOAZvII358l5cd6dj3lrwclnyuAPnM8ff56UCw==</latexit>

x = 4iωM
<latexit sha1_base64="n4zXRDU2axyACnqaeAV79Bzh45A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bisYB/QhDKZTtqh8wgzEyGE+ituXCji1g9x5984bbPQ1gMXDufcy733RAmj2njet7O2vrG5tV3aKe/u7R8cukfHHS1ThUkbSyZVL0KaMCpI21DDSC9RBPGIkW40uZ353UeiNJXiwWQJCTkaCRpTjIyVBm4lu67ngeKQTmEgORkhqAZu1at5c8BV4hekCgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoOUk0ShCdoRPqWCsSJDvP58VN4ZpUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGTQSzpKAQ6oINiyzBGFF7a0Qj5FC2Ni8yjYEf/nlVdKp1/xGrXF/UW3eFHGUwAk4BefAB5egCe5AC7QBBhl4Bq/gzXlyXpx352PRuuYUMxXwB87nD7YglC8=</latexit>

y = 2iωr

and 
<latexit sha1_base64="6rIPilCSHQ4kwoIS41McTlZLItI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4kJKIVJdFNy4j2Ae0IUwmk3bo5MHMRC0hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3ImlWV9Gyura+sbm5Wt6vbO7t6+eVDryCQThLZJwhPR87GknMW0rZjitJcKiiOf064/vpn63QcqJEviezVJqRvhYcxCRrDSkmfWHM86Q4NHFtARVrlTeJZn1q2GNQNaJnZJ6lDC8cyvQZCQLKKxIhxL2betVLk5FooRTovqIJM0xWSMh7SvaYwjKt18dnuBTrQSoDARumKFZurviRxHUk4iX3dGWI3kojcV//P6mQqv3JzFaaZoTOaLwowjlaBpEChgghLFJ5pgIpi+FZERFpgoHVdVh2AvvrxMOucNu9lo3l3UW9dlHBU4gmM4BRsuoQW34EAbCDzBM7zCm1EYL8a78TFvXTHKmUP4A+PzB9HXk64=</latexit>

P0, P̂0 Finite  polynomials of y and x/y. !
• Fundamental solutions:

<latexit sha1_base64="5tT5DHlbN0/we+mrtocCPDAAfSA="></latexit>

Rω(y) = y
3
2→ωa

[
1 +

2y

1→ 2ωa
+

(17→ 2ωa)y2

16(2ωa→ 1)(ωa→ 1)
+

(2ωa→ 3)x

4y
+ . . .

]

<latexit sha1_base64="eE/OOo/kDDeUkxCZuBsM4W+lFG8="></latexit>

a(ω) = ω+
1

2
+

(
15ω4 + 30ω3 + 28ω2 + 13ω+ 24

)
x2

8ω(ω+ 1)(2ω+ 1) (4ω2 + 4ω→ 3)
+ . . .

with 

<latexit sha1_base64="3U86JGGqwzdf6/VGueKrxyJIWes=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVpMyIVDdK0Y3LWuwDOnXIpGkbmmSGJCPUoX/jxl9xI6iILv0T03YWtfVA4HDOudzcE0SMKu0439bC4tLyympmLbu+sbm1be/s1lQYS0yqOGShbARIEUYFqWqqGWlEkiAeMFIP+tcjv/5ApKKhuNODiLQ46graoRhpI/n2ZcVPPMkhFcdxNMw/Hl14Kua+h1jUQzCLU3Y/FYKVVDRp3845BWcMOE/clORAirJvv3ntEMecCI0ZUqrpOpFuJUhqihkZZr1YkQjhPuqSpqECcaJayfjOITw0Sht2Qmme0HCsTk8kiCs14IFJcqR7atYbif95zVh3zlsJFVGsicCTRZ2YQR3CUWmwTSXBmg0MQVhS81eIe0girE21WVOCO3vyPKmdFNxioXh7mitdpXVkwD44AHnggjNQAjegDKoAgyfwAt7Bh/VsvVqf1tckumClM3vgD6yfXwNNpW0=</latexit>

Rin,up(z) =
∑

ω

cin,upω Rω(z)

Boundary 
conditions ?BHs vs ECOs

Connection formulas !
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Inspiral motion

Inspiriling and ringing down
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Inspiral motion
• Stress energy: 

Inspiriling and ringing down

T µ⌫ =

Z
d⌧

uµu⌫

r2 sin ✓
�(4) [x� x0(⌧)]

<latexit sha1_base64="L3MCUsRyOPnQqIMuxP7VGhpeXnk="></latexit>

@⌧ t =
E

f(r)
, @⌧r =

s

E2 � f(r)

✓
µ2 +

J2

r2

◆
, @⌧✓ = 0 , @⌧� =

J

r2

<latexit sha1_base64="D7s0WFlwyS0juPi4eFsuJ2kjUHs="></latexit>

uµ = @⌧x
µ

<latexit sha1_base64="0KL7aSE/VwBHQE/4qayBlqa5AMQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUBdC0Y3LCvYBTQyT6aQdOpOEeYglFDf+ihsXirj1K9z5N07aLLT1wIXDOffO3HvClFGpHOfbWlhcWl5ZLa2V1zc2t7btnd2WTLTApIkTlohOiCRhNCZNRRUjnVQQxENG2uHwKvfb90RImsS3apQSn6N+TCOKkTJSYO/rO4/rCy9FQlHEAk8hDR9yLbArTtWZAM4TtyAVUKAR2F9eL8Gak1hhhqTsuk6q/Cx/GDMyLntakhThIeqTrqEx4kT62eSEMTwySg9GiTAVKzhRf09kiEs54qHp5EgN5KyXi/95Xa2iMz+jcaoVifH0o0gzqBKY5wF7VBCs2MgQhAU1u0I8QAJhZVIrmxDc2ZPnSeuk6taq5ze1Sv2yiKMEDsAhOAYuOAV1cA0aoAkweATP4BW8WU/Wi/VufUxbF6xiZg/8gfX5A3swl4E=</latexit>



11Jose F.  Morales (INFN, Tor Vergata, Roma) Paris

Inspiral motion
• Stress energy: 

Inspiriling and ringing down

T µ⌫ =

Z
d⌧

uµu⌫

r2 sin ✓
�(4) [x� x0(⌧)]

<latexit sha1_base64="L3MCUsRyOPnQqIMuxP7VGhpeXnk="></latexit>

@⌧ t =
E

f(r)
, @⌧r =

s

E2 � f(r)

✓
µ2 +

J2

r2

◆
, @⌧✓ = 0 , @⌧� =

J

r2

<latexit sha1_base64="D7s0WFlwyS0juPi4eFsuJ2kjUHs="></latexit>

uµ = @⌧x
µ

<latexit sha1_base64="0KL7aSE/VwBHQE/4qayBlqa5AMQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUBdC0Y3LCvYBTQyT6aQdOpOEeYglFDf+ihsXirj1K9z5N07aLLT1wIXDOffO3HvClFGpHOfbWlhcWl5ZLa2V1zc2t7btnd2WTLTApIkTlohOiCRhNCZNRRUjnVQQxENG2uHwKvfb90RImsS3apQSn6N+TCOKkTJSYO/rO4/rCy9FQlHEAk8hDR9yLbArTtWZAM4TtyAVUKAR2F9eL8Gak1hhhqTsuk6q/Cx/GDMyLntakhThIeqTrqEx4kT62eSEMTwySg9GiTAVKzhRf09kiEs54qHp5EgN5KyXi/95Xa2iMz+jcaoVifH0o0gzqBKY5wF7VBCs2MgQhAU1u0I8QAJhZVIrmxDc2ZPnSeuk6taq5ze1Sv2yiKMEDsAhOAYuOAV1cA0aoAkweATP4BW8WU/Wi/VufUxbF6xiZg/8gfX5A3swl4E=</latexit>

• Wave form: 

h`m =
Z`m

(i!)2
=

1

(i!)2

Z 1

r+

Rin(r
0)
T`m(r0)

�(r0)2
dr0

<latexit sha1_base64="+oHsosoldiopp2ln+dH9uGUisiw="></latexit>

h = h+ � ih⇥ =
2

r

Z
d! ei!(r⇤�t)

X

`,m

h`mY `m
�2 (✓,�)

<latexit sha1_base64="DenQqrEmPcKee4jEECqzhP2sEPA="></latexit>

 homogenous incoming wave at horizon 

Rin = (�2i!r)
b̀+2(�2i!M)i!M �(b̀� 1� 2i!M)

�(2b̀+ 2)

 
1 +

2i!r

1 + `
�

2M
�
1 + `

2

�

r
� (9 + `)!2r2

6 + 10`+ 4`2
+ . . .

!

<latexit sha1_base64="yIUTS6I9SoUnSO7oCuBDCt2L0fE="></latexit>
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Inspiral motion
• Stress energy: 

Inspiriling and ringing down

T µ⌫ =

Z
d⌧

uµu⌫

r2 sin ✓
�(4) [x� x0(⌧)]

<latexit sha1_base64="L3MCUsRyOPnQqIMuxP7VGhpeXnk="></latexit>

@⌧ t =
E

f(r)
, @⌧r =

s

E2 � f(r)

✓
µ2 +

J2

r2

◆
, @⌧✓ = 0 , @⌧� =

J

r2

<latexit sha1_base64="D7s0WFlwyS0juPi4eFsuJ2kjUHs="></latexit>

uµ = @⌧x
µ

<latexit sha1_base64="0KL7aSE/VwBHQE/4qayBlqa5AMQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUBdC0Y3LCvYBTQyT6aQdOpOEeYglFDf+ihsXirj1K9z5N07aLLT1wIXDOffO3HvClFGpHOfbWlhcWl5ZLa2V1zc2t7btnd2WTLTApIkTlohOiCRhNCZNRRUjnVQQxENG2uHwKvfb90RImsS3apQSn6N+TCOKkTJSYO/rO4/rCy9FQlHEAk8hDR9yLbArTtWZAM4TtyAVUKAR2F9eL8Gak1hhhqTsuk6q/Cx/GDMyLntakhThIeqTrqEx4kT62eSEMTwySg9GiTAVKzhRf09kiEs54qHp5EgN5KyXi/95Xa2iMz+jcaoVifH0o0gzqBKY5wF7VBCs2MgQhAU1u0I8QAJhZVIrmxDc2ZPnSeuk6taq5ze1Sv2yiKMEDsAhOAYuOAV1cA0aoAkweATP4BW8WU/Wi/VufUxbF6xiZg/8gfX5A3swl4E=</latexit>

• Wave form: 

h`m =
Z`m

(i!)2
=

1

(i!)2

Z 1

r+

Rin(r
0)
T`m(r0)

�(r0)2
dr0

<latexit sha1_base64="+oHsosoldiopp2ln+dH9uGUisiw="></latexit>

h = h+ � ih⇥ =
2

r

Z
d! ei!(r⇤�t)

X

`,m

h`mY `m
�2 (✓,�)

<latexit sha1_base64="DenQqrEmPcKee4jEECqzhP2sEPA="></latexit>

 homogenous incoming wave at horizon 

Rin = (�2i!r)
b̀+2(�2i!M)i!M �(b̀� 1� 2i!M)

�(2b̀+ 2)

 
1 +

2i!r

1 + `
�

2M
�
1 + `

2

�

r
� (9 + `)!2r2

6 + 10`+ 4`2
+ . . .

!

<latexit sha1_base64="yIUTS6I9SoUnSO7oCuBDCt2L0fE="></latexit>

Double expansion with rational coefficients !
All log’s and transcendental numbers are exponentiated ! Blanchet 1310.1528

Thorne, Damour, Will, Blanchet, Poisson 
Mino,Nakamura, Sasaki, Shibata, Tagoshi, Tanaka

Tail of tails
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12Jose F.  Morales (INFN, Tor Vergata, Roma) Paris

PN expansion of gravitational waves

Inspiriling and ringing down

• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>
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PN expansion of gravitational waves

Inspiriling and ringing down

• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>

dE

dt
= µ2

X

`,m

|Z`,m|2

4⇡!2
=

32µ2v10

5M2


1� 1247v2

336
+ 4⇡v3 � 44711v4

9072
� 8191⇡v5

672

+v6
✓
6643739519

69854400
� 1712�

105
+

16⇡2

3
� 3424 log(2)

105
� 1712 log(v)

105

◆
+ . . .

�

<latexit sha1_base64="ew2BLxvdzQY65TSoxg9/OANWQCo="></latexit>

 Mino,Nakamura, Sasaki, 
Shibata, Tagoshi, Tanaka
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• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>

dE

dt
= µ2

X

`,m

|Z`,m|2

4⇡!2
=

32µ2v10

5M2


1� 1247v2

336
+ 4⇡v3 � 44711v4

9072
� 8191⇡v5

672

+v6
✓
6643739519

69854400
� 1712�

105
+

16⇡2

3
� 3424 log(2)

105
� 1712 log(v)

105

◆
+ . . .

�

<latexit sha1_base64="ew2BLxvdzQY65TSoxg9/OANWQCo="></latexit>

 Mino,Nakamura, Sasaki, 
Shibata, Tagoshi, Tanaka
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PN expansion of gravitational waves

Inspiriling and ringing down

• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>

• Hyperbolic encounters: 

dE

dt
= µ2

X

`,m

|Z`,m|2

4⇡!2
=

32µ2v10

5M2


1� 1247v2

336
+ 4⇡v3 � 44711v4

9072
� 8191⇡v5

672

+v6
✓
6643739519

69854400
� 1712�

105
+

16⇡2

3
� 3424 log(2)

105
� 1712 log(v)

105

◆
+ . . .

�

<latexit sha1_base64="ew2BLxvdzQY65TSoxg9/OANWQCo="></latexit>

 Mino,Nakamura, Sasaki, 
Shibata, Tagoshi, Tanaka

 Bini, Damour,De Angelis,Geralico, Herderschee, 
Roiban, Teng 2402.06604Multipolar Post Minkowskian

Amplitudes  Georgoudis, Heisenberg, Russo 2402.0636
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• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>

• Hyperbolic encounters: 

dE

dt
= µ2

X

`,m

|Z`,m|2

4⇡!2
=

32µ2v10

5M2


1� 1247v2

336
+ 4⇡v3 � 44711v4

9072
� 8191⇡v5

672

+v6
✓
6643739519

69854400
� 1712�

105
+

16⇡2

3
� 3424 log(2)

105
� 1712 log(v)

105

◆
+ . . .

�

<latexit sha1_base64="ew2BLxvdzQY65TSoxg9/OANWQCo="></latexit>

 Mino,Nakamura, Sasaki, 
Shibata, Tagoshi, Tanaka

rH(v) = Mar(er cosh(v)� 1)

t(v) = Ma3/2
r

Kt(et sinh(v)� v) + . . .

�(v) = 2K�Arctan

 s
e� + 1

e� � 1
tanh(

v

2
)

!
+ . . .

<latexit sha1_base64="o/PKiD05fV/SGybrM9gaJlfNdwc="></latexit>

 eccentricity

 Velocity  Bini, Damour,De Angelis,Geralico, Herderschee, 
Roiban, Teng 2402.06604Multipolar Post Minkowskian

Amplitudes  Georgoudis, Heisenberg, Russo 2402.0636
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• Circular orbits: 

! =
mv3

M

<latexit sha1_base64="sNZDH+jkJk/a6wMznXy0uz7SF9g=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzKjBXUhFN24ESrYB3TGkknTNjSPIckUytiFv+LGhSJu/Q13/o1pOwttPRA4nHMu9+ZEMaPaeN63s7C4tLyymlvLr29sbm27O7s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/Hvv1AVGaSnFvhjEJOeoK2qEYGSu13P1ActJF8DLlcPBwGkgbhrejllvwit4EcJ74GSmADJWW+xW0JU44EQYzpHXT92ITpkgZihkZ5YNEkxjhPuqSpqUCcaLDdHL/CB5ZpQ07UtknDJyovydSxLUe8sgmOTI9PeuNxf+8ZmI652FKRZwYIvB0USdh0Eg4LgO2qSLYsKElCCtqb4W4hxTCxlaWtyX4s1+eJ7WTol8qXtyVCuWrrI4cOACH4Bj44AyUwQ2ogCrA4BE8g1fw5jw5L8678zGNLjjZzB74A+fzB+RylWY=</latexit>

r0 =
M

v2

<latexit sha1_base64="PF6e9/udfGPmIcE9Ap6CtO9RjW0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZKQV0IRTduhAr2Ae04ZNK0Dc1khiRTKWM/xY0LRdz6Je78G9N2Ftp6IHA451zuzQlizpR2nG9rZXVtfWMzt5Xf3tnd27cLBw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd8cUalYJO71OKZeiPuC9RjB2ki+XZC+c5neok5kUmj0UJ74dtEpOTOgZeJmpAgZar791elGJAmp0IRjpdquE2svxVIzwukk30kUjTEZ4j5tGypwSJWXzk6foBOjdFEvkuYJjWbq74kUh0qNw8AkQ6wHatGbiv957UT3zr2UiTjRVJD5ol7CkY7QtAfUZZISzceGYCKZuRWRAZaYaNNW3pTgLn55mTTKJbdSurirFKtXWR05OIJjOAUXzqAKN1CDOhB4hGd4hTfryXqx3q2PeXTFymYO4Q+szx8TJ5NC</latexit>

• Hyperbolic encounters: 

dE

dt
= µ2

X

`,m

|Z`,m|2

4⇡!2
=

32µ2v10

5M2


1� 1247v2

336
+ 4⇡v3 � 44711v4

9072
� 8191⇡v5

672

+v6
✓
6643739519

69854400
� 1712�

105
+

16⇡2

3
� 3424 log(2)

105
� 1712 log(v)

105

◆
+ . . .

�

<latexit sha1_base64="ew2BLxvdzQY65TSoxg9/OANWQCo="></latexit>

 Mino,Nakamura, Sasaki, 
Shibata, Tagoshi, Tanaka

rH(v) = Mar(er cosh(v)� 1)

t(v) = Ma3/2
r

Kt(et sinh(v)� v) + . . .

�(v) = 2K�Arctan

 s
e� + 1

e� � 1
tanh(

v

2
)

!
+ . . .

<latexit sha1_base64="o/PKiD05fV/SGybrM9gaJlfNdwc="></latexit>

 eccentricity

 Velocity

h20 =

r
2⇡ar
15

µM

✓
2K0(u)�

40K0(u) + 45uK1(u)

7ar

◆
+ . . .

<latexit sha1_base64="eSUzCQs1XSP0FTK3iF0gAeTf25Y="></latexit>

 Bini, Damour,De Angelis,Geralico, Herderschee, 
Roiban, Teng 2402.06604Multipolar Post Minkowskian

Amplitudes  Georgoudis, Heisenberg, Russo 2402.0636

u = !Mera
3/2
r

<latexit sha1_base64="gZJINTQ2DrBnWcNzpbQW+aaFHn8=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuKoztaAuhKIbN0IFe4F2HDLpmTY0cyHJCGXo3o2v4saFIm59AXe+jZm2C239IeHjP+eQnN+LOZPKsr6N3NLyyupafr2wsbm1vWPu7jVllAgKDRrxSLQ9IoGzEBqKKQ7tWAAJPA4tb3iV1VsPICSLwjs1isEJSD9kPqNEacs1i8kFztSNAugTfKMRXKFv4or79OQYV8auWbLK1kR4EewZlNBMddf86vYimgQQKsqJlB3bipWTEqEY5TAudBMJMaFD0oeOxpAEIJ10sssYH2qnh/1I6BMqPHF/T6QkkHIUeLozIGog52uZ+V+tkyj/zElZGCcKQjp9yE84VhHOgsE9JoAqPtJAqGD6r5gOiCBU6fgKOgR7fuVFaFbKdrV8flst1S5nceTRASqiI2SjU1RD16iOGoiiR/SMXtGb8WS8GO/Gx7Q1Z8xm9tEfGZ8/L+SXYQ==</latexit>
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13Jose F.  Morales (INFN, Tor Vergata, Roma) Paris

Soft limit

Inspiriling and ringing down

• Soft theorem:  Weinberg 65 ⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

k = !(1,~n)

<latexit sha1_base64="kB1sYVglCK6jDGnmK0/llr9vL20=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahgpRECupBKHrxWMF+QBPKZjtpl242YXdTCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+PGZXKtr+Nwtr6xuZWcbu0s7u3f2AeHrVllAgCLRKxSHR9LIFRDi1FFYNuLACHPoOOP76b+Z0JCEkj/qjSGLwQDzkNKMFKS32zPL5xoxCGuOqcuxMgGZ+e9c2KXbPnsFaJk5MKytHsm1/uICJJCFwRhqXsOXasvAwLRQmDaclNJMSYjPEQeppyHIL0svnxU+tUKwMriIQurqy5+nsiw6GUaejrzhCrkVz2ZuJ/Xi9RwZWXUR4nCjhZLAoSZqnImiVhDagAoliqCSaC6lstMsICE6XzKukQnOWXV0n7oubUa9cP9UrjNo+jiI7RCaoiB12iBrpHTdRCBKXoGb2iN+PJeDHejY9Fa8HIZ8roD4zPH7X9lDA=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

p = |~p1| = |~p2| =
µMp1
ET

<latexit sha1_base64="89ZYBPP6bRtSJuw1nUR8yv8/CoU=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUlAXQlEEN0KF3qBThkyaaUMzmZBkCmXaF3Hjq7hxoYgLN+LbmF4Qbf0h8PGfc5KcPxCMKu04X1ZmZXVtfSO7mdva3tnds/cP6ipOJCY1HLNYNgOkCKOc1DTVjDSFJCgKGGkE/etJvTEgUtGYV/VQkHaEupyGFCNtLN8uicuRNyA4Fb47Hv1w0XDqRQm8g8L3KA/10IvNPfDGr46hb+edgjMVXAZ3DnkwV8W3P7xOjJOIcI0ZUqrlOkK3UyQ1xYyMc16iiEC4j7qkZZCjiKh2Ot1uDE+M04FhLM3hGk7d3xMpipQaRoHpjJDuqcXaxPyv1kp0eN5OKReJJhzPHgoTBnUMJ1HBDpUEazY0gLCk5q8Q95BEWJtAcyYEd3HlZagXC26pcHFfypev5nFkwRE4BqfABWegDG5BBdQABg/gCbyAV+vRerberPdZa8aazxyCP7I+vwHdxqJj</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

p1 + p2 = (ET ,~0)

<latexit sha1_base64="neNaVO89YljPiXUlkoxnq25m8yE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkqZKQV1IRRFcFmhL2iHIZOmNTSTCUmmUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evoaJYYlLHEYtkK0CKMMpJXVPNSEtIgsKAkWYwuJn4zSGRika8pkeCeCHqc9qjGGkj+faB8N1T4ZeuCrd+7awzJDhxxvDEt/NO0ZkCLhI3JXmQourbX51uhOOQcI0ZUqrtOkJ7CZKaYkbGuU6siEB4gPqkbShHIVFeMr1/DI+N0oW9SJriGk7V3xMJCpUahYHpDJF+UPPeRPzPa8e6d+EllItYE45ni3oxgzqCkzBgl0qCNRsZgrCk5laIH5BEWJvIciYEd/7lRdIoFd1y8fK+nK9cp3FkwSE4AgXggnNQAXegCuoAg0fwDF7Bm/VkvVjv1sesNWOlM/vgD6zPHzgElFM=</latexit>

|~q| = 2p sin
⇥

2

<latexit sha1_base64="BTxI7uk/G+RTY96crQR+QZeqTLs=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOloC6EohuXFfqCzlAy6W0bmsmMSaZQpv0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzc40ecKW3b31ZmbX1jcyu7ndvZ3ds/yB8eNVQYSwp1GvJQtnyigDMBdc00h1YkgQQ+h6Y/vJ35zRFIxUJR0+MIvID0BesxSrSROvnCBLsjoMnDFE+uSzjCrmIicWsD0MQNzSQuTU3KLtpz4FXipKSAUlQ7+S+3G9I4AKEpJ0q1HTvSXkKkZpTDNOfGCiJCh6QPbUMFCUB5yfyYKT4zShf3Qmme0Hiu/p5ISKDUOPBNMiB6oJa9mfif145179JLmIhiDYIuFvVijnWIZ83gLpNANR8bQqhk5q+YDogkVJv+cqYEZ/nkVdIoFZ1y8eq+XKjcpHVk0Qk6RefIQReogu5QFdURRY/oGb2iN+vJerHerY9FNGOlM8foD6zPH7HTmsk=</latexit>

hµ⌫ ⇡
!!0

X

i

pµi p
⌫
i

pi · k

<latexit sha1_base64="g2/ne7/PnXg2xl7q0M9rLfPyiY4="></latexit>

!
E2

T = M2+µ2+2Mµ
p

1+p21

<latexit sha1_base64="XY/imjA39Rh3AsH4SdDl2n0Hdbo=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIgjDaIqgHQRTBy0DBqbB2Jc3SLSxNa/JWGGWfw4tfxYsHRbyJF7+NWd1BN18I+fE870vyPmEquAbb/rKmpmdm5+ZLC+XFpeWV1cra+rVOMkVZgyYiUbch0UxwyRrAQbDbVDESh4LdhL3ToX9zz5TmibyCfsr8mHQkjzglYKSg4pwFVy33qN5y892BF2fF7eI6Now9facgd4ySBh6XEfRb7iCoVO2aXRSeBGcEVTSqi6Dy4bUTmsVMAhVE66Zjp+DnRAGngg3KXqZZSmiPdFjToCQx035erDbA20Zp4yhR5kjAhfp7Iiex1v04NJ0xga4e94bif14zg+jAz7lMM2CS/jwUZQJDgoc54TZXjILoGyBUcfNXTLtEEQomzbIJwRlfeRKu3ZqzVzu83Ksen4ziKKFNtIV2kIP20TE6RxeogSh6QE/oBb1aj9az9Wa9/7ROWaOZDfSnrM9vL8Sfyw==</latexit>
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<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

k = !(1,~n)

<latexit sha1_base64="kB1sYVglCK6jDGnmK0/llr9vL20=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahgpRECupBKHrxWMF+QBPKZjtpl242YXdTCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+PGZXKtr+Nwtr6xuZWcbu0s7u3f2AeHrVllAgCLRKxSHR9LIFRDi1FFYNuLACHPoOOP76b+Z0JCEkj/qjSGLwQDzkNKMFKS32zPL5xoxCGuOqcuxMgGZ+e9c2KXbPnsFaJk5MKytHsm1/uICJJCFwRhqXsOXasvAwLRQmDaclNJMSYjPEQeppyHIL0svnxU+tUKwMriIQurqy5+nsiw6GUaejrzhCrkVz2ZuJ/Xi9RwZWXUR4nCjhZLAoSZqnImiVhDagAoliqCSaC6lstMsICE6XzKukQnOWXV0n7oubUa9cP9UrjNo+jiI7RCaoiB12iBrpHTdRCBKXoGb2iN+PJeDHejY9Fa8HIZ8roD4zPH7X9lDA=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

p = |~p1| = |~p2| =
µMp1
ET

<latexit sha1_base64="89ZYBPP6bRtSJuw1nUR8yv8/CoU=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUlAXQlEEN0KF3qBThkyaaUMzmZBkCmXaF3Hjq7hxoYgLN+LbmF4Qbf0h8PGfc5KcPxCMKu04X1ZmZXVtfSO7mdva3tnds/cP6ipOJCY1HLNYNgOkCKOc1DTVjDSFJCgKGGkE/etJvTEgUtGYV/VQkHaEupyGFCNtLN8uicuRNyA4Fb47Hv1w0XDqRQm8g8L3KA/10IvNPfDGr46hb+edgjMVXAZ3DnkwV8W3P7xOjJOIcI0ZUqrlOkK3UyQ1xYyMc16iiEC4j7qkZZCjiKh2Ot1uDE+M04FhLM3hGk7d3xMpipQaRoHpjJDuqcXaxPyv1kp0eN5OKReJJhzPHgoTBnUMJ1HBDpUEazY0gLCk5q8Q95BEWJtAcyYEd3HlZagXC26pcHFfypev5nFkwRE4BqfABWegDG5BBdQABg/gCbyAV+vRerberPdZa8aazxyCP7I+vwHdxqJj</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

p1 + p2 = (ET ,~0)

<latexit sha1_base64="neNaVO89YljPiXUlkoxnq25m8yE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkqZKQV1IRRFcFmhL2iHIZOmNTSTCUmmUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evoaJYYlLHEYtkK0CKMMpJXVPNSEtIgsKAkWYwuJn4zSGRika8pkeCeCHqc9qjGGkj+faB8N1T4ZeuCrd+7awzJDhxxvDEt/NO0ZkCLhI3JXmQourbX51uhOOQcI0ZUqrtOkJ7CZKaYkbGuU6siEB4gPqkbShHIVFeMr1/DI+N0oW9SJriGk7V3xMJCpUahYHpDJF+UPPeRPzPa8e6d+EllItYE45ni3oxgzqCkzBgl0qCNRsZgrCk5laIH5BEWJvIciYEd/7lRdIoFd1y8fK+nK9cp3FkwSE4AgXggnNQAXegCuoAg0fwDF7Bm/VkvVjv1sesNWOlM/vgD6zPHzgElFM=</latexit>

|~q| = 2p sin
⇥

2

<latexit sha1_base64="BTxI7uk/G+RTY96crQR+QZeqTLs=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOloC6EohuXFfqCzlAy6W0bmsmMSaZQpv0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzc40ecKW3b31ZmbX1jcyu7ndvZ3ds/yB8eNVQYSwp1GvJQtnyigDMBdc00h1YkgQQ+h6Y/vJ35zRFIxUJR0+MIvID0BesxSrSROvnCBLsjoMnDFE+uSzjCrmIicWsD0MQNzSQuTU3KLtpz4FXipKSAUlQ7+S+3G9I4AKEpJ0q1HTvSXkKkZpTDNOfGCiJCh6QPbUMFCUB5yfyYKT4zShf3Qmme0Hiu/p5ISKDUOPBNMiB6oJa9mfif145179JLmIhiDYIuFvVijnWIZ83gLpNANR8bQqhk5q+YDogkVJv+cqYEZ/nkVdIoFZ1y8eq+XKjcpHVk0Qk6RefIQReogu5QFdURRY/oGb2iN+vJerHerY9FNGOlM8foD6zPH7HTmsk=</latexit>

hµ⌫ ⇡
!!0

X

i

pµi p
⌫
i

pi · k

<latexit sha1_base64="g2/ne7/PnXg2xl7q0M9rLfPyiY4="></latexit>

!
• log towers: 

h = hµ⌫e
µe⌫ ⇡

w!0

A0

!
+A1 ln! +A2! ln2 ! + . . .

<latexit sha1_base64="mdbGZRbtL7nUnt0KnZ6Ew4B2Htk="></latexit>

 Sahoo, Sen 1808.03288, 2105.08739

Universal !

E2
T = M2+µ2+2Mµ

p
1+p21

<latexit sha1_base64="XY/imjA39Rh3AsH4SdDl2n0Hdbo=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIgjDaIqgHQRTBy0DBqbB2Jc3SLSxNa/JWGGWfw4tfxYsHRbyJF7+NWd1BN18I+fE870vyPmEquAbb/rKmpmdm5+ZLC+XFpeWV1cra+rVOMkVZgyYiUbch0UxwyRrAQbDbVDESh4LdhL3ToX9zz5TmibyCfsr8mHQkjzglYKSg4pwFVy33qN5y892BF2fF7eI6Now9facgd4ySBh6XEfRb7iCoVO2aXRSeBGcEVTSqi6Dy4bUTmsVMAhVE66Zjp+DnRAGngg3KXqZZSmiPdFjToCQx035erDbA20Zp4yhR5kjAhfp7Iiex1v04NJ0xga4e94bif14zg+jAz7lMM2CS/jwUZQJDgoc54TZXjILoGyBUcfNXTLtEEQomzbIJwRlfeRKu3ZqzVzu83Ksen4ziKKFNtIV2kIP20TE6RxeogSh6QE/oBb1aj9az9Wa9/7ROWaOZDfSnrM9vL8Sfyw==</latexit>
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Soft limit

Inspiriling and ringing down

• Soft theorem:  Weinberg 65 ⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

k = !(1,~n)

<latexit sha1_base64="kB1sYVglCK6jDGnmK0/llr9vL20=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahgpRECupBKHrxWMF+QBPKZjtpl242YXdTCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+PGZXKtr+Nwtr6xuZWcbu0s7u3f2AeHrVllAgCLRKxSHR9LIFRDi1FFYNuLACHPoOOP76b+Z0JCEkj/qjSGLwQDzkNKMFKS32zPL5xoxCGuOqcuxMgGZ+e9c2KXbPnsFaJk5MKytHsm1/uICJJCFwRhqXsOXasvAwLRQmDaclNJMSYjPEQeppyHIL0svnxU+tUKwMriIQurqy5+nsiw6GUaejrzhCrkVz2ZuJ/Xi9RwZWXUR4nCjhZLAoSZqnImiVhDagAoliqCSaC6lstMsICE6XzKukQnOWXV0n7oubUa9cP9UrjNo+jiI7RCaoiB12iBrpHTdRCBKXoGb2iN+PJeDHejY9Fa8HIZ8roD4zPH7X9lDA=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

p = |~p1| = |~p2| =
µMp1
ET

<latexit sha1_base64="89ZYBPP6bRtSJuw1nUR8yv8/CoU=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUlAXQlEEN0KF3qBThkyaaUMzmZBkCmXaF3Hjq7hxoYgLN+LbmF4Qbf0h8PGfc5KcPxCMKu04X1ZmZXVtfSO7mdva3tnds/cP6ipOJCY1HLNYNgOkCKOc1DTVjDSFJCgKGGkE/etJvTEgUtGYV/VQkHaEupyGFCNtLN8uicuRNyA4Fb47Hv1w0XDqRQm8g8L3KA/10IvNPfDGr46hb+edgjMVXAZ3DnkwV8W3P7xOjJOIcI0ZUqrlOkK3UyQ1xYyMc16iiEC4j7qkZZCjiKh2Ot1uDE+M04FhLM3hGk7d3xMpipQaRoHpjJDuqcXaxPyv1kp0eN5OKReJJhzPHgoTBnUMJ1HBDpUEazY0gLCk5q8Q95BEWJtAcyYEd3HlZagXC26pcHFfypev5nFkwRE4BqfABWegDG5BBdQABg/gCbyAV+vRerberPdZa8aazxyCP7I+vwHdxqJj</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

p1 + p2 = (ET ,~0)

<latexit sha1_base64="neNaVO89YljPiXUlkoxnq25m8yE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkqZKQV1IRRFcFmhL2iHIZOmNTSTCUmmUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evoaJYYlLHEYtkK0CKMMpJXVPNSEtIgsKAkWYwuJn4zSGRika8pkeCeCHqc9qjGGkj+faB8N1T4ZeuCrd+7awzJDhxxvDEt/NO0ZkCLhI3JXmQourbX51uhOOQcI0ZUqrtOkJ7CZKaYkbGuU6siEB4gPqkbShHIVFeMr1/DI+N0oW9SJriGk7V3xMJCpUahYHpDJF+UPPeRPzPa8e6d+EllItYE45ni3oxgzqCkzBgl0qCNRsZgrCk5laIH5BEWJvIciYEd/7lRdIoFd1y8fK+nK9cp3FkwSE4AgXggnNQAXegCuoAg0fwDF7Bm/VkvVjv1sesNWOlM/vgD6zPHzgElFM=</latexit>

|~q| = 2p sin
⇥

2

<latexit sha1_base64="BTxI7uk/G+RTY96crQR+QZeqTLs=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOloC6EohuXFfqCzlAy6W0bmsmMSaZQpv0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzc40ecKW3b31ZmbX1jcyu7ndvZ3ds/yB8eNVQYSwp1GvJQtnyigDMBdc00h1YkgQQ+h6Y/vJ35zRFIxUJR0+MIvID0BesxSrSROvnCBLsjoMnDFE+uSzjCrmIicWsD0MQNzSQuTU3KLtpz4FXipKSAUlQ7+S+3G9I4AKEpJ0q1HTvSXkKkZpTDNOfGCiJCh6QPbUMFCUB5yfyYKT4zShf3Qmme0Hiu/p5ISKDUOPBNMiB6oJa9mfif145179JLmIhiDYIuFvVijnWIZ83gLpNANR8bQqhk5q+YDogkVJv+cqYEZ/nkVdIoFZ1y8eq+XKjcpHVk0Qk6RefIQReogu5QFdURRY/oGb2iN+vJerHerY9FNGOlM8foD6zPH7HTmsk=</latexit>

hµ⌫ ⇡
!!0

X

i

pµi p
⌫
i

pi · k

<latexit sha1_base64="g2/ne7/PnXg2xl7q0M9rLfPyiY4="></latexit>

!
• log towers: 

h = hµ⌫e
µe⌫ ⇡

w!0

A0

!
+A1 ln! +A2! ln2 ! + . . .

<latexit sha1_base64="mdbGZRbtL7nUnt0KnZ6Ew4B2Htk="></latexit>

 Sahoo, Sen 1808.03288, 2105.08739

Universal !
• BH perturbation theory: 

! ! 0

<latexit sha1_base64="NqHGmHfE7aHSYQRdBWXGcda4C5s=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA/ILmF2MpsMmccyMyuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4buZ3nqg2TMlHO0lpJPBQsoQRbJ0UhkrQIUahVcjvV2t+3Z8DrZKgIDUo0OxXv8KBIpmg0hKOjekFfmqjHGvLCKfTSpgZmmIyxkPac1RiQU2Uz2+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M/rZTa5jnIm08xSSRaLkowj9+IsADRgmhLLJ45gopm7FZER1phYF1PFhRAsv7xK2hf14LJ+83BZa9wWcZThBE7hHAK4ggbcQxNaQCCFZ3iFNy/zXrx372PRWvKKmWP4A+/zBxIDkRI=</latexit>

Large time Nearly straight lines

E2
T = M2+µ2+2Mµ

p
1+p21

<latexit sha1_base64="XY/imjA39Rh3AsH4SdDl2n0Hdbo=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIgjDaIqgHQRTBy0DBqbB2Jc3SLSxNa/JWGGWfw4tfxYsHRbyJF7+NWd1BN18I+fE870vyPmEquAbb/rKmpmdm5+ZLC+XFpeWV1cra+rVOMkVZgyYiUbch0UxwyRrAQbDbVDESh4LdhL3ToX9zz5TmibyCfsr8mHQkjzglYKSg4pwFVy33qN5y892BF2fF7eI6Now9facgd4ySBh6XEfRb7iCoVO2aXRSeBGcEVTSqi6Dy4bUTmsVMAhVE66Zjp+DnRAGngg3KXqZZSmiPdFjToCQx035erDbA20Zp4yhR5kjAhfp7Iiex1v04NJ0xga4e94bif14zg+jAz7lMM2CS/jwUZQJDgoc54TZXjILoGyBUcfNXTLtEEQomzbIJwRlfeRKu3ZqzVzu83Ksen4ziKKFNtIV2kIP20TE6RxeogSh6QE/oBb1aj9az9Wa9/7ROWaOZDfSnrM9vL8Sfyw==</latexit>

r ⇡ ±⌧ , t ⇡ �t⌧ � �v ln ⌧ , � ⇡ ±
✓
⇡

2
+

⇥

2

◆

<latexit sha1_base64="RGfTGeoe+ArGbKt6/J4P6kOmpwE="></latexit>
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Soft limit

Inspiriling and ringing down

• Soft theorem:  Weinberg 65 ⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>

k = !(1,~n)

<latexit sha1_base64="kB1sYVglCK6jDGnmK0/llr9vL20=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahgpRECupBKHrxWMF+QBPKZjtpl242YXdTCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wM8+PGZXKtr+Nwtr6xuZWcbu0s7u3f2AeHrVllAgCLRKxSHR9LIFRDi1FFYNuLACHPoOOP76b+Z0JCEkj/qjSGLwQDzkNKMFKS32zPL5xoxCGuOqcuxMgGZ+e9c2KXbPnsFaJk5MKytHsm1/uICJJCFwRhqXsOXasvAwLRQmDaclNJMSYjPEQeppyHIL0svnxU+tUKwMriIQurqy5+nsiw6GUaejrzhCrkVz2ZuJ/Xi9RwZWXUR4nCjhZLAoSZqnImiVhDagAoliqCSaC6lstMsICE6XzKukQnOWXV0n7oubUa9cP9UrjNo+jiI7RCaoiB12iBrpHTdRCBKXoGb2iN+PJeDHejY9Fa8HIZ8roD4zPH7X9lDA=</latexit>

p1

<latexit sha1_base64="uzvTWeasOtvYGbWVcwForXIML0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ9L3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDYI2k</latexit>

p2

<latexit sha1_base64="CbcWLmB4h9TSlc0tj8nIWbsKkhA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7pN+rV+uuFV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7VvXq1au7eqVxncdRhBM4hXPw4AIacAtNaAGDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8E5I2l</latexit>

p3

<latexit sha1_base64="WiTmmq7hvVQZ2kSRC1kFRfNaITI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK90n/vF+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj28GaI2m</latexit>

p4

<latexit sha1_base64="jKmU/GR3Xq77E80kB6QSm5u4alw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHpJ+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcH7I2n</latexit>

q

<latexit sha1_base64="tr0+Q1qhYt0WsSNRDyNNJBVRr/k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zswKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+mOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A999jQE=</latexit>

p = |~p1| = |~p2| =
µMp1
ET

<latexit sha1_base64="89ZYBPP6bRtSJuw1nUR8yv8/CoU=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUlAXQlEEN0KF3qBThkyaaUMzmZBkCmXaF3Hjq7hxoYgLN+LbmF4Qbf0h8PGfc5KcPxCMKu04X1ZmZXVtfSO7mdva3tnds/cP6ipOJCY1HLNYNgOkCKOc1DTVjDSFJCgKGGkE/etJvTEgUtGYV/VQkHaEupyGFCNtLN8uicuRNyA4Fb47Hv1w0XDqRQm8g8L3KA/10IvNPfDGr46hb+edgjMVXAZ3DnkwV8W3P7xOjJOIcI0ZUqrlOkK3UyQ1xYyMc16iiEC4j7qkZZCjiKh2Ot1uDE+M04FhLM3hGk7d3xMpipQaRoHpjJDuqcXaxPyv1kp0eN5OKReJJhzPHgoTBnUMJ1HBDpUEazY0gLCk5q8Q95BEWJtAcyYEd3HlZagXC26pcHFfypev5nFkwRE4BqfABWegDG5BBdQABg/gCbyAV+vRerberPdZa8aazxyCP7I+vwHdxqJj</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

p1 + p2 = (ET ,~0)

<latexit sha1_base64="neNaVO89YljPiXUlkoxnq25m8yE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkqZKQV1IRRFcFmhL2iHIZOmNTSTCUmmUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evoaJYYlLHEYtkK0CKMMpJXVPNSEtIgsKAkWYwuJn4zSGRika8pkeCeCHqc9qjGGkj+faB8N1T4ZeuCrd+7awzJDhxxvDEt/NO0ZkCLhI3JXmQourbX51uhOOQcI0ZUqrtOkJ7CZKaYkbGuU6siEB4gPqkbShHIVFeMr1/DI+N0oW9SJriGk7V3xMJCpUahYHpDJF+UPPeRPzPa8e6d+EllItYE45ni3oxgzqCkzBgl0qCNRsZgrCk5laIH5BEWJvIciYEd/7lRdIoFd1y8fK+nK9cp3FkwSE4AgXggnNQAXegCuoAg0fwDF7Bm/VkvVjv1sesNWOlM/vgD6zPHzgElFM=</latexit>

|~q| = 2p sin
⇥

2

<latexit sha1_base64="BTxI7uk/G+RTY96crQR+QZeqTLs=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOloC6EohuXFfqCzlAy6W0bmsmMSaZQpv0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzc40ecKW3b31ZmbX1jcyu7ndvZ3ds/yB8eNVQYSwp1GvJQtnyigDMBdc00h1YkgQQ+h6Y/vJ35zRFIxUJR0+MIvID0BesxSrSROvnCBLsjoMnDFE+uSzjCrmIicWsD0MQNzSQuTU3KLtpz4FXipKSAUlQ7+S+3G9I4AKEpJ0q1HTvSXkKkZpTDNOfGCiJCh6QPbUMFCUB5yfyYKT4zShf3Qmme0Hiu/p5ISKDUOPBNMiB6oJa9mfif145179JLmIhiDYIuFvVijnWIZ83gLpNANR8bQqhk5q+YDogkVJv+cqYEZ/nkVdIoFZ1y8eq+XKjcpHVk0Qk6RefIQReogu5QFdURRY/oGb2iN+vJerHerY9FNGOlM8foD6zPH7HTmsk=</latexit>

hµ⌫ ⇡
!!0

X

i

pµi p
⌫
i

pi · k

<latexit sha1_base64="g2/ne7/PnXg2xl7q0M9rLfPyiY4="></latexit>

!
• log towers: 

h = hµ⌫e
µe⌫ ⇡

w!0

A0

!
+A1 ln! +A2! ln2 ! + . . .

<latexit sha1_base64="mdbGZRbtL7nUnt0KnZ6Ew4B2Htk="></latexit>

 Sahoo, Sen 1808.03288, 2105.08739

Universal !
• BH perturbation theory: 

! ! 0

<latexit sha1_base64="NqHGmHfE7aHSYQRdBWXGcda4C5s=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA/ILmF2MpsMmccyMyuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/H4buZ3nqg2TMlHO0lpJPBQsoQRbJ0UhkrQIUahVcjvV2t+3Z8DrZKgIDUo0OxXv8KBIpmg0hKOjekFfmqjHGvLCKfTSpgZmmIyxkPac1RiQU2Uz2+eojOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M/rZTa5jnIm08xSSRaLkowj9+IsADRgmhLLJ45gopm7FZER1phYF1PFhRAsv7xK2hf14LJ+83BZa9wWcZThBE7hHAK4ggbcQxNaQCCFZ3iFNy/zXrx372PRWvKKmWP4A+/zBxIDkRI=</latexit>

Large time Nearly straight lines

Resume whole series of universal log towers: !

E2
T = M2+µ2+2Mµ

p
1+p21

<latexit sha1_base64="XY/imjA39Rh3AsH4SdDl2n0Hdbo=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIgjDaIqgHQRTBy0DBqbB2Jc3SLSxNa/JWGGWfw4tfxYsHRbyJF7+NWd1BN18I+fE870vyPmEquAbb/rKmpmdm5+ZLC+XFpeWV1cra+rVOMkVZgyYiUbch0UxwyRrAQbDbVDESh4LdhL3ToX9zz5TmibyCfsr8mHQkjzglYKSg4pwFVy33qN5y892BF2fF7eI6Now9facgd4ySBh6XEfRb7iCoVO2aXRSeBGcEVTSqi6Dy4bUTmsVMAhVE66Zjp+DnRAGngg3KXqZZSmiPdFjToCQx035erDbA20Zp4yhR5kjAhfp7Iiex1v04NJ0xga4e94bif14zg+jAz7lMM2CS/jwUZQJDgoc54TZXjILoGyBUcfNXTLtEEQomzbIJwRlfeRKu3ZqzVzu83Ksen4ziKKFNtIV2kIP20TE6RxeogSh6QE/oBb1aj9az9Wa9/7ROWaOZDfSnrM9vL8Sfyw==</latexit>

r ⇡ ±⌧ , t ⇡ �t⌧ � �v ln ⌧ , � ⇡ ±
✓
⇡

2
+

⇥

2

◆

<latexit sha1_base64="RGfTGeoe+ArGbKt6/J4P6kOmpwE="></latexit>

<latexit sha1_base64="pcJ0hi/jgLhwpjRN43q7HukfYK0="></latexit>

hsoft →
ω→0

↑iω2iωM

[
(pin · e)2

pin · k ω↑iωMC +
(pout · e)2

pout · k
ωiωMC

]
,
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Conclusions
• SWGravity duality: 

Jose F.  Morales (INFN, Tor Vergata, Roma) ParisChaos at light rings 

PM  of Heun equation:    Partial resumation of instant series into 
hypergeometric functions. !

<latexit sha1_base64="U3LoT9iz1CdFdiisHjvwHSk2OI8=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZItVNoejGjVDBPqAzDJk0bUMzyZhkhDrMxl9x40IRt36GO//GtJ2Fth4IHM45l5t7wphRpR3n21paXlldWy9sFDe3tnd27b39lhKJxKSJBROyEyJFGOWkqalmpBNLgqKQkXY4upr47QciFRX8To9j4kdowGmfYqSNFNiH94Fbe6yllRtPmByUGfQYg25gl5yyMwVcJG5OSiBHI7C/vJ7ASUS4xgwp1XWdWPspkppiRrKilygSIzxCA9I1lKOIKD+dHpDBE6P0YF9I87iGU/X3RIoipcZRaJIR0kM1703E/7xuovsXfkp5nGjC8WxRP2FQCzhpA/aoJFizsSEIS2r+CvEQSYS16axoSnDnT14krUrZrZart2el+mVeRwEcgWNwClxwDurgGjRAE2CQgWfwCt6sJ+vFerc+ZtElK585AH9gff4A6dqVVw==</latexit>

q1 = z =
2M

r
→ 1

PN  of Heun equation:  
<latexit sha1_base64="OkOKtXjdoZUAyM1frfmwLhFijjo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRFqptC0Y3LCvYBTQiT6bQdOjOJMxMhhK7c+CtuXCji1m9w5984bbPQ1gMXDufcy733hDGjSjvOt1VYWV1b3yhulra2d3b37P2DtooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Hrqdx6IVDQSdzqNic/RUNABxUgbKbCP74NqPa1XM09ySCfQizgZIiihxxh0A7vsVJwZ4DJxc1IGOZqB/eX1I5xwIjRmSKme68Taz5DUFDMyKXmJIjHCYzQkPUMF4kT52eyNCTw1Sh8OImlKaDhTf09kiCuV8tB0cqRHatGbiv95vUQPLv2MijjRROD5okHCoI7gNBPYp5JgzVJDEJbU3ArxCEmEtUmuZEJwF19eJu1qxa1Varfn5cZVHkcRHIETcAZccAEa4AY0QQtg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5A9oCl3c=</latexit>

q2 = y = 2iωr → 1



14Jose F.  Morales (INFN, Tor Vergata, Roma)

Conclusions
• SWGravity duality: 

Jose F.  Morales (INFN, Tor Vergata, Roma) ParisChaos at light rings 

PM  of Heun equation:    Partial resumation of instant series into 
hypergeometric functions.

Connection formulas:   All non-triviality codified into a single function: the gauge prepotential 

!
F(a)

<latexit sha1_base64="GqxO+2HEECPmggInx9ZpcponL5Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXCuqtKIjHCvYDtkvJptk2NJssyaxQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wEN+C6305hbX1jc6u4XdrZ3ds/KB8etY1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfDvzO09MG67kI0wSFsRkKHnEKQEr+VmPEoHvplVy3i9X3Jo7B14lXk4qKEezX/7qDRRNYyaBCmKM77kJBBnRwKlg01IvNSwhdEyGzLdUkpiZIJufPMVnVhngSGlbEvBc/T2RkdiYSRzazpjAyCx7M/E/z08hugoyLpMUmKSLRVEqMCg8+x8PuGYUxMQSQjW3t2I6IppQsCmVbAje8surpH1R8+q164d6pXGTx1FEJ+gUVZGHLlED3aMmaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AMoWQkA==</latexit>

<latexit sha1_base64="U3LoT9iz1CdFdiisHjvwHSk2OI8=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZItVNoejGjVDBPqAzDJk0bUMzyZhkhDrMxl9x40IRt36GO//GtJ2Fth4IHM45l5t7wphRpR3n21paXlldWy9sFDe3tnd27b39lhKJxKSJBROyEyJFGOWkqalmpBNLgqKQkXY4upr47QciFRX8To9j4kdowGmfYqSNFNiH94Fbe6yllRtPmByUGfQYg25gl5yyMwVcJG5OSiBHI7C/vJ7ASUS4xgwp1XWdWPspkppiRrKilygSIzxCA9I1lKOIKD+dHpDBE6P0YF9I87iGU/X3RIoipcZRaJIR0kM1703E/7xuovsXfkp5nGjC8WxRP2FQCzhpA/aoJFizsSEIS2r+CvEQSYS16axoSnDnT14krUrZrZart2el+mVeRwEcgWNwClxwDurgGjRAE2CQgWfwCt6sJ+vFerc+ZtElK585AH9gff4A6dqVVw==</latexit>

q1 = z =
2M

r
→ 1

PN  of Heun equation:  
<latexit sha1_base64="OkOKtXjdoZUAyM1frfmwLhFijjo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRFqptC0Y3LCvYBTQiT6bQdOjOJMxMhhK7c+CtuXCji1m9w5984bbPQ1gMXDufcy733hDGjSjvOt1VYWV1b3yhulra2d3b37P2DtooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Hrqdx6IVDQSdzqNic/RUNABxUgbKbCP74NqPa1XM09ySCfQizgZIiihxxh0A7vsVJwZ4DJxc1IGOZqB/eX1I5xwIjRmSKme68Taz5DUFDMyKXmJIjHCYzQkPUMF4kT52eyNCTw1Sh8OImlKaDhTf09kiCuV8tB0cqRHatGbiv95vUQPLv2MijjRROD5okHCoI7gNBPYp5JgzVJDEJbU3ArxCEmEtUmuZEJwF19eJu1qxa1Varfn5cZVHkcRHIETcAZccAEa4AY0QQtg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5A9oCl3c=</latexit>

q2 = y = 2iωr → 1

Tail contributions:  exact resumation 
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PM  of Heun equation:    Partial resumation of instant series into 
hypergeometric functions.

Connection formulas:   All non-triviality codified into a single function: the gauge prepotential 

!
F(a)

<latexit sha1_base64="GqxO+2HEECPmggInx9ZpcponL5Y=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXCuqtKIjHCvYDtkvJptk2NJssyaxQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wEN+C6305hbX1jc6u4XdrZ3ds/KB8etY1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfDvzO09MG67kI0wSFsRkKHnEKQEr+VmPEoHvplVy3i9X3Jo7B14lXk4qKEezX/7qDRRNYyaBCmKM77kJBBnRwKlg01IvNSwhdEyGzLdUkpiZIJufPMVnVhngSGlbEvBc/T2RkdiYSRzazpjAyCx7M/E/z08hugoyLpMUmKSLRVEqMCg8+x8PuGYUxMQSQjW3t2I6IppQsCmVbAje8surpH1R8+q164d6pXGTx1FEJ+gUVZGHLlED3aMmaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AMoWQkA==</latexit>

<latexit sha1_base64="U3LoT9iz1CdFdiisHjvwHSk2OI8=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZItVNoejGjVDBPqAzDJk0bUMzyZhkhDrMxl9x40IRt36GO//GtJ2Fth4IHM45l5t7wphRpR3n21paXlldWy9sFDe3tnd27b39lhKJxKSJBROyEyJFGOWkqalmpBNLgqKQkXY4upr47QciFRX8To9j4kdowGmfYqSNFNiH94Fbe6yllRtPmByUGfQYg25gl5yyMwVcJG5OSiBHI7C/vJ7ASUS4xgwp1XWdWPspkppiRrKilygSIzxCA9I1lKOIKD+dHpDBE6P0YF9I87iGU/X3RIoipcZRaJIR0kM1703E/7xuovsXfkp5nGjC8WxRP2FQCzhpA/aoJFizsSEIS2r+CvEQSYS16axoSnDnT14krUrZrZart2el+mVeRwEcgWNwClxwDurgGjRAE2CQgWfwCt6sJ+vFerc+ZtElK585AH9gff4A6dqVVw==</latexit>

q1 = z =
2M

r
→ 1

PN  of Heun equation:  
<latexit sha1_base64="OkOKtXjdoZUAyM1frfmwLhFijjo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRFqptC0Y3LCvYBTQiT6bQdOjOJMxMhhK7c+CtuXCji1m9w5984bbPQ1gMXDufcy733hDGjSjvOt1VYWV1b3yhulra2d3b37P2DtooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Hrqdx6IVDQSdzqNic/RUNABxUgbKbCP74NqPa1XM09ySCfQizgZIiihxxh0A7vsVJwZ4DJxc1IGOZqB/eX1I5xwIjRmSKme68Taz5DUFDMyKXmJIjHCYzQkPUMF4kT52eyNCTw1Sh8OImlKaDhTf09kiCuV8tB0cqRHatGbiv95vUQPLv2MijjRROD5okHCoI7gNBPYp5JgzVJDEJbU3ArxCEmEtUmuZEJwF19eJu1qxa1Varfn5cZVHkcRHIETcAZccAEa4AY0QQtg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5A9oCl3c=</latexit>
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 Differences show up at order 
✓
GM

r

◆5

<latexit sha1_base64="yPDlKK6sTRWaf0sriio1ATiBG0w=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAYhNmFXImoXtNBGiGAekF3D7GQ2GTL7YOauEJZUNv6KjYUitn6DnX/jJNlCEw8MHM45lzv3eLHgCizr28gtLC4tr+RXC2vrG5tb5vZOQ0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE1vcDn2mw9MKh6FdzCMmRuQXsh9TgloqWPuO4L5UMLpFb5xIp3EcoQdyXt9OLo/6ZhFq2xNgOeJnZEiylDrmF9ON6JJwEKggijVtq0Y3JRI4FSwUcFJFIsJHZAea2sakoApN52cMcKHWuliP5L6hYAn6u+JlARKDQNPJwMCfTXrjcX/vHYC/pmb8jBOgIV0ushPBIYIjzvBXS4ZBTHUhFDJ9V8x7RNJKOjmCroEe/bkedI4LtuV8vltpVi9yOrIoz10gErIRqeoiq5RDdURRY/oGb2iN+PJeDHejY9pNGdkM7voD4zPH2c+l9Q=</latexit>

! ?LISA
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Tail contributions:  exact resumation 

• ECO vs BHs: 
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Winst(G3, T, τ)

Thank you !

Jose F.  Morales (INFN, Tor Vergata, Roma) ParisChaos at light rings 


