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Painlevé equations

e In the 19th century special functions were introduced: Airy, Bessel,
Hypergeometric functions. They are all solutions of linear second order
ODEs with at most poles in the Riemann sphere.

e At the end of the 19th century elliptic functions were defined. They satisfy
nonlinear ODEs

e Painlevé aimed to define new special functions as solutions of nonlinear
ODEs. In general, solutions of nonlinear ODES have movable singular points,
i.e. singular points whose position and type depend on initial conditions. For
instance elliptic functions have movable poles.

e Painlevé property is to allow, as in the case of elliptic functions, only
movable poles (no movable branch points) and fixed singular points of any

type.
e Degree one second order ODEs g = F(q, g, s), with F rational function of

g, g, whose solutions q(s) satisfy Painlevé property have been classified by
Painlevé and Gambier in 1900-1910: six types of Painlevé equations
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Plan of the talk: explore connections with gravity and SYM

e By using a Lax pair presentation, associate to a Painlevé equation a
second order differential equation

e The ODE obtained in this way appears to coincide with the ODE appearing
when the metric of some massive object, like a black hole (BH), is subjected
to the small perturbation.

e The same ODEs realise quantisations of Seiberg-Witten differentials for
N =2 SYM in the Nekrasov-Shatashvili background.

o We will study and construct solutions of these ODEs and their connection
coefficients.

o We will discuss Painlevé lll; and VI.
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One way to introduce Painlevé equations is through a Lax pair. For Painlevé
lll3 the Lax pair is
(0: = A2)yY(s,z) =0, (0s— As)yY(s,2) =0
pq 1—
M:@

= 0
Zq mq> o As= (q

z2 z

g is a function of s, g(s)

sz

oal—

g 1 sq
=G PI=37 34
From the equality 8.8sv(s, z) = 8:8,¢(s, z), which means

[az _A2765 —As] :0«
one gets for q(s) the constraint

L @4 29 2
qfq s T ;

S
which is Painlevé lll; equation. Symmetry: g — s/q.
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Going on a singularity

o Define t, time, from s = (t/8)*. Around a movable double zero t =t
- _
R AP S AP Y Y
) = oes (=D + (=D + st = D' + O(t = 1)
1, = determined by initial conditions

e Consider the equation (9, — A;)y(s, z) = 0 in the limit t — t. For the two

components (s, z) = (31 gz’ 2) we find in the variable y = In z the limiting
2\ 9,
equation
d?y; - 35
d;ﬁ - (2e29 coshy + P2) vily), T=86e", P?= — 5, 48,

which is the Modified Mathieu Equation.

M. Bershtein, P. Gavrylenko, A. Grassi, (2022)

Remark: two irregular singular points at y = 0.

o It is the quantisation of Seiberg-Witten differential of ' = 2 SYM with no
matter in Nekrasov-Shatashvili background.
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Basis of solutions

A basis of solutions is (Up, Vo), where
1

Vo(y) =~ E exp (72 + %) exp (72e9_%) , ¥y — —o0
and Uy(y) = Vo(-y)-

Another basis is given by Floquet solutions . (y + 2ri) = e=2™* . ().
k is the Floguet index and ¢+ (y) = ¢ (—y).

They diverge at infinity:
ewheny —» —x

bi(y) ~eF 5 el exp (Zeee_%)
e when y — 4o

y y
Vi(y) et Fe 4 exp (2e"e§)

o F
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Connecting the solutions

The connection between Uy, Vo, and 14 iS D. Fioravanti, M.R. 24

o

biy) = %[e—%wy;m—e?wi(y;m],
o

() = % [e7 2 (yik) — 2w (yi)]

Connection depends on the Wronskian W[y, ,y_] = —4e’ sin27k and on
y

0 _y 1 +o0 y 1 d
= /_w i (I'I+(y) +eleTE - Z)+/0 dy (”+(y) —eef + Z) M= )
the phase acquired by ¢ in going from y = —cc t0 y = +c0.
n. (y) satisfies the Riccati equation

d
ne(y)?+ W= 26* coshy + P?

We want to compute k,o when ¢ — —co. Easy for

= J§T () = P — 55— + ..., but  has problem of conflicting y — +oc
and 0 — —oo limits.
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Computing the solutions and the connection coefficients
e Write ¢ = ¢« + ¢, with

0 1 +o0 1
P< :/ ay <ﬂ+(y) +efe s - Z) , P> :/ ay (n+(}’) — &%t + Z)
. 0

e Concentrating on -, rewrite it in terms of N> (y) = N, (y — 260) as

+oo y o1
<P>:/ dy(l’l>(y)—62+z) .
20

e Solve the Riccati equation satisfied by n..(y) in terms of 6, k

Mo + M=) =& + P + e
by expanding P (k) = 1% piP (k)e*™® and N (y) = =15 N0 (y)e*™ when y > 26.
¢ One finds a system of first order ODEs

d _
n%w?+ -nQuy =¢ +1, 2nPyny) + yn“)m e’ +

ay 4Kk2 — 1

Z N ()N (y) + %n‘" (v k) = o7 ()
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The first ODE has solution N9 (y) = £ In J(2ie
n=1,2 brings to conjecture

d
) =

g |F )+ > PP (e™)
with P\ (e~¥) degree n polynomials. E.g.
P (x) = x/(1 — 4Kk?), PD(x) = 2x/(1 — 4K?).

y
2

). For n > 1 explicit solution for
d

m—1 o
G Sk

The wave function 4~ (y) = exp /¥ N~ (y')dy’ is then reconstructed for y > 26 and
this gives ¢, (y) = ¥ (y + 20) for y > 0.
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Passing to ¢«
0 _y 1
Y< :/ ay (n+(}’)+eee L Z)

We define n.(y) = N, (y + 26)
—20
p< :/700 dy <n<(}’)+999_% - %)

which satisfies
Ne(y: 0, Py + d%l‘l<(y; 6,P)=e" + PP(k)+¢&*¢ .

Symmetry n_(y; 6, k) = —Nx (—y; 6, —k) holds. Then, one finds v (y) for y < —2¢
and this gives v, (y) = v« (y — 26) for y < 0. The relation v_(y) = 4. (—y) gives
the other Floquet.

(Partial) conclusions

e We reconstruct the wave function as a series of powers of e*°.

o42Ne express the connection coefficient » = v~ + ¢~ as a series of powers of
e r(1 + 2k) 8k
(1 —2k) = (1 —4k2)2
e Claim: ¢ = Ap/h, k = a/h (periods of ' = 2 SYM without matter in the

Nekrasov-Shatashvili background).

6" + 0(*)

©(0,k) = —4k0 + In
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Painlevé VI
If one goes to a movable pole of Painlevé VI equation one finds that the

second Lax operator in z = ¢’ becomes the Heun Equation ;y—zzzp(y) = V()¥(y),
V(y)=— 91 5 [—16(ee+4) P? — 16e’ + 24¢° (9192 + 93q4) —
4 <e9 —4e2 coshy + 4)
~& (f+d+a+dh)+

0
I e
t+aez VY <? +e'q — (e" +8) @ +e° g — e’ qqu + 8P +2> +

0
o _ e
1462 (— +e’g@ - (e" +8) GGt
2
+eeq§ _ egq1q2 +8P2 +2) —4(qy — q2)2 0+ —4(gs — q4)2 eefzy:|

The Heun equation has four regular singular points at y = +oo, £(§ — In2).
o |tis related to radial part of perturbations of the metric of Kerr-(Anti)-de
Sitter BH H. Suzuki, E. Takasugi and H. Umetsu (1998).

e It is the quantisation of Seiberg-Witten differential of A/ = 2 SYM with
N¢ = 4 in Nekrasov-Shatashvili background.
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Expansion for n, = d/dyInvy,(y) (Floquet +) when 6 - —c and |y| < In2 — 6/2.
e Right regiono <y <m2-19/2

Define N, Ns (v + £) = N4 (y) and expand N (y) = 2, N (y)e™. By solving a
system of first order (Riccati) ODEs, the proposed expressions are

—g

d 1-q 1 &
“(ﬁ’(y):dfyln[(ey—@ 2 ekyzﬁ( +h— a5 k- q21+2k—>}

and
no(y) = & {P“(e‘waP (e‘y)dm 1n<°)(y)}, n>1,

with P,(,;’)(x) polynomials of degree n:
Doy _ (1 ®Bqs \1 -y P (e 1 B9 ) ( -y 1)
Fo'(e )—< 4Jr 4k2) e ()= ( 4+174k2 € 2) "

e Leftregiong/2—m2<y <0

Define n., n< (y — ) = n.(y). As in other cases
N<(yiK, 1, G2, 95, qs) = =N (=y; =K, ds, 0, 01, G2)

Finally the symmetry 4 _(y, g1, g, g, a) = v+ (~y, s, as, 31, 2) gives also the

other Floquet solution.
Results to be compared with Cipriani, Di Russo, Fucito, Morales, Poghosyas, Poghessian (2025).
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The Confluent Heun Equation (CHE) and Schwarzschild BH

The CHE is the confluence limit of the Heun equation

2
%w(y) + {%ezy(m — )+ ey(—% + 20195 + €°qs — 2P%) + (6% — 66”5 + 4P%) +
—Y(anf . _ 4020 —2y 26 1 _
+ e ¥@Be’q —46*) +4e¥e }r _2)2111(}’) =0.
Related to N' = 2 SYM with Ny = 3. By the change of notations
- '7%\”¢, r—4Me™r, & = —4iMw, P? :I(I+1)—8M2w2+%,

G =2-2Mv, Qq=-2iMv, @g3=—-2—2iMv,

it maps into the Teukolsky equation for Schwarzschild background (in its

homogeneous version, with spin s = —2) Teukolsky, Phys. Rev. Lett. 29 (1972) 1114;
Teukolsky, Astrophysical Journal 185 (1973) 635

%R(r)] <w2r2 + 4iw(r — M)

vo . d oM
TG [ r21(r) 1G]

—8iwr—(l+2)(l—1)) RN =0, f)=1-="=.

Marco Rossi Universita della Calabria and INFN Cosenza

Painlevé equations, gauge theories and gravity



An introduction Painlevé lll3 and Mathieu Painlevé VI and Heun Egiuation Summary and Perspectives Backup slides
(e]e]

0000000 000e00 o [e]e]e}

Expressions for the wave function

The CHE has regular singular points at y = in2 which means r = 2m, i.e. the
BH horizon and at y = +o0 which means r = 0. Irregular at y = —oc which
means r = +oc.

We are interested in the solution in between y = —co and y = In2.

By confluence limit of solutions of Heun, one finds solutions of the CHE
E.g. the Floquet solutions ¢ (y + 27i) = eiz"’kwi(y).

Define N_.(y) = d/dyIny+(y) and N+(y) = 1% NP (y)e™

® a < y < In2 (near horizon, from confluence I|m|t in right region of Heun)

—9%

d
o) = 2 in [( _9

and

1 1 e
e, F, (E:I:k—q1,§:|:k—q2;1:|:2k;?>] .

dy

d _ _
nPy) = [P(” (e’ +ZP") y)d .

i‘”(y)} , n>1

m=1

with P,(,Q’)(x) polynomials of degree n:

- 203 1), - 4qs -y 1
pU) Yy — y p1 yy_ "8 y _ _
o @) =gz A=z 3
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e —co < y < a(far from horizon, from confluence limit in left region of Heun)

©) -4 _e? _ 1 0pf—Y
I'Ii(y)|_dy|n[exp( e’V L k(y 9))1F1(2:|:k+q3,1:|:2k,2e )}

and

d d
pingy—0 E:P)
dy { o ( ] dy'" G (y)] nzt

with P,(,?)(x) polynomials of degree n:

_ 1 9192 1, 1), y— 1 9192 _
) (/=0 :(_7 )7 o p)gr—o :(_7 ) 0
o (¢7) itiowe)2 o AT it )

n?y) =

Similar expressions are in Fucito, Morales, Russo (2024) @aNnd Cipriani, Di Russo, Fucito, Morales,
Poghosyan, Poghossian (2025).

o In terms of Floquet basis one can construct 'physical’ solutions (i.e.
incoming at the horizon, v (y) = € [¢—(y) — e~ ¥4, (y)], outgoing at infinity
Yup(y) = D [1(y) — ey ()], With o = Ap/h).
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Exact relations for the incoming solution R, = “Z=E0y;,:

. efiwr* r
Rin(r) ~ Bl + oo r* :r+2MInW, r— 4oo
w
) 2 2iMw
Rn(r) ~ —i2%?(iMuy3+2me 1 (1 - %) r—2M
MQ(8, g1, 92, G3) r

w® QO+ im, ¢, %, —Gs) 4
B=—— 2T T 48 T8 (op )M
2 Q(9, a1, G2, G3) (eM.)

with Q the Wronskian of two well specified solutions of the CHE, 9,0 ~ i,
Yoo~y Q= 1W[¢o,o, Y o]
+91+9;
Yooly) = J5(e —2) Ly 2
P o(y) = e (BF1/D0+aB+1/2Y oy (_ee—y) Yy —oo
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Summary and Perspectives

e In the framework of connections Painlevé / gravity /gauge theories we
studied ODEs of the Heun type. In particular Floquet solutions, which we
constructed perturbatively by using a system of (Riccati) first order ODEs.

e The relative connection coefficients ¢ coincide with Ap/h, where Ap is dual
gauge period of ' = 2 SYM in the Nekrasov-Shatashvili background.

o Still to be done: understand (also numerically) the polynomials appearing in
the solutions: possible recursive relations between them.

e Study and construct subdominant solutions (in/up basis in gravity).

e Other Painlevé, other confluences of Heun equations
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MME in gravity and gauge theories

e By the map et = r,2e’ = —iwl, P = 52, the above Modified Mathieu
Equation becomes the ODE which describes scalar field perturbation

#(r) = Vi (y) of the D3 brane with supergravity background (AdSs XS® both
with radius of curvature L) Gubser, Hashimoto ‘98

ds® = H(r)~"/2(df® + dx®) + H(r)"/2(dr® + rPdQ2), H(r)=1+L%/r*
In specific, one gets the radial wave equation for the /-th partial wave of

energy w
2 14 J42)2 _ 1
%—&-{wz (1+F>—(+r%]¢(r):o

Vo ~ €' is the upgoing solution at r = co, Uy ~ ¢*/7 is the incoming at r = 0

e The Modified Mathieu Equation is the quantisation of the SW differential for
N = 2 SYM without matter in the NS background.
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Painlevé gauge correspondence

e Painlevé | — Hj (Argyres-Douglas)
o Painlevé Il—>H;

e Painlevé Ill; —>N; = 0 (MME)

e Painlevé lllb—>N; = 1

e Painlevé /ll,—>N; = 2 (DCHE)

e Painlevé IV—>H,

e Painlevé V—>N; = 3 (CHE)

e Painlevé VI—>N; = 4 (Heun)

[m] = =
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Confluence limit Heun->CHE y = ¥y’ — 0/2, que

4e% 6 — —c0)

r(1+2k 1 S k+q:) 8ka12qs &
—03k+2k In 2+1 e +.
ok 2K In2Hn i py 2 2 r(1+k+q,) (T—akep® "
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