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kinematics (Pauli 1930) neutrino versus photon race / time of flight measurement 

spectral distortions (Fermi 1933) end-point of electron spectrum in the  decay 

neutrinoless  decay (Furry; Grueling Whitten 1939-60) Majorana neutrino &  

neutrino transmutation (Pontecorvo; Sakata et al 1957-1967) "oscillations" 

observational cosmology (Gershtein Zeldovich 1966) distortions of the cosmic distributions  

neutrino capture (Cocco, Mangano, Messina 2007) direct observation of big-bang neutrinos

β

ββ ΔL = 2

how to measure neutrino mass

the 4th method has provided results, proving that the SM is incomplete



Nobel 2015
from the press announcement

For particle physics this was a historic 
discovery. Its Standard Model of the innermost 
workings of matter had been incredibly 
successful, having resisted all experimental 
challenges for more than 20 years.  

However, as it requires neutrinos to be 
massless, the new observations had clearly 
showed that the Standard Model cannot be 
the complete theory of the fundamental 
constituents of the universe.
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expect a certain flux 
of electron neutrinos  



but find only 
1/3 - 2/3 
of them 

expect a certain flux 
of electron neutrinos  



expectations  
respected

vertical  
(downgoing) 

neutrinos 



expectations  
violated 

1/2  seenνμ

vertical 
(upcoming) 
neutrinos 



expectations violated,  
some  missingνμ

horizontal 
neutrinos 



organisation of this lecture:  

theoretical background notes  
discussions of the six methods



a few references
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Weak interactions & neutrinos  

Fermi coupling 
Definition of neutrinos 
Global numbers 

A list of neutrino sources  

  Explanatory note 
  First example: pp-solar neutrinos 
  Second example: supernova neutrinos 

Neutrinos oscillations 

Basic formalism (Pontecorvo) 
Matter effect (Mikheev, Smirnov, Wolfenstein) 
What do we know on neutrino masses & mixings? 

Modifying the SM to include neutrinos masses 

The fermions of the standard model (SM) 
One additional operator in the SM (Weinberg) 
Implications



also  
https://arxiv.org/pdf/1802.05781.pdf
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birth of the neutrino  
(born while updating a theory of the nucleus)

recall



high energy radiation

• high energy emission from certain 
substances is discovered 100 yr ago 

• generically called "radioactivity" 

• energy is much larger than the atomic 
emission, till some MeV 

• penetration power characterises the 
different type of rays (see figure)



high energy radiation

•  are nuclei of helium 4 nuclei  

•  are high energy electrons 

•  is high energy e.m. radiation 

The traditional names assigned by Rutherford 

and Villard maintain their aura of mystery          
(while for Maxwell theory we use terms such as  "e.m. radiation") 

α

β

γ



the prevailing theory of the nucleus till 1932

• if the nuclei emit fragments of matter, they contain these fragments;  

• (forget gamma ray, this is just radiation, not matter) 

• in a few years, the general consensus is that nuclei are assemblies of two particles: 

electron   &   protons 

  

This explains that  radiation is emitted at fixed energy   

BUT why  radiation doesn't obey the same rule? 

In fact, some energy is systematically missing from the expectations. 

α Ein → Efin + Eα

β

van der Broek, Bohr
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• in a few years, the general consensus is that nuclei are assemblies of two particles: 

electron   &   protons 

  

This explains that  radiation is emitted at fixed energy   

BUT why  radiation doesn't obey the same rule? 

In fact, some energy is systematically missing from the expectations. 

α Ein → Efin + Eα

β
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none of these is evidently wrong

maybe there are excited nuclei in final state? 
maybe energy is not conserved in nuclear physics? 

or the model of the nucleus needs revision? 

(as proposed by Goeppert-Mayer, Bohr and Pauli, respectively)



Pauli's answer saves energy conservation

nucleus with electrons, protons and neutrinos. 
the latter subtracts (steals) energy in the  decayβ

tritium

helium 
three

electron

neutrino





Francesco Vissani, Gran Sasso                                                             lecture on neutrinos                                                                      EPIC, 07/10/2025, Assergi (AQ)

the neutrino race method  
(Pauli … Zatsepin)

method 1



From Pauli letter (1930)

F Vissani, GSSI & LNGS 10



due to their mass, neutrinos are 
slower than photons



a race of neutrinos and photons



The arrival of a cosmic neutrino rush
57 years later, a supernova was
seen at 170,000 light year.
Astronomers knew that neutrinos
precede light and asked to check
neutrino telescope data. A burst of
events of ~10 s, with energies 7 to
40 MeV, was found 3-4 hours
before the light

EXERCISE: Evaluate the effect due
to neutrino mass on neutrino transit
time. Apply these considerations to
obtain a bound on the mass.



The arrival of a cosmic neutrino rush
57 years later, a supernova was
seen at 170,000 light year.
Astronomers knew that neutrinos
precede light and asked to check
neutrino telescope data. A burst of
events of ~10 s, with energies 7 to
40 MeV, was found 3-4 hours
before the light

EXERCISE: Evaluate the effect due
to neutrino mass on neutrino transit
time. Apply these considerations to
obtain a bound on the mass.

observations allow to argue that light 

and neutrino arrived at the same time 

within 0.5 h, but there is more… 



less energetic neutrinos are slower and arrive later

the original idea of Zatsepin was based on the theoretical expectation (now 

considered outdated) that the supernova neutrino emission happens in a ms burst  

the modern method is based instead on a sort of neutrino "acromaticity": neutrino 

arrival time depends upon neutrino energy 

t =
L
v

≈
L
c

1 +
1
2 ( mc2

E )
2

a better method



SN1987A with 
astrophysical 
uncertainties

SN1987A w/o 
astrophysical 
uncertainties

SN at 10 kpc 
in Super-K 
(expected)

result



Francesco Vissani, Gran Sasso                                                             lecture on neutrinos                                                                      EPIC, 07/10/2025, Assergi (AQ)

understanding matter particles  
(from wave equations to early quantum fields)

recall



particles and waves

Einstein's relation for quanta of light (1905):   

Bohr's generalizes it to matter particles, atomic electrons (1913) 

de Broglie's (1924):  

E = h × ν

sin[2π ( x
λ

−
t
T )] = sin[ xp − tE

ℏ ]

till 100 years ago (prehistory)

twenties have been the era of electron wave equations



electron wave equations

• Schrodinger (1925): electron wave in an external potential propagates 
analogously to light wave in a non-uniform medium. 

• Klein Gordon (1926): extension to a relativistic electron… w/o spin. 

• Pauli (1927): Spin in Schrodinger hamiltonian; wavefunction is 2-D. 

• Dirac (1928): a new relativistic equation explains the existence of the spin 
and the coupling to the magnetic fields.  Wavefunction becomes 4-D. 

• Weyl (1929): if the mass of the electron is neglected, Dirac's equation 
splits into two simpler (2-D) equations, apparently useless.



Dirac & Anderson

What about the negative energy solutions of Dirac's wave equation?  

• HP 1: states with negative solutions exist 

• HP 2: they are occupied and inaccessible due to the exclusion principle 

This is the Dirac sea. 

Thus atoms are stable; moreover, if one photon extract one of the states, one sees a 
regular (positive energy) electron and the hole, that will be interpreted as an increased 
energy and increased electric charge of the sea, namely an anti-electron. 

— - — 

1932: positrons are observed by Anderson and identified with anti-electrons by Dirac.

(1931 - 1932)
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Fermi

Fermi implements a revolutionary idea: Electron & neutrino are generated in  decay 

 
For the first time, matter particles  (electrons) are not assumed to be eternal.  

In order to do so, he accepts 1) Pauli's idea of neutrino 2) Dirac's sea 3) Jordan/Wigner/Klein/Fock 
formalism for relativistic fermions, with e.g. , using a quantum field:  

     where helicity, momentum, energy with sign 

This revolutionary idea is somewhat facilitated by de Broglie conception of matter waves; see Iwanenko & Ambartsumian (1930) Perrin (1933).

β

n → p + e + ν

⟨0 |as |1s⟩ = 1

ΨΨ = ∑
s

as ψs s =

(1933)
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few words on Fermi heritage  
(an excuse to recall weak interactions)

recall



after Fermi theory of  ray emissionβ



a lot of results follow immediately: 
emission; electron capture; cross 

sections; Yukawa's improvements; variants 
of the hamiltonian; neutral currents; etc.

β+

after Fermi theory of  ray emissionβ



connected processes

Processes Discussed Observed

(A,Z) —> (A,Z+1)   e-  bar-v 1933 1899

(A,Z) —> (A,Z-1)   e+  v 1934 1942

e-  (A,Z) —> (A,Z-1)   v 1934 1939-42

e+  (A,Z) —> (A,Z+1)  bar-v 1938? 1955? —

bar-v (A,Z) —> (A,Z-1)   e+ 1934 1956

v  (A,Z) —> (A,Z+1)   e- 1942 1969



Pauli: the theory ceases to hold at sufficiently high energies. 

Gamow & Teller: currents are not purely vectorial. Starting from Lee & Yang, we will 
arrive at the V-A theory and shortly thereafter at Cabibbo's theory. 

Majorana introduces the modern quantization of fermionic fields, superior to the Dirac-
Jordan-Klein formalism based on the Dirac sea (more later).

 Fermi theory of  ray emission: debateβ



Pauli: the theory ceases to hold at sufficiently high energies. 

Gamow & Teller: currents are not purely vectorial. Starting from Lee & Yang, we will 
arrive at the V-A theory and shortly thereafter at Cabibbo's theory. 

Majorana introduces the modern quantization of fermionic fields, superior to the Dirac-
Jordan-Klein formalism based on the Dirac sea (more later).

 Fermi theory of  ray emission: debateβ

None of these criticisms have 

undermined Fermi's theory:  

they have refined it!



neutrino interactions from Fermi to SM (easier version)

electroweak 
model, '70

Fermi 
1933

V-A 
1958

Fermi 
1933



electroweak 
model, '70

Fermi 
1933

V-A 
1958

Weyl 
1929

U(1)em 
1926

SU(2) 
1954

parity  
1956

 
 1934

π

, 2   
1942

π, μ ν
mixing 

1962-64

 inter.  
1956

ν
quarks 

64

neutr. curr. 
58

SSB 
64

neutr. curr. 
37

neutrino interactions from Fermi to SM (better version)

EC, IBD  
1934



endpoint  
(Fermi method)
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method 2



structure of Fermi hamiltonian

 

 describes the change of isospin, harmeless 

 describes the creation of two (matter) particles (!) 

of course  is the coupling, with dimensions energy volume

H = g ⋅ T+ ⋅ J−

⟨p |T+ |n⟩ ≠ 0

⟨eν |J− |0⟩ ≠ 0

g ×

to describe beta ray emission
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of course  is the coupling, with dimensions energy volume

H = g ⋅ T+ ⋅ J−

⟨p |T+ |n⟩ ≠ 0

⟨eν |J− |0⟩ ≠ 0

g ×

to describe beta ray emission



Γi→f =
2π
ℏ

⟨f |H | i⟩
2

ρ(Ef)



shape is due to the phase space

Γi→f =
2π
ℏ

⟨f |H | i⟩
2

ρ(Ef)



d3pν = 4π p2
ν dpν = 4π pνEν dEν = 4π (Q − Ee)2 − μ2 (Q − Ee) dEe







a new theory of the neutrinos 
(from Majorana to Furry)
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recall



The Dirac sea is not needed  / does not exist / can be thought in a very different way. 

The electrons are described as operators - not waves - that obey Heisenberg equation with 
Dirac hamiltonian. This implies fermionic character - spin-statistics connection.  

A new possibility arises for neutral particles:  

 

The effect of emission of a negative energy particle is the same as the absorption of a particle with 
positive energy and opposite charges, as we have just discussed.  

Note: apart from usage of "Majorana representation" such that  and abbreviations, this is 
just a modern quantum field

ΨΨ = ∑
s,Es>0

(as ψs + a†
s ψ*s )

(γμ)* = − γμ

the modern conception of antimatter emerges
(Fock; Furry & Oppenheimer; Heisenberg; Pauli & Weisskopf; Majorana; Stueckelberg; 1933 - 1941)

Tevent time

incoming wave, 
Q = + e

outgoing wave, 
Q = − e



Quantised field obeying Dirac equation (Majorana)

The Dirac sea is not needed  / does not exist / can be thought in a very different way. 

The electrons are described as operators (quantum fields). They obey Heisenberg 
equation with Dirac hamiltonian. This implies fermionic character. 

(1937)
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Quantised field obeying Dirac equation (Majorana)

The Dirac sea is not needed  / does not exist / can be thought in a very different way. 

The electrons are described as operators (quantum fields). They obey Heisenberg 
equation with Dirac hamiltonian. This implies fermionic character.  

Neutral particles such as neutrinos could be described fully with hermitian fields  

 

Apart from abbreviation & use of  that we'll follow, this is a modern quantum field

ΨΨ = ∑
s,Es>0

(as ψs + a†
s ψ*s )

(γμ)* = − γμ

(1937)



test: the "double beta" decay

i

f

n

Energy

Time and 
Charge

Ei − Ef = Q

Ei − En = Δ



β βi f
n

e−

e−

Goeppert Mayer process -   decay2νββ

β βi
f

n

e−

e−

Furry process -   decay0νββ

Time Time

ν̄e ν̄e

ν̄e

two types of "double beta" decay



estimating the width of "double beta" decay



estimating the width of "double beta" decay

Eν ∼
hc
R

∼ 100 MeV
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n
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Furry process -   decay0νββ

Time Time

ν̄e ν̄e
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β βi
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n
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Time Time
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β βi f
n

e−

e−

Goeppert Mayer process -   decay2νββ

β βi
f

n

e−

e−

Furry process -   decay0νββ

Time Time

ν̄e ν̄e

ν̄eWait the next section  

for the current estimate...
>> 1  ???



neutrinoless double beta decay 
(Majorana, V-A interactions & Greuling-Whitten)
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method 4



parallel/antiparallel means neutrino/antineutrino

direction of motiondirection of motion

0 0

Majorana neutrinos in V-A context



parallel/antiparallel means neutrino/antineutrino

direction of motiondirection of motion

0 0

Majorana neutrinos in V-A context

here is a neutrino here's an anti-neutrino



but in the rest system they seem to be the same!

direzione del motodirezione del moto

0 0

Majorana neutrinos in V-A context



Majorana hypothesis: neutrino is matter and antimatter

direzione del motodirezione del moto

0 0

Majorana neutrinos in V-A context



all lepton number violating effects have to be ∝ mν

direzione del motodirezione del moto

0 0

Majorana neutrinos in V-A context



β βi f
n

e−

e−

Goeppert Mayer process -   decay2νββ

β βi
f

n

e−

e−

Furry process -   decay0νββ

Time Time

ν̄e ν̄e

ν̄e



β βi f
n

e−

e−

Goeppert Mayer process -   decay2νββ

β βi
f

n

e−

e−

Furry process -   decay0νββ

Time Time

ν̄e ν̄e

ν̄e

<<  1  !!!







idea and formalism of neutrino 
trasmutation  

(Pontecorvo Sakata method 1957-1967)
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recall



Neutrino oscillations (Pontecorvo 57, Sakata et al 62)

Each neutrino is produced 
as a mixture of 3 waves, 

each describing a particle 
with a different mass.  

Their different phase 
velocities force the neutrino 

to change nature during 
propagation.



the hypothesis of leptonic mixing

   with   νℓ = Uℓi νi ℓ = e, μ, τ



the hypothesis of leptonic mixing

   with   

 

νℓ = Uℓi νi ℓ = e, μ, τ

ℒint ∋
g

2
Wa ℓ̄γaνℓL =

g

2
Uℓi Wa ℓ̄γaχiL



the hypothesis of leptonic mixing

   with   

 

νℓ = Uℓi νi ℓ = e, μ, τ

ℒint ∋
g

2
Wa ℓ̄γaνℓL =

g

2
Uℓi Wa ℓ̄γaχiL

ℒmass = −
mi

2 [νt
iγ

0νi + ν†
i γ0ν*i ] = −

1
2 [νt

ℓmℓℓ′￼

γ0νℓ′￼

+ ν†
ℓm*ℓℓ′￼

γ0ν*ℓ′￼]



 mℓℓ′￼

= ∑
i

U*ℓi mi U*ℓ′￼i



the standard leptonic mixing matrix
Pontecorvo-Maki-Nakagawa-Sakata's



fields and states for ultrarelativistic motions
the case of neutrino oscillations

 

 

νℓ(x) = Uℓi νi(x)
|νℓ⟩ = U*ℓi |νi⟩
| ν̄ℓ⟩ = Uℓi | ν̄i⟩



proof
the mass states (index i) are also summed

 

 νℓ = Uℓi PL ∑
s

[ai,sψi,s( ⃗x ) + a*i,sψ*i,s( ⃗x )]
≈ Uℓi ∑⃗

p
[ai, ⃗p ,−ψ ⃗p ,−( ⃗x ) + a*

i, ⃗p ,+
ψ* ⃗p ,+

( ⃗x )]



proof
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 νℓ = Uℓi PL ∑
s

[ai,sψi,s( ⃗x ) + a*i,sψ*i,s( ⃗x )]
≈ Uℓi ∑⃗

p
[ai, ⃗p ,−ψ ⃗p ,−( ⃗x ) + a*

i, ⃗p ,+
ψ* ⃗p ,+

( ⃗x )]



proof
the mass states (index i) are also summed

 

 νℓ = Uℓi PL ∑
s

[ai,sψi,s( ⃗x ) + a*i,sψ*i,s( ⃗x )]
≈ Uℓi ∑⃗

p
[ai, ⃗p ,−ψ ⃗p ,−( ⃗x ) + a*

i, ⃗p ,+
ψ* ⃗p ,+

( ⃗x )]
the mass is negligible in the relativistic wavefunctions



proof
the case of neutrino oscillations

 thus, we extract easily the oscillators 

 aℓ, ⃗p ,− ≈ Uℓi ai, ⃗p ,−⇒ |νℓ⟩ = U*ℓi |νi⟩

a*
ℓ, ⃗p ,+

≈ Uℓi a*
i, ⃗p ,+

⇒ | ν̄ℓ⟩ = Uℓi | ν̄i⟩



neutrino trasmutation: 
applications  

(Pontecorvo Sakata method)
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recall



an explicit formula for the case   m3 ≫ m1, m2

 

  

 

|νμ⟩ = U*μi |νi⟩  and  |ντ⟩ = U*τi |νi⟩

⟨ντ |νμ, t⟩ = [ Uτ1U*μ1 + Uτ2U*μ2 ]e−itE1/ℏ + Uτ3U*μ3e
−itE3/ℏ

⟨ντ |νμ, t⟩ = − Uτ3U*μ3e
−itE1/ℏ + Uτ3U*μ3e

−itE3/ℏ

|⟨ντ |νμ, t⟩ |2 = 4 |U2
τ3 | |U2

μ3 | × sin2 [ E3 − E1

2ℏ
t]

("single mass dominance'')

state

amplitude

probability
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 |⟨ντ |νμ, t⟩ |2 = 4 |U2
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t]
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an explicit formula for the case   m3 ≫ m1, m2

 

 

where we have used the standard parameterization 

 

|⟨ντ |νμ, t⟩ |2 = 4 |U2
τ3 | |U2

μ3 | × sin2 [ E3 − E1

2ℏ
t]

|⟨ντ |νμ, t⟩ |2 = c4
13 sin2(2θ23) × sin2 [ E3 − E1

2ℏ
t]

(Ue3, Uμ3
, Uτ3) = (s13e−iδ, c13 s23, c13 c23)

("single mass dominance'')



an explicit formula for the case   m3 ≫ m1, m2

 

 

where we have used the standard parameterization 

 

further assume that  is in first approximation negligible,  

|⟨ντ |νμ, t⟩ |2 = 4 |U2
τ3 | |U2

μ3 | × sin2 [ E3 − E1

2ℏ
t]

|⟨ντ |νμ, t⟩ |2 = c4
13 sin2(2θ23) × sin2 [ E3 − E1

2ℏ
t]

(Ue3, Uμ3
, Uτ3) = (s13e−iδ, c13 s23, c13 c23)

θ13 c13 → 1

("single mass dominance'')



Pμ→τ ≈ sin2(2θ23) × sin2 [ E3 − E1

2ℏ
t]



E2 − E1 =
E2

2 − E2
1

E2 + E1
≈

(m2c2)2 − (m1c2)2

2pcp ≫ mc!



E2 − E1 =
E2

2 − E2
1

E2 + E1
≈

(m2c2)2 − (m1c2)2

2pc
in natural units

E2 − E1

2
≈

Δm2
21

4E



E2 − E1 =
E2

2 − E2
1

E2 + E1
≈

(m2c2)2 − (m1c2)2

2pc
in natural units

in practical units

Δm2
21 × L
4E

≈ 1.27
Δm2

21

eV2 ×
L

km
×

GeV
E

E2 − E1

2
≈

Δm2
21

4E



 

where  is in km,  in GeV,  in eV

Pμ→τ ≈ sin2(2θ23) × sin2 [1.27
Δm2 L

E ]
L E Δm2 2



oscillations  
(the only experimental proof of neutrino mass & observational evidence of BSM)
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cosmic rays collide on 
Earth's atmosphere 

producing pions and  
secondary neutrinos  
of energy  

they are observed 
in the KamiokaNDE 

detector and tagged 
as muonic or electronic 

when muon neutrinos 
travel long enough, say  

 from horizontal 
direction, something  
interesting happens 

∼ 1 GeV



, radius of  
the Earth

R⊕

, radius of  
the Earth plus height  

of atmosphere

R⊕ + h

path length
for horizontal atmospheric neutrinos



, radius of  
the Earth

R⊕

, radius of  
the Earth plus height  

of atmosphere

R⊕ + h

path length
for horizontal atmospheric neutrinos



path length
for horizontal atmospheric neutrinos

• Pythagoras says 

(R⊕ + h)2 − R2
⊕ ≈ 2R⊕h ≈ 7,000 × 30 ≈ 500 km  .

, radius of  
the Earth

R⊕

, radius of  
the Earth plus height  

of atmosphere

R⊕ + h



path length
for horizontal atmospheric neutrinos

• Pythagoras says 

 

• Previous formulae suggests that 

(R⊕ + h)2 − R2
⊕ ≈ 2R⊕h ≈ 7,000 × 30 ≈ 500 km  .

1.27
Δm2

1GeV
500 km ∼

π
2

, radius of  
the Earth

R⊕

, radius of  
the Earth plus height  

of atmosphere

R⊕ + h



path length
for horizontal atmospheric neutrinos

• Pythagoras says 

 

• Previous formulae suggests that 

 

• This leads us to conclude that

  &  

(R⊕ + h)2 − R2
⊕ ≈ 2R⊕h ≈ 7,000 × 30 ≈ 500 km  .

1.27
Δm2

1GeV
500 km ∼

π
2

Δm2 ∼ 2.5 × 10−3 eV2 θ23 ∼ 45∘

, radius of  
the Earth

R⊕

, radius of  
the Earth plus height  

of atmosphere

R⊕ + h



tests and results

OPERA experiment at Gran Sasso lab, planned to test the hypothesis of  
oscillation using the CERN beam with , observed 's after a distance of 

, supporting the interpretation of atmospheric neutrinos (2010 onward)

νμ → ντ

Eν ∼ 20 GeV τ
L ∼ 730 km



1.27 × 8 × 10−5 eV2 ×
50 km

3 × 10−3 GeV
≈

π
2

(equivalent to:  )L0/E ∼ 15 km/MeV



global analysis

Consider a set of relevant experiments (=informative on neutrino oscillation) 

Choose a hypothesis - e.g., oscillations with 3,4,5… s; non standard effects; etc 

Model the experiments, their features & responses (background, efficiency, etc) 

Include the effect of oscillations, assigning free parameters such as   

Build some statistical indicator (likelihood or ) to compare parameterised 

models & data. Minimize the  and find the error budgets. Report the outcomes.

ν

Δm2, θij, δCP

χ2

χ2

(meaning: take theory as seriously as you can, avoid biases, cherry picking & alike)



result of the newest global analyses

THE "NORMAL" SPECTRUM IS KNOWN 
ONLY WITH  CONFIDENCE AS 

T2K & NOVA DO NOT AGREE 
PERFECTLY  

ATMOSPHERIC  FROM SUPER-
KAMIOKANDE HAS A RELEVANT WEIGTH 
FOR THE INFERENCE 

 &   ARE ONLY POORLY 
DETERMINED 

A LOT OF SPACE TO PROGRESS

2.2σ

χ2

θ23 − 45∘ δCP



overall summary on mass and mixing
Fa
nt
in
i, 
Ga

llo
 R
os
so
 e
t a

l, 
20
18

areas of the circles  &  ∝ |Vqq′￼
| |Uℓi |



Fa
nt
in
i, 
Ga

llo
 R
os
so
 e
t a

l, 
20
18

jargonic terminology: hierarchy=spectrum type=order/ordering 

overall summary on mass and mixing



observational cosmology 
(Gamow, Harrison-Peebles-Yu methods)

Francesco Vissani, Gran Sasso                                                             lecture on neutrinos                                                                      EPIC, 07/10/2025, Assergi (AQ)

method  5







 DESI  2025
bounds from CMB, BAO,  SNIa…

• CDM+observations imply 

 at 95% near to  

• The fact that the prior  is so 

crucial put cosmologist on notice 

• If , bound 

weaken to  at 95%

Λ

Σ < 64 meV Δm2
osc

Σ ≥ 0

p/ρ = w0 + wa(1 − a)

Σ < 163 meV



other important results
Big Bang nucleosynthesis determines abundance of light elements such as D & He. 
This depends on the expansion rate, and therefore on the number of neutrinos. 

Even the distribution of cosmic inhomogeneities at the time of decoupling, on which 
the observable ones depend, is modified by the number of neutrinos in equilibrium. 

LUNA 2020 & DESI 2025 agree well with SM prediction, not with a further neutrino.



other important results
Big Bang nucleosynthesis determines abundance of light elements such as D & He. 
This depends on the expansion rate, and therefore on the number of neutrinos. 

Even the distribution of cosmic inhomogeneities at the time of decoupling, on which 
the observable ones depend, is modified by the number of neutrinos in equilibrium. 

LUNA 2020 & DESI 2025 agree with SM expectation.         A 4th neutrino is unwelcome.



relic (big-bang) neutrinos 
(Weinberg, Cocco, Mangano, Messina method)
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is it possible to see big bang 
neutrinos in lab? 



(Weinberg 1962 discuss the principle; Cocco Mangano & Messina  2007 decide to try it)

neutrinos can be absorbed by a  
radioactive target!



νe + 3H → e− + 3He
(neutrino capture on tritium)



νe + 3H → e− + 3He

1. neutrino at big-bang times are 

 for Dirac or Majorana 

2.  

3.  ;  

4.                                  

same for Dirac and Majorana  

1. antineutrinos  are also present 

 

2.  

3.  ;  

4.   but only for 

Majorana; for Dirac it is forbidden

| ⃗p −⟩ = a†
⃗p −

|0⟩

ΨDirac = ∑⃗
p λ

(a ⃗p λ ψ ⃗p λ + b†
⃗p λ
ψ* ⃗p λ)

⟨0 |PLΨDirac | ⃗p −⟩ = ψ ⃗p −

∫ d3x ψ ⃗p −
2

=
1 + β

2

| ⃗p +⟩ = a†
⃗p +

|0⟩

ΨMajorana = ∑⃗
p λ

(a ⃗p λ ψ ⃗p λ + a†
⃗p λ
ψ* ⃗p λ)

⟨0 |PLΨDirac | ⃗p +⟩ = ψ ⃗p +

∫ d3x ψ ⃗p +
2

=
1 − β

2

(neutrino capture on tritium)



νe + 3H → e− + 3He

1. neutrino at big-bang times are 

 for Dirac or Majorana 

2.  

3.  ;  

4.                                

same for Dirac and Majorana  

1. antineutrinos  are also present 

 or  

2.  

3.  ;  

4.   but only for 

Majorana; for Dirac it is forbidden

| ⃗p −⟩ = a†
⃗p −

|0⟩

ΨDirac = ∑⃗
p λ

(a ⃗p λ ψ ⃗p λ + b†
⃗p λ
ψ* ⃗p λ)

⟨0 |PLΨDirac | ⃗p −⟩ = ψ ⃗p −

∫ d3x ψ ⃗p −
2

=
1 + β

2

| ⃗p +⟩ = a†
⃗p +

|0⟩ | ⃗p +⟩ = b†
⃗p +

|0⟩

ΨMajorana = ∑⃗
p λ

(a ⃗p λ ψ ⃗p λ + a†
⃗p λ
ψ* ⃗p λ)

⟨0 |PLΨMajorana | ⃗p +⟩ = ψ ⃗p +

∫ d3x ψ ⃗p +
2

=
1 − β

2

(neutrino capture on tritium)



cosmic neutrino capture
and why the mass matters



expected spectra

 meV and  meVm1 = 1 Δ = 20 meV and  meVm1 = 1 Δ = 4



let's stop here! 
thanks & enjoy…





more slides
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V-A, chirality & helicity



the structure of weak (c.c.)  interactions

In the mid-50s many important developments occur; let's recall the main ones 

the conservation of parity is challenged (Lee & Yang 56) 

the ideas that lepton number is conserved and neutrinos are massless is proposed (Salam; 

Landau; Lee&Yang 57) this simplifies the discussion, but it is not necessary (Pauli; Touschek&Radicati 57) 

Goldhaber et al 1959 experiment supports the simpler (S.M.'s) position 

Weak interactions have V-A / chiral structure (Sudarshan&Marshak; Feynman&Gell-Mann 58)

(1956-1958)



first of all & very important  
there is always a 

 

 projector in c.c. weak int.

PL =
1 − γ5

2



  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H = γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c



  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H = γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c



!
  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H = γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c



!
  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H = γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c

Recall the definitions:   

Dirac matrices:   ;  

Chirality: 
; 

Spin: 
  and cyclic.

αi = γ0γi

γ5 = iγ0γ1γ2γ3

Σ1 =
i
2

[γ2, γ3]



  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H ≈ γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c



  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H ≈ γ5 ⃗Σ ⃗p c ⇒

{PLH ≈ − ⃗Σ ⃗p c

PRH ≈ + ⃗Σ ⃗p c



  

 (check it)  

  

H = ⃗α ⃗p c + βmc2

⃗α = γ5 ⃗Σ ⇒

H = γ5 ⃗Σ ⃗p c ⇒

{PLH = − ⃗Σ ⃗p c

PRH = + ⃗Σ ⃗p c

Theorem: 

there is tight connection between  

helicity (spin projected on momentum)   

and  

chirality (  projectors) γ5



Weyl's Hamiltonian for massless electrons (1929), revived in 1957 for neutrinos

H = ± ⃗σ ⋅ ⃗p c



more on helicity-chirality connection

consider the wavefunction in Dirac representation: 

   

with  

   ;     ;  

ψλ( ⃗x ) =
ei( ⃗x , ⃗p )

2V
uλ

λ = ± 1 uλ =
1 + ε φλ

λ 1 − ε φλ

ε =
mc2

E



more on helicity-chirality connection

evaluate the amount of "wrong" chirality 

          where       

we find easily  

 

which is small when , being  

PL u+ PL =
1
2 (+1 −1

−1 +1)

PL u+ =
ε

1 + ε + 1 − ε ( 1
−1) φ+

p ≫ mc ∝ ε = (mc2)/E



long distance formulae         
(Gribov-Pontecorvo limit)



an example: what happens after long distances

|νℓ, t⟩ = ∑
j

U*ℓj |νj, t⟩ = ∑
j

e−i
tEj
ℏ U*ℓj |νj⟩



an example: what happens after long distances

|νℓ, t⟩ = ∑
j

U*ℓj |νj, t⟩ = ∑
j

e−i
tEj
ℏ U*ℓj |νj⟩

⟨νℓ′￼
|νℓ, t⟩ = ∑

j

U*ℓ′￼je
−i

tEj
ℏ U*ℓj



an example: what happens after long distances

|νℓ, t⟩ = ∑
j

U*ℓj |νj, t⟩ = ∑
j

e−i
tEj
ℏ U*ℓj |νj⟩

⟨νℓ′￼
|νℓ, t⟩ = ∑

j

U*ℓ′￼je
−i

tEj
ℏ U*ℓj

|⟨νℓ′￼
|νℓ, t⟩ |2 = ∑

j

Uℓ′￼jU*ℓj

2
+ rapidly oscillating terms



an example: what happens after long distances

Pℓ→ℓ′￼

≈
n

∑
i=1

|U2
ℓi | |U2

ℓ′￼i |

|νℓ, t⟩ = ∑
j

U*ℓj |νj, t⟩ = ∑
j

e−i
tEj
ℏ U*ℓj |νj⟩

⟨νℓ′￼
|νℓ, t⟩ = ∑

j

U*ℓ′￼je
−i

tEj
ℏ U*ℓj

|⟨νℓ′￼
|νℓ, t⟩ |2 = ∑

j

Uℓ′￼jU*ℓj

2
+ rapidly oscillating terms



matter term, idea & formalism, 
numerics



formal amplitude in vacuum: 

 

corresponding to the hamiltonian 

𝒜νℓ→ν′￼ℓ
= Uℓ′￼i diag [ e−i tEi

ℏ ] U*ℓi

iℏ
∂
∂t

= Hℓ′￼ℓ = Uℓ′￼i diag [ Ei ] U*ℓi



formal amplitude in vacuum: 

 

corresponding to the hamiltonian 

𝒜νℓ→ν′￼ℓ
= Uℓ′￼i diag [ e−i tEi

ℏ ] U*ℓi

iℏ
∂
∂t

= Hvac
ℓ′￼ℓ = Uℓ′￼i diag [ Ei ] U*ℓi



even in absence of scattering - i.e., of momentum transfer -  the 
hamiltonian of charged current weak interactions modifies the 

overall phase of propagation of electronic neutrinos by a term 
proportional to  and to the density of electrons in a medium GF

An electronic neutrino passing by The same electronic neutrino passing by

GF

electrons in a medium



Hprop = Hvac. + 2GFne( ⃗x )(
1 0 0
0 0 0
0 0 0)

a new term for oscillations in matter



a

Hprop = H*vac. − 2GFne( ⃗x )(
1 0 0
0 0 0
0 0 0)

for antineutrinos the matter term changes sign, as  
the charge  counts the number of particles: 

 and 
J0

νe
= Q = ν†ν

⟨ν |Q |ν⟩ = + 1 ⟨ν̄ |Q | ν̄⟩ = − 1

a new term for oscillations in matter



k =
Δm2

2E
≈

2.5
m

×
Δm2

eV2
×

MeV
E

vacuum wavenumber



V = 2 GF ne ≈
4 × 10−7

m
×

ne

mol/cm3

matter term wavenumber

k =
Δm2

2E
≈

2.5
m

×
Δm2

eV2
×

MeV
E

vacuum wavenumber



V = 2 GF ne ≈
4 × 10−7

m
×

ne

mol/cm3

matter term wavenumber

k =
Δm2

2E
≈

2.5
m

×
Δm2

eV2
×

MeV
E

vacuum wavenumber

V
k

≈
ne

100 mol/cm3
×

8 × 10−5 eV2

Δm2
×

E
5 MeV

their ratio [v1, for solar neutrinos]



V = 2 GF ne ≈
4 × 10−7

m
×

ne

mol/cm3

matter term wavenumber

k =
Δm2

2E
≈

2.5
m

×
Δm2

eV2
×

MeV
E

vacuum wavenumber

their ratio [v2, for atmospheric neutrinos]

V
k

≈
ne

3 mol/cm3
×

2.5 × 10−3 eV2

Δm2
×

E
5 GeV



survival probability of electron neutrinos from the Sun is energy dependent (big 

effect, connected to  and , observed) 

day-night effect: the solar electron neutrinos that arrive to the detector on night are 

more abundant (small effect, connected to  and , first observations) 

atmospheric neutrino fluxes that pass through the Earth at some special angles are 

modified (small effect, connected to  and , not-so-clear evidence)

θ12 Δm2
12

θ12 Δm2
12

θ13 Δm2
13

a list of possibilities



more on Nν,eff



LUNA & PArthENoPE 

an improved description of deuterium 
dynamics in early universe conditions was 
obtained by LUNA 

this allowed the BBN simulations of 
PArthENoPE, based on Gamow's ideas, to 
claim a good agreement with baryon mass 

fraction    

moreover this has implications on  the 

number of neutrinos   see figure

Ωbh2

Neff

LUNA &  
PArthENoPE

Planck

combined

fro
m

 N
at

ur
e 

20
20

 



on V-A & 0νββ



in the fast-moving system  and in the rest system  in V-A modelν ≠ ν̄ ν = ν̄

FV
, 2

02
3



FV
, 2

02
1



on  & cosmology0νββ



success

failure
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discovery potential for normal spectrum

we are 
here



again on neutrino absorption



 meV 
 meV

m1 = 10
Δ = 7

 meV 
 meV

m1 = 0.3
Δ = 0.3

 meV 
 meV

m1 = 1
Δ = 20

 meV 
 meV

m1 = 1
Δ = 4



SM and neutrinos



neutrino masses in modern language
(extending the lagrangian density of the standard model)

ℒ = i ν̄L ∂aγa νL

Lepton # conserving Lepton # breaking



neutrino masses in modern language
(extending the lagrangian density of the standard model)

ℒ = i ν̄L ∂aγa νL

Lepton # conserving Lepton # breaking

−(mLL ν̄LCν̄t
L+h.c.)/2



neutrino masses in modern language
(extending the lagrangian density of the standard model)

ℒ = i ν̄L ∂aγa νL

+i ν̄R ∂aγa νR

−(mLL ν̄LCν̄t
L+h.c.)/2

−(mRR ν̄RCν̄t
R+h.c.)/2

−(mLR ν̄RνL+h.c.)

Lepton # conserving Lepton # breaking


