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Introduction



Integrals of motion in CFT

• 2-dim Integrable QFT has an infinite number of integrals of motion (IM)

[Zamolodchikov]

• In 2d CFT +integrable perturbation, the IMs Is have been constructed

as a quantum version of soliton hierarchy

[Zamolodchikov,Sasaki-Yamanaka, Eguchi-Yang, Kupershmidt-Mathieu,...]

[Is, Is′ ] = 0, Is =

∮
Ps(z)dz

• Integrable structure in 2d CFT [Bazhanov-Lukyanov-Zamolochikov]

T-function =⇒ IMs on a cylinder

• Application to thermal properties of CFT[Essler et al. ,Dymarsky-Pavlenko,

Ashok et.al. , Downing et al. ]
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ODE/IM correspondence

[Dorey-Tateo 9812211, Bazhanov-Lukyanov-Zamolodchikov 9812247, ...]

• Spectral problem of Ordinary Differential Equations (ODE) ⇐⇒
Functional relations in quantum integrable models (IM)

• T-function: (generating function of IMs) ⇐⇒ Wronskian of the solutions

at infinity

• WKB solutions of the ODE are applied to calculate the Wronskians

• Schrödinger Eq. ⇐⇒ Virasoro minimal model [BLZ]

3rd order ODE ⇐⇒ W3 minimal model [Bazhanov-Hibberd-Koroshkin]

• CFT data (c,∆2, · · · ) ⇐⇒ ODE data (potential, monodromy)

ODE/IM

linear differential system (ĝ∨) ⇐⇒ W ĝ minimal model
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Linear Problem and WKB

analysis



Linear Problem

• g: a (simply-laced ) Lie algebra of rank r

• {Hi, Eα}; the Cartan-Weyl basis of g

• α1, . . . , αr: simple roots

• extended root α0 = −θ: θ is the highest root

first order Linear differential system

[ϵ∂x +A(x)]Ψ(x) = 0

A(x) = ϵ
1

x
(l ·H)Ψ +

r∑
i=1

Eαi + p(x)Eα0

• l ·H =
∑r

i=1 liα
∨
i ·H, li ”angular momentum” parameter

• p(x) = xh
∨M − E ”potential” term (E = 1)

• ϵ = ℏ Planck constant

• Ψ take values in the representation of g
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Comments

• The linear system is obtained from the Lax system [Lz, Lz̄] = 0 form the

affine Toda field equation by taking the light-cone (z̄ → 0) and the

conformal limit. [Lukyanov-Zamolodchikov,Ito-Locke, ...]

• For A
(1)
1 , the linear system is equivalent to the Schrödinger equation with

potential p(x) with centrifugal tern[
− d2

dx2
+
ℓ(ℓ+ 1)

x2
+ x2M − E

]
y(x,E, ℓ) = 0
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WKB analysis of A(1)
r type Linear problem

(r + 1)-dim representation of Ar, Eαi
= Ei,i+1, Eα0

= Er+1,1[
ϵr+1

(
∂x − l1

x

)(
∂x − l2

x

)
. . .

(
∂x − lr

x

)(
∂x − lr+1

x

)
+ (−1)rp(x)

]
ψ(x, ϵ) = 0

[Dorey-Dunning-Tateo][
(ϵ∂x)

h +
h∑

i=2

ϵi
Li

xi
(ϵ∂x)

h−i + (−1)rp(x)

]
ψ(x, ϵ) = 0

WKB expansion

ψ(x, ϵ) = exp

(
1

ϵ

∫ x

dxS(x, ϵ)

)
,

S(x, ϵ) =
∞∑
i=0

ϵiSi(x).

Riccati eq. for Si

(ϵ∂x + S)rS +

r+1∑
i=2

Li

xi
(ϵ∂x + S)r−iS + (−1)rp(x) = 0,
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WKB solutions and period integral

S0(x) = −p(x)
1
h , S1(x) =

h− 1

2h
∂x log(p),

S2(x) =
L2

h
p−

1
h x−2 −

(h− 1)(h+ 1)M(hM − 1)

12
p−

1
h
−1xhM−2

+
(h− 1)(h+ 1)(2h+ 1)M2

24
p−

1
h
−2x2hM−2, . . .

period integral Qi =
∮
C dx Si(x)

J(a, b) ≡
∫
C

(
xhM − 1

)a
xbdx = −

eπia2πi

hM

Γ
(
−a− b+1

hM

)
Γ(−a)Γ

(
1− b+1

hM

) ,
WKB periods

Q2 =
1

h
J1,2

(
L2 +

1

24
(h− 1)h(hM − 1)

)
,

Q3 =
1

h
J2,3

(
− L3 − (h− 2)L2

)
, . . .
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WKB analysis of D(1)
r type Linear problem

2r-dim vector representation [Dorey-Dunning-Masoero-Suzuki-Tateo]

ϵ2r−2

(
∂x −

l1

x

)
· · ·

(
∂x −

lr

x

)
∂−1
x

(
∂x +

lr

x

)
· · ·

(
∂x +

l1

x

)
ψ = 4

√
p(x)∂x

√
p(x)ψ,

• WKB analysis of the ODE including a pseudo-differential operator ∂−1
x

• Diagonalization (abelianization)
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WKB analysis of pseudo-ODE

• Set lr → 0, D
(1)
r → B

(1)
r−1

ϵ2r−2

(
∂x − l1

x

)
· · ·

(
∂x − lr−1

x

)
∂x

(
∂x +

lr−1

x

)
· · ·

(
∂x +

l1
x

)
ψ(x)

− 4
√
p(x)∂x

√
p(x)ψ(x) = 0.

• WKB expansion of B
(1)
r−1-type ODE

(ϵ∂x + S)2r−2S +

2r−1∑
i=2

L′
i

xi
(ϵ∂x + S)2r−2−iS − 4

√
p(z)∂z

√
p(z) = 0.

L′
i is expressed by symmetric polynomials in l21, . . . , l

2
r−1

Solve the Riccati eq.

• Replace L′
i by symmetric polynomials in l21, . . . , l

2
r−1, l

2
r (B

(1)
r−1 → D

(1)
r )

• WKB expansion of D
(1)
r
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Diagonalization of the Lax operator

Adiag(z) = T−1(z)A(z)T (z) + ϵT−1(z)∂zT (z).

Ψ(z) = diag

[
exp

(
−1

ϵ

∫
dzAdiag(z)

)]
.

step-by-step diagonalization

T (z) = Td =


1

. . .

g1 g2 . . . gd−1 1



GauTd
[A(z)] =


GauTd

[A(z)]d,1 . . . GauTd
[A(z)]d,d−1 GauTd

[A(z)]d,d


Eliminate g1, . . . , gd−2 and p(x) by solving

GauTd
[A(z)]d,1 = · · · = GauTd

[A(z)]d,d−1 = 0 (Riccati Eqs.)

GauTd
[A(z)]d,d = ϵ

(
l·H
x

)
d,d

+ gd−1 = S(z, ϵ)

This procedure is the same as the construction of classical conserved

charges in the Drinfeld-Sokolov reduction of the soliton hierarchy.
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WKB periods for D(1)
r -type linear problem

WKB expansion

S0(x) = 2
2
h p(x)

1
h ,

S1(x) = −
1

2
∂x log(p),

S2(x) = −4−1/hL
′
2

h
p−

1
h x−2 − 2−

2
h
−3 (h+ 1)(h+ 2)(2h+ 1)M2

3
p−

1
h
−2x−2+2hM

+
4−

h+1
h (h+ 1)(h+ 2)(hM − 1)M

3h
p−

1
h
−1x−2+hM ,

S′
r = 2p−

1
2 x−rKr, Kr = Kr := xr

(
∂x −

l1

x

)
· · ·

(
∂x −

lr

x

)
· 1

WKB period integrals

Q2 = −
2−

2
h

h
J1,2

(
L′
2 +

1

24
h(h+ 2)(hM − 1)

)
,

Q4 = −
2−

6
h

h
J3,4

[
L′
4 −

h− 3

2h
L

′2
2 +

3(h− 2)

2
L′
3 −

1

8

[
(M − 4)h2 − (6M − 9)h− 6

]
L′
2

+
1

1920
h(h− 6)(h+ 2)(Mh− 3)(Mh− 1)(2(M + 1)h− 1)

]
,

Q′
r = 2J− 1

2
,−r(ϵ1, l + ρ) · · · (ϵ1, l + ρ),
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Integrals of motion in W CFT



W minimal model

W ĝ minimal model: spin i+ 1 current ( i: exponent of g)

WA
(1)
r : W2,W3, . . . ,Wr+1

WD
(1)
r : W2,W4, . . . ,W2r−2 and W ′

r

WE
(1)
6 : W2,W5,W6,W8,W9,W12

• OPE closure

A(z)B(w) =
∑

1≤k≤∆A+∆b

{AB}k(w)
(z − w)k

+ ◦◦ AB ◦◦ (w) +O(z − w).

• quantum Miura transformaltion [Fateev-Lukyanov]

• Quantum Drinfeld-Sokolov reduction of affne Lie algebra ĝ

[Feigin-Frenkel]
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Free Field realization of W algebras

ϕi(z): r free bosons with OPE ϕi(z)ϕj(w) ∼ −δij log(z − w)

energy-momentum tensor

T (z) = −
1

2
◦◦ (∂zϕ)

2(z) ◦◦ −iα0ρ · ∂2zϕ(z).

The central charge

c = r − 12α2
0ρ

2,

Quantum Miura transformation WAr [Fateev-Lukyanov]

(α0∂z)
r+1 −

r+1∑
k=2

W̃k(z) (α0∂z)
r+1−k =◦◦ (α0∂z − ϵ1 · i∂zϕ) . . . (α0∂z − ϵr+1 · i∂zϕ) ◦◦ (z) .

primary field VΛ(z) =◦◦ eiΛ·ϕ(z)
◦◦

∆̃2 = ∆Λ =
1

2
Λ(Λ + 2ρ) = −σ2 −

1

4

(r + 2

3

)
α2
0

∆̃3 = σ3 + (r − 1)α0σ2 +
(r + 2

4

)
α3
0

symmetric polynomials in pi = (ϵi,Λ + α0ρ)

σk =
∑

1≤i1<i2<···<ik≤r+1

pi1pi2 . . . pik .
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Free field realization of the W-algebras (2)

WDr algebra : W
(r)
2 , . . . ,W

(r)
2r−2, R

(r)
r , c = r − r(2r − 1)(2r − 2)α2

0

Rr(z) =◦◦ (α0∂z − iϵ1 · ∂zϕ(z)) . . . (α0∂z − iϵn · ∂zϕ(z)) ◦◦ ·1.

Rr(z)Rr(w) =
Ar

(z − w)2r
+

r−1∑
k=1

Ar−k

(z − w)2(r−k)

(
W̃2k(z) + W̃2k(w)

)
,

WDr =WDr−1 ⊕ [ϕ̃r]

∆̃2 =
1

2
σ1 −

r(2r − 2)(2r − 1)

24
α2
0,

∆̃4 =
1

2
σ2 −

(
1

12
(r − 7)(r − 2)(2r − 3)α2

0 +
1

4

)
σ1 +

r(2r − 1)(r − 1)

24
α2
0

+
1

720
(r − 2)(r − 1)r(2r − 3)(2r − 1)(5r − 71)α4

0,

σk =
∑

1≤i1<i2<···<ik≤r p
2
i1
p2i2 . . . p

2
ik
, pi = (ϵi,Λ + α0ρ)
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CFT on a cylinder

• On the complex plane, the integrals of motion is constructed as

Is =
∮
dzJs(T,W, . . . )dz with [Is, Is′ ] = 0.

• the IMs Ĵs(u) on the cylinder by the conformal map z = eu (u = τ + iσ)

• A (non-primary) field A(z) =
∑

nAnz
−n−∆A on the complex plane

transforms as ( dzdu = z)

Â(u) = z∆AA(z)(+δA(z)) =: z∆AAR(z)

• normal-ordered product on the cylinder

: ÂB̂ : (v) =
1

2πi

∮
v

du
T (Â(u)B̂(v))

u− v
=

1

2πi

∮
w

dz

z

z∆Aw∆BR(AR(z)BR(w))

log z
w

.
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Normal ordered product on the cylinder

Bernoulli polynomial ψn(x):
(z+1)x

log(1+z)
=

∑∞
n=0 ψn(x)zn−1

AR(z)BR(w) =

∆A+∆B∑
k=1

{ARBR}k(w)
(z − w)k

+ {ARBR}0(w) + · · · ,

[Dymarksy-Pavlenko-Solovyev,Novaes]

: ÂB̂ : (v) = Â−(v)B̂(v) + B̂(v)Â+(v) +

∆A+∆B∑
k=1

fk(∆A − 1){ARBR}k(w)w∆A+∆B−k,

fk(x) = ψk(x)− (x)k
k!

Â−(v)B̂(v) + B̂(v)Â+(v) = w∆A+∆B{ARBR}0(w)

+

∆A−1∑
n=1

∆A+∆B∑
k=1

w∆A+∆B−k (∆A − n− 1)k−1

(k − 1)!
{ARBR}k(w).

Example [BLZ]: T̂ (u) = z2T (z)− c
24

: T̂ T̂ : (v) = w4{TT}0(w)−
c− 10

12
w2T (w) +

3

2
w3∂T (w) +

22c+ 5c2

2880
.

(: T̂ T̂ :)0 = 2
∞∑

n=1

L−nLn + L2
0 −

c+ 2

12
L0 +

5c2 + 22c

2880
.
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Quantum IM for WA
(1)
r

charge densities

Ĵ2(v) = T̂ (v),

Ĵ3(v) = Ŵ3(v),

Ĵ4(v) = Ŵ4 + a1 : T̂ T̂ : (v), a1 =
3(r − 4)

[
(r + 2)c+ 8r2 − 18r + 4

]
2(5c+ 22)(r − 2)(r − 1)r

Ĵ5(v) = Ŵ5 + b1 : T̂ Ŵ3 : (v), b1 =
8(r − 5)

[
(r + 3)c+ 15r2 − 33r + 6

]
(7c+ 114)(r − 2)(r − 1)r

integrals of motion

Is =

∫ 2π

0

dσ

2π
Ĵs(iσ).

(Ŵs)0|{∆s}⟩ = ∆s|{∆s}⟩.
Is|{∆s}⟩ = Is|{∆s}⟩.

I2 = ∆2 −
c

24
,

I3 = ∆3,

I4 = ∆4 + a1

(
∆2

2 −
c+ 2

12
∆2 +

5c2 + 22c

2880

)
,

I5 = ∆5 + b1

(
∆3∆2 −

6 + c

24
∆3

)
.

18



Quantum IM for WD
(1)
r

Ĵ2(v) = T̂ (v),

Ĵ4(v) = Ŵ4 + a1 : T̂ T̂ : (v), a1 = −
3(r − 4)

(
2cr + c+ 16r2 − 10r

)
2(5c+ 22)(r − 1)r(2r − 1)

Ĵ6(v) = Ŵ6 + x1 : T (: TT :) + x2 : ∂T∂T :,

I2 = ∆1 −
c

24
,

I4 = ∆4 + a1

(
∆2

2 −
c+ 2

12
∆2 +

5c2 + 22c

2880

)
.

WD4

I6 = ∆6 +
(656 + 11c)(23 + 52c)

2646(2c− 1)(68 + 7c)
∆3

2 −
(c+ 4)(656 + 11c)(23 + 52c)

21168(2c− 1)(68 + 7c)
∆2

2

+
(656 + 11c)(−96 + 364c+ 231c2 + 26c3)

254016(2c− 1)(68 + 7c)
∆2 −

c(656 + 11c)(60 + 13c)

128024064
.
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ODE/IM correspondence

• ODE : Q2 = −h(M + 1)J1,2

[
− 1

h2(M+1)s2 −
r
24

]
CFT: I2 = −σ2 − r

24

• Q3 = 1
hJ2,3s3

I3 = σ3
• Q4 =

J3,4

[
1
hs4 − (h− 3)

(
1

2h2 s
2
2 +

1+M
8h s2 − (1+M)2

1920 h2(h− 1)( 2hM
2

1+M − 9)
)]

I4 = −σ4 + r−2
2(r+1)σ

2
2 +

r−2
8(r+1)σ2 +

(r−2)r(9−2(r+1)α2
0)

1920(1+r) .

ODE/IM

sk = (h
√
1 +M)kσk, Λ + α0ρ =

1

h
√
1 +M

(l + ρ).

α2
0 =

1

h2(M + 1)
, ceff = r − 12

h2(M + 1)
(l + ρ∨)2
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Diagonalization of the E
(1)
6 linear problem

[KI-Kono-Zhu, work in progress]

27-dimensional representation

Eα1 = E1,2 + E12,15 + E14,17 + E16,19 + E18,21 + E20,22

Eα2 = E2,3 + E10,12 + E11,14 + E13,16 + E21,23 + E22,24

Eα3 = E3,4 + E8,10 + E9,11 + E16,18 + E19,21 + E24,25

Eα4 = E4,5 + E6,8 + E11,13 + E14,16 + E17,19 + E25,26

Eα5 = E5,7 + E8,9 + E10,11 + E12,14 + E15,17 + E26,27

Eα6 = E4,6 + E5,8 + E7,9 + E18,20 + E21,22 + E23,24

E−θ = E20,1 + E22,2 + E24,3 + E25,4 + E26,5 + E27,7

(
ϵ∂x + ϵ

l ·H
x

+
r∑

i=1

Eαi + p(x)Eα0

)
Ψ(x) = 0

gauge transformation AT = T−1
27 AT27 + ϵT−1

27 ∂T27

Riccati Eqs. (AT )27,1 = · · · (AT )27,26 = 0 for gauge parameters g1, . . . , g26.
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WKB analysis

g26(x) =
∑∞

n=0 ϵ
ng

(n)
26 (x)

g26 = s26, p(x) =
−45− 26

√
3

9
(s26)

12

g
(1)
26 = −v5 + 8

∂s26
s26

g
(2)
26 =

3 +
√
3

24

(
2W2

s26
+ 39

∂2s26
s226

)
+ ∂(∗)

g
(3)
26 = ∂(∗)

g
(4)
26 = ∂(∗)

g
(5)
26 = −3 + 2

√
3

6

W5

s426
+ ∂(∗)

W2, W5 spin 2, 5 Casimirs of l
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Outlook



Outlook

• WKB analysis for exceptional , non-simply-laced and twisted affine Lie

algebras

• Eigenvalues of IMs in WE
(1)
6 minimal model

• quantum period in E-type Argyres-Douglas therories

E-type TBA equation

(A2, A3) ∼ (E6, A1)

• Langlands duality W ĝ∨-minimal model ⇐⇒ linear problem based on ĝ
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