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Systematic uncertainties and nuisance parameters

In general, our model of the data is not perfect:

model: P(z|p) = px

“.- truth:  P(z|p) = px + az® + Bz + - - -

P (x|u)

X

Can improve model by including
P(z|p) = P(x|p, 0
additional adjustable parameters. (zlx) (@|p, 0)

Nuisance parameter € systematic uncertainty. Some pointin the
parameter space of the enlarged model should be “true”.

Presence of nuisance parameter decreases sensitivity of analysis
to the parameter of interest (e.g., increases variance of estimate).
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Profile Likelihood

Suppose we have a likelihood L(u,0) = P(x|u,0) with N
parameters of interest u = (u,.,..., ) and M nuisance parameters
0= (0,,.., 0),). The “profiled” (or “constrained”) values of @ are:

6(p) = argmax L(p, 6)
0

and the profile likelihood is: L, () = L(p, 6)

The profile likelihood depends only on the parameters of
interest; the nuisance parameters are replaced by their profiled
values.

The profile likelihood can be used to obtain confidence
intervals/regions for the parameters of interest in the same way
as one would for all of the parameters from the full likelihood.
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Profile Likelihood Ratio — Wilks theorem

Goal is to test/reject regions of u space (param. of interest).

Rejecting a point # should mean p, < a for all possible values of the
nuisance parameters 6. A
L(p,0)

L(f1,0)

Test u using the “profile likelihood ratio”: A(p) =

Let 7, = —2InA(u). Wilks’ theorem says in large-sample limit:

t,, ~ chi-square(V)

where the number of degrees of freedom is the number of
parameters of interest (components of u). So p-value for u is

Py — ] Ftulp,0) dty =1 = Fa (tuo)

tp,,obs
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Profile Likelihood Ratio — Wilks theorem (2)

If we have a large enough data sample to justify use of the
asymptotic chi-square pdf, then if u is rejected, it is rejected for
any values of the nuisance parameters.

The recipe to get confidence regions/intervals for the parameters
of interest at CL=1 —a is thus the same as before, simply use the
profile likelihood:

1
In Ly(p) =1In Liax — §F_21(1 — Q)

XN

where the number of degrees of freedom N for the chi-square
guantile is equal to the number of parameters of interest.

If the large-sample limit is not justified, then use e.g. Monte
Carlo to get distribution of ,.
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Prototype search analysis

Search for signal in a region of phase space; result is histogram
of some variable x giving numbers:

Assume the n, are Poisson distributed with expectation values
Eln;]l = ps; + b;

\

strength parameter

Si = Stot fs(iITE 95) dr,  bj = bt fb(iITE 9.5) dix .

bin ¢ binz
signal background
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Prototype analysis (Il)

Often also have a subsidiary measurement that constrains some
of the background and/or shape parameters:

m = (mq.....mps)

Assume the m; are Poisson distributed with expectation values

Elm;| = u;(0)

\

nuisance parameters (8, 6,.,b,.,)

Likelihood function is

N . M .
L(1,0)=TJ (prsj 4 bj)™ e (1sj+bj) I1 " o~ Uk
] n;! o M
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The profile likelihood ratio

Base significance test on the profile likelihood ratio:

/ maximizes L for
specified u

,0)
K maximize L

Define critical region of test of u by the region of data space
that gives the lowest values of A(u).

Important advantage of profile LR is that its distribution
becomes independent of nuisance parameters in large sample

limit.
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Test statistic for discovery

Suppose relevant alternative to background-only (= 0) is u > 0.

So take critical region for test of 4 = 0 corresponding to high g,
and & > 0 (data characteristic for ¢ > 0).

That is, to test background-only hypothesis define statistic

(—2InA\0)  4>0
qo =

0 <0

\

i.e. here only large (positive) observed signal strength is
evidence against the background-only hypothesis.

Note that even though here physically u > 0, we allow

to be negative. In large sample limit its distribution becomes
Gaussian, and this will allow us to write down simple
expressions for distributions of our test statistics.
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554
Distribution of g, in large-sample limit

Assuming approximations valid in the large sample (asymptotic)
limit, we can write down the full distribution of g, as

=) o)

The special case "= 0 is a “half chi-square” distribution:

F(qol0) = 1( o) + ;\/1_\/1_ a0/

In large sample limit, f(g,|0) independent of nuisance parameters;

f(qolu") depends on nuisance parameters through o.
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p-value for discovery

Large g, means increasing incompatibility between the data
and hypothesis, therefore p-value for an observed g . is

py = / T F(40]0) dao
q

0,0bs

use e.g. asymptotic formula

From p-value get
equivalent significance,

Z=2o"1-p)
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Cumulative distribution of g, significance

From the pdf, the cumulative distribution of g, is found to be

i) = (v 2)
The special case ' =0 is
F(q0]0) = ‘b(\/@TU)
The p-value of the u = 0 hypothesis is
po =1—F(qo[0)

Therefore the discovery significance Z is simply

Z=0o"1-po) =V
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Monte Carlo test of asymptotic formula

n ~ Poisson(pus + b)

m ~ Poisson(7b)

(= param. of interest
b = nuisance parameter
Here take s known, 7= 1.

Asymptotic formula is
good approximation to 50

level (g, = 25) already for 1075 10
b ~ 20.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3

15 2

|IIII
0 2

5

30

Ll
35

14



How to read the p, plot

The “local” p, means the p-value of the background-only
hypothesis obtained from the test of ¢ = 0 at each individual
my, Without any correct for the Look-Elsewhere Effect.

The “Expected” (dashed) curve gives the median p, under
assumption of the SM Higgs (u = 1) at each my,.

ATLAS, Phys Lett B 716 (2012) 1-29
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Test statistic for upper limits

For purposes of setting an upper limit on x use

where  A\(u) = -
> L(f,0)

—2InA(p) o <p L(11.0)
Iy = 0

|.e. when setting an upper limit, an upwards fluctuation of the data
is not taken to mean incompatibility with the hypothesized u :

From observed g, find p-value:  p, = / f(qu|p) dgu
q

w,obs

Large sample approximation: | p, = 1 — tb(\/qﬂ)

To find upper limit at CL = 1-a, set p, = a and solve for .
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Monte Carlo test of asymptotic formulae

Consider again n ~ Poisson(us + b), m ~ Poisson(tb)

Use g, to find p-value of hypothesized u values.

E.g. f(q,]1) for p-value of u =1. 1]

Typically interested in 95% CL, i.e.,
p-value threshold = 0.05, i.e.,

107
g, =2.69or Z, =g, = 1.64. :

Median[g, |0] gives “exclusion
e e -2
sensitivity”. 107

Here asymptotic formulae good

fors=6,b=09. 1ot bl b
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How to read the green and yellow limit plots
For every value of my, find the upper limit on .

Also for each my, determine the distribution of upper limits x,, one
would obtain under the hypothesis of u = 0.

The dashed curve is the median u,,, and the green (yellow) bands
give the = 10 (20) regions of this distribution.
ATLAS, Phys. Lett. B 716 (2012) 1-29
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More Analysis Prototypes
0) Poisson Counting Experiment, known background:

n ~ Poisson(s 4 b)

1) Poisson Counting Experiment with nuisance params. (e.g., b):

(a) n ~ Poisson(s + b) “on/off problem”

m ~ Poisson(7b)

(b) n ~ Poisson(s(0) +b(0)), 6= (61,...,0n)

u; ~ Gauss(0;,0y,)

\

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3 19
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Analysis Prototypes (cont.)
2) Multi-bin Poisson Counting Experiment:
n; ~ Poisson(us;(0) + b;(0;)), i=1,...,N

uj ~ Gauss(0},0y,) , j=1,....M

3) Unbinned analysis:

n ~ Poisson(s(0) +b(0)), 60 = (61,...,0)

T = (371:" ':mn) ~ Hf(lep':g)
1=1

1S b

falu,0) = 42 fu(ale) +

fo(x|0)

(ks +b)"
n!

L(p,0) = f(x,n|p,0) = P(n)f(x|n) = et ] ] f(wilw, 0)
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Sensitivity for Poisson counting experiment

Count a number of events n ~ Poisson(s+b), where
s = expected number of events from signal,

b = expected number of background events.

To test for discovery of signal compute p-value of s = 0 hypothesis,

p=Pn>neslb) = )  —e " =1-F2(2b;2n)
N=MNghs
Usually convert to equivalent significance: Z = & 1(1 — p)
where @ is the standard Gaussian cumulative distribution, e.g.,

Z > 5 (a 5 sigma effect) means p <2.9 X107,

To characterize sensitivity to discovery, give expected (mean
or median) Z under assumption of a given s.
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s/\lb for expected discovery significance
For large s + b, n — x ~ Gaussian(u,0) , u =s + b, 0 ="(s + b).

For observed value x,,,, p-value of s =0 is Prob(x > x,., | s = 0),:

Tohs — b
| :1—¢>( )
0 NG

Significance for rejecting s = 0 is therefore

obs

Tohs — b
Vb

Expected (median) significance assuming signal rate s is

Zy = (I)_l(l —po) =

l‘q
median[Zg|s + b] = —
Vb
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Better approximation for significance

Poisson likelihood for parameter s is

L(S} _ S T b)“ (s+b) For nc?w
n! no nuisance
To test for discovery use profile likelihood ratio: p;arams.
—21n )\(D) S = 0 y é S))
do = A(8) = -
0 §<0. (,m

So the likelihood ratio statistic for testing s =0 is

L0 n
(0) — 9 (-n. 111% +bh — n.) for n > b, 0 otherwise

1 =
YL
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Approximate Poisson significance (continued)

For sufficiently large s + b, (use Wilks’ theorem),

Z:\/Q(nlnﬂ-l—b—n) for n > band Z = 0 otherwise.

b

To find median[Z]s], let n — s + b (i.e., the Asimov data set):

Za =\/2 ((s—l—b)ln (1+§) —3)

This reduces to s/\b for s << b.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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n ~ Poisson(s+b), median significance,
assuming s, of the hypothesis s =0

CCGV, EPJC 71 (2011) 1554, arXiv:1007.1727

— 8
N “Exact” values from MC,
E N jumps due to discrete data.
Asimov \/%,A good approx.
4 for broad range of s, b.
s/\lb only good for s « b.
2
0 L L L L L AN A
10" 1 10 10°
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Extending s/\b to case where b uncertain

The intuitive explanation of s/Vb is that it compares the signal,
s, to the standard deviation of n assuming no signal, \b.

Now suppose the value of b is uncertain, characterized by a
standard deviation g,

A reasonable guess is to replace b by the quadratic sum of
\b and g, i.e.,

s
1fb—l—ﬂl'§

This has been used to optimize some analyses e.g. where
o, cannot be neglected.

med|[Z|s| =

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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Profile likelihood with b/ uncertain

This is the well studied “on/off” problem: Cranmer 2005;
Cousins, Linnemann, and Tucker 2008; Li and Ma 1983,...

Measure two Poisson distributed values:

n ~ Poisson(s+b) (primary or “search” measurement)

m ~ Poisson(zh) (control measurement, r known)

The likelihood function is

s+b)" _, Th)™ __

Use this to construct profile likelihood ratio (b is nuisance

parameter): 2
~ L(0,5(0))

L(3,b)

TAE 2025 Benasque / Lecture 3
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Ingredients for profile likelihood ratio

To construct profile likelihood ratio from this need estimators:

§ = n—mjT,
b = m/r,
b(s) — ntm—(1+7)s+V(nt+m—(1+7)s)?+4(1+7)sm

2(1+71)

and in particular to test for discovery (s = 0),

n+m
147

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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Asymptotic significance

Use profile likelihood ratio for g,, and then from this get discovery
significance using asymptotic approximation (Wilks’ theorem):

Z = /@

- [ (mtn [ ]+ min [Py

for n > b and Z = 0 otherwise.

Essentially same as in:

Robert D. Cousins, James T. Linnemann and Jordan Tucker, NIM A 595 (2008) 480
501; arXiv:physics/0702156.

Tipei Li and Yuqian Ma, Astrophysical Journal 272 (1983) 317-324.
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Asimov approximation for median significance

To get median discovery significance, replace n, m by their
expectation values assuming background-plus-signal model:

n—s+5>b

m — tb

=L 552 o e )

Or use the variance of b = m/x, Vb =0 =— , toeliminater:

T

5
T

D’ES 1/2
Zn = !2 ((s+b)ln 1+b(b—|£iJ§)])]

(s+b)(b+07)| Elﬂ
b2 + (s + b)o?
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Limiting cases

Expanding the Asimov formula in powers of s/b and
0,%/b (= 1/7) gives

S

Zp = (1+O(s/b) + O(a2 /b))

ﬁb—l—crg

So the “intuitive” formula can be justified as a limiting case
of the significance from the profile likelihood ratio test evaluated
with the Asimov data set.
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Testing the formulae: s=5

G. Cowan / RHUL Physics
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b
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Using sensitivity to optimize a cut

(a) w20 7 2 _ (b)

% — Z, = ] — signal
i -—— background

E N s/\fb+ o2 15
i 52157 s=80

b=16  b=020
10+ 1t
> —
0.5
% 20 40 60 80 100 % 50 40 60 80 100
Xeut X

Figure 1: (a) The expected significance as a function of the cut value zcy:; (b) the distributions of
signal and background with the optimal cut value indicated.
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moved to tutorial

Finally

Two lectures only enough for a brief introduction to:
Parameter estimation
Hypothesis tests (— path to Machine Learning)
Limits (confidence intervals/regions)
Systematics (nuisance parameters)
Experimental sensitivity

No time for many other interesting topics:
Bayesian parameter estimation

Final thought: once the basic formalism is fixed, most of the
work focuses on writing down the likelihood, e.g., P(x|#), and
including in it enough parameters to adequately describe the
data (true for both Bayesian and frequentist approaches) so
often best to invest most of your time with it.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3 34



G. Cowan / RHUL Physics

Extra slides

TAE 2025 Benasque / Lecture 3

35



Example: fitting a straight line

Data: (miayiv a’i) 77: — 17 R

M.

Model: y;independent and all follow y;, ~ Gauss(u(x; ), g;)

p(z; 0g,01) = 0g + 017,

assume x; and g; known.
Goal: estimate 0,

Here suppose we don’t care
about 6, (example of a
“nuisance parameter”)

G. Cowan / RHUL Physics

=

1.8
*+ data
16+ —— model
I
1.4 I
1
1
12
-I -
08 | | | |
0 0.4 0.8 1.2 16 2
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Maximum likelihood fit with Gaussian data

In this example, the y; are assumed independent, so the
likelihood function is a product of Gaussians:

nooo1 1 (y; — p(ay; 00, 01))2
L(6g,01) = exp | -5 )
z.l;ll V2mo; 2 0@2

Maximizing the likelihood is here equivalent to minimizing

X2(90,91) = —2In L(90,91)—|—const = Z (yz M(wzéeoy 1)) .

i=1 g;

i.e., for Gaussian data, ML same as Method of Least Squares (LS)
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6, known a priori

noo1 ' — u(xy; 00,01))?
L(GO) — H exp _l(yz IJ‘(ZU?,!Q 0> 1)) .
—1 V2mo; 2 o;
n L = 0n. 0 2
\2(66) = —21n L(fg)+const = 3 Wi~ i1 b0, 61))7
i=1 7
— 105 ! ! !
T
For Gaussian y;, ML same as LS | i |
| | e
N 93r
Minimize y* — estimator 4 . 2, 1
87r
Come up one unit from Xmin —— l
to find oy . il %, [T
0
T’?_EE 1 _IEB T 1 _IB 1.32
8, 0,

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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ML (or LS) fit of 6, and 0,

Standard deviations from

tangent lines to contour

X2:Xr2nin+1'

Correlation between
0o, 01 causes errors

to increase.

G. Cowan / RHUL Physics

" (y; — p(w; 00, 01))?
X2(90,91):—2InL(90,91)—|—const: Z (yz ‘UJ(CUZ’ 0 l)) .

2
i=1 ag;
o 0.11
0.092 | 5 _ .2
e X _xrnin_'_-I
2
0.074 | Ximin
0086 | \\\ %
)
0.038 |
—— Gén—h;
D_UE | X | X | M |
124 126 1.08 13 1.32 1.34
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If we have a measurement ¢, ~ Gauss (6,, g,,)

L(6y,0;) = ﬁ —(tl—f‘?l]ﬂfﬂml H ../Eg exp [
i i

- (— 1:-9:'9 2 t1 — 0 2
XE(HD:HI):Z(y P:(*E 0 l}} _|_(l 1)

1 (yi — plzs Hu,ﬂﬂ)gl

2

(T

T

) 2
i=1 Uif Jf]_
o 0.11
0.092 -
The information on 6,
_ ~ 0.074 [
improves accuracy of g . :
-
0.056
xxxxxxxx Gé1
0.038 | ) — o,
DUE | L | L 1 |
1.24 1.26 1.28 13 1.32 1.34
0
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Reminder of Bayesian approach
In Bayesian statistics we can associate a probability with
a hypothesis, e.g., a parameter value 6.
Interpret probability of & as ‘degree of belief’ (subjective).

Need to start with ‘prior pdf’ z(8), this reflects degree
of belief about 6 before doing the experiment.

Our experiment has data x, — likelihood L(x|0).

Bayes’ theorem tells how our beliefs should be updated in
light of the data x:

L(z|0)m(6)
[ L(x|0")w(0) do’

p(0lz) = x L(z0)m(6)

Posterior pdf p(6|x) contains all our knowledge about 6.
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Bayesian approach: y. ~ Gauss(u(x;;6,,0,), o,

We need to associate prior probabilities with §,and 0,, e.g.,

m(0o,01) = mo(0o)m1(01) suppose knowledge of ¢, has
no influence on knowledge of 6,

mo(6p) = const. «— ‘non-informative’, in any
case much broader than L(6,)

1
\/ 20

m1(01) = p(O1|t1) o< p(t1]|601)mue(01) =

o/

prior after ¢z, Ur = “primordial” Likelihood for control
before y prior measurement ¢,

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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Bayesian example: y. ~ Gauss(u(x;6,,0,), 0;)
Putting the ingredients into Bayes’ theorem gives:

e 2/n 2
L @0 0))?/202 0 L —(01-12)2/207)

p(90901|g) Ocizl \/%O'i matl
posterior « likelihood X prior

Note here the likelihood only reflects the measurements y.

The information from the control measurement ¢, has been put
into the prior for 6,.

We would get the same result using the likelihood P(y,t6,,6,) and
the constant “Ur-prior” for 6,.

G. Cowan / RHUL Physics TAE 2025 Benasque / Lecture 3
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Marginalizing the posterior pdf
We then integrate (marginalize) p(6,,0,|y) to find p(6, |y):

p(Boly) = / p(80,01]y) d;

In this example we can do the integral (rare). We find
1 —(00—00)2 /20,2
Bol¥) = Foroa

éo = same as MLE

06y = 04,  (same as for MLE)

For this example, numbers come out same as in frequentist
approach, but interpretation different.
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Marginalization with MCMC

Bayesian computations involve integrals like

p(8ol2) = [ p(60,01]2) dos .

often high dimensionality and impossible in closed form,
also impossible with ‘normal’ acceptance-rejection Monte Carlo.

Markov Chain Monte Carlo (MCMC) has revolutionized
Bayesian computation.

MCMC (e.g., Metropolis-Hastings algorithm) generates
correlated sequence of random numbers:
cannot use for many applications, e.g., detector MC;
effective stat. error greater than if all values independent .
Basicidea: sample multidimensional @ but look only at
distribution of parameters of interest.
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MCMC basics: Metropolis-Hastings algorithm

Goal: given an n-dimensional pdf p(@) up to a proportionality
constant, generate a sequence of points 8,, 0,, 0;,...
Proposal density ¢(6; 0,)

1) Start at some point 50 e.g. Gaussian centred
about 6,

p(0)q(fo; 0) ]
" p(00)q(0; 0p)

2) Generate 6 ~ q(g; 50)
1

3) Form test ratio a = min

4) Generate u ~ Uniform[O, 1]
5 If u < a, 51 = 5, <— move to proposed point
else 91 = 6y «— old point repeated

6) lterate
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Metropolis-Hastings (continued)

This rule produces a correlated sequence of points (note how
each new point depends on the previous one).

Still works if p(@) is known only as a proportionality, which is
usually what we have from Bayes’ theorem: p(8|x) « p(x|0)w(8).

The proposal density can be (almost) anything, but choose
so as to minimize autocorrelation. Often take proposal
density symmetric: g(8; 8,) = q(0,; 0)

p(6)
p(6o)
l.e. if the proposed step is to a point of higher p(8), take it;

if not, only take the step with probability p(8)/p(8,).
If proposed step rejected, repeat the current point.

Test ratio is (Metropolis-Hastings): o = min |1,
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Example: posterior pdf from MCMC

Sample the posterior pdf from previous example with MCMC:
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Normalized histogram of 6, gives
its marginal posterior pdf:

p(boly) = ] p(60, 61 ly) db;
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Bayesian method with alternative priors

Suppose we don’t have a previous measurement of &, but rather,
an “expert” says it should be positive and not too much greater
than 0.1 or so, i.e., something like

1
7T1(91)=;€_91/T, 01 >0, 7T=0.1.

From this we obtain (numerically) the posterior pdf for 6,:

— 40
=
é? —1=01

a | - =
sl T T=001

-—1=0.001

This summarizes all
knowledge about 0,

24 -

16

Look also at result from
/ . .
variety of priors.

..........

ﬂ 1 e 1 - 1

1.2 1.25 13 1.35 1.4 1.45
GD
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