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 HYPERONΛ

• Mass  

• Lifetime  

• Isospin, charge 

1115.683 ± 0.006 MeV

(2.617 ± 0.010) × 10−10 s

= 0

Introduction

1

N

Z
S = 0

S = − 1

S = − 2

Adapted from Sidorov et al. (2020) 

MOTIVATIONS

• Hyperon puzzle in Neutron Stars 

• Hypernuclei studies



High energy effects included in 
contact terms that depend on low 

energy constants (LECs) 

• Cutoff scale ( )  defines range of 
applicability of the theory

Λχ →

Potential model derivation

2

→
→

LECs determined through fit to 
experimental data

EFFECTIVE FIELD THEORY APPROACH

• Lagrangian expanded in powers of 
 

 Organization in leading and sub-
leading terms (LO, NLO, …)

Q/Λχ

⇒

quarks, gluons 

 GeV≳ 1

QCD
nucleons, pions 

 MeV∼ 100

χEFT

• Interaction described by most general 
Lagrangian that respects the 

symmetries of QCD

Adapted from M. Piarulli (2024)
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Potential model derivation
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EFFECTIVE FIELD THEORY APPROACH

quarks, gluons 

 GeV≳ 1

QCD
nucleons 

 MeV∼ 10

πEFT

·

In EFT even pions can be considered high-energy degrees of freedom  interaction described only by contact termsπ ⇒

nucleons, pions 

 MeV∼ 100

χEFT

Adapted from M. Piarulli (2024)

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS



Literature:               Haidenbauer et al. (2023):      YN interaction in EFT up to N2LO, momentum space 

  Schiavilla et al. (2021):             NN interaction in contact EFT up to N3LO, coordinate space

− χ

−

HYPERON-NUCLEON POTENTIAL MODEL  MOMENTUM SPACE−

• Hyperon-nucleon interaction in momentum space, up to NLO, only contact terms:

Aim of the project : develop a local potential model for the hyperon-nucleon interaction, in a contact EFT approach

Potential model derivation

4

⟶

q = p′￼− p ,
k = (p + p′￼)/2
S = (σΛ + σN)/2 ,
D = (σΛ − σN)/2

SΛN (q) = 3 σΛ ⋅ q σN ⋅ q − q2σΛ ⋅ σN .

VLO
ΛN = CS + CT (σΛ ⋅ σN) ,

VNLO
ΛN = C1q2+C2q2(σΛ ⋅ σN) + iC3S ⋅ (k × q)

+C4SΛN (q) + iC5D ⋅ (k × q)

7 LECs

⟶

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS
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⟶

7 LECs

⟶
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VLO
ΛN = CS + CT (σΛ ⋅ σN) ,

VNLO
ΛN = C1q2+C2q2(σΛ ⋅ σN) + iC3S ⋅ (k × q)

+C4SΛN (q) + iC5D ⋅ (k × q)

q = p′￼− p ,
k = (p + p′￼)/2
S = (σΛ + σN)/2 ,
D = (σΛ − σN)/2

SΛN (q) = 3 σΛ ⋅ q σN ⋅ q − q2σΛ ⋅ σN .
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Potential model derivation
HYPERON-NUCLEON POTENTIAL MODEL  COORDINATE SPACE−

• Investigated cutoff parameter values R0 ∈ [0.7, 2.5] fm

F(r) =
1

π3/2R3
0

exp (−
r2

R2
0 )

• To regularize the interaction (avoid diverging integrals) 
 multiply  by a regulator function , as done 

in Schiavilla et al. (2021)
⟶ VΛN F(r)

• To obtain  in coordinate space  Fourier transformVΛN →

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS



VLO
ΛN = [CS + CT (σΛ ⋅ σN)] F(r) ,

VNLO
ΛN = ∑

i

vi (r) 𝒪i ,  with 𝒪i = 1, σΛ ⋅ σN, SΛN( ̂r), L ⋅ S, L ⋅ D Radial functions containing combinations of 
 and LECs F(r), F′￼(r), F′￼′￼(r) (C1, ⋯, C5)

fixed through fitting procedure to experimental 
data  elastic scattering cross section→ Λp

⟶

• Fourier transform of the regularized potential in momentum 
space to obtain  in coordinate spaceVΛN

7

Potential model derivation

SΛN ( ̂r) = 3 σΛ ⋅ ̂r σN ⋅ ̂r − σΛ ⋅ σN ,
S = (σΛ + σN)/2 ,
D = (σΛ − σN)/2 .

HYPERON-NUCLEON POTENTIAL MODEL  COORDINATE SPACE−

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS



• Decompose wave function                           

expansion in regular and irregular spherical 
Bessel functions, with R-matrix 

ψα
a (q, r) = ∑

β
[δαβ ΩR

β(q, r) + Rαβ ΩI
β(q, r)]

long-range (asymptotic) ; 
nuclear potential is negligible, two 
particles far apart

ψα
a (q, r)

ψc
α(q, r) =

M

∑
i=1

dα,i (q) fi(r)short-range (core) ; nuclear 
potential is important, two particles 
close to each other 

ψα
c (q, r)

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

Cross section calculation
Available experimental data to perform the fit:  elastic scattering cross sectionΛp

• Initial and final scattering states expanded in partial waves  ⟶ Jπ

8



Cross section calculation

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

• Kohn variational principle to compute the 
R-matrix and d-coefficients

[Rαβ(q)] = Rαβ(q) −
2μ
ℏ2

⟨ψβ(q, r) |H − E |ψα(q, r)⟩

stationary with respect to the variation of any unknown coefficient (  in this case)dα,i (q), Rαβ (q)

9



σ =
4π
q2 ∑

J,α,β

Tαβ
2 (2J + 1)

(2sΛ + 1)(2sN + 1)

Cross section calculation

• Total unpolarized cross section: 

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

• Kohn variational principle to compute the 
R-matrix and d-coefficients

[Rαβ(q)] = Rαβ(q) −
2μ
ℏ2

⟨ψβ(q, r) |H − E |ψα(q, r)⟩

stationary with respect to the variation of any unknown coefficient (  in this case)dα,i (q), Rαβ (q)

• The T-matrix is computed from the R-matrix: Tαβ = i(Rαβ + iδαβ)−1Rαβ

Ω+
α(q, r) = ΩI

α(q, r) + iΩR
α(q, r)ψa

α(q, r) = − 2i ΩR
α(q, r)+∑

β

Tαβ Ω+
α(q, r) ,

• Rewrite asymptotic wave function a sum of a plane wave and an outgoing spherical wave:

9



Find an appropriate  function to be minimized, in order to fix LECs valuesχ2
 FUNCTIONχ2

•  function using a constraint on scattering length obtained from 
potential model:
χ2

Fitting procedure

10POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

χ2 = ∑
i

[σth
i (CS, CT, C1, . . . , C5)−σexp

i ]2

err(σexp
i )2 + ∑

j=s,t

[ath
j (CS, CT, C1, . . . , C5) − aexp

j ]
2

err(aexp
j )2



Find an appropriate  function to be minimized, in order to fix LECs valuesχ2

Cross section experimental data 
from Radboud University, NN online 
archive 
 

 FUNCTIONχ2

•  function using a constraint on scattering length obtained from 
potential model:
χ2

Fitting procedure

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

χ2 = ∑
i

[σth
i (CS, CT, C1, . . . , C5)−σexp

i ]2

err(σexp
i )2 + ∑

j=s,t

[ath
j (CS, CT, C1, . . . , C5) − aexp

j ]
2

err(aexp
j )2
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“Experimental” data for  
scattering length from Mihaylov 
et al. (2024) 

Λp

Find an appropriate  function to be minimized, in order to fix LECs valuesχ2

Cross section experimental data 
from Radboud University, NN online 
archive 
 

 FUNCTIONχ2

•  function using a constraint on scattering length obtained from 
potential model:
χ2

Fitting procedure

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

Physics Letters B 850 (2024) 138550

3

D.L. Mihaylov, J. Haidenbauer and V. Mantovani Sarti

Fig. 1. Exclusion plots for the singlet (𝑓0) and triplet (𝑓1) pΛ scattering lengths based on the analysis of the cross section data (left panel) and on the combined 
analysis of cross section and correlation data (right panel). See text for details.

significantly improving the sensitivity of the correlation function to the 
interaction potential. In the present analysis, we perform a pre-fit of 
the pp correlations using the Argonne 𝑣18 potential [52], following 
the same procedure as described in [49]. However, out of the seven 
available 𝑚T bins, we have omitted the last two due to issues with con-
vergence at very low 𝑘. To eliminate any bias related to the assumption 
of a common source, the extracted source parameters from the pre-fit of 
the pp correlations are used as an initial guess for the pΛ system, after 
which they are re-fitted alongside the six interaction parameters, allow-
ing a variation of 3 standard deviations (𝜎). Finally, we verify that the 
parameters converge to a proper local minimum. The remaining details 
on both the pp and pΛ fits, such as the inclusion of momentum resolu-
tion, feed-down, non-femtoscopic baseline, etc., are mirrored from the 
analysis of the same data described in [49].

The first objective of the present analysis is to quantify the allowed 
scattering lengths in the spin singlet/triplet channels (𝑓0, 𝑓1), which 
can be accomplished by considering potentials of varying strengths in 
the CATS framework. Note that we use the sign convention where at-
tractive/repulsive interactions are characterized by positive/negative 
scattering lengths. Both the cross section and the correlation function 
are composed of a weighted sum of the two channels, with respective 
weights of 1/4 and 3/4. The interactions in the two spin states are at-
tractive and exhibit similar correlation shapes that differ in magnitude. 
Due to this similarity, the present analysis is not particularly sensitive to 
the individual scattering lengths of each spin channel, and a unique so-
lution is not expected. Nevertheless, requiring that the two-body forces 
alone produce a bound hypertriton puts a lower limit on the strength 
of the interaction in the spin singlet channel. A concrete estimate is 
difficult to provide, however, judging from results for the hypertriton 
separation energy from Faddeev calculations employing modern YN po-
tentials [14,15], values of 𝑓0 ≲ 2.0 fm are not realistic. Assuming that 
the hypertriton is solely bound by three-body forces is likewise unre-
alistic given the present estimates [53] and explicit calculations [54]
of their possible contribution. In view of this the scan is performed for 
𝑓0 > 1.6 fm. The lack of a unique solution leads to convergence issues in 
the fit procedure. To address this problem, multiple fits are performed, 
each constrained within a specific small region of 𝑓0 and 𝑓1 values. 
The procedure is repeated until the entire desired parameter space is 
scanned. The best 𝜒2 of each individual step is saved, allowing the 
creation of an exclusion plot for 𝑓0 and 𝑓1. The estimator for the ex-
clusion is the total 𝜒2 = 𝜒2

scattering +𝜒2
femtoscopy. The 𝜒2 is converted into 

a number of standard deviations (n𝜎) with respect to the best solution, 
accounting for a total of 9 degrees of freedom [55].

4. Results and discussion

The exclusion plot based on results with the Usmani potential is 
shown in Fig. 1. The axes correspond to the scattering lengths in the 
singlet 𝑓0 and triplet 𝑓1 channel, while the color code contains infor-

mation on the compatibility with the data. The left panel is based on 
the analysis of only the cross section, while the right panel is the fi-
nal result based on the combined analysis of femtoscopic and scattering 
data. The gray dashed lines mark the 1, 2 and 3𝜎 exclusion regions. 
The black solid line, in the right panel, marks the border of a 3𝜎 de-
viation with respect to the scattering data alone and is identical to the 
outer most dashed line from the left panel, while the shaded area de-
picts the region of even worse compatibility. As expected, there is a 
strong correlation between 𝑓0 and 𝑓1, and the inclusion of femtoscopy 
data into the analysis leads to a significant decrease in uncertainties. 
Values of 𝑓0 > 3.34 fm or 𝑓1 < 1.18 fm are disfavored by the data. The 
lower (upper) bound of 𝑓0 (𝑓1) cannot be constrained within the in-
vestigated parameter space. Fig. 1 contains two vertical bars depicting 
the values of the scattering parameters based on the NLO19 [14] and 
the next-to-next-to-leading order N2LO [15] potentials. The size of the 
markers represents the uncertainties related to the employed regulator 
(cutoff Λ) in the chiral NY potentials. Both of these values are located 
approximately in the middle of the phase space region allowed by the 
scattering data alone, which is not surprising, as the LECs of those po-
tentials have, up to now, been fitted to that data. Nevertheless, the 
enhanced sensitivity of the combined analysis shows that the predicted 
scattering lengths are disfavored by as much as 4.8𝜎 in the case of 
N2LO. The NLO19 interaction is overall better in line with the present 
analysis, nevertheless, a systematic deviation of ca. 1-3 𝜎 is observed, 
depending on the cutoff value. Indeed, the predictions by the poten-
tial with cutoff Λ = 600 MeV of 𝑓0 = 2.91 fm and 𝑓1 = 1.41 fm are in 
relatively good agreement, resulting in a deviation from the best solu-
tion of 1.1𝜎. On the other hand, a best fit of 𝑓1, keeping 𝑓0 = 2.91 fm 
fixed, yields 𝑓1 = 1.32 ± 0.08 fm. Clearly, due to the strong correlation 
between the two parameters, changing the value of 𝑓0 will influence 
the outcome for 𝑓1. For example, fixing 𝑓0 = 2.1 fm implies the value 
𝑓1 = 1.56 ± 0.11 fm. Considering the combined analysis (right panel in 
Fig. 1), the best set of solutions can be approximated by the relation

𝑓1 ≈ 2.2 fm− 0.3𝑓0 (±0.1 fm) (5)
for 𝑓0 ∈ (2.0, 2.9) fm. Table 1 in the Appendix provides multiple exam-
ples for scattering parameters and their compatibility to the data. These 
results indicate an overall less attractive interaction compared to the 
published chiral potentials.

As a next step we explore how this less attractive NΛ interaction 
affects predictions for the single-particle potential 𝑈Λ at nuclear sat-
uration density 𝜌0 and its density dependence in general, considering 
the relevance of this quantity for the role of the Λ hyperon in neutron 
stars [9,10]. In Fig. 2, we present results for the single-particle potential 
𝑈Λ(𝑘Λ = 0) as a function of the nuclear matter density 𝜌, evaluated self-
consistently within a conventional 𝐺-matrix calculation. We employ 
the formalism described in detail in Refs. [31,56], where the so-called 
continuous choice is taken for the intermediate states, and the N3LO 

Adapted from Mihaylov et al. (2024)

χ2 = ∑
i

[σth
i (CS, CT, C1, . . . , C5)−σexp

i ]2

err(σexp
i )2 + ∑

j=s,t

[ath
j (CS, CT, C1, . . . , C5) − aexp

j ]
2

err(aexp
j )2
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• TAOPOUNDERS, from PETSc + MPI to parallelise 

• Adjustable parameters of the fitting procedure: 

- Cutoff parameter  

- Grid for initial values of the LECs (max, min, step) 

- Parameter to define the threshold for converged 
optimization (gatol) 

- Maximum number of calls to optimization 
algorithm (maxit) 

• Chosen values for algorithm parameters:  

-  fm 

- gatol  

- maxit  

R0

R0 ∈ [0.7, 2.5]
= 10−8

= 2 × 103

Fitting procedure
MINIMIZATION ALGORITHM

Repeated at most maxit times, 
stops earlier if convergence 

criteria (gatol) is satisfied

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

LECs initial values

V⇤N (LECs)

�⇤p(LECs)

�2(LECs)
algorithm chooses

new LECs

11



• Total angular momentum, energy and parity constraints: 

-   

-  

- Only positive parity

ECM < 15 MeV

J = 0, 1

• Total angular momentum, energy and parity constraints: 

-  

-  

- Both parities

ECM < 80 MeV

J = 0, 1

LO NLO

Fitting procedure
LO VS NLO FITTING STRATEGY

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

• All LECs chosen on a grid • LO LECs  fixed at LO best results 

• NLO LECs   chosen on a grid

(i.e. Cs, CT)

(i.e. C1, …, C5)

12
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• Total angular momentum, energy and parity constraints: 

-  

-  

- Both parities

ECM < 80 MeV

J = 0, 1

LO NLO

• Total angular momentum, energy and parity constraints: 

-   

-  

- Only positive parity

ECM < 15 MeV

J = 0, 1

• LO LECs  fixed at LO best results 

• NLO LECs   chosen on a grid

(i.e. Cs, CT)

(i.e. C1, …, C5)

• All LECs chosen on a grid

POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS

Fitting procedure
LO VS NLO FITTING STRATEGY

• Parameters for grid of initial values: 

- min  

- max  

- step

= − 15
= 15
= 1

 points∼ 900⇒

• Parameters for grid of initial values: 

- min  

- max  

- step

= − 15
= 15
= 3

 points∼ 105⇒



Preliminary results
LEADING ORDER - BEST RESULT

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE 13

R0 = 1.5 fm



Preliminary results
LEADING ORDER - WORST RESULT

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE 14

R0 = 2.5 fm



Preliminary results

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE

LEADING ORDER - HIGH ENERGY PREDICTIONS
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Preliminary results
NEXT TO LEADING ORDER - BEST RESULT

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE 16

R0 = 2.0 fm



Preliminary results
NEXT TO LEADING ORDER - WORST RESULT

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE 17

R0 = 0.7 fm



Preliminary results

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE

NEXT TO LEADING ORDER - HIGH ENERGY PREDICTIONS
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excluded
R0 = 0.7 fm• 



Preliminary results

POTENTIAL MODEL CROSS SECTION RESULTSFITTING PROCEDURE

NLO vs LO - HIGH ENERGY PREDICTIONS

19

LO NLO



Future developments:  

• Develop a local EFT potential model, with  coupling 

• Three-body forces  

• Hypernuclei studies and  correlation functions 

• Studies on NS EoS

χ ΛN − ΣN

(YNN, YYN, YYY)

ppΛ

Conclusions
In summary:  

• Developed a local contact potential model for the  interaction up to NLO 

- Sophisticated fitting procedure 

- Compatibility with scattering data and scattering lengths 

• Results at LO quite accurate 

• Results at NLO promising but still to be further analyzed

ΛN

20
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attention !
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HYPERONS

 HYPERONΛ

• Mass  

• Lifetime  

• Isospin, charge 

1115.683 ± 0.006 MeV

(2.617 ± 0.010) × 10−10 s

= 0

• Baryons containing at least one strange quark 
• Fermions 

• Lifetimes of the order of 10−10 s

Introduction

1



• Theoretical predictions to be compared with 
experimental results

2

HYPERNUCLEI RESEARCH

Introduction

N

Z
S = 0

S = − 1

S = − 2
• Including hypernuclei in table of nuclides  allow more 

comprehensive understanding of the strangeness 
properties 

⇒

• Over  -hypernuclei found, few double -hypernuclei,  
some -hypernuclei, but no -hypernuclei

40 Λ Λ
Ξ Σ

Hyperons can form hypernuclei, which are nuclei where a nucleon (n or p) is replaced by a hyperon

• Few experimental data available for hypernuclei and 
hyperon-nucleon scattering

Adapted from Sidorov et al. (2020) 

INTRODUCTION POTENTIAL MODEL CROSS SECTION FITTING PROCEDURE RESULTS



HYPERON PUZZLE
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Fig. 2. (Color online) Illustration of the effect of the presence of hyperons on the EoS (panel (a)) and mass of a neutron star
(panel (b)). A generic model without (black solid line) and with (red dashed line) hyperons has been considered. The horizontal
line shows the observational mass of the Hulse-Taylor [1, 2] pulsar.

the range 1.4–1.8M⊙ [93–104]. However, in some excep-
tional cases, neutron stars with maximum masses larger
than 2M⊙ have been obtained. Huber et al. [106], for in-
stance, constructed neutron star matter EoSs based on
the relativistic Hartree and Hartree-Fock approximation
compatible with hypernuclear data and obtained masses
larger than 2M⊙ for certain range of the hyperon couplings
constrained by the binding energies of hyperons in sym-
metric nuclear matter. Taurines et al. [107] achieved large
neutron star masses including hyperons by considering a
RMF model with density-dependent couplings. These cou-
plings simulate the effect of many-body forces by incorpo-
rating non-linear self-interaction and meson-meson inter-
action terms for the scalar mesons. Recently, Gomes et
al. [108] have extended this model to include other me-
son fields, both non-strange and strange, and have suc-
ceeded in describing neutron stars compatible with the
mass constraint. The authors of ref. [109] predicted the
existence of neutron stars with hyperons and masses in the
range 1.9–2.1M⊙ using the quark meson coupling (QMC)
model. This model is derived at a fundamental level from
quarks with adjustable parameters fitted to reproduce nu-
clear and hypernuclear properties. Recently, Whittenbury
et al. [110, 111] extended the latest version of this model
to include the full tensor treatment of the baryon-vector
meson couplings within the Hartree-Fock approximation
and showed that the ρN tensor coupling is essential to
produce a stiff EoS at high densities while keeping a rea-
sonable value of the incompresibility at saturation. This
work complemented that of Miyatsu et al. [112] who ob-
tained neutron stars with masses in the range 1.8–2.1M⊙
using a chiral QMC model in the relativistic Hartree-Fock
approximation when the SU(6) spin-flavor symmetry is
relaxed to the SU(3)-flavor one. Dhiman et al. [113] found
neutron star masses as large as 2.1M⊙ by varying the
vector-meson self-coupling and the hyperon-meson cou-
plings in RMF models in such a way that the bulk nuclear
observables, nuclear matter incompressibility coefficient,
and hyperon-nucleon potential depths remain practically

unchanged. Dexheimer and Schramm [114] were also able
to obtain neutron stars including hyperons with masses of
∼ 2.1M⊙ within a hadronic chiral SU(3) model.

Although the presence of hyperons in neutron stars
seems to be energetically unavoidable, their strong soft-
ening effect on the EoS leads (except for the exceptional
cases just mentioned) to maximum masses not compat-
ible with observation. The solution of this problem re-
quires a mechanism (or mechanisms) that could eventu-
ally provide the additional repulsion needed to make the
EoS stiffer and, therefore the maximum mass compati-
ble with the current observational limits. Three different
mechanisms that could provide such additional repulsion
have been proposed. They are: i) the inclusion of a re-
pulsive YY interaction through the exchange of vector
mesons, higher-order couplings or density-dependent cou-
plings [93–128], ii) the inclusion of repulsive hyperonic
three-body forces [141–147], or iii) the possibility of a
phase transition to deconfined quark matter at densities
below the hyperon threshold [149–161]. In the following
we briefly review the first two solutions whereas the last
one will be revised in more detail in sect. 4 after a couple
of short comments on the role of the ∆ isobar and kaon
condensation in neutron stars.

3.1 Hyperon-hyperon repulsion

This solution has been mainly explored in the context of
RMF models. The number of works that have explored
this solution to the hyperon problem in the last years is
too large and, unfortunately, we cannot summarize all of
them, and are forced to choose a few as representative of
the copious research carried out. Consequently, we would
like to apologize to those groups whose results are not
included in this summary. Some of the selected EoSs in-
cluding hyperon-hyperon repulsion and their correspond-
ing mass-radius relation are shown, respectively, in panels
(a) and (b) of fig. 3. Maximum masses and radii at 1.4 M⊙

Hyperon puzzle

Introduction

High density conditions in NS interior  

Increase in Fermi energy level of nucleons (Pauli exclusion principle) 

Conversion of nucleons into hyperons energetically favourable 

Decrease in energy 

Decrease in pressure  softening of the EoS 

 Underestimation of maximum mass that can be reached in NS, 
which contradicts experimental evidence ( )

[ ρ = (2 − 3) × 1013 g/cm3 ]

⟶

MNS ∼ 2.1 M⊙

⇒
⇒

⇒
⇒

⇒

I. Vidaña, (2016) 

Inside a neutron star (NS), hyperons can become stable particles   changes in the NS equation of state (EoS) ⇒

3
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Fig. 1. Relevant Feynman diagrams up-to-and-including next-to-leading order. Solid and dashed lines denote octet
baryons and pseudoscalar mesons, respectively. The square symbolizes a contact vertex with two derivatives. From left
to right: LO contact term, one-meson exchange, NLO contact term, planar box, crossed box, left triangle, right triangle,
football diagram.

2. Chiral potential at next-to-leading order

The derivation of chiral baryon–baryon potentials for the strangeness sector at LO using the
Weinberg power counting has been outlined in Refs. [21,44–46]. The NLO contributions for the
NN case are described in detail in Ref. [33], while the extension to baryon–baryon systems with
any combination of octet baryons has been worked out in Ref. [47]. The LO potential consists
of four-baryon contact terms without derivatives and of one-pseudoscalar-meson exchanges. At
NLO contact terms with two derivatives arise, together with loop contributions from (irreducible)
two-pseudoscalar-meson exchanges. The corresponding Feynman diagrams are shown in Fig. 1.

2.1. Contact terms

The spin dependence of the potentials due to leading order contact terms is given by [33]

V
(0)
BB→BB = CS + CT σ 1 · σ 2, (1)

where the parameters CS and CT are low-energy constants (LECs), depending on the considered
baryon–baryon channel, which need to be determined in a fit to data. At next-to-leading order
the spin and momentum dependence of the contact terms reads

V
(2)
BB→BB = C1q2 + C2k2 +

(
C3q2 + C4k2)σ 1 · σ 2 + i

2
C5(σ 1 + σ 2) · (q × k)

+ C6(q · σ 1)(q · σ 2) + C7(k · σ 1)(k · σ 2) + i
2
C8(σ 1 − σ 2) · (q × k), (2)

where Ci (i = 1, . . . ,8) are additional LECs. The transferred and average momenta, q and k,
are defined in terms of the final and initial center-of-mass momenta of the baryons, p′ and p, as
q = p′−p and k = (p′+p)/2. When performing a partial-wave projection, these terms contribute
to the two S-wave (1S0, 3S1) potentials, the four P -wave (1P1, 3P0, 3P1, 3P2) potentials, and
the 3S1–3D1 and 1P1–3P1 transition potentials in the following way [29]:

V
(1S0

)
= 4π(CS − 3CT ) + π(4C1 + C2 − 12C3 − 3C4 − 4C6 − C7)

(
p2 + p′ 2)

= C̃1S0
+ C1S0

(
p2 + p′ 2), (3)

V
(3S1

)
= 4π(CS + CT ) + π

3
(12C1 + 3C2 + 12C3 + 3C4 + 4C6 + C7)

(
p2 + p′ 2)

= C̃3S1
+ C3S1

(
p2 + p′ 2), (4)

V
(1P1

)
= 2π

3
(−4C1 + C2 + 12C3 − 3C4 + 4C6 − C7)pp′ = C1P1

pp′, (5)

V
(3P1

)
= 2π

3
(−4C1 + C2 − 4C3 + C4 + 2C5 − 8C6 + 2C7)pp′ = C3P1

pp′, (6)
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baryons and pseudoscalar mesons, respectively. The square symbolizes a contact vertex with two derivatives. From left
to right: LO contact term, one-meson exchange, NLO contact term, planar box, crossed box, left triangle, right triangle,
football diagram.

2. Chiral potential at next-to-leading order

The derivation of chiral baryon–baryon potentials for the strangeness sector at LO using the
Weinberg power counting has been outlined in Refs. [21,44–46]. The NLO contributions for the
NN case are described in detail in Ref. [33], while the extension to baryon–baryon systems with
any combination of octet baryons has been worked out in Ref. [47]. The LO potential consists
of four-baryon contact terms without derivatives and of one-pseudoscalar-meson exchanges. At
NLO contact terms with two derivatives arise, together with loop contributions from (irreducible)
two-pseudoscalar-meson exchanges. The corresponding Feynman diagrams are shown in Fig. 1.
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π ∫
∞

x
dt e−t2

VLO
YN = CS + CT(σY ⋅ σN)
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baryons and pseudoscalar mesons, respectively. The square symbolizes a contact vertex with two derivatives. From left
to right: LO contact term, one-meson exchange, NLO contact term, planar box, crossed box, left triangle, right triangle,
football diagram.

2. Chiral potential at next-to-leading order

The derivation of chiral baryon–baryon potentials for the strangeness sector at LO using the
Weinberg power counting has been outlined in Refs. [21,44–46]. The NLO contributions for the
NN case are described in detail in Ref. [33], while the extension to baryon–baryon systems with
any combination of octet baryons has been worked out in Ref. [47]. The LO potential consists
of four-baryon contact terms without derivatives and of one-pseudoscalar-meson exchanges. At
NLO contact terms with two derivatives arise, together with loop contributions from (irreducible)
two-pseudoscalar-meson exchanges. The corresponding Feynman diagrams are shown in Fig. 1.

2.1. Contact terms

The spin dependence of the potentials due to leading order contact terms is given by [33]

V
(0)
BB→BB = CS + CT σ 1 · σ 2, (1)

where the parameters CS and CT are low-energy constants (LECs), depending on the considered
baryon–baryon channel, which need to be determined in a fit to data. At next-to-leading order
the spin and momentum dependence of the contact terms reads

V
(2)
BB→BB = C1q2 + C2k2 +
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C5(σ 1 + σ 2) · (q × k)
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2
C8(σ 1 − σ 2) · (q × k), (2)

where Ci (i = 1, . . . ,8) are additional LECs. The transferred and average momenta, q and k,
are defined in terms of the final and initial center-of-mass momenta of the baryons, p′ and p, as
q = p′−p and k = (p′+p)/2. When performing a partial-wave projection, these terms contribute
to the two S-wave (1S0, 3S1) potentials, the four P -wave (1P1, 3P0, 3P1, 3P2) potentials, and
the 3S1–3D1 and 1P1–3P1 transition potentials in the following way [29]:
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NLO interaction

VNLO
YN = C1q 2 + C2k 2 + (C3q 2 + C4k 2)σY ⋅ σN

+iC5
σY + σN

2
⋅ (q × k) + C6(q ⋅ σY)(q ⋅ σN)

+C7(k ⋅ σY)(k ⋅ σN) +
i
2

C8(σY − σN) ⋅ (q × k)

⟶



Potential model derivation
FOURIER TRANSFORM OF THE INTERACTION

𝒪(r) = ∫
dq

(2π)3 ∫
dk

(2π)3
eik⋅(r ′￼+r )/2 𝒪(q, k) e− R2

0q2

4 eiq⋅(r ′￼−r ) ,

q = p′￼− p ,
k = (p + p′￼)/2

The coordinate-space representation of a generic operator  is 𝒪(q, k)



• Initial and final scattering states 
expanded in partial waves  

• Included only partial waves with  

⟶ Jπ

J ≤ 1

J⇡ ↵ L S 2S+1LJ

0+ 1 0 0 1S0

0� 1 1 1 3P0

1+
1 0 1 3S1

2 2 1 3D1

1�
1 1 0 1P1

2 1 1 3P1

Available experimental data to perform the fit:  elastic scattering cross sectionΛp

Cross section calculation



Cross section calculation

• Decompose wave function   short-range wave function   “core wave function”; two particles close to each other 

                         long-range   “asymptotic wave function”; potential is negligible, two particles far apart

⟶ ψα
c (q, r) =

ψα
a (q, r) =

Compute the total cross section of the  elastic scattering, starting from the potential modelΛp

⟶

rewrite as a sum of a plane wave 
and an outgoing spherical wave

⟶

Incident
plane waves

Scattered
spherical waves

 ψa
α(q, r) = − 2i ΩR

α(q, r)+∑
β

Tαβ Ω+
α(q, r)



Cross section calculation

• Kohn variational principle statement ⇒

∂[Rαβ (q)]
∂dρ,j(q)

= 0 ,

∂[Rαβ (q)]
∂Rρα(q)

= 0

⟶solution found numerically

R-matrix



•  First attempt:

Does not work: 
 at LO 

when 
VΛN = 0

S = 1
⟶

LECs initial values

V⇤N (LECs)

�⇤p(LECs)

�2(LECs)
change LECs

within a given range

χ2 = ∑
i

[σth
i (CS, CT, C1, . . . , C5)−σexp

i ]2

err(σexp
i )2

• Cross section experimental data from Radboud University, NN online archive 
 

Find an appropriate  function to be minimized, in order to fix LECs valuesχ2Find an appropriate  function to be minimized, in order to fix LECs valuesχ2
 FUNCTIONχ2

Fitting procedure



χ2 = ∑
i

[σth
i (CS, CT, C1, . . . , C5) − σexp

i ]2

err(σexp
i )2 + ∑

j=s,t

[ath
j − aexp

j ]
2

err(aexp
j )2

“Experimental” data for  
scattering length from Mihaylov 
et al. (2024) 

Λp

Find an appropriate  function to be minimized, in order to fix LECs valuesχ2
 FUNCTIONχ2

•  function using a constraint on scattering length obtained from 
potential model:
χ2

Fitting procedure

Physics Letters B 850 (2024) 138550
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D.L. Mihaylov, J. Haidenbauer and V. Mantovani Sarti

Fig. 1. Exclusion plots for the singlet (𝑓0) and triplet (𝑓1) pΛ scattering lengths based on the analysis of the cross section data (left panel) and on the combined 
analysis of cross section and correlation data (right panel). See text for details.

significantly improving the sensitivity of the correlation function to the 
interaction potential. In the present analysis, we perform a pre-fit of 
the pp correlations using the Argonne 𝑣18 potential [52], following 
the same procedure as described in [49]. However, out of the seven 
available 𝑚T bins, we have omitted the last two due to issues with con-
vergence at very low 𝑘. To eliminate any bias related to the assumption 
of a common source, the extracted source parameters from the pre-fit of 
the pp correlations are used as an initial guess for the pΛ system, after 
which they are re-fitted alongside the six interaction parameters, allow-
ing a variation of 3 standard deviations (𝜎). Finally, we verify that the 
parameters converge to a proper local minimum. The remaining details 
on both the pp and pΛ fits, such as the inclusion of momentum resolu-
tion, feed-down, non-femtoscopic baseline, etc., are mirrored from the 
analysis of the same data described in [49].

The first objective of the present analysis is to quantify the allowed 
scattering lengths in the spin singlet/triplet channels (𝑓0, 𝑓1), which 
can be accomplished by considering potentials of varying strengths in 
the CATS framework. Note that we use the sign convention where at-
tractive/repulsive interactions are characterized by positive/negative 
scattering lengths. Both the cross section and the correlation function 
are composed of a weighted sum of the two channels, with respective 
weights of 1/4 and 3/4. The interactions in the two spin states are at-
tractive and exhibit similar correlation shapes that differ in magnitude. 
Due to this similarity, the present analysis is not particularly sensitive to 
the individual scattering lengths of each spin channel, and a unique so-
lution is not expected. Nevertheless, requiring that the two-body forces 
alone produce a bound hypertriton puts a lower limit on the strength 
of the interaction in the spin singlet channel. A concrete estimate is 
difficult to provide, however, judging from results for the hypertriton 
separation energy from Faddeev calculations employing modern YN po-
tentials [14,15], values of 𝑓0 ≲ 2.0 fm are not realistic. Assuming that 
the hypertriton is solely bound by three-body forces is likewise unre-
alistic given the present estimates [53] and explicit calculations [54]
of their possible contribution. In view of this the scan is performed for 
𝑓0 > 1.6 fm. The lack of a unique solution leads to convergence issues in 
the fit procedure. To address this problem, multiple fits are performed, 
each constrained within a specific small region of 𝑓0 and 𝑓1 values. 
The procedure is repeated until the entire desired parameter space is 
scanned. The best 𝜒2 of each individual step is saved, allowing the 
creation of an exclusion plot for 𝑓0 and 𝑓1. The estimator for the ex-
clusion is the total 𝜒2 = 𝜒2

scattering +𝜒2
femtoscopy. The 𝜒2 is converted into 

a number of standard deviations (n𝜎) with respect to the best solution, 
accounting for a total of 9 degrees of freedom [55].

4. Results and discussion

The exclusion plot based on results with the Usmani potential is 
shown in Fig. 1. The axes correspond to the scattering lengths in the 
singlet 𝑓0 and triplet 𝑓1 channel, while the color code contains infor-

mation on the compatibility with the data. The left panel is based on 
the analysis of only the cross section, while the right panel is the fi-
nal result based on the combined analysis of femtoscopic and scattering 
data. The gray dashed lines mark the 1, 2 and 3𝜎 exclusion regions. 
The black solid line, in the right panel, marks the border of a 3𝜎 de-
viation with respect to the scattering data alone and is identical to the 
outer most dashed line from the left panel, while the shaded area de-
picts the region of even worse compatibility. As expected, there is a 
strong correlation between 𝑓0 and 𝑓1, and the inclusion of femtoscopy 
data into the analysis leads to a significant decrease in uncertainties. 
Values of 𝑓0 > 3.34 fm or 𝑓1 < 1.18 fm are disfavored by the data. The 
lower (upper) bound of 𝑓0 (𝑓1) cannot be constrained within the in-
vestigated parameter space. Fig. 1 contains two vertical bars depicting 
the values of the scattering parameters based on the NLO19 [14] and 
the next-to-next-to-leading order N2LO [15] potentials. The size of the 
markers represents the uncertainties related to the employed regulator 
(cutoff Λ) in the chiral NY potentials. Both of these values are located 
approximately in the middle of the phase space region allowed by the 
scattering data alone, which is not surprising, as the LECs of those po-
tentials have, up to now, been fitted to that data. Nevertheless, the 
enhanced sensitivity of the combined analysis shows that the predicted 
scattering lengths are disfavored by as much as 4.8𝜎 in the case of 
N2LO. The NLO19 interaction is overall better in line with the present 
analysis, nevertheless, a systematic deviation of ca. 1-3 𝜎 is observed, 
depending on the cutoff value. Indeed, the predictions by the poten-
tial with cutoff Λ = 600 MeV of 𝑓0 = 2.91 fm and 𝑓1 = 1.41 fm are in 
relatively good agreement, resulting in a deviation from the best solu-
tion of 1.1𝜎. On the other hand, a best fit of 𝑓1, keeping 𝑓0 = 2.91 fm 
fixed, yields 𝑓1 = 1.32 ± 0.08 fm. Clearly, due to the strong correlation 
between the two parameters, changing the value of 𝑓0 will influence 
the outcome for 𝑓1. For example, fixing 𝑓0 = 2.1 fm implies the value 
𝑓1 = 1.56 ± 0.11 fm. Considering the combined analysis (right panel in 
Fig. 1), the best set of solutions can be approximated by the relation

𝑓1 ≈ 2.2 fm− 0.3𝑓0 (±0.1 fm) (5)
for 𝑓0 ∈ (2.0, 2.9) fm. Table 1 in the Appendix provides multiple exam-
ples for scattering parameters and their compatibility to the data. These 
results indicate an overall less attractive interaction compared to the 
published chiral potentials.

As a next step we explore how this less attractive NΛ interaction 
affects predictions for the single-particle potential 𝑈Λ at nuclear sat-
uration density 𝜌0 and its density dependence in general, considering 
the relevance of this quantity for the role of the Λ hyperon in neutron 
stars [9,10]. In Fig. 2, we present results for the single-particle potential 
𝑈Λ(𝑘Λ = 0) as a function of the nuclear matter density 𝜌, evaluated self-
consistently within a conventional 𝐺-matrix calculation. We employ 
the formalism described in detail in Refs. [31,56], where the so-called 
continuous choice is taken for the intermediate states, and the N3LO 

Adapted from Mihaylov et al. (2024)

Numerical results 
 as ∈ [2.10, 3.34] fm

at ∈ [1.18, 1.56] fm



• Partial wave projection of the potential, in momentum space

Fitting procedure
DEFINING ENERGY LIMITS

• Semi classical approach to compute  threshold for LOpLAB

V(1S0) = 4π(CS−3CT) + π(4C1 + C2 − 12C3 − 3C4 − 4C6 − C7)( p2 + p′￼2) ,

V(3S1) = 4π(CS + CT) + π
3
2

(12C1 + 3C2 + 12C3 + 3C4 + 4C6 + C7)( p2 + p′￼2) .

LO LECs

⟶

ℓ ℏ = pLAB b

•  to exclude P-waves and higher-order partial wavesℓ = 1

• , b ∼ 1 fm ℏc = 197.33 MeV fm

}
pLAB ∼ 200 MeV ⇒ ECM ∼ 15 MeV



Results
TEST WITH WOOD-SAXON POTENTIAL

}
comparison of the results 

WS = −
V0

1 + e
(x − R)

a

• Wood-Saxon potential
↓ ↓

code that 
computes  with 
Numerov method 

δL

code that computes 
 with Kohn 

variational principle
δL

• Expression for   Wood-Saxon 
potential:

 with V0 = 50 Mev, R = 1.25 fm, a = 0.5 fm �` (deg)

ECM [Mev] ` Numerov Kohn

5 0 26.180 26.182
5 1 0.522 0.516
100 0 19.930 19.931
100 1 10.460 10.370
1000 0 6.617 6.612
1000 1 6.252 6.224



• Usmani potential model from Bodmer & Usmani (1987)

with R = 0.5 fm, d = 0.2 fm, V̄ = 6.15 MeV,

x = 0.7r, c = 2 fm−2 , ϵ ∼ 0.25

VΛN = [VC (r) − (V̄ −
1
4

Vσ σΛ ⋅ σN)T2
π][1 − ϵ + ϵPx]

VC (r) = WC[1 + exp[ r − R
d ]]−1

Tπ(r) = [1 +
3
x

+
3
x2 ] e−x

x
(1 − e−cr2)2

Results
TEST WITH USMANI POTENTIAL

• Two free parameters, to fix with fitting procedure → Wc , Vσ



• Results: 

 

 

Wc = 2142.777  MeV ,
Vσ = 0.4857  MeV ,
χ2/datum ∼ 2.01

• Expected results from Bodmer  Usmani (1987):  &

Wc = 2137  MeV,
0 ≤ Vσ ≤ 0.5  MeV

Results
TEST WITH USMANI POTENTIAL

• Tested the implemented code with potential from 
Bodmer  Usmani (1987), with operatorial structure 
similar to  of present work

&
VLO

YN

• Two free parameters, to fix with fitting procedure  
→ Wc , Vσ



Results
TEST WITH USMANI POTENTIAL

• Result from A.R. Bodmer and Q.N. Usmani (1987) :

• Usmani potential used to compute phase shifts, through code that exploits Kohn variational principle

• Results for scattering length:

• Unpolarized scattering length:                       aunp =
a2

s

4
+ 3

a2
t

4
,  obtained from σunp =

1
4

σs +
3
4

σt

⇓

• Results for effective range:

• With , the scattering length for triplet and singlet  can be calculated, usingδ0 (ℓ = 0) (at, as)

as ∼ − 2.88 fm, at ∼ − 1.66 fm

aexpected
unp ∼ 1.9 fm, rexpected

unp ∼ 3.4 fm

aunp ∼ 2.0 fm

rs
0 ∼ 2.871 fm, rt

0 ∼ 3.688 fm

a = lim
k→0

sinδ0

k



Results
NUMERICAL RESULTS FOR ENERGY BANDS PREDICTIONS

0.7 165.618353 4.932156

1.5 7.388181 1.564845

2.0 1.214715 5.739532

2.5 2.709569 3.293418

R0 χ2
red NLO χ2

red LO


