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The sine-Gordon model

Paradigmatic integrable QFT

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)



The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

• 1D fermions on a lattice

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerised XXX) 

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerised XXX) 

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab) 
 

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerised XXX) 

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab) 
 

• tunnel-coupled Bose-Hubbard chains 
 
 
 
 
 
 E. Wybo et al. PRB 106 075102 (2022)

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems 
via bosonisation: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerised XXX) 

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab) 
 

• tunnel-coupled Bose-Hubbard chains 
 
 
 
 
 
 

• quantum circuits of Josephson junctions

A. Roy et al., Nucl. Phys. B 968, 115445 (2021)

E. Wybo et al. PRB 106 075102 (2022)

Paradigmatic integrable QFT

c.f. books of Tsvelik, Giamarchi
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The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:
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The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:
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Q = +1

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

sine-Gordon equation:
<latexit sha1_base64="Y0CGQ1pzcx6gD08SQR7uIXJGRV8="></latexit>

@2
t '� @2

x' = ��� sin(�')

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

soliton

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

sine-Gordon equation:
<latexit sha1_base64="Y0CGQ1pzcx6gD08SQR7uIXJGRV8="></latexit>

@2
t '� @2

x' = ��� sin(�')

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

soliton

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

sine-Gordon equation:
<latexit sha1_base64="Y0CGQ1pzcx6gD08SQR7uIXJGRV8="></latexit>

@2
t '� @2

x' = ��� sin(�')

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�

breather

<latexit sha1_base64="LSxltNu6MJMxl1+2DL2n70vnVSc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QsLFM0HxAcoS9zV6yZHfv2N0TwpGfYKu1ndj6ayz9J24uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSb3c7/zTJVmkXwy05j6Ao8kCxnBxkqPzTt3UK64VTcDWideTiqQozEo//SHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT7aXbqDF1YZYjCSNmSBmXq34kUC62nIrCdApuxXvXm4n9eLzHhrZ8yGSeGSrJYFCYcmQjN/0ZDpigxfGoJJorZWxEZY4WJseksbQnEzGbirSawTtpXVe+6WmvWKvVank4RzuAcLsGDG6jDAzSgBQRG8AKv8Oakzrvz4XwuWgtOPnMKS3C+fgFDCZPn</latexit>

Q = 0



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

kinks
soliton

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

sine-Gordon equation:
<latexit sha1_base64="Y0CGQ1pzcx6gD08SQR7uIXJGRV8="></latexit>

@2
t '� @2

x' = ��� sin(�')

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�

breather

<latexit sha1_base64="LSxltNu6MJMxl1+2DL2n70vnVSc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QsLFM0HxAcoS9zV6yZHfv2N0TwpGfYKu1ndj6ayz9J24uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSb3c7/zTJVmkXwy05j6Ao8kCxnBxkqPzTt3UK64VTcDWideTiqQozEo//SHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT7aXbqDF1YZYjCSNmSBmXq34kUC62nIrCdApuxXvXm4n9eLzHhrZ8yGSeGSrJYFCYcmQjN/0ZDpigxfGoJJorZWxEZY4WJseksbQnEzGbirSawTtpXVe+6WmvWKvVank4RzuAcLsGDG6jDAzSgBQRG8AKv8Oakzrvz4XwuWgtOPnMKS3C+fgFDCZPn</latexit>

Q = 0



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighbouring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

topological charge
<latexit sha1_base64="oiUY1j0qyC9W7W4JxXSO2xlVshY="></latexit>

Q =

Z
dx q(x) =

Z
dx

�

2⇡
@x'(x) =

�

2⇡
['(x = +1)� '(x = �1)]

kinks
soliton

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

sine-Gordon equation:
<latexit sha1_base64="Y0CGQ1pzcx6gD08SQR7uIXJGRV8="></latexit>

@2
t '� @2

x' = ��� sin(�')

<latexit sha1_base64="VpP5gFU9exUVdXZm6c9HYBm4LEs=">AAACAnicbVDLSgMxFM3UV62vqks3wSJUkDIjpbosuHFZwT6gM5RMmmlDk0xIMsUydOc3uNW1O3Hrj7j0T0zbWdjWAxcO59zLuZxQMqqN6347uY3Nre2d/G5hb//g8Kh4fNLScaIwaeKYxaoTIk0YFaRpqGGkIxVBPGSkHY7uZn57TJSmsXg0E0kCjgaCRhQjYyXfHyMlh7T8dGUue8WSW3HngOvEy0gJZGj0ij9+P8YJJ8JghrTueq40QYqUoZiRacFPNJEIj9CAdC0ViBMdpPOfp/DCKn0YxcqOMHCu/r1IEdd6wkO7yZEZ6lVvJv7ndRMT3QYpFTIxROBFUJQwaGI4KwD2qSLYsIklCCtqf4V4iBTCxta0lBLyqe3EW21gnbSuK16tUnuolurVrJ08OAPnoAw8cAPq4B40QBNgIMELeAVvzrPz7nw4n4vVnJPdnIIlOF+/R1uX1A==</latexit>

'(x, t)

<latexit sha1_base64="jPKNdpjCVzLXEK5V8QI17CJUrvk="></latexit>

L =

Z
dx


1

2
(@t')

2 � 1

2
(@x')

2 + � cos(�')

�

breather

<latexit sha1_base64="LSxltNu6MJMxl1+2DL2n70vnVSc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QsLFM0HxAcoS9zV6yZHfv2N0TwpGfYKu1ndj6ayz9J24uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSb3c7/zTJVmkXwy05j6Ao8kCxnBxkqPzTt3UK64VTcDWideTiqQozEo//SHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT7aXbqDF1YZYjCSNmSBmXq34kUC62nIrCdApuxXvXm4n9eLzHhrZ8yGSeGSrJYFCYcmQjN/0ZDpigxfGoJJorZWxEZY4WJseksbQnEzGbirSawTtpXVe+6WmvWKvVank4RzuAcLsGDG6jDAzSgBQRG8AKv8Oakzrvz4XwuWgtOPnMKS3C+fgFDCZPn</latexit>

Q = 0



Quantum sine-Gordon



Quantum sine-Gordon

Quantum sG is also integrable



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles
<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorised scattering

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorised scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
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<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>
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Quantum sine-Gordon
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Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorised scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
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nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>
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8⇡ � �2Renormalised coupling:
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<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>
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Quantum sine-Gordon
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Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorised scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
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nB = b1/⇠c
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8⇡ � �2Renormalised coupling:
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Full Counting Statistics
We are interested in the full distribution (fluctuations) of integrated physical quantities

in equilibrium (GGE) states 
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We are interested in the full distribution (fluctuations) of integrated physical quantities

in equilibrium (GGE) states 

Charge in a finite interval:
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Full Counting Statistics
We are interested in the full distribution (fluctuations) of integrated physical quantities

in equilibrium (GGE) states 

Charge in a finite interval:
<latexit sha1_base64="IvBQpDgEdyWethpnH4dtU6I18cU="></latexit>
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�
= ?

Transported charge (integrated current):
<latexit sha1_base64="LT3WcUBG+h/80W3Rd6aQJww8rTI="></latexit>

P


X =

Z t

0
d⌧ j(0, ⌧)

�
= ?

Generalisation: path independent

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="8LCRroQuGKz6Yw1TyYU3SqiLxKA="></latexit>

P

"
X =

Z (x,t)

(0,0)
[dt0 j(x0, t0)� dx0 q(x0, t0)]

#
= ?



Full Counting Statistics
We are interested in the full distribution (fluctuations) of integrated physical quantities

in equilibrium (GGE) states 

Charge in a finite interval:
<latexit sha1_base64="IvBQpDgEdyWethpnH4dtU6I18cU="></latexit>

P


X =

Z x

0
dy q(y, 0)

�
= ?

Transported charge (integrated current):
<latexit sha1_base64="LT3WcUBG+h/80W3Rd6aQJww8rTI="></latexit>

P


X =

Z t

0
d⌧ j(0, ⌧)

�
= ?

Generalisation: path independent

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="8LCRroQuGKz6Yw1TyYU3SqiLxKA="></latexit>

P

"
X =

Z (x,t)

(0,0)
[dt0 j(x0, t0)� dx0 q(x0, t0)]

#
= ?

Moment generating function (full counting statistics):
<latexit sha1_base64="tTUfA+Rh3MYysJvYZhjj0L2dVFE="></latexit>

Cx,t(�) =
D
e�

R x,t
0,0 (dt j�dx q)

E

T,µ,...



Full Counting Statistics
We are interested in the full distribution (fluctuations) of integrated physical quantities

in equilibrium (GGE) states 

Charge in a finite interval:
<latexit sha1_base64="IvBQpDgEdyWethpnH4dtU6I18cU="></latexit>

P


X =

Z x

0
dy q(y, 0)

�
= ?

Transported charge (integrated current):
<latexit sha1_base64="LT3WcUBG+h/80W3Rd6aQJww8rTI="></latexit>

P


X =

Z t

0
d⌧ j(0, ⌧)

�
= ?

Generalisation: path independent

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="8LCRroQuGKz6Yw1TyYU3SqiLxKA="></latexit>

P

"
X =

Z (x,t)

(0,0)
[dt0 j(x0, t0)� dx0 q(x0, t0)]

#
= ?

Moment generating function (full counting statistics):
<latexit sha1_base64="tTUfA+Rh3MYysJvYZhjj0L2dVFE="></latexit>

Cx,t(�) =
D
e�

R x,t
0,0 (dt j�dx q)

E

T,µ,...

Topological charge in sine-Gordon: fluctuations of the field difference!
<latexit sha1_base64="1LxBRs9d47F4EyNr1NDC0IT4ZTE="></latexit>

Cx,t(�) =
D
e��['(x,t)�'(0,0)]

E

T,µ,...



Thermodynamic Bethe Ansatz (TBA)



Thermodynamic Bethe Ansatz (TBA)
<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a



Thermodynamic Bethe Ansatz (TBA)
<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

<latexit sha1_base64="14eOFzK1d/dBWZfzfb7wrfZckyU="></latexit>

⇢tota = ⇢ra + ⇢ha = ⌘a
Ma cosh ✓

2⇡
+

X

b

⌘a�ab ⇤ ⇢rb
<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)



Thermodynamic Bethe Ansatz (TBA)
<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a
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<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)

<latexit sha1_base64="/lbBgHXNQJfol/xeHlc07VsK4J8="></latexit>

⇢ =
e�H/T+µQ/T��1P+...

Z
Generalised Gibbs Ensemble (GGE):

ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

<latexit sha1_base64="TcJcVa/KLFKjm6f2/ub/NaB+fNE="></latexit>

✏a =
Ma cosh ✓

T
� µqa

T
+ �1

Ma sinh ✓

T
+ · · ·�

X

b

⌘b�ab ? log(1 + e�✏b)Pseudoenergy

M. Borsi et al., PRX '20

B. Pozsgay, PRL '20

<latexit sha1_base64="Xrv++TrXTq1pfKqZuxkwidlRi0U="></latexit>

hji =
X

a

Z
d✓⇢ra(✓)qa(✓)v

e↵
a (✓)

<latexit sha1_base64="RFx6OErHhXmYEAAxC8VJmivg8EE="></latexit>

hqi =
X

a

Z
d✓⇢ra(✓)qa(✓)



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="tBOlJHyizzDw+STda3L2fHFy4ko="></latexit>

f

T
= �

X

a

Z
d✓

2⇡
⌘aMa cosh(✓) log

⇣
1 + e�✏a(✓)

⌘
(Generalised) free energy density:

Filling fraction
<latexit sha1_base64="AeZf8HyxdvJepl9AhooUy5Fnp5E="></latexit>

#a(✓) =
⇢ra(✓)

⇢tota (✓)
=

1

1 + e✏a(✓)

<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

<latexit sha1_base64="14eOFzK1d/dBWZfzfb7wrfZckyU="></latexit>

⇢tota = ⇢ra + ⇢ha = ⌘a
Ma cosh ✓

2⇡
+

X

b

⌘a�ab ⇤ ⇢rb
<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)

<latexit sha1_base64="/lbBgHXNQJfol/xeHlc07VsK4J8="></latexit>

⇢ =
e�H/T+µQ/T��1P+...

Z
Generalised Gibbs Ensemble (GGE):

<latexit sha1_base64="3DVocoqdJuQY3YICOcwf1s1AjZs="></latexit>

qdra (✓) = qa(✓) +
X

b

⌘b�ab ? (#q
dr
a )Dressing operation

<latexit sha1_base64="LrddoRSg2QfIMv7lD/m5iPCA5/4="></latexit>

q(k),dra (✓) =
@✏a(✓)

@�k

ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

<latexit sha1_base64="TcJcVa/KLFKjm6f2/ub/NaB+fNE="></latexit>

✏a =
Ma cosh ✓

T
� µqa

T
+ �1

Ma sinh ✓

T
+ · · ·�

X

b

⌘b�ab ? log(1 + e�✏b)Pseudoenergy

M. Borsi et al., PRX '20

B. Pozsgay, PRL '20

<latexit sha1_base64="Xrv++TrXTq1pfKqZuxkwidlRi0U="></latexit>

hji =
X

a

Z
d✓⇢ra(✓)qa(✓)v

e↵
a (✓)

<latexit sha1_base64="RFx6OErHhXmYEAAxC8VJmivg8EE="></latexit>

hqi =
X

a

Z
d✓⇢ra(✓)qa(✓)



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="tBOlJHyizzDw+STda3L2fHFy4ko="></latexit>

f

T
= �

X

a

Z
d✓

2⇡
⌘aMa cosh(✓) log

⇣
1 + e�✏a(✓)

⌘
(Generalised) free energy density:

Filling fraction
<latexit sha1_base64="AeZf8HyxdvJepl9AhooUy5Fnp5E="></latexit>

#a(✓) =
⇢ra(✓)

⇢tota (✓)
=

1

1 + e✏a(✓)

<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

<latexit sha1_base64="14eOFzK1d/dBWZfzfb7wrfZckyU="></latexit>

⇢tota = ⇢ra + ⇢ha = ⌘a
Ma cosh ✓

2⇡
+

X

b

⌘a�ab ⇤ ⇢rb
<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)

<latexit sha1_base64="/lbBgHXNQJfol/xeHlc07VsK4J8="></latexit>

⇢ =
e�H/T+µQ/T��1P+...

Z
Generalised Gibbs Ensemble (GGE):

<latexit sha1_base64="3DVocoqdJuQY3YICOcwf1s1AjZs="></latexit>

qdra (✓) = qa(✓) +
X

b

⌘b�ab ? (#q
dr
a )Dressing operation

<latexit sha1_base64="LrddoRSg2QfIMv7lD/m5iPCA5/4="></latexit>

q(k),dra (✓) =
@✏a(✓)

@�k

ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

GHD

<latexit sha1_base64="TcJcVa/KLFKjm6f2/ub/NaB+fNE="></latexit>

✏a =
Ma cosh ✓

T
� µqa

T
+ �1

Ma sinh ✓

T
+ · · ·�

X

b

⌘b�ab ? log(1 + e�✏b)Pseudoenergy

M. Borsi et al., PRX '20

B. Pozsgay, PRL '20

<latexit sha1_base64="Xrv++TrXTq1pfKqZuxkwidlRi0U="></latexit>

hji =
X

a

Z
d✓⇢ra(✓)qa(✓)v

e↵
a (✓)

<latexit sha1_base64="RFx6OErHhXmYEAAxC8VJmivg8EE="></latexit>

hqi =
X

a

Z
d✓⇢ra(✓)qa(✓)



Ballistic Fluctuation Theory
J. Myers et al., ’20; Doyon, Myers '20

For large
<latexit sha1_base64="KCp0QF9Uv2thJKjuXrWstn3NG8E=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgEcJdkGgZsLGM4CWB5Ah7m71kye7esbsnhnC/wVZrO7H1x1j6T9wkV2jig4HHezPMzAsTzrRx3S+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR27nceqdIslg9mmtBA4JFkESPYWMl/qvarZlCuuDV3AbROvJxUIEdrUP7uD2OSCioN4VjrnucmJphhZRjhNCv1U00TTCZ4RHuWSiyoDmaLYzN0YZUhimJlSxq0UH9PzLDQeipC2ymwGetVby7+5/VSE90EMyaT1FBJlouilCMTo/nnaMgUJYZPLcFEMXsrImOsMDE2nz9bQpHZTLzVBNZJu17zGrXG/VWlWc/TKcIZnMMleHANTbiDFvhAgMEzvMCrkzlvzrvzsWwtOPnMKfyB8/kD80GU3Q==</latexit>

x, t



Ballistic Fluctuation Theory
J. Myers et al., ’20; Doyon, Myers '20

For large
<latexit sha1_base64="KCp0QF9Uv2thJKjuXrWstn3NG8E=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgEcJdkGgZsLGM4CWB5Ah7m71kye7esbsnhnC/wVZrO7H1x1j6T9wkV2jig4HHezPMzAsTzrRx3S+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR27nceqdIslg9mmtBA4JFkESPYWMl/qvarZlCuuDV3AbROvJxUIEdrUP7uD2OSCioN4VjrnucmJphhZRjhNCv1U00TTCZ4RHuWSiyoDmaLYzN0YZUhimJlSxq0UH9PzLDQeipC2ymwGetVby7+5/VSE90EMyaT1FBJlouilCMTo/nnaMgUJYZPLcFEMXsrImOsMDE2nz9bQpHZTLzVBNZJu17zGrXG/VWlWc/TKcIZnMMleHANTbiDFvhAgMEzvMCrkzlvzrvzsWwtOPnMKfyB8/kD80GU3Q==</latexit>

x, t

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2
<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="JmgjcwIi3GXdpuuTnrr2vcuqKq4="></latexit>

C(�) =
D
e�

R (x,t)
(0,0)

[dt0 j(x0,t0)�dx0 q(x0,t0)]
E
⇣ e`F↵(�)



Ballistic Fluctuation Theory

: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

J. Myers et al., ’20; Doyon, Myers '20

For large
<latexit sha1_base64="KCp0QF9Uv2thJKjuXrWstn3NG8E=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgEcJdkGgZsLGM4CWB5Ah7m71kye7esbsnhnC/wVZrO7H1x1j6T9wkV2jig4HHezPMzAsTzrRx3S+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR27nceqdIslg9mmtBA4JFkESPYWMl/qvarZlCuuDV3AbROvJxUIEdrUP7uD2OSCioN4VjrnucmJphhZRjhNCv1U00TTCZ4RHuWSiyoDmaLYzN0YZUhimJlSxq0UH9PzLDQeipC2ymwGetVby7+5/VSE90EMyaT1FBJlouilCMTo/nnaMgUJYZPLcFEMXsrImOsMDE2nz9bQpHZTLzVBNZJu17zGrXG/VWlWc/TKcIZnMMleHANTbiDFvhAgMEzvMCrkzlvzrvzsWwtOPnMKfyB8/kD80GU3Q==</latexit>

x, t

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2
<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="JmgjcwIi3GXdpuuTnrr2vcuqKq4="></latexit>

C(�) =
D
e�

R (x,t)
(0,0)

[dt0 j(x0,t0)�dx0 q(x0,t0)]
E
⇣ e`F↵(�)

Scaled cumulants:
All cumulants scale extensively

<latexit sha1_base64="ZoQLw5u7sbL3FjyAk9jLZm5XyKc="></latexit>

cn(↵) =
1

`
hXnic =

dnF↵(�)

d�n

����
�=0



Ballistic Fluctuation Theory

: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

J. Myers et al., ’20; Doyon, Myers '20

For large
<latexit sha1_base64="KCp0QF9Uv2thJKjuXrWstn3NG8E=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgEcJdkGgZsLGM4CWB5Ah7m71kye7esbsnhnC/wVZrO7H1x1j6T9wkV2jig4HHezPMzAsTzrRx3S+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR27nceqdIslg9mmtBA4JFkESPYWMl/qvarZlCuuDV3AbROvJxUIEdrUP7uD2OSCioN4VjrnucmJphhZRjhNCv1U00TTCZ4RHuWSiyoDmaLYzN0YZUhimJlSxq0UH9PzLDQeipC2ymwGetVby7+5/VSE90EMyaT1FBJlouilCMTo/nnaMgUJYZPLcFEMXsrImOsMDE2nz9bQpHZTLzVBNZJu17zGrXG/VWlWc/TKcIZnMMleHANTbiDFvhAgMEzvMCrkzlvzrvzsWwtOPnMKfyB8/kD80GU3Q==</latexit>

x, t

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2
<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="JmgjcwIi3GXdpuuTnrr2vcuqKq4="></latexit>

C(�) =
D
e�

R (x,t)
(0,0)

[dt0 j(x0,t0)�dx0 q(x0,t0)]
E
⇣ e`F↵(�)

<latexit sha1_base64="e1F4aVz5VJ7qDaDLvpNYNDVbYsc="></latexit>

F↵(�) =

Z �

0
d�̄ (cos↵ j�̄ � sin↵ q�̄)

<latexit sha1_base64="yXcQkI7UJ4s1H64cIJnEVNeSabE="></latexit>

@�̄✏�̄(✓) = sgn
�
sin↵� cos↵ ve↵�̄ (✓)

�
qdr�̄ (✓)Flow in the space of GGE-s:

Scaled cumulants:
All cumulants scale extensively

<latexit sha1_base64="ZoQLw5u7sbL3FjyAk9jLZm5XyKc="></latexit>

cn(↵) =
1

`
hXnic =

dnF↵(�)

d�n

����
�=0



Ballistic Fluctuation Theory

: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

J. Myers et al., ’20; Doyon, Myers '20

For large
<latexit sha1_base64="KCp0QF9Uv2thJKjuXrWstn3NG8E=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgEcJdkGgZsLGM4CWB5Ah7m71kye7esbsnhnC/wVZrO7H1x1j6T9wkV2jig4HHezPMzAsTzrRx3S+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR27nceqdIslg9mmtBA4JFkESPYWMl/qvarZlCuuDV3AbROvJxUIEdrUP7uD2OSCioN4VjrnucmJphhZRjhNCv1U00TTCZ4RHuWSiyoDmaLYzN0YZUhimJlSxq0UH9PzLDQeipC2ymwGetVby7+5/VSE90EMyaT1FBJlouilCMTo/nnaMgUJYZPLcFEMXsrImOsMDE2nz9bQpHZTLzVBNZJu17zGrXG/VWlWc/TKcIZnMMleHANTbiDFvhAgMEzvMCrkzlvzrvzsWwtOPnMKfyB8/kD80GU3Q==</latexit>

x, t

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2
<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)
<latexit sha1_base64="JmgjcwIi3GXdpuuTnrr2vcuqKq4="></latexit>

C(�) =
D
e�

R (x,t)
(0,0)

[dt0 j(x0,t0)�dx0 q(x0,t0)]
E
⇣ e`F↵(�)

<latexit sha1_base64="e1F4aVz5VJ7qDaDLvpNYNDVbYsc="></latexit>

F↵(�) =

Z �

0
d�̄ (cos↵ j�̄ � sin↵ q�̄)

<latexit sha1_base64="yXcQkI7UJ4s1H64cIJnEVNeSabE="></latexit>

@�̄✏�̄(✓) = sgn
�
sin↵� cos↵ ve↵�̄ (✓)

�
qdr�̄ (✓)Flow in the space of GGE-s:

Scaled cumulants:
All cumulants scale extensively

<latexit sha1_base64="ZoQLw5u7sbL3FjyAk9jLZm5XyKc="></latexit>

cn(↵) =
1

`
hXnic =

dnF↵(�)

d�n

����
�=0

Explicit expressions for cumulants

<latexit sha1_base64="ZMpl7h55H8aceDtoEqEoFO6n6Fs="></latexit>

c3(↵) =
X

a

Z
d✓ ⇢ra(1� #a)

��cos↵ ve↵a � sin↵
�� qdra

h
3
�
s(1� #a)(q

dr
a )2

�dr
+ ⌘as(#a � 2)(qdra )2

i

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



Semiclassical limit
G. Del Vecchio , MK, A. Bastianello, B. Doyon, PRL '232

<latexit sha1_base64="YEybczKVlTFVk/G1fnBRxHHIRX8=">AAAB/3icbVA9SwNBEN2LXzF+RS1tFoNgFe4kRMuAjWUE8yG5I+xt9pIlu3vH7pwQjhT+Blut7cTWn2LpP3GTXGESHww83pthZl6YCG7Adb+dwsbm1vZOcbe0t39weFQ+PmmbONWUtWgsYt0NiWGCK9YCDoJ1E82IDAXrhOPbmd95YtrwWD3AJGGBJEPFI04JWOnRDxkQH2K3X664VXcOvE68nFRQjma//OMPYppKpoAKYkzPcxMIMqKBU8GmJT81LCF0TIasZ6kikpkgmx88xRdWGeAo1rYU4Ln6dyIj0piJDG2nJDAyq95M/M/rpRDdBBlXSQpM0cWiKBUYYjz7Hg+4ZhTExBJCNbe3YjoimlCwGS1tCeXUZuKtJrBO2ldVr16t39cqjVqeThGdoXN0iTx0jRroDjVRC1Ek0Qt6RW/Os/PufDifi9aCk8+coiU4X79fK5bO</latexit>

� ! 0 weak coupling limit



Semiclassical limit
G. Del Vecchio , MK, A. Bastianello, B. Doyon, PRL '232

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2Equal time (         )

<latexit sha1_base64="YEybczKVlTFVk/G1fnBRxHHIRX8=">AAAB/3icbVA9SwNBEN2LXzF+RS1tFoNgFe4kRMuAjWUE8yG5I+xt9pIlu3vH7pwQjhT+Blut7cTWn2LpP3GTXGESHww83pthZl6YCG7Adb+dwsbm1vZOcbe0t39weFQ+PmmbONWUtWgsYt0NiWGCK9YCDoJ1E82IDAXrhOPbmd95YtrwWD3AJGGBJEPFI04JWOnRDxkQH2K3X664VXcOvE68nFRQjma//OMPYppKpoAKYkzPcxMIMqKBU8GmJT81LCF0TIasZ6kikpkgmx88xRdWGeAo1rYU4Ln6dyIj0piJDG2nJDAyq95M/M/rpRDdBBlXSQpM0cWiKBUYYjz7Hg+4ZhTExBJCNbe3YjoimlCwGS1tCeXUZuKtJrBO2ldVr16t39cqjVqeThGdoXN0iTx0jRroDjVRC1Ek0Qt6RW/Os/PufDifi9aCk8+coiU4X79fK5bO</latexit>

� ! 0 weak coupling limit

thermal equilibrium (canonical ensemble)



Semiclassical limit
G. Del Vecchio , MK, A. Bastianello, B. Doyon, PRL '232

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2Equal time (         ) Space-time direction (  ) dependence<latexit sha1_base64="fNNSYIDrGsjO8vZ8YUcm9XxaiQ8=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWEYwH5AcYW6zl6zZ2zt294RwxN9gq7Wd2PpfLP0nbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo9up33piSvNYPphxwvwIB5KHnKKxUrOLIhlir1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbthJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ30uWLUiLElSBW3txI6RIXU2IAWtgTRxGbiLSewSpqXFe+qUr2vlmvVPJ0CnMIZXIAH11CDO6hDAyg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y9MSpWp</latexit>↵

<latexit sha1_base64="YEybczKVlTFVk/G1fnBRxHHIRX8=">AAAB/3icbVA9SwNBEN2LXzF+RS1tFoNgFe4kRMuAjWUE8yG5I+xt9pIlu3vH7pwQjhT+Blut7cTWn2LpP3GTXGESHww83pthZl6YCG7Adb+dwsbm1vZOcbe0t39weFQ+PmmbONWUtWgsYt0NiWGCK9YCDoJ1E82IDAXrhOPbmd95YtrwWD3AJGGBJEPFI04JWOnRDxkQH2K3X664VXcOvE68nFRQjma//OMPYppKpoAKYkzPcxMIMqKBU8GmJT81LCF0TIasZ6kikpkgmx88xRdWGeAo1rYU4Ln6dyIj0piJDG2nJDAyq95M/M/rpRDdBBlXSQpM0cWiKBUYYjz7Hg+4ZhTExBJCNbe3YjoimlCwGS1tCeXUZuKtJrBO2ldVr16t39cqjVqeThGdoXN0iTx0jRroDjVRC1Ek0Qt6RW/Os/PufDifi9aCk8+coiU4X79fK5bO</latexit>

� ! 0 weak coupling limit

thermal equilibrium (canonical ensemble)



2nd cumulants

Generic coupling
<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



2nd cumulants

Generic coupling

Energy

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2
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c 2
e

<latexit sha1_base64="woVDv2dx7r+hiQLKp22YobEWJyw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVi9CwYsXoUK/oA1ls920azebsLsRSqi/wauevYlX/4tH/4nbNgfb+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR7dRvPVGpWCTqehxTL8QDwQJGsDZSs37j2Jf3vWLJsZ0Z0CpxM1KCDLVe8afbj0gSUqEJx0p1XCfWXoqlZoTTSaGbKBpjMsID2jFU4JAqL51dO0FnRumjIJKmhEYz9e9EikOlxqFvOkOsh2rZm4r/eZ1EB9deykScaCrIfFGQcKQjNH0d9ZmkRPOxIZhIZm5FZIglJtoEtLDFDycmE3c5gVXSvLDdil15KJeq5SydPJzAKZyDC1dQhTuoQQMIPMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXz0qUug==</latexit>

T = 0.5M

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



2nd cumulants

Generic coupling

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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Energy

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>
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<latexit sha1_base64="woVDv2dx7r+hiQLKp22YobEWJyw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVi9CwYsXoUK/oA1ls920azebsLsRSqi/wauevYlX/4tH/4nbNgfb+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR7dRvPVGpWCTqehxTL8QDwQJGsDZSs37j2Jf3vWLJsZ0Z0CpxM1KCDLVe8afbj0gSUqEJx0p1XCfWXoqlZoTTSaGbKBpjMsID2jFU4JAqL51dO0FnRumjIJKmhEYz9e9EikOlxqFvOkOsh2rZm4r/eZ1EB9deykScaCrIfFGQcKQjNH0d9ZmkRPOxIZhIZm5FZIglJtoEtLDFDycmE3c5gVXSvLDdil15KJeq5SydPJzAKZyDC1dQhTuoQQMIPMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXz0qUug==</latexit>

T = 0.5M

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



2nd cumulants

Generic coupling

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>
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<latexit sha1_base64="woVDv2dx7r+hiQLKp22YobEWJyw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVi9CwYsXoUK/oA1ls920azebsLsRSqi/wauevYlX/4tH/4nbNgfb+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR7dRvPVGpWCTqehxTL8QDwQJGsDZSs37j2Jf3vWLJsZ0Z0CpxM1KCDLVe8afbj0gSUqEJx0p1XCfWXoqlZoTTSaGbKBpjMsID2jFU4JAqL51dO0FnRumjIJKmhEYz9e9EikOlxqFvOkOsh2rZm4r/eZ1EB9deykScaCrIfFGQcKQjNH0d9ZmkRPOxIZhIZm5FZIglJtoEtLDFDycmE3c5gVXSvLDdil15KJeq5SydPJzAKZyDC1dQhTuoQQMIPMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXz0qUug==</latexit>

T = 0.5M

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



2nd cumulants

Generic coupling

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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<latexit sha1_base64="woVDv2dx7r+hiQLKp22YobEWJyw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVi9CwYsXoUK/oA1ls920azebsLsRSqi/wauevYlX/4tH/4nbNgfb+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR7dRvPVGpWCTqehxTL8QDwQJGsDZSs37j2Jf3vWLJsZ0Z0CpxM1KCDLVe8afbj0gSUqEJx0p1XCfWXoqlZoTTSaGbKBpjMsID2jFU4JAqL51dO0FnRumjIJKmhEYz9e9EikOlxqFvOkOsh2rZm4r/eZ1EB9deykScaCrIfFGQcKQjNH0d9ZmkRPOxIZhIZm5FZIglJtoEtLDFDycmE3c5gVXSvLDdil15KJeq5SydPJzAKZyDC1dQhTuoQQMIPMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXz0qUug==</latexit>

T = 0.5M

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



2nd cumulants

Generic coupling

Fractal (popcorn)!

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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<latexit sha1_base64="woVDv2dx7r+hiQLKp22YobEWJyw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikVi9CwYsXoUK/oA1ls920azebsLsRSqi/wauevYlX/4tH/4nbNgfb+mDg8d4MM/P8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR7dRvPVGpWCTqehxTL8QDwQJGsDZSs37j2Jf3vWLJsZ0Z0CpxM1KCDLVe8afbj0gSUqEJx0p1XCfWXoqlZoTTSaGbKBpjMsID2jFU4JAqL51dO0FnRumjIJKmhEYz9e9EikOlxqFvOkOsh2rZm4r/eZ1EB9deykScaCrIfFGQcKQjNH0d9ZmkRPOxIZhIZm5FZIglJtoEtLDFDycmE3c5gVXSvLDdil15KJeq5SydPJzAKZyDC1dQhTuoQQMIPMILvMKb9Wy9Wx/W57w1Z2Uzx7AA6+sXz0qUug==</latexit>

T = 0.5M

<latexit sha1_base64="Qh+rfZTumwfV+G54tK11gzv2WKM="></latexit>

c2(↵) =
X

a

Z
d✓ ⇢ra(✓)(1� #a(✓))

��cos↵ ve↵a � sin↵
�� qdra (✓)2



Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i
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0

BB@
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|++i
|+�i
|�+i
|��i



<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i

S =

0

BB@
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0 ST SR 0
0 0 0 S0

1

CCA

|++i
|+�i
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|��i



  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i

S =

0

BB@
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1

CCA
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|��i



  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnonic part of (nested) Bethe Ansatz coincides with that of the gapless XXZ spin chain

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i

S =

0

BB@

S0 0 0 0
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0 ST SR 0
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  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnonic part of (nested) Bethe Ansatz coincides with that of the gapless XXZ spin chain

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i

S =

0

BB@

S0 0 0 0
0 SR ST 0
0 ST SR 0
0 0 0 S0

1

CCA

|++i
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|�+i
|��i

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="6LZelXlAeYiTjsi4YAbAvns/pwM=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKbUboeDGZQV7gU4tmTTThiaZIcmIZejWh/AZ3Oranbh159I3MdOOYFt/CPz5zzmc5PMjRpV2nC9rZXVtfWMzt5Xf3tnd27cPDpsqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aOrtN66J1LRUNzqcUS6HA0EDShG2kQ9G3oP9NILJMKJ5xON7kqTpOpF9Pz31rMLTtGZCi4bNzMFkKnes7+9fohjToTGDCnVcZ1IdxMkNcWMTPJerEiE8AgNSMdYgThR3WT6kwk8NUkfBqE0R2g4Tf9OJIgrNea+6eRID9ViLQ3/q3ViHVS7CRVRrInAs0VBzKAOYYoF9qkkWLOxMQhLat4K8RAZLNrAm9vi85SJu0hg2TRLRbdSrNyUC7VyRicHjsEJOAMuuAA1cA3qoAEweATP4AW8Wk/Wm/VufcxaV6xs5gjMyfr8AXwZoIo=</latexit>

⇠ =
�2

8⇡ � �2



  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnonic part of (nested) Bethe Ansatz coincides with that of the gapless XXZ spin chain

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>
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<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="6LZelXlAeYiTjsi4YAbAvns/pwM=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKbUboeDGZQV7gU4tmTTThiaZIcmIZejWh/AZ3Oranbh159I3MdOOYFt/CPz5zzmc5PMjRpV2nC9rZXVtfWMzt5Xf3tnd27cPDpsqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aOrtN66J1LRUNzqcUS6HA0EDShG2kQ9G3oP9NILJMKJ5xON7kqTpOpF9Pz31rMLTtGZCi4bNzMFkKnes7+9fohjToTGDCnVcZ1IdxMkNcWMTPJerEiE8AgNSMdYgThR3WT6kwk8NUkfBqE0R2g4Tf9OJIgrNea+6eRID9ViLQ3/q3ViHVS7CRVRrInAs0VBzKAOYYoF9qkkWLOxMQhLat4K8RAZLNrAm9vi85SJu0hg2TRLRbdSrNyUC7VyRicHjsEJOAMuuAA1cA3qoAEweATP4AW8Wk/Wm/VufcxaV6xs5gjMyfr8AXwZoIo=</latexit>

⇠ =
�2

8⇡ � �2



  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnonic part of (nested) Bethe Ansatz coincides with that of the gapless XXZ spin chain

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>
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<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="6LZelXlAeYiTjsi4YAbAvns/pwM=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKbUboeDGZQV7gU4tmTTThiaZIcmIZejWh/AZ3Oranbh159I3MdOOYFt/CPz5zzmc5PMjRpV2nC9rZXVtfWMzt5Xf3tnd27cPDpsqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aOrtN66J1LRUNzqcUS6HA0EDShG2kQ9G3oP9NILJMKJ5xON7kqTpOpF9Pz31rMLTtGZCi4bNzMFkKnes7+9fohjToTGDCnVcZ1IdxMkNcWMTPJerEiE8AgNSMdYgThR3WT6kwk8NUkfBqE0R2g4Tf9OJIgrNea+6eRID9ViLQ3/q3ViHVS7CRVRrInAs0VBzKAOYYoF9qkkWLOxMQhLat4K8RAZLNrAm9vi85SJu0hg2TRLRbdSrNyUC7VyRicHjsEJOAMuuAA1cA3qoAEweATP4AW8Wk/Wm/VufcxaV6xs5gjMyfr8AXwZoIo=</latexit>

⇠ =
�2

8⇡ � �2



  auxiliary particles having zero (bare) momentum and energy but nonzero charge

<latexit sha1_base64="azQNU705V5ph+k4Hcmkjcm71lJE=">AAACAXicbVC7SgNBFJ2NrxhfUUubwSDYGHZDUBshYGMVEjAP2CzL7GSSDJnHMjMrhCWV32CrtZ3Y+iWW/omTZAuTeODC4Zx7ufeeKGZUG9f9dnIbm1vbO/ndwt7+weFR8fikrWWiMGlhyaTqRkgTRgVpGWoY6caKIB4x0onG9zO/80SUplI8mklMAo6Ggg4oRsZKfvOuHuqrCqyHPCyW3LI7B1wnXkZKIEMjLP70+hInnAiDGdLa99zYBClShmJGpoVeokmM8BgNiW+pQJzoIJ2fPIUXVunDgVS2hIFz9e9EirjWEx7ZTo7MSK96M/E/z0/M4DZIqYgTQwReLBokDBoJZ//DPlUEGzaxBGFF7a0Qj5BC2NiUlrZEfGoz8VYTWCftStm7Lleb1VKtmqWTB2fgHFwCD9yAGngADdACGEjwAl7Bm/PsvDsfzueiNedkM6dgCc7XL3gelsA=</latexit>

Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state

Magnonic part of (nested) Bethe Ansatz coincides with that of the gapless XXZ spin chain

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

  kink,     breathers,     magnon species.<latexit sha1_base64="yghbe+4QNa2qe90PxJ6TFuCho7w=">AAAB+XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWNF+wHtUrJptg1NskuSFcrSn+BVz97Eq7/Go//EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDf1W89MGx6rJztOWCDJQPGIU2Kd9Kh6t71S2at4M+BV4uekDDnqvdJPtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gc6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5mXFv6pUH6rlWjVPpwCncAYX4MM11OAe6tAACgN4gVd4Qxl6Rx/oc966hvKZE1gA+voFwuiUOA==</latexit>nB
<latexit sha1_base64="mrmlqifl2tJVbdwIevgIdYUKKJw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2g9ol5JNs21okl2SrFCW/gSvevYmXv01Hv0npu0ebOuDgcd7M8zMCxPBjfW8b1TY2Nza3inulvb2Dw6PyscnLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8d3Mbz8zbXisnuwkYYEkQ8UjTol10qPqy3654lW9OfA68XNSgRyNfvmnN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjmp07xhVMGOIq1K2XxXP07kRFpzESGrlMSOzKr3kz8z+umNroNMq6S1DJFF4uiVGAb49nfeMA1o1ZMHCFUc3crpiOiCbUunaUtoZy6TPzVBNZJ66rqX1drD7VKvZanU4QzOIdL8OEG6nAPDWgChSG8wCu8oQy9ow/0uWgtoHzmFJaAvn4BBqiUYw==</latexit>nm

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="5d2PvnKGvfkfnZrHP3eObF+hFSk=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EghePFewHtEvJptk2NMmuSVYoa/+CVz17E6/+GY/+E7PtHmzrg4HHezPMzAtizrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3md96okqzSD6YcUx9gQeShYxgk0mPN+der1R2K+4UaJl4OSlDjnqv9NPtRyQRVBrCsdYdz42Nn2JlGOF0UuwmmsaYjPCAdiyVWFDtp9NbJ+jUKn0URsqWNGiq/p1IsdB6LALbKbAZ6kUvE//zOokJr/2UyTgxVJLZojDhyEQoexz1maLE8LElmChmb0VkiBUmxsYztyUQE5uJt5jAMmleVLzLSvW+Wq5V83QKcAwncAYeXEEN7qAODSAwhBd4hTfn2Xl3PpzPWeuKk88cwRycr1/gvZQ9</latexit>

q = +1
<latexit sha1_base64="dkTZovqo78EHJTjykZ1O8OWIGMU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1HQH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxipk0U=</latexit>

0
<latexit sha1_base64="VXAMb8VtsWdYjeDs4zEDOr6xMic=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLQS0DNpYRzAckR9jbzCVL9vaO3T0hhIC/wVZrO7H1r1j6T9wkV5jEBwOP92aYmRckgmvjut9ObmNza3snv1vY2z84PCoenzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqb+a0nVJrH8tGME/QjOpA85IwaK7WvKl0Uokd7xZJbducg68TLSAky1HvFn24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzO+dkgur9EkYK1vSkLn6d2JCI63HUWA7I2qGetWbif95ndSEt/6EyyQ1KNliUZgKYmIye570uUJmxNgSyhS3txI2pIoyYyNa2hJEU5uJt5rAOmlWyt51ufpQLdWqWTp5OINzuAQPbqAG91CHBjAQ8AKv8OY8O+/Oh/O5aM052cwpLMH5+gUgHZYT</latexit>

�2`a

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

Magnons

Scattering of solitons and antisolitons is non-diagonal!

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>

|++i |+�i |�+i |��i

S =

0

BB@

S0 0 0 0
0 SR ST 0
0 ST SR 0
0 0 0 S0

1

CCA

|++i
|+�i
|�+i
|��i

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="6LZelXlAeYiTjsi4YAbAvns/pwM=">AAACGHicbZDLSgMxFIYzXmu9jbp0EyyCG8tMKbUboeDGZQV7gU4tmTTThiaZIcmIZejWh/AZ3Oranbh159I3MdOOYFt/CPz5zzmc5PMjRpV2nC9rZXVtfWMzt5Xf3tnd27cPDpsqjCUmDRyyULZ9pAijgjQ01Yy0I0kQ9xlp+aOrtN66J1LRUNzqcUS6HA0EDShG2kQ9G3oP9NILJMKJ5xON7kqTpOpF9Pz31rMLTtGZCi4bNzMFkKnes7+9fohjToTGDCnVcZ1IdxMkNcWMTPJerEiE8AgNSMdYgThR3WT6kwk8NUkfBqE0R2g4Tf9OJIgrNea+6eRID9ViLQ3/q3ViHVS7CRVRrInAs0VBzKAOYYoF9qkkWLOxMQhLat4K8RAZLNrAm9vi85SJu0hg2TRLRbdSrNyUC7VyRicHjsEJOAMuuAA1cA3qoAEweATP4AW8Wk/Wm/VufcxaV6xs5gjMyfr8AXwZoIo=</latexit>

⇠ =
�2

8⇡ � �2



↵ = 5⇡/36
<latexit sha1_base64="kMMlwUQ7LCTBiat6vJInOm00Zt0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4ijMal4sQ8OIxglkgM4aaTk/SpKen6e5RwpD/8OJBEa/+izf/xs5y0MQHBY/3qqiqF0rOtHHdbye3tLyyupZfL2xsbm3vFHf3GjpJFaF1kvBEtULQlDNB64YZTltSUYhDTpvh4GbsNx+p0iwR92YoaRBDT7CIETBWevCByz5cn/uSnZxddIolt+xOgBeJNyMlNEOtU/zyuwlJYyoM4a B123OlCTJQhhFORwU/1VQCGUCPti0VEFMdZJOrR/jIKl0cJcqWMHii/p7IINZ6GIe2MwbT1/PeWPzPa6cmugoyJmRqqCDTRVHKsUnwOALcZYoSw4eWAFHM3opJHxQQY4Mq2BC8+ZcXSeO07Hll765SqlZmceTRATpEx8hDl6iKblEN1RFBCj2jV/TmPDkvzrvzMW3NObOZffQHzucPMl+Rmg==</latexit><latexit sha1_base64="kMMlwUQ7LCTBiat6vJInOm00Zt0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4ijMal4sQ8OIxglkgM4aaTk/SpKen6e5RwpD/8OJBEa/+izf/xs5y0MQHBY/3qqiqF0rOtHHdbye3tLyyupZfL2xsbm3vFHf3GjpJFaF1kvBEtULQlDNB64YZTltSUYhDTpvh4GbsNx+p0iwR92YoaRBDT7CIETBWevCByz5cn/uSnZxddIolt+xOgBeJNyMlNEOtU/zyuwlJYyoM4a B123OlCTJQhhFORwU/1VQCGUCPti0VEFMdZJOrR/jIKl0cJcqWMHii/p7IINZ6GIe2MwbT1/PeWPzPa6cmugoyJmRqqCDTRVHKsUnwOALcZYoSw4eWAFHM3opJHxQQY4Mq2BC8+ZcXSeO07Hll765SqlZmceTRATpEx8hDl6iKblEN1RFBCj2jV/TmPDkvzrvzMW3NObOZffQHzucPMl+Rmg==</latexit><latexit sha1_base64="kMMlwUQ7LCTBiat6vJInOm00Zt0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4ijMal4sQ8OIxglkgM4aaTk/SpKen6e5RwpD/8OJBEa/+izf/xs5y0MQHBY/3qqiqF0rOtHHdbye3tLyyupZfL2xsbm3vFHf3GjpJFaF1kvBEtULQlDNB64YZTltSUYhDTpvh4GbsNx+p0iwR92YoaRBDT7CIETBWevCByz5cn/uSnZxddIolt+xOgBeJNyMlNEOtU/zyuwlJYyoM4a B123OlCTJQhhFORwU/1VQCGUCPti0VEFMdZJOrR/jIKl0cJcqWMHii/p7IINZ6GIe2MwbT1/PeWPzPa6cmugoyJmRqqCDTRVHKsUnwOALcZYoSw4eWAFHM3opJHxQQY4Mq2BC8+ZcXSeO07Hll765SqlZmceTRATpEx8hDl6iKblEN1RFBCj2jV/TmPDkvzrvzMW3NObOZffQHzucPMl+Rmg==</latexit><latexit sha1_base64="kMMlwUQ7LCTBiat6vJInOm00Zt0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4ijMal4sQ8OIxglkgM4aaTk/SpKen6e5RwpD/8OJBEa/+izf/xs5y0MQHBY/3qqiqF0rOtHHdbye3tLyyupZfL2xsbm3vFHf3GjpJFaF1kvBEtULQlDNB64YZTltSUYhDTpvh4GbsNx+p0iwR92YoaRBDT7CIETBWevCByz5cn/uSnZxddIolt+xOgBeJNyMlNEOtU/zyuwlJYyoM4a B123OlCTJQhhFORwU/1VQCGUCPti0VEFMdZJOrR/jIKl0cJcqWMHii/p7IINZ6GIe2MwbT1/PeWPzPa6cmugoyJmRqqCDTRVHKsUnwOALcZYoSw4eWAFHM3opJHxQQY4Mq2BC8+ZcXSeO07Hll765SqlZmceTRATpEx8hDl6iKblEN1RFBCj2jV/TmPDkvzrvzMW3NObOZffQHzucPMl+Rmg==</latexit>

↵ = 7⇡/36
<latexit sha1_base64="2VG7T5fEzDxCAcd0K4sfiUg0mlk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe5qMF6EgBePEcwDsmvoncwmQ2Znh5lZJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFUrOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpJFaENkvBEtUPQlDNBG4YZTttSUYhDTlvh8Gbitx6p0iwR92YkaRBDX7CIETBWevCBywFcV33Jzi4uu8WSW3anwMvEm5MSmqPeLX75vYSkMRWGcN C647nSBBkowwin44KfaiqBDKFPO5YKiKkOsunVY3xilR6OEmVLGDxVf09kEGs9ikPbGYMZ6EVvIv7ndVITXQUZEzI1VJDZoijl2CR4EgHuMUWJ4SNLgChmb8VkAAqIsUEVbAje4svLpHle9ryyd1cp1SrzOPLoCB2jU+ShKqqhW1RHDUSQQs/oFb05T86L8+58zFpzznzmEP2B8/kDNXORnA==</latexit><latexit sha1_base64="2VG7T5fEzDxCAcd0K4sfiUg0mlk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe5qMF6EgBePEcwDsmvoncwmQ2Znh5lZJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFUrOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpJFaENkvBEtUPQlDNBG4YZTttSUYhDTlvh8Gbitx6p0iwR92YkaRBDX7CIETBWevCBywFcV33Jzi4uu8WSW3anwMvEm5MSmqPeLX75vYSkMRWGcN C647nSBBkowwin44KfaiqBDKFPO5YKiKkOsunVY3xilR6OEmVLGDxVf09kEGs9ikPbGYMZ6EVvIv7ndVITXQUZEzI1VJDZoijl2CR4EgHuMUWJ4SNLgChmb8VkAAqIsUEVbAje4svLpHle9ryyd1cp1SrzOPLoCB2jU+ShKqqhW1RHDUSQQs/oFb05T86L8+58zFpzznzmEP2B8/kDNXORnA==</latexit><latexit sha1_base64="2VG7T5fEzDxCAcd0K4sfiUg0mlk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe5qMF6EgBePEcwDsmvoncwmQ2Znh5lZJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFUrOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpJFaENkvBEtUPQlDNBG4YZTttSUYhDTlvh8Gbitx6p0iwR92YkaRBDX7CIETBWevCBywFcV33Jzi4uu8WSW3anwMvEm5MSmqPeLX75vYSkMRWGcN C647nSBBkowwin44KfaiqBDKFPO5YKiKkOsunVY3xilR6OEmVLGDxVf09kEGs9ikPbGYMZ6EVvIv7ndVITXQUZEzI1VJDZoijl2CR4EgHuMUWJ4SNLgChmb8VkAAqIsUEVbAje4svLpHle9ryyd1cp1SrzOPLoCB2jU+ShKqqhW1RHDUSQQs/oFb05T86L8+58zFpzznzmEP2B8/kDNXORnA==</latexit><latexit sha1_base64="2VG7T5fEzDxCAcd0K4sfiUg0mlk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe5qMF6EgBePEcwDsmvoncwmQ2Znh5lZJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFUrOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpJFaENkvBEtUPQlDNBG4YZTttSUYhDTlvh8Gbitx6p0iwR92YkaRBDX7CIETBWevCBywFcV33Jzi4uu8WSW3anwMvEm5MSmqPeLX75vYSkMRWGcN C647nSBBkowwin44KfaiqBDKFPO5YKiKkOsunVY3xilR6OEmVLGDxVf09kEGs9ikPbGYMZ6EVvIv7ndVITXQUZEzI1VJDZoijl2CR4EgHuMUWJ4SNLgChmb8VkAAqIsUEVbAje4svLpHle9ryyd1cp1SrzOPLoCB2jU+ShKqqhW1RHDUSQQs/oFb05T86L8+58zFpzznzmEP2B8/kDNXORnA==</latexit>

T = 0.1M
<latexit sha1_base64="5etku8CFW/UZSHJ7kacEde5PZQ4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07KRgl6EghcvQoW2FtqlZNNsG5tNliQrlNL/4MWDIl79P978N6btHrT1wcDjvRlm5kWp4MYGwbdXWFvf2Nwqbpd2dvf2D8qHRy2jMk1ZkyqhdDsihgkuWdNyK1g71YwkkWAP0ehm5j88MW24kg07TlmYkIHkMafEOqnVuA58fNcrVwI/mAOtEpyTCuSo98pf3b6iWcKkpYIY08FBasMJ0ZZTwaalbmZYSuiIDFjHUUkSZsLJ/NopOnNKH8VKu5IWzdXfExOSGDNOIteZEDs0y95M/M/rZDa+Cidcppllki4WxZlAVqHZ66jPNaNWjB0hVHN3K6JDogm1LqCSCwEvv7xKWhc+xj6+r1Zq1TyOIpzAKZwDhkuowS3UoQkUHuEZXuHNU96L9+59LFoLXj5zDH/gff4AEhWOFg==</latexit><latexit sha1_base64="5etku8CFW/UZSHJ7kacEde5PZQ4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07KRgl6EghcvQoW2FtqlZNNsG5tNliQrlNL/4MWDIl79P978N6btHrT1wcDjvRlm5kWp4MYGwbdXWFvf2Nwqbpd2dvf2D8qHRy2jMk1ZkyqhdDsihgkuWdNyK1g71YwkkWAP0ehm5j88MW24kg07TlmYkIHkMafEOqnVuA58fNcrVwI/mAOtEpyTCuSo98pf3b6iWcKkpYIY08FBasMJ0ZZTwaalbmZYSuiIDFjHUUkSZsLJ/NopOnNKH8VKu5IWzdXfExOSGDNOIteZEDs0y95M/M/rZDa+Cidcppllki4WxZlAVqHZ66jPNaNWjB0hVHN3K6JDogm1LqCSCwEvv7xKWhc+xj6+r1Zq1TyOIpzAKZwDhkuowS3UoQkUHuEZXuHNU96L9+59LFoLXj5zDH/gff4AEhWOFg==</latexit><latexit sha1_base64="5etku8CFW/UZSHJ7kacEde5PZQ4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07KRgl6EghcvQoW2FtqlZNNsG5tNliQrlNL/4MWDIl79P978N6btHrT1wcDjvRlm5kWp4MYGwbdXWFvf2Nwqbpd2dvf2D8qHRy2jMk1ZkyqhdDsihgkuWdNyK1g71YwkkWAP0ehm5j88MW24kg07TlmYkIHkMafEOqnVuA58fNcrVwI/mAOtEpyTCuSo98pf3b6iWcKkpYIY08FBasMJ0ZZTwaalbmZYSuiIDFjHUUkSZsLJ/NopOnNKH8VKu5IWzdXfExOSGDNOIteZEDs0y95M/M/rZDa+Cidcppllki4WxZlAVqHZ66jPNaNWjB0hVHN3K6JDogm1LqCSCwEvv7xKWhc+xj6+r1Zq1TyOIpzAKZwDhkuowS3UoQkUHuEZXuHNU96L9+59LFoLXj5zDH/gff4AEhWOFg==</latexit><latexit sha1_base64="5etku8CFW/UZSHJ7kacEde5PZQ4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07KRgl6EghcvQoW2FtqlZNNsG5tNliQrlNL/4MWDIl79P978N6btHrT1wcDjvRlm5kWp4MYGwbdXWFvf2Nwqbpd2dvf2D8qHRy2jMk1ZkyqhdDsihgkuWdNyK1g71YwkkWAP0ehm5j88MW24kg07TlmYkIHkMafEOqnVuA58fNcrVwI/mAOtEpyTCuSo98pf3b6iWcKkpYIY08FBasMJ0ZZTwaalbmZYSuiIDFjHUUkSZsLJ/NopOnNKH8VKu5IWzdXfExOSGDNOIteZEDs0y95M/M/rZDa+Cidcppllki4WxZlAVqHZ66jPNaNWjB0hVHN3K6JDogm1LqCSCwEvv7xKWhc+xj6+r1Zq1TyOIpzAKZwDhkuowS3UoQkUHuEZXuHNU96L9+59LFoLXj5zDH/gff4AEhWOFg==</latexit>

Fractal behaviour

Disappears outside the light cone of the magnons
<latexit sha1_base64="1f59wWyTEaNWCTQZQYR2gf4sTDs=">AAACH3icbVC7TsNAEDzzJrwClDQWEQKaYCMENCAkGkqQSIIUh2h9WZOD89m6WyMik0/gI/gGWqjpEC0lf8LlUfAaaaXRzK52d8JUCkOe9+GMjI6NT0xOTRdmZufmF4qLS1WTZJpjhScy0RchGJRCYYUESbxINUIcSqyFN8c9v3aL2ohEnVMnxUYMV0pEggNZqVlcDwhUADJtw8HdFh3e314GhHeUYxR1m9cbAbWRYPO+WSx5Za8P9y/xh6TEhjhtFj+DVsKzGBVxCcbUfS+lRg6aBJfYLQSZwRT4DVxh3VIFMZpG3n+o665ZpeVGibalyO2r3ydyiI3pxKHtjIHa5rfXE//z6hlF+41cqDQjVHywKMqkS4nbS8dtCY2cZMcS4FrYW13eBg2cbIY/toRx12bi/07gL6lul/3d8u7ZTuloZ5jOFFthq2yD+WyPHbETdsoqjLMH9sSe2Yvz6Lw6b877oHXEGc4ssx9wPr4A5oGj/Q==</latexit>

tan↵ = x/t > |ve↵j (✓)|



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>

f = � ⇡
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<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>

f = � ⇡
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<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="6Sdm0+dTGsOgi+ySDcN9fsFEu7E="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="6Sdm0+dTGsOgi+ySDcN9fsFEu7E="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>
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<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>

⇠ = 3

Energy

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>

T = 105M

0 π
12

π
6

π
4

π
3

5 π
12

π
2

9.0×1025
1.0×1026
1.1×1026
1.2×1026

α

c 4
e

0 π
12

π
6

π
4

π
3

5 π
12

π
2

-3.0×1020
-2.5×1020
-2.0×1020
-1.5×1020
-1.0×1020
-5.0×1019

0

α

c 3
e

<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>

⇠ = 3

Energy

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R
<latexit sha1_base64="iYlDqsoOx5VNRkrFNAFwJAfPfIg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYKsPBh7vzTAzL0w408Z1v5zS2vrG5lZ5u7Kzu7d/UD08aus4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9uZ33miSrNYPpppQgOBR5JFjGBjJb8vUvQwqNbcujsH+ku8gtSgQGtQ/e4PY5IKKg3hWOue5yYmyLAyjHCaV/qppgkmEzyiPUslFlQH2fzYHJ1ZZYiiWNmSBs3V3xMZFlpPRWg7BTZjverNxP+8XmqimyBjMkkNlWSxKEo5MjGafY6GTFFi+NQSTBSztyIyxgoTY/NZ2hKK3GbirSbwl7Qv6l6j3ri/rDWvinTKcAKncA4eXEMT7qAFPhBg8Awv8Orkzpvz7nwsWktOMXMMS3A+fwAN4JTw</latexit>

µRand



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>
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<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>

⇠ = 3

Energy

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R
<latexit sha1_base64="iYlDqsoOx5VNRkrFNAFwJAfPfIg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYKsPBh7vzTAzL0w408Z1v5zS2vrG5lZ5u7Kzu7d/UD08aus4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9uZ33miSrNYPpppQgOBR5JFjGBjJb8vUvQwqNbcujsH+ku8gtSgQGtQ/e4PY5IKKg3hWOue5yYmyLAyjHCaV/qppgkmEzyiPUslFlQH2fzYHJ1ZZYiiWNmSBs3V3xMZFlpPRWg7BTZjverNxP+8XmqimyBjMkkNlWSxKEo5MjGafY6GTFFi+NQSTBSztyIyxgoTY/NZ2hKK3GbirSbwl7Qv6l6j3ri/rDWvinTKcAKncA4eXEMT7qAFPhBg8Awv8Orkzpvz7nwsWktOMXMMS3A+fwAN4JTw</latexit>

µRand



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>
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<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>

⇠ = 3
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Topological charge

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R
<latexit sha1_base64="iYlDqsoOx5VNRkrFNAFwJAfPfIg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYKsPBh7vzTAzL0w408Z1v5zS2vrG5lZ5u7Kzu7d/UD08aus4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9uZ33miSrNYPpppQgOBR5JFjGBjJb8vUvQwqNbcujsH+ku8gtSgQGtQ/e4PY5IKKg3hWOue5yYmyLAyjHCaV/qppgkmEzyiPUslFlQH2fzYHJ1ZZYiiWNmSBs3V3xMZFlpPRWg7BTZjverNxP+8XmqimyBjMkkNlWSxKEo5MjGafY6GTFFi+NQSTBSztyIyxgoTY/NZ2hKK3GbirSbwl7Qv6l6j3ri/rDWvinTKcAKncA4eXEMT7qAFPhBg8Awv8Orkzpvz7nwsWktOMXMMS3A+fwAN4JTw</latexit>

µRand



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="b+BpxQb4XqM+M0lIfuE1C9BPdKo="></latexit>
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<latexit sha1_base64="XX6sEVixlalar7wK3WOkIPq6qPw="></latexit>
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<latexit sha1_base64="6Sdm0+dTGsOgi+ySDcN9fsFEu7E="></latexit>
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<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

agrees with Bernard-Doyon '14

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>
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<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>
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Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R
<latexit sha1_base64="iYlDqsoOx5VNRkrFNAFwJAfPfIg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYKsPBh7vzTAzL0w408Z1v5zS2vrG5lZ5u7Kzu7d/UD08aus4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9uZ33miSrNYPpppQgOBR5JFjGBjJb8vUvQwqNbcujsH+ku8gtSgQGtQ/e4PY5IKKg3hWOue5yYmyLAyjHCaV/qppgkmEzyiPUslFlQH2fzYHJ1ZZYiiWNmSBs3V3xMZFlpPRWg7BTZjverNxP+8XmqimyBjMkkNlWSxKEo5MjGafY6GTFFi+NQSTBSztyIyxgoTY/NZ2hKK3GbirSbwl7Qv6l6j3ri/rDWvinTKcAKncA4eXEMT7qAFPhBg8Awv8Orkzpvz7nwsWktOMXMMS3A+fwAN4JTw</latexit>

µRand



High temperature limit <latexit sha1_base64="/HgYBTRUjpWoMQoWKzJKRupltus=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0RsO0X2/WHLL7hxonXgZKUGGer/40xtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n82un6MIqAxRGypY0aK7+nUix0HoiAtspsBnpVW8m/ud1ExPe+CmTcWKoJItFYcKRidDsdTRgihLDJ5Zgopi9FZERVpgYG9DSlkBMbSbeagLrpHVV9qrl6kOlVKtk6eThDM7hEjy4hhrcQR2aQOARXuAV3pxn5935cD4XrTknmzmFJThfv5DllTQ=</latexit>

T � M

Free energy: recover the CFT (=free massless boson) value (Rogers dilogarithm):
<latexit sha1_base64="TGv5xNX2hBmRhd5TN1ayMRJuwik="></latexit>
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<latexit sha1_base64="b+BpxQb4XqM+M0lIfuE1C9BPdKo="></latexit>
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<latexit sha1_base64="XX6sEVixlalar7wK3WOkIPq6qPw="></latexit>
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F e
↵(�) = sin↵

⇡

12

✓
1

R+ �
� 1

R� �

◆
+ cos↵

⇡

12

✓
1

R+ �
+

1

R� �
� 2

R

◆

<latexit sha1_base64="v/EWtWY5GDlXfboOK/e7t/eBfiY=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCUBG8uI5gOSI+xtNsmS3btjd04MR36CrdZ2YuuvsfSfuEmuMIkPBh7vzTAzL4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VKEvI4CJW/FmlMVSN4MRrdTv/nEtRFR+IjjmPuKDkLRF4yilR6eb7BbKLoldwaySryMFCFDrVv46fQiligeIpPUmLbnxuinVKNgkk/yncTwmLIRHfC2pSFV3Pjp7NQJObdKj/QjbStEMlP/TqRUGTNWge1UFIdm2ZuK/3ntBPvXfirCOEEesvmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo01nYEqiJzcRbTmCVNMolr1Kq3F8Wq+UsnRycwhlcgAdXUIU7qEEdGAzgBV7hzUmdd+fD+Zy3rjnZzAkswPn6Be1mlFM=</latexit>

x > t

<latexit sha1_base64="YQfJUDB0+CAH2rDSP99cPt6RXgM=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswl2QaGERsLGMaD4gOcLeZpMs2b07dufEcOQn2GptJ7b+Gkv/iZvkCpP4YODx3gwz84JYCoOu++2srW9sbm3ndvK7e/sHh4Wj44aJEs14nUUy0q2AGi5FyOsoUPJWrDlVgeTNYHQ79ZtPXBsRhY84jrmv6CAUfcEoWunh+Qa7haJbcmcgq8TLSBEy1LqFn04vYoniITJJjWl7box+SjUKJvkk30kMjykb0QFvWxpSxY2fzk6dkHOr9Eg/0rZCJDP170RKlTFjFdhORXFolr2p+J/XTrB/7acijBPkIZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2FLYGa2Ey85QRWSaNc8iqlyv1lsVrO0snBKZzBBXhwBVW4gxrUgcEAXuAV3pzUeXc+nM9565qTzZzAApyvX+o+lFE=</latexit>

x < t

agrees with Bernard-Doyon '14

<latexit sha1_base64="NLfEoejABIQb1mDIW5plAP2mYYU=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiCVti0IsJiRePaCiQQEO2yxY27LbN7taENP0NXvXszXj1x3j0n7hADwK+ZJKX92YyM8+POVPatr+twsbm1vZOcbe0t39weFQ+PmmrKJGEuiTikez6WFHOQupqpjntxpJi4XPa8Sf3M7/zTKViUdjS05h6Ao9CFjCCtZHcpzvnqjUoV+yqPQdaJ05OKpCjOSj/9IcRSQQNNeFYqZ5jx9pLsdSMcJqV+omiMSYTPKI9Q0MsqPLS+bEZujDKEAWRNBVqNFf/TqRYKDUVvukUWI/VqjcT//N6iQ5uvZSFcaJpSBaLgoQjHaHZ52jIJCWaTw3BRDJzKyJjLDHRJp+lLb7ITCbOagLrpF2rOvVq/fG60qjl6RThDM7hEhy4gQY8QBNcIMDgBV7hzcqsd+vD+ly0Fqx85hSWYH39AmAilIA=</latexit>

R = 1/T

<latexit sha1_base64="zFdyMt5AYFuSI1XoPHwFdXNLiqQ="></latexit>D
ei⌫�(x,t)e�i⌫�(0,0)

E
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(R/⇡)2 sinh(⇡(x+ t)/R) sinh(⇡(x� t)/R)

⇤�⌫2/(4⇡)

<latexit sha1_base64="RtPbYUbnhn7QYNXjaDt2jA/BEEI=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshYGMjRMgXJGfY22ySJbt7x+6eEI7gb7DV2k5s/S2W/hM3yRUm8cHA470ZZuYFEWfauO63k1lb39jcym7ndnb39g/yh0cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPR7dRvPlGlWShrZhxRX+CBZH1GsLFSs3bjuY+X9918wS26M6BV4qWkACmq3fxPpxeSWFBpCMdatz03Mn6ClWGE00muE2saYTLCA9q2VGJBtZ/Mzp2gM6v0UD9UtqRBM/XvRIKF1mMR2E6BzVAve1PxP68dm/61nzAZxYZKMl/UjzkyIZr+jnpMUWL42BJMFLO3IjLEChNjE1rYEoiJzcRbTmCVNC6KXrlYfigVKqU0nSycwCmcgwdXUIE7qEIdCIzgBV7hzXl23p0P53PemnHSmWNYgPP1C46+lSU=</latexit>

T = 105M
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c 4
e
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0

α

c 3
e

<latexit sha1_base64="jb+Ju/lgxj+U9gsPNpDSckD0Usg=">AAAB+3icbVA9SwNBEJ3zM8avqKXNYhCswl2UaCMEbCwjeEkgOcLeZi9Zsrt37O6J4chvsNXaTmz9MZb+EzfJFSbxwcDjvRlm5oUJZ9q47reztr6xubVd2Cnu7u0fHJaOjps6ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4ehu6reeqNIslo9mnNBA4IFkESPYWMnvPrPby16p7FbcGdAq8XJShhyNXumn249JKqg0hGOtO56bmCDDyjDC6aTYTTVNMBnhAe1YKrGgOshmx07QuVX6KIqVLWnQTP07kWGh9ViEtlNgM9TL3lT8z+ukJroJMiaT1FBJ5ouilCMTo+nnqM8UJYaPLcFEMXsrIkOsMDE2n4UtoZjYTLzlBFZJs1rxapXaw1W5Xs3TKcApnMEFeHANdbiHBvhAgMELvMKbM3HenQ/nc9665uQzJ7AA5+sXCGaU6g==</latexit>

⇠ = 3

Energy
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q

Topological charge

Charges (currents) can be obtained from (modified) free energy. Flow simplifies: shifting
<latexit sha1_base64="KbqZDL//q4C9/ct8rnhXSnfb0EM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eo2XAxjIR8wHJEfY2e8mS3b1jd084jvwCW63txNafY+k/cZNcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/M4zVZpF8smkMfUFHkkWMoKNlZqPg3LFrbpzoHXi5aQCORqD8k9/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n80PnaILqwxRGClb0qC5+nciw0LrVAS2U2Az1qveTPzP6yUmvPMzJuPEUEkWi8KEIxOh2ddoyBQlhqeWYKKYvRWRMVaYGJvN0pZATG0m3moC66R9VfVq1VrzulK/ydMpwhmcwyV4cAt1eIAGtIAAhRd4hTcndd6dD+dz0Vpw8plTWILz9QtPIJNq</latexit>

R
<latexit sha1_base64="iYlDqsoOx5VNRkrFNAFwJAfPfIg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEq8eCF49VTFtoQ9lsN+3S3U3Y3Qgl5Dd41bM38eqP8eg/cdvmYKsPBh7vzTAzL0w408Z1v5zS2vrG5lZ5u7Kzu7d/UD08aus4VYT6JOax6oZYU84k9Q0znHYTRbEIOe2Ek9uZ33miSrNYPpppQgOBR5JFjGBjJb8vUvQwqNbcujsH+ku8gtSgQGtQ/e4PY5IKKg3hWOue5yYmyLAyjHCaV/qppgkmEzyiPUslFlQH2fzYHJ1ZZYiiWNmSBs3V3xMZFlpPRWg7BTZjverNxP+8XmqimyBjMkkNlWSxKEo5MjGafY6GTFFi+NQSTBSztyIyxgoTY/NZ2hKK3GbirSbwl7Qv6l6j3ri/rDWvinTKcAKncA4eXEMT7qAFPhBg8Awv8Orkzpvz7nwsWktOMXMMS3A+fwAN4JTw</latexit>

µRand



Low temperature limit <latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M



Low temperature limit

Reflectionless points

<latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M



Low temperature limit

Reflectionless points

<latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

<latexit sha1_base64="V/PxmVYNl9iBZPQRTIcYdY4uMQQ="></latexit>

F↵(�) = 4 sinh2(�/2)

Z
d✓

2⇡
M cosh(✓)e�M cosh ✓/T | tanh ✓ cos↵� sin↵|



Low temperature limit

Reflectionless points

<latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

Semiclassical picture

<latexit sha1_base64="V/PxmVYNl9iBZPQRTIcYdY4uMQQ="></latexit>

F↵(�) = 4 sinh2(�/2)

Z
d✓

2⇡
M cosh(✓)e�M cosh ✓/T | tanh ✓ cos↵� sin↵|



Low temperature limit

Reflectionless points

<latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

Semiclassical picture

<latexit sha1_base64="RYTgdcNH58Vgbx/EnMpk2QFHjpg="></latexit>

⌦(x, t) =

Z
d✓2⇢S(✓)|x� ve↵S (✓)t|

Probability density
<latexit sha1_base64="z0uhqfNeQGWfhYxZbz6N+zT7uUU="></latexit>

P


X =

Z
dt j(x, t)� dx q(x, t)

�
= e�⌦(x,t)I|X|[⌦(x, t)]

<latexit sha1_base64="V/PxmVYNl9iBZPQRTIcYdY4uMQQ="></latexit>

F↵(�) = 4 sinh2(�/2)

Z
d✓

2⇡
M cosh(✓)e�M cosh ✓/T | tanh ✓ cos↵� sin↵|



Low temperature limit

Reflectionless points

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>

↵ = 0
<latexit sha1_base64="a1dG+ZzkOXY2sMVwJywLO+rbqTQ=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhCswl2QaCMEbGyECPmC5Ah7m71kze7esbsnhCP+Blut7cTW/2LpP3GTXGESHww83pthZl4Qc6aN6347a+sbm1vbuZ387t7+wWHh6Lipo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nfqtJ6o0i2TdjGPqCzyQLGQEGys16zduybvvFYpuyZ0BrRIvI0XIUOsVfrr9iCSCSkM41rrjubHxU6wMI5xO8t1E0xiTER7QjqUSC6r9dHbtBJ1bpY/CSNmSBs3UvxMpFlqPRWA7BTZDvexNxf+8TmLCaz9lMk4MlWS+KEw4MhGavo76TFFi+NgSTBSztyIyxAoTYwNa2BKIic3EW05glTTLJa9SqjxcFqvlLJ0cnMIZXIAHV1CFO6hBAwg8wgu8wpvz7Lw7H87nvHXNyWZOYAHO1y/IYJS0</latexit>

T = 0.1M
<latexit sha1_base64="TKCifrRy6vJxuqC2/urtVlGc9HY=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhCsjrsg0UYI2NgIEfIFyRH2Nptkze7esbsnhCP+Blut7cTW/2LpP3GTXGESHww83pthZl4Yc6aN5307a+sbm1vbuZ387t7+wWHh6Liho0QRWicRj1QrxJpyJmndMMNpK1YUi5DTZji6nfrNJ6o0i2TNjGMaCDyQrM8INlZq1G48t3TfLRQ915sBrRI/I0XIUO0Wfjq9iCSCSkM41rrte7EJUqwMI5xO8p1E0xiTER7QtqUSC6qDdHbtBJ1bpYf6kbIlDZqpfydSLLQei9B2CmyGetmbiv957cT0r4OUyTgxVJL5on7CkYnQ9HXUY4oSw8eWYKKYvRWRIVaYGBvQwpZQTGwm/nICq6RRcv2yW364LFZKWTo5OIUzuAAfrqACd1CFOhB4hBd4hTfn2Xl3PpzPeeuak82cwAKcr1/J9JS1</latexit>

T = 0.2M
<latexit sha1_base64="uUXzJr2naHqcmEXrU/CKo/Edu7s=">AAAB/XicbVA9SwNBEJ3zM8avqKXNYhCs4l2UaCMEbCwjmA9IjrC32UuW7O4du3tiOIK/wVZrO7H1t1j6T9wkV5jEBwOP92aYmRfEnGnjut/Oyura+sZmbiu/vbO7t184OGzoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQxvJ37zkSrNIvlgRjH1Be5LFjKCjZWanSd2451fdAtFt+ROgZaJl5EiZKh1Cz+dXkQSQaUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSiQXVfjo9d4xOrdJDYaRsSYOm6t+JFAutRyKwnQKbgV70JuJ/Xjsx4bWfMhknhkoyWxQmHJkITX5HPaYoMXxkCSaK2VsRGWCFibEJzW0JxNhm4i0msEwa5ZJXKVXuL4vVcpZODo7hBM7Agyuowh3UoA4EhvACr/DmPDvvzofzOWtdcbKZI5iD8/UL7QOVXg==</latexit>

⇠ = 1/3

<latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

Semiclassical picture

<latexit sha1_base64="RYTgdcNH58Vgbx/EnMpk2QFHjpg="></latexit>

⌦(x, t) =

Z
d✓2⇢S(✓)|x� ve↵S (✓)t|

Probability density
<latexit sha1_base64="z0uhqfNeQGWfhYxZbz6N+zT7uUU="></latexit>

P


X =

Z
dt j(x, t)� dx q(x, t)

�
= e�⌦(x,t)I|X|[⌦(x, t)]

<latexit sha1_base64="V/PxmVYNl9iBZPQRTIcYdY4uMQQ="></latexit>

F↵(�) = 4 sinh2(�/2)

Z
d✓

2⇡
M cosh(✓)e�M cosh ✓/T | tanh ✓ cos↵� sin↵|



For rays such that for all the magnons along the flow
<latexit sha1_base64="m9jVHhGJQo9he7j8Af74tAD1kU8=">AAACG3icbVC7TgJBFJ31ifhCLW0mEhNscNcYtdDExMZSExETFsnscBdGZh+ZuUvAhQ/wI/wGW63tjK2FpX/igBQKnmSSk3POzb1zvFgKjbb9aU1Nz8zOzWcWsotLyyurubX1ax0likOJRzJSNx7TIEUIJRQo4SZWwAJPQtlrnQ38chuUFlF4hd0YqgFrhMIXnKGRarl8r127u3UROpiC7/cLLjYB2U7vuLOLJ+694dSk7KI9BJ0kzojkyQgXtdyXW494EkCIXDKtK44dYzVlCgWX0M+6iYaY8RZrQMXQkAWgq+nwM326bZQ69SNlXoh0qP6eSFmgdTfwTDJg2NTj3kD8z6sk6B9VUxHGCULIfxb5iaQY0UEztC4UcJRdQxhXwtxKeZMpxtH092eLF/RNJ854A5Pkeq/oHBQPLvfzp/ujdjJkk2yRAnHIITkl5+SClAgnD+SJPJMX69F6td6s95/olDWa2SB/YH18Az6QogI=</latexit>

|ve↵j (✓)| < x/t = ⇣

Low temperature limit <latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M



For rays such that for all the magnons along the flow
<latexit sha1_base64="m9jVHhGJQo9he7j8Af74tAD1kU8=">AAACG3icbVC7TgJBFJ31ifhCLW0mEhNscNcYtdDExMZSExETFsnscBdGZh+ZuUvAhQ/wI/wGW63tjK2FpX/igBQKnmSSk3POzb1zvFgKjbb9aU1Nz8zOzWcWsotLyyurubX1ax0likOJRzJSNx7TIEUIJRQo4SZWwAJPQtlrnQ38chuUFlF4hd0YqgFrhMIXnKGRarl8r127u3UROpiC7/cLLjYB2U7vuLOLJ+694dSk7KI9BJ0kzojkyQgXtdyXW494EkCIXDKtK44dYzVlCgWX0M+6iYaY8RZrQMXQkAWgq+nwM326bZQ69SNlXoh0qP6eSFmgdTfwTDJg2NTj3kD8z6sk6B9VUxHGCULIfxb5iaQY0UEztC4UcJRdQxhXwtxKeZMpxtH092eLF/RNJ854A5Pkeq/oHBQPLvfzp/ujdjJkk2yRAnHIITkl5+SClAgnD+SJPJMX69F6td6s95/olDWa2SB/YH18Az6QogI=</latexit>

|ve↵j (✓)| < x/t = ⇣

Low temperature limit <latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

<latexit sha1_base64="haBm/2J/erBQ2z+BAjmrEgfpbTY="></latexit>

F↵(�) = [cosh�� 1] cos↵

Z

tanh ✓<⇣

d✓⇢S(✓)(⇣ � tanh ✓) +
⇥
(cosh�)�1 � 1

⇤
cos↵

Z

tanh ✓>⇣

d✓⇢S(✓)(tanh ✓ � ⇣)



For rays such that for all the magnons along the flow
<latexit sha1_base64="m9jVHhGJQo9he7j8Af74tAD1kU8=">AAACG3icbVC7TgJBFJ31ifhCLW0mEhNscNcYtdDExMZSExETFsnscBdGZh+ZuUvAhQ/wI/wGW63tjK2FpX/igBQKnmSSk3POzb1zvFgKjbb9aU1Nz8zOzWcWsotLyyurubX1ax0likOJRzJSNx7TIEUIJRQo4SZWwAJPQtlrnQ38chuUFlF4hd0YqgFrhMIXnKGRarl8r127u3UROpiC7/cLLjYB2U7vuLOLJ+694dSk7KI9BJ0kzojkyQgXtdyXW494EkCIXDKtK44dYzVlCgWX0M+6iYaY8RZrQMXQkAWgq+nwM326bZQ69SNlXoh0qP6eSFmgdTfwTDJg2NTj3kD8z6sk6B9VUxHGCULIfxb5iaQY0UEztC4UcJRdQxhXwtxKeZMpxtH092eLF/RNJ854A5Pkeq/oHBQPLvfzp/ujdjJkk2yRAnHIITkl5+SClAgnD+SJPJMX69F6td6s95/olDWa2SB/YH18Az6QogI=</latexit>

|ve↵j (✓)| < x/t = ⇣

<latexit sha1_base64="omsLdee0J3+xHerSbjrP2+2FB94=">AAACGXicbVA9SwNBEN3z+9uopc1qECJIvJOgghACNpYRTCLkjjC32UuW7H24OyfGkNof4W+w1dpObK0s/SduYgpNfDDweG+GmXl+IoVG2/60pqZnZufmFxaXlldW19YzG5tVHaeK8QqLZayufdBciohXUKDk14niEPqS1/zO+cCv3XKlRRxdYTfhXgitSASCARqpkdm5K6J7k0KT5tx7jlB0DtwzF2TShqKbiMPCfiOTtfP2EH SSOCOSJSOUG5kvtxmzNOQRMgla1x07Qa8HCgWTvL/kpponwDrQ4nVDIwi59nrDV/p0zyhNGsTKVIR0qP6e6EGodTf0TWcI2Nbj3kD8z6unGJx6PRElKfKI/SwKUkkxpoNcaFMozlB2DQGmhLmVsjYoYGjS+7PFD/smE2c8gUlSPco7x/njy0K2VBils0C2yS7JEYeckBK5IGVSIYw8kCfyTF6sR+vVerPef1qnrNHMFvkD6+MbI+mfpA==</latexit>

x > t (⇣ > 1, ↵ > ⇡/4)

<latexit sha1_base64="d3egw/kdm0uC9cSM/q6KMvk/mJU="></latexit>

F↵(�) = (cosh�� 1)⇣ cos↵

Z
d✓⇢S(✓) =) F↵(�)` = 2 sinh2(�/2)nSx

Low temperature limit <latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

<latexit sha1_base64="haBm/2J/erBQ2z+BAjmrEgfpbTY="></latexit>

F↵(�) = [cosh�� 1] cos↵

Z

tanh ✓<⇣

d✓⇢S(✓)(⇣ � tanh ✓) +
⇥
(cosh�)�1 � 1

⇤
cos↵

Z

tanh ✓>⇣

d✓⇢S(✓)(tanh ✓ � ⇣)



<latexit sha1_base64="TKCifrRy6vJxuqC2/urtVlGc9HY=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhCsjrsg0UYI2NgIEfIFyRH2Nptkze7esbsnhCP+Blut7cTW/2LpP3GTXGESHww83pthZl4Yc6aN5307a+sbm1vbuZ387t7+wWHh6Liho0QRWicRj1QrxJpyJmndMMNpK1YUi5DTZji6nfrNJ6o0i2TNjGMaCDyQrM8INlZq1G48t3TfLRQ915sBrRI/I0XIUO0Wfjq9iCSCSkM41rrte7EJUqwMI5xO8p1E0xiTER7QtqUSC6qDdHbtBJ1bpYf6kbIlDZqpfydSLLQei9B2CmyGetmbiv957cT0r4OUyTgxVJL5on7CkYnQ9HXUY4oSw8eWYKKYvRWRIVaYGBvQwpZQTGwm/nICq6RRcv2yW364LFZKWTo5OIUzuAAfrqACd1CFOhB4hBd4hTfn2Xl3PpzPeeuak82cwAKcr1/J9JS1</latexit>

T = 0.2M
<latexit sha1_base64="8u7ZWu4LJPC9Q5gdXdYPRbfXTKI=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe40RBshYGMZwYuB5Ah7m71kye7esbsnhiO/wVZrO7H1x1j6T9wkV5jEBwOP92aYmRcmnGnjut9OYW19Y3OruF3a2d3bPygfHrV0nCpCfRLzWLVDrClnkvqGGU7biaJYhJw+hqPbqf/4RJVmsXww44QGAg8kixjBxkp+95ndXPbKFbfqzoBWiZeTCuRo9so/3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2O3aCzqzSR1GsbEmDZurfiQwLrccitJ0Cm6Fe9qbif14nNdF1kDGZpIZKMl8UpRyZGE0/R32mKDF8bAkmitlbERlihYmx+SxsCcXEZuItJ7BKWhdVr16t39cqjVqeThFO4BTOwYMraMAdNMEHAgxe4BXenInz7nw4n/PWgpPPHMMCnK9fCQCU7A==</latexit>

⇠ = 3

For rays such that for all the magnons along the flow
<latexit sha1_base64="m9jVHhGJQo9he7j8Af74tAD1kU8=">AAACG3icbVC7TgJBFJ31ifhCLW0mEhNscNcYtdDExMZSExETFsnscBdGZh+ZuUvAhQ/wI/wGW63tjK2FpX/igBQKnmSSk3POzb1zvFgKjbb9aU1Nz8zOzWcWsotLyyurubX1ax0likOJRzJSNx7TIEUIJRQo4SZWwAJPQtlrnQ38chuUFlF4hd0YqgFrhMIXnKGRarl8r127u3UROpiC7/cLLjYB2U7vuLOLJ+694dSk7KI9BJ0kzojkyQgXtdyXW494EkCIXDKtK44dYzVlCgWX0M+6iYaY8RZrQMXQkAWgq+nwM326bZQ69SNlXoh0qP6eSFmgdTfwTDJg2NTj3kD8z6sk6B9VUxHGCULIfxb5iaQY0UEztC4UcJRdQxhXwtxKeZMpxtH092eLF/RNJ854A5Pkeq/oHBQPLvfzp/ujdjJkk2yRAnHIITkl5+SClAgnD+SJPJMX69F6td6s95/olDWa2SB/YH18Az6QogI=</latexit>

|ve↵j (✓)| < x/t = ⇣

<latexit sha1_base64="omsLdee0J3+xHerSbjrP2+2FB94=">AAACGXicbVA9SwNBEN3z+9uopc1qECJIvJOgghACNpYRTCLkjjC32UuW7H24OyfGkNof4W+w1dpObK0s/SduYgpNfDDweG+GmXl+IoVG2/60pqZnZufmFxaXlldW19YzG5tVHaeK8QqLZayufdBciohXUKDk14niEPqS1/zO+cCv3XKlRRxdYTfhXgitSASCARqpkdm5K6J7k0KT5tx7jlB0DtwzF2TShqKbiMPCfiOTtfP2EH SSOCOSJSOUG5kvtxmzNOQRMgla1x07Qa8HCgWTvL/kpponwDrQ4nVDIwi59nrDV/p0zyhNGsTKVIR0qP6e6EGodTf0TWcI2Nbj3kD8z6unGJx6PRElKfKI/SwKUkkxpoNcaFMozlB2DQGmhLmVsjYoYGjS+7PFD/smE2c8gUlSPco7x/njy0K2VBils0C2yS7JEYeckBK5IGVSIYw8kCfyTF6sR+vVerPef1qnrNHMFvkD6+MbI+mfpA==</latexit>

x > t (⇣ > 1, ↵ > ⇡/4)

<latexit sha1_base64="d3egw/kdm0uC9cSM/q6KMvk/mJU="></latexit>

F↵(�) = (cosh�� 1)⇣ cos↵

Z
d✓⇢S(✓) =) F↵(�)` = 2 sinh2(�/2)nSx

Low temperature limit <latexit sha1_base64="tDjCH4Kd69wq9fFUSKlevm9ErTA=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRMuAjY0QIV+QHGFvs5es2d07dveEcMTfYKu1ndj6Xyz9J26SK0zig4HHezPMzAtizrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbmd9+okqzSDbMJKa+wEPJQkawsVKr0eMc3feLJbfszoHWiZeREmSo94s/vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3aKLqwyQGGkbEmD5urfiRQLrScisJ0Cm5Fe9Wbif143MeGNnzIZJ4ZKslgUJhyZCM1eRwOmKDF8YgkmitlbERlhhYmxAS1tCcTUZuKtJrBOWldlr1quPlRKtUqWTh7O4BwuwYNrqMEd1KEJBB7hBV7hzXl23p0P53PRmnOymVNYgvP1C6C8lT4=</latexit>

T ⌧ M

<latexit sha1_base64="haBm/2J/erBQ2z+BAjmrEgfpbTY="></latexit>

F↵(�) = [cosh�� 1] cos↵

Z

tanh ✓<⇣

d✓⇢S(✓)(⇣ � tanh ✓) +
⇥
(cosh�)�1 � 1

⇤
cos↵

Z

tanh ✓>⇣

d✓⇢S(✓)(tanh ✓ � ⇣)
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Thank you for your attention!


