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Motivation: quantum many-body dynamics and thermalization

Quantum quench:  [Tg) — |0;) = e~ | 1)
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When can | expect this to happen? Intuitively: dynamics should not be “too simple”

Many subtleties: conservation laws, localisation, scars, . ..
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Motivation: quantum many-body dynamics and thermalization

Quantum quench:  [Tg) — |0;) = e~ | 1)

For large t local physics becomes easy to describe: @

lim lim <\I/t|OA‘\I/t>:tr[pthOA]

t—00 | A|] =00

8N

When can | expect this to happen? Intuitively: dynamics should not be “too simple”

Many subtleties: conservation laws, localisation, scars, . ..

Q: What happens under classical deterministic dynamics? Jabasis : [s) — [s')
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Classical deterministic dynamics

| W) = | local permutation evolution
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Classical deterministic dynamics

| W) = | local permutation evolution | = product state
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Classical deterministic dynamics

|W;) = | local permutation evolution | = product state == cannot thermalise
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Classical deterministic dynamics

|W;) = | local permutation evolution | = product state == cannot thermalise

T T 1T 1T 1T 11
110 1 1 101010 11

This statement is basis dependent!
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Classical deterministic dynamics

|W;) = | local permutation evolution | = product state == cannot thermalise

T T 1T 1T 1T 11
110 1 1 101010 11

This statement is basis dependent!

(sufficiently generic)
|W;) = | local permutation evolution | # product state
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Classical deterministic dynamics

|W;) = | local permutation evolution | = product state == cannot thermalise

T T 1T 1T 1T 11
110 1 1 101010 11

This statement is basis dependent!

(sufficiently generic) N
|W,;) = | local permutation evolution | # product state — (U 04| T) =5 tr[pn O 4]
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How “generic” can classical deterministic evolution be?

Is there a simple way to distinguish it from generic quantum dynamics?
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In analogy with random-unitary circuits: ot
chain of L qudits with locally applied randomly chosen permutations 2
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How “generic” can classical deterministic evolution be?

Is there a simple way to distinguish it from generic quantum dynamics?

B. Bertini, KK, P. Kos, D. Malz, Phys. Rev. X 15, 011015 (2025)

Bruno Bertini

In analogy with random-unitary circuits: i
chain of L qudits with locally applied randomly chosen permutations .

C

|the) = I € S(d?) G

( [4(0)) )

How do the averaged quantities (e.g. OTOCs and purity) behave?

Daniel Malz
Copenhagen
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Technical tool: Averages over the permutation group |

Basic building block: — 3 UsUeUs--8U-= l
UeS d2)
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Technical tool: Averages over the permutation group |

Basic building block: — 3 UsUeUs--8U-= l
UeS d2)

Detour: Uniform averages over d x d unitary matrices 1=/dU UU @U®:---®U"
U(d) 2n
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Technical tool: Averages over the permutation group |

Basic building block: — 3 UsUeUs--8U-= l
UeS d2)

Detour: Uniform averages over d x d unitary matrices 1=/dU UU @U®:---®U"
U(d) 2n

- projector to the space of invariant states
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Technical tool: Averages over the permutation group |

Basic building block: — 3 UsUeUs--8U-= l
UeS d2)

Detour: Uniform averages over d x d unitary matrices 1=/dU UU @U®:---®U"

U(d) 2n
- projector to the space of invariant states
d—1 d—1 d—1
- Unitarity: UUT =1 - U @ U* Z |ss) = Z |ss) — | |1) = Z |s1518282 ... Spsn)
s=0 s=0 81,..,8n,=0
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Technical tool: Averages over the permutation group |

Basic building block: — 3 UsUeUs--8U-= l
UeS d2)

Detour: Uniform averages over d x d unitary matrices 1=/dU UU @U®:---®U"

U(d) 2n
- projector to the space of invariant states
d—1
- Unitarity: UUT =1 - U @ U* Z |ss) = Z |ss) — | |1) = Z |s1518282 ... Spsn)
s=0 s=0 81,..,8n,=0

-1
- Symmetry under reshuffling of replicas: |o) = Z |5155(1)5250(2) - - - SnSo(m)) Vo € S(n)

814e0y8n=0
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UeS(d) m
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU
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Invariant states given by partitions of Z,,
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UesS(d) m
Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}
k k
le:m, U{iﬂ,...,ij’lj}:Zm
p =1
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UesS(d) m
Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}
k k
Zl]:m, U{ij,lv'”vij,lj}zzm
P =1
kol
(s152...sm|m) = H H 545,p—1:514p
j=1p=2
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UesS(d)

m

Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 cee {ik‘,lv cee )ik,lk}}
k k
le:m, U{iﬂ,...,ij’lj}:Zm

j=1 j=1

E ol
(5152 ... 8m|m) = H H 5sij,p—1’sij,p

j=1p=2
Number of partitions: Bell number B,,

m—1

-1
By=Bi=1 Bp=) (m )Bj
— J
‘77
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Finally we are able to express
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" UesS(d)

m

Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}
k k

Finally we are able to express

om) —

- Invariant states: {|r;m;)}2m
le:m, U{iﬂ,...,ij’lj}:Zm ’

j=1 j=1

E ol
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UesS(d)

m

Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}
k k
le:m, U{iﬂ,...,ij’lj}:Zm

j=1 j=1

E ol
(5152 ... 8m|m) = H H 5sij,p—1’sij,p

j=1p=2
Number of partitions: Bell number B,,

m—1
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— J
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Dynamics with random permutations

Finally we are able to express

om) —

- Invariant states: {|m;7;)} 7
- Gram matrix: Gi’j = <7TZ'7TZ"7Tj7Tj>
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

" UesS(d)

m

Invariant states given by partitions of Z,,

™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}

k k

U100} = Zm

j=1 j=1

E ol
(5152 ... 8m|m) = H H 5sij,p—1’sij,p

j=1p=2
Number of partitions: Bell number B,,

m—1

m—1
Bo=B; =1 Bm:ZO< ; )Bj
j=
Katja Klobas

Dynamics with random permutations

Finally we are able to express

om) —

- Invariant states: {|m;7;)} 7

- Gram matrix: G, ; = (mm;|m;mj)
B

-1om = Z [Gile |70 (5]

1,j=1
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Technical tool: Averages

over the permutation group Il
1
::E Y UUeU®---®U

Finally we are able to express
T UeS(d) m
Invariant states given by partitions of Z,, olm) —
™= {{il,lail,Za o 7/L'1,ll}7 cee {ik‘,lv cee )ik,lk}}

k k

le:m, U{iﬂ,...,ij’lj}:Zm

Invariant states: {|r;m;)} 7

— ~ - Gram matrix: Gi’j = <7TZ'7TZ"7Tj7Tj>
j= j=
b - oM = Bzm [Gil] |07 Xy |
(s182...8m|m) = HH(Ssijp—l’Sijp e /AN
j=ip=2 .

Number of partitions: Bell number B,,

m—1

QU™ |mymy) = |mjms)

-1
By=B =1 Bmzz(m. )Bj

=0 N 7
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Technical tool: Averages over the permutation group Il

1
::E Z UURU®---QU

Finally we are able to express

" UeS(d) m
Invariant states given by partitions of Z,, olm) —
™= {{il,lail,Za o 7/L'1,ll}7 s {ik‘,lv s )ik,lk}}

k b » - Invariant states: {|m;7;)} 7
Z;lj - ‘U1{Zj71’ o lyh = Lo - Gram matrix: G, ; = (mym;|m;;)
Jj= Jj=

— - Bm o
(3132 . sm‘ﬂ—> = H H 5sij,p—1’sij,p B - i’jZZI [ ]z] ‘7T27T2><7T]7T]|
j=1p=2
Number of partitions: Bell number B,, - om |mjmi) = |mims)
m—1 B
m—1 m
Bo=Bi=1 Bn=)_ ( J )Bj - QU |mimy) = QU™ [myms) = cFj Immy)
§=0

k=1
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Example: 2n =m =4

B4 = 15 partition states (and 2! = 2 permutation states)

m =4{{0,1,2,3}} m = {{0,1,2},{3}}
m3 = {{0,1,3},{2}} m4 = {{0,2,3},{1}}
ms = {{1,2,3},{0}} m6 = {{0,1},{2,3}}
mr = {{0,3}, {1, 2}} ms = {{0,2}, {1,3}}
mo = {{0,1},{2}, {3}} mo = {{0,2}, {1}, {3}}
m1 = {{0,3}, {1}, {2}} m2 = {{1,3},{0}, {2}}
m3 = {{1,2},{0}, {3}} ma = {{2,3},{0}, {1}}

ms = {{0}, {1}, {2}, {3}}
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Example: 2n =m =4

B4 = 15 partition states (and 2! = 2 permutation states)

m = {{0,1,2,3}} m = {{0,1,2},{3}} d—1

_ _ 0) = = > Jaabt)
T3 = {{07 1, 3}7 {2}} Ty = {{07 2, 3}7 {1}} da,b:O
d—1
5 = {{17273}7 {0}} g — {{07 1}7 {273}} ||:|> _ % |abba)
7T = {{073}7 {1’ 2}} g = {{072}7 {1’3}} a,bzgl
= (01,01 3)  mo={02,013) | K= 53 leaca)
a=0
w1 = {{0,3}, {1}, {2}} o = {{1,3}, {0}, {2}} .
s = {{1,2}, {0}, {3}} ma = {{2,3}, {0}, {1}} =)= d—gbge?:'gb@

ms = {{0}, {1}, {2}, {3}}
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Averaged infinite-temperature two-point correlation function |

Chu(,t) = t%n (1[0, (2,)0,(0,0)])q,
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Averaged infinite-temperature two-point correlation function |

1 d—1
=0 0= 7 X lss) I

|'u> = Ou®ﬂ|o>

By =2 = C,,(x,t) nontrivial
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Averaged infinite-temperature two-point correlation function |

1 d—1
=0 0= 7 X lss) I

|'u> = Ou®ﬂ|o>

By =2 = C,,(x,t) nontrivial

m ={{0,1}}  m ={{0},{1}}

1 d—1
|—) = gz |s182) o< |m2)

s1,52=0
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Averaged infinite-temperature two-point correlation function |

1 d—1
=0 0= 7 X lss) I

|'u> = Ou®ﬂ|o>

By =2 = C,,(x,t) nontrivial

m ={{0,1}}  m ={{0},{1}}

1 d—1
|—) = gz |s182) o< |m2)

s1,52=0

First step: project |@,,) to {|O), [—)}

Katja Klobas Dynamics with random permutations 3/9/2025 7/12



Averaged infinite-temperature two-point correlation function Il

0,0

Cuv(2,t) = a-1/ay [C“(m’t) - clz]
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Averaged infinite-temperature two-point correlation function Il

Dynamics with random permutations 3/9/2025



Averaged infinite-temperature two-point correlation function Il

NEI Y S S e |
B - -5 (L L)
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Averaged infinite-temperature two-point correlation function Il

NEI Y S S e |
B - -5 (L L)

Analogous to 2n = 4 for random unitaries:

Cu(z, r z, v (0,
(@, ) e <(t 0,(z.)0,( o>1)2>U

00y
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Averaged infinite-temperature two-point correlation function Il

NEI Y S S e |
B - -5 (L L)

Analogous to 2n = 4 for random unitaries:

_ <(tr{0u<m,ti>fu<o,0>1>2>U

Asymptotic scaling:

o,0p¢(d) 4/d e
tert) = 225 ()

Culz,t)

00y

d—d?

Katja Klobas Dynamics with random permutations 3/9/2025



Out-of-time-ordered correlation functions |
) (o [l1Outa. ). 0,0.007] ),

O, B} = =
(@) = 3 tr 1
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Out-of-time-ordered correlation functions |

(tr [Oz(aj,t)og(O,O)DQ - (tr[Ou(z, 1) 0 (0,0)O0u (2, )0, (0,0)]) o | tr[Oy] =0

O,(x,t) =
po(2:1) trl trl tr[(’)i] —d
O (x,t) =1-+subleading terms O (x,t)
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Out-of-time-ordered correlation functions |

([02(@. DO30.0])g  (rOu(w, )0, (0,0)0,(x, )0, (0,0)]})g | t1[0,] =0

O, (z,t) =
po(2:1) trl trl tr[(’)i] —d
O (x,t) =1-+subleading terms O (x,t)

O (x,t) is a m = 4 quantity
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Out-of-time-ordered correlation functions |

([02(@. DO30.0])g  (rOu(w, )0, (0,0)0,(x, )0, (0,0)]})g | t1[0,] =0

O, (z,t) =
po(2:1) trl trl tr[(’)i] —d
O (x,t) =1-+subleading terms O (x,t)

O (x,t) is a m = 4 quantity
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Out-of-time-ordered correlation functions |

([02(@. DO30.0])g  (rOu(w, )0, (0,0)0,(x, )0, (0,0)]})g | t1[0,] =0

o= g tr 1 tr[02] = d
0L} (w,t) =1+subleading terms 63 (@)
Offy) (z,t) is @ m = 4 quantity
B4 = 15 states!
= =
0) = aa;0|“abb> o) = 3a§OIabba)

0 (z,t) = d** de1 il

o (2, 1) IX) = % QZ:(:) laaaa)  |—) = diib%;gbce)

@) = (0,21)%*|0) |m,) = (0,1)%*|0)
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Out-of-time-ordered correlation functions Il

Problem: generic |m,,), |®,) are projected to all 15 states = O (x, t) hard to evaluate
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Problem: generic |m,,), |®,) are projected to all 15 states = O (x, t) hard to evaluate

Additional structure for O,, — O4 diagonal
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Out-of-time-ordered correlation functions Il

Problem: generic |m,,), |®,) are projected to all 15 states = O (x, t) hard to evaluate

Additional structure for O,, — O4 diagonal

|od>~>d*_fd1|><>—dflro>
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Out-of-time-ordered correlation functions Il

Problem: generic |m,,), |®,) are projected to all 15 states = O (x, t) hard to evaluate

Additional structure for O,, — O4 diagonal

|od>~>d*_fd1|><>—dflro>

Action of 9 on these states closes:

-y, JE =)
A - AT - % (L L)

Katja Klobas Dynamics with random permutations 3/9/2025 10/12



Out-of-time-ordered correlation functions Il

Problem: generic |m,,), |®,) are projected to all 15 states = O (x, t) hard to evaluate

Additional structure for O,, — O4 diagonal

|od>~>d*_fd1|><>—dflro>

Action of 9 on these states closes:

-y, JE =)
A - AT - % (L L)

We can obtain the closed-form expression
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Out-of-time-ordered correlation functions il
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Out-of-time-ordered correlation functions il
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Out-of-time-ordered correlation functions il
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Out-of-time-ordered correlation functions il

d“o,0, 1—o0u2 1 . )
Cpw(2,t) = == F(@,1)  Oua(w,t) = ——=[f(@D)]asr 0p= o 'ZO (] Opl)
INES
=
o®RU) (x,t) = Oud(fa t)|ou,2|—>0,dn—>d2 Op2 = i Z <Z‘ON‘Z>2
i=0
Asymptotic scaling:
" 20 20 o d+1
VN Vi, 2Vd
d+1
: : : —~
—UB 0 UB x/t
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Out-of-time-ordered correlation functions il

d?o,0, 1—opu2 1 N
C,ul/(xvt) = _ f((I,',t) Oud(x7t) = 71 [f(x7t)]d.—>l OIJ = 73 Z <Z‘O#‘J>
d—1 d—1 d dz 5%
1 d—1
o®RU) (x,t) = Oud(fa t)|ou,2|—>0,dn—>d2 Op2 = i Z <Z‘ON‘Z>2
=0
Asymptotic scaling:
Non-generic value inside the light-cone!
10, o d—1
. 20 20 o d +1
Vil Vi, o= M
d+1
: : : —
—uB 0 UB x/t
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Out-of-time-ordered correlation functions il

d?o,0, 1—opu2 1 :
C,ul/(xvt) = _ f(fI,',t) Oud(x7t) = f[f(xJ:)]d.—)l Op = 3 Z <Z‘O#‘J>
d—1 d—1 dz 5%
1 d—1
o®RU) (x,t) = Oud(fa t)|ou,2|—>0,dn—>d2 Op2 = i Z <Z‘OM‘Z>2
=0
Asymptotic scaling:
Non-generic value inside the light-cone!
d—1
1—opu2 vg = ——— Dynamics preserves diagonal operators
20 20 d +1
vel, Ve 2vd [04,1(0,0), Oa2(,t)] =0
d+1
: : : —
—uB 0 UB x/t
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Out-of-time-ordered correlation functions il

d20uoy 1—ou2 1 .
CNV(xvt) = _ f((I,',t) Oud(x7t) = f[f(xJ:)]d.—)l Oy = 3 Z <Z‘O#‘J>
d—1 d—1 del =)
1 d—1
o®RU) (x,t) = Oud(fa t)|ou,2|—>0,dn—>d2 Op2 = i Z <Z‘OM‘Z>2
=0
Asymptotic scaling:
Non-generic value inside the light-cone!
d—1
1—opu2 vg = ——— Dynamics preserves diagonal operators
20 20 d +1
vel, Ve 2vd [04,1(0,0), Oa2(,t)] =0
d+1
, , , N Expectation: O, (0,t) = 1 — 0,20,2
—UB 0 UB x/t
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Summary and outlook

Motivating question: what are the generic features of many-body dynamics in the case of
purely classical deterministic time-evolution?
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Summary and outlook

Motivating question: what are the generic features of many-body dynamics in the case of
purely classical deterministic time-evolution?

1 —0/1,2
- OTOCs have generic shape and
nontrivial value

- Dependence on choice of local
operators/states . | |

—UB 0 UB x/t

Katja Klobas Dynamics with random permutations 3/9/2025 12/12
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