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Motivation: quantum many-body dynamics and thermalization

|Ψ0⟩ → |Ψt⟩ = e−itH |Ψ0⟩
local

short-range correlated
not simple in eigenbasis of H

Quantum quench:

For large t local physics becomes easy to describe:

lim
t→∞

lim
|Ā|→∞

⟨Ψt|OA|Ψt⟩ = tr[ρthOA]

A
A

When can I expect this to happen? Intuitively: dynamics should not be “too simple”

Many subtleties: conservation laws, localisation, scars, . . .

Q: What happens under classical deterministic dynamics? ⇐ ∃ a basis : |s⟩ → |s′⟩
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|Ā|→∞

⟨Ψt|OA|Ψt⟩ = tr[ρthOA]

A
A

When can I expect this to happen? Intuitively: dynamics should not be “too simple”

Many subtleties: conservation laws, localisation, scars, . . .

Q: What happens under classical deterministic dynamics? ⇐ ∃ a basis : |s⟩ → |s′⟩

Katja Klobas Dynamics with random permutations 3/9/2025 1 / 12



Motivation: quantum many-body dynamics and thermalization

|Ψ0⟩ → |Ψt⟩ = e−itH |Ψ0⟩
local

short-range correlated
not simple in eigenbasis of H

Quantum quench:

For large t local physics becomes easy to describe:

lim
t→∞

lim
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Classical deterministic dynamics

|Ψt⟩ =

|↑⟩ |↑⟩ |↓⟩ |↓⟩ |↑⟩ |↑⟩ |↑⟩ |↓⟩

local permutation evolution

= product state =⇒ cannot thermalise

This statement is basis dependent!

|Ψt⟩ =

| ↑ ⟩| ↑⟩| ↑ ⟩| ↑ ⟩| ↑ ⟩| ↑ ⟩ | ↑⟩ | ↑⟩

local permutation evolution
(sufficiently generic)

̸= product state =⇒ ⟨Ψt|OA|Ψt⟩ t→∞−−−→
?

tr[ρthOA]
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How “generic” can classical deterministic evolution be?

Is there a simple way to distinguish it from generic quantum dynamics?

B. Bertini, KK, P. Kos, D. Malz, Phys. Rev. X 15, 011015 (2025)

In analogy with random-unitary circuits:
chain of L qudits with locally applied randomly chosen permutations

|ψt⟩ =

|ψ(0)⟩

∈ S(d2)

How do the averaged quantities (e.g. OTOCs and purity) behave?

Bruno Bertini
Birmingham

Pavel Kos
MPQ Munich

Daniel Malz
Copenhagen
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Technical tool: Averages over the permutation group I

Basic building block: Q(m) :=
1

d2!

∑
U∈S(d2)

U ⊗ U ⊗ U ⊗ · · · ⊗ U︸ ︷︷ ︸
m

= m

Detour: Uniform averages over d× d unitary matrices 2n :=

∫
U(d)

dU U ⊗ U∗ ⊗ U ⊗ · · · ⊗ U∗︸ ︷︷ ︸
2n

- 2n projector to the space of invariant states

- Unitarity: UU † = 1→ U ⊗ U∗
d−1∑
s=0

|ss⟩ =
d−1∑
s=0

|ss⟩ −→ |1⟩ =
d−1∑

s1,...,sn=0

|s1s1s2s2 . . . snsn⟩

- Symmetry under reshuffling of replicas: |σ⟩ =
d−1∑

s1,...,sn=0

∣∣s1sσ(1)s2sσ(2) . . . snsσ(n)〉 ∀σ ∈ S(n)
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Technical tool: Averages over the permutation group II

m :=
1

d!

∑
U∈S(d)

U ⊗ U ⊗ U ⊗ · · · ⊗ U︸ ︷︷ ︸
m

Invariant states given by partitions of Zm

π =
{
{i1,1, i1,2, . . . , i1,l1}, . . . {ik,1, . . . , ik,lk}

}
k∑

j=1

lj = m,

k⋃
j=1

{ij,1, . . . , ij,lj} = Zm

⟨s1s2 . . . sm|π⟩ =
k∏

j=1

lj∏
p=2

δsij,p−1
,sij,p

Number of partitions: Bell number Bm

B0 = B1 = 1 Bm =
m−1∑
j=0

(
m− 1

j

)
Bj

Finally we are able to express

Q(m) = m

- Invariant states: {|πjπj⟩}Bm
j=1

- Gram matrix: Gi,j = ⟨πiπi|πjπj⟩

- Q(m) =

Bm∑
i,j=1

[
G−1

]
ij
|πiπi⟩⟨πjπj |

- Q(m) |πjπj⟩ = |πjπj⟩

- Q(m) |πiπj⟩ = Q(m) |πjπi⟩ =
Bm∑
k=1

cki,j |πkπk⟩
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Example: 2n = m = 4

B4 = 15 partition states (and 2! = 2 permutation states)

π1 = {{0, 1, 2, 3}} π2 = {{0, 1, 2}, {3}}

π3 = {{0, 1, 3}, {2}} π4 = {{0, 2, 3}, {1}}

π5 = {{1, 2, 3}, {0}} π6 = {{0, 1}, {2, 3}}

π7 = {{0, 3}, {1, 2}} π8 = {{0, 2}, {1, 3}}

π9 = {{0, 1}, {2}, {3}} π10 = {{0, 2}, {1}, {3}}
π11 = {{0, 3}, {1}, {2}} π12 = {{1, 3}, {0}, {2}}
π13 = {{1, 2}, {0}, {3}} π14 = {{2, 3}, {0}, {1}}

π15 = {{0}, {1}, {2}, {3}}

| ⟩ = 1

d

d−1∑
a,b=0

|aabb⟩

| ⟩ = 1

d

d−1∑
a,b=0

|abba⟩

| ⟩ = 1√
d

d−1∑
a=0

|aaaa⟩

| ⟩ = 1

d2

d−1∑
a,b,c,e=0

|abce⟩
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Averaged infinite-temperature two-point correlation function I

Cµν(x, t) =
1

tr1
⟨tr[Oµ(x, t)Oν(0, 0)]⟩Q

=

2

2 2

2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2

2 2

2

µ

ν

2x

2t

2 = Q(2) | ⟩ = 1√
d

d−1∑
s=0

|ss⟩ ∝ |π1⟩

| µ⟩ = Oµ ⊗ 1 | ⟩

B2 = 2 =⇒ Cµν(x, t) nontrivial

π1 = {{0, 1}} π2 = {{0}, {1}}

| ⟩ = 1

d

d−1∑
s1,s2=0

|s1s2⟩ ∝ |π2⟩

First step: project | µ,ν⟩ to { | ⟩ , | ⟩}
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Averaged infinite-temperature two-point correlation function II

Cµν(x, t) =
oµoν

(1− 1/d)2

[
C (x, t)− 1

d

]

C (x, t) =

2

2 2

2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2

2 2

2

oµ =
1

d
3
2

d−1∑
i,j=0

⟨i|Oµ|j⟩

2 = 2 =

2 = 2 =

√
d

1 + d

(
+

)

Analogous to 2n = 4 for random unitaries:

Cµν(x, t)

oµoν

∣∣∣∣
d→d2

=

〈(tr[Oµ(x, t)Oν(0, 0)]

tr1

)2
〉

U

Asymptotic scaling:

Cµν(x, t) ≃
oµoνc(d)

t2

(
4/d

(1 + 1/d)2

)2t

e−2x2/t
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Out-of-time-ordered correlation functions I

Oµν(x, t) =
1

2

〈
tr
[∣∣[Oµ(x, t),Oν(0, 0)]

∣∣2]〉
Q

tr1

tr[Oµ] = 0

tr
[
O2

µ

]
= d

Õ
(2)
µν (x, t) is a m = 4 quantity

Õ(2)
µν (x, t) = d2t+1

4

4 4

4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4

4 4

4

ν

µ

B4 = 15 states!

| ⟩ = 1

d

d−1∑
a,b=0

|aabb⟩ | ⟩ = 1

d

d−1∑
a,b=0

|abba⟩

| ⟩ = 1√
d

d−1∑
a=0

|aaaa⟩ | ⟩ = 1

d2

d−1∑
a,b,c,e=0

|abce⟩

| ν⟩ = (Oν⊗1)⊗2 | ⟩ | µ⟩ = (Oµ⊗1)⊗2 | ⟩
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Õ

(2)
µν (x,t)

tr[Oµ] = 0

tr
[
O2

µ

]
= d

Õ
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Õ(2)
µν (x, t) = d2t+1

4

4 4

4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4

4 4

4

ν

µ

B4 = 15 states!

| ⟩ = 1

d

d−1∑
a,b=0

|aabb⟩ | ⟩ = 1

d

d−1∑
a,b=0

|abba⟩

| ⟩ = 1√
d

d−1∑
a=0

|aaaa⟩ | ⟩ = 1

d2

d−1∑
a,b,c,e=0

|abce⟩

| ν⟩ = (Oν⊗1)⊗2 | ⟩ | µ⟩ = (Oµ⊗1)⊗2 | ⟩
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Õ

(1)
µν (x,t) =1+subleading terms

−
⟨tr[Oµ(x, t)Oν(0, 0)Oµ(x, t)Oν(0, 0)]⟩Q

tr1︸ ︷︷ ︸
Õ
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Out-of-time-ordered correlation functions II

Problem: generic | µ⟩, | ν⟩ are projected to all 15 states⇒ Õ(2)(x, t) hard to evaluate

Õ(2)
µν (x, t) = d2t+1

4

4 4

4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4

4 4

4

ν

µ

Additional structure for Oν → Od diagonal

| d⟩ 7→
√
d

d− 1
| ⟩ − 1

d− 1
| ⟩

Action of Q(4) on these states closes:

4 = 4 =

4 = 4 =

√
d

1 + d

(
+

)
We can obtain the closed-form expression
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Out-of-time-ordered correlation functions III

Cµν(x, t) =
d2oµoν
d− 1

f(x, t) Oµd(x, t) =
1− oµ,2
d− 1

[f(x, t)]d 7→ 1
d

oµ =
1

d
3
2

d−1∑
i,j=0

⟨i|Oµ|j⟩

O(RU)(x, t) = Oµd(x, t)|oµ,2 7→0,d 7→d2 oµ,2 =
1

d

d−1∑
i=0

⟨i|Oµ|i⟩2

Asymptotic scaling:

1−oµ,2

−vB 0 vB x/t

2σ√
t

2σ√
t

vB =
d− 1

d+ 1

σ =
2
√
d

d+ 1

Non-generic value inside the light-cone!

Dynamics preserves diagonal operators

[Od,1(0, 0),Od,2(x, t)] = 0

Expectation: Oµν(0, t)→ 1− oµ,2oν,2
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Summary and outlook

Motivating question: what are the generic features of many-body dynamics in the case of
purely classical deterministic time-evolution?

- OTOCs have generic shape and
nontrivial value

- Dependence on choice of local
operators/states

1−oµ,2

−vB 0 vB x/t

What about entanglement? ← cf. Michele’s talk
D. Szász-Schagrin, M. Mazzoni, B. Bertini, KK, L. Piroli, 2025, arXiv:2505.06158

Higher replica quantities: local operator entanglement
B. Bertini, KK, P. Kos, D. Malz, 2025, arXiv:2508.10890
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