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Heavy-ion collisions: clustering effects and EOS
Heavy-ion collisions (HIC) at Ebeam ≈ (30 − 300)AMeV ⇒ EOS

Expansion following initial compression
⇒ low density (ρ) & temperature (T )

Spinodal instabilities → fragment
Few-body correlations → light clusters

Phenomenological EDF with clusters DOF

Dilute NM → mixture (nucleons+nuclei)

Theoretical challenge

Consistent dynamical approach for light
clusters and heavier fragments
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In-medium (Mott) effects and cluster dissolution

Pauli-blocking (Mott) effect ⇒ cluster dissolution
Microscopic in-medium effects
(Effective) binding energy → Beff = B −∆m

∆m(low) from in-medium Schrödinger equation (SE)
[G. Röpke, NPA 867 (2011) 66–80]

Parameterization ∆m(ρ, β,T ,Pc.m.) ⇒ heuristic ∆m(high) beyond Mott density
Bound clusters survive only if |Pc.m.| > PMott (Mott momentum)
Few-body short-range correlations (SRCs) in the continuum
[S. Burrello, S. Typel, EPJA 58, 120 (2022)]
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Short-range correlations within mean-field approaches
Dynamics of dilute nuclear matter with light clusters

Clusters as surrogate for SRCs in extended EDFs
Unified mass-shift parameterization for bound d / np SRCs (ρB ≶ ρMott)

∆md (x) =
ax

1 + bx
+ cxη+1 [1 − tanh (x)] + fx tanh (gx), x =

ρb

ρ0

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0

1000

2000

3000

4000

d
eu

te
ro

n
 m

as
s 

sh
if

t 
∆

m
d
 [

M
eV

]

DD2 - χd1

DD2 - χd2

DD2 - χd3

χ = 1/  2√

0 0.5 1 1.5 2 2.5 3

baryon number density n
b
 [fm

-3
]

0

50

100

150

sy
m

m
et

ry
 e

n
er

g
y
 J

 [
M

eV
]

DD2
DD2 - d3
DD2 - χd1

DD2 - χd2

DD2 - χd3

10
-4

10
-3

10
-2

10
-1

10
-1

10
0

10
1

J(n
b
) = 

E
A

(n
b
)

β = 1

E

AAAA
(n

b
)

β = 0

S. Burrello, M. Colonna, R. Wang Clustering & EoS in extended EDF approaches



Many-body correlations and clustering phenomena
Unified description of clustering and correlations

Short-range correlations within mean-field approaches
Dynamics of dilute nuclear matter with light clusters

Outline of the presentation
1 Many-body (MB) correlations and clustering phenomena in nuclear systems

Understanding Equation of State (EOS) for nuclear matter (NM)
Phenomenological models based on energy density functionals (EDF)

2 Extended EDF-based models: recent developments and results

✏ Unified (thermodynamic) description of few-body correlations and clusters
Embedding short-range correlations within relativistic mean-field approaches
Global mass-shift parameterization for a multi-purposes EOS

✏ Dynamical approach with light clusters as degrees of freedom (DOF)
Phase-space excluded-volume approach in dilute nuclear medium
Quasi-analytical characterization of spinodal instability and growth rates

3 Further developments and outlooks
Connection between hydrodynamical and linearized Vlasov approach
Extensive numerical calculations of the dynamics with light clusters
Consistent description of fragment formation mechanisms in heavy-ion collisions

4 Summary
S. Burrello, M. Colonna, R. Wang Clustering & EoS in extended EDF approaches



Many-body correlations and clustering phenomena
Unified description of clustering and correlations

Short-range correlations within mean-field approaches
Dynamics of dilute nuclear matter with light clusters

Effective phase-space excluded-volume approach

Modeling dynamics of HIC at intermediate energies ⇒ Transport theories
Boltzmann–Uehling–Uhlenbeck (BUU) equation for the distribution function fτ

(∂t +∇pετ · ∇r −∇rετ · ∇p) fτ = I collτ [fn, fp , . . . ], τ = n, p, d , t, h, α

Extended kinetic approaches ⇒ Light clusters & in-medium effects

Solving in-medium SE ∀ (r, t) point (computationally very demanding)
Effective phase-space excluded-volume approach
[P. Danielewicz, G. F. Bertsch, NPA 533, 712 (1991)]

[C. Kuhrts et al., PRC 63, 034605 (2001)]

⟨fτ ⟩ν(P) ≡
∫

dp
(2πℏ)3

f tot
τ (p)|ϕ̃ν,P(p)|2 < F cut

A

ϕ̃ν,P ≡ free-space 1-body probability (Gaussian) distribution
f tot
τ ≡ total phase-space occupation of the medium

(including contributions from light clusters)
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Kinetic approach for HIC with light-clusters DOF

Integrating phase-space excluded-volume in transport models ⇒ cut-off in I collτ

⇒ Description of cluster yields from FOPI collaboration for A ≤ 4
[R. Wang, Y.-G. Ma, L.-W. Chen, C. M. Ko, K.-J. Sun, & Z. Zhang, Phys. Rev. C 108, L031601 (2023)]

Kinetic approach for HIC at intermediate energies

No consistent light & heavier fragments production

Spinodal instability ⇒ Mean-field (Vlasov) dynamics
(∂t +∇pετ · ∇r −∇rετ · ∇p) fτ = 0
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Kinetic approach for HIC with light-clusters DOF
Integrating phase-space excluded-volume in transport models ⇒ cut-off in I collτ

⇒ Description of cluster yields from FOPI collaboration for A ≤ 4
[R. Wang, Y.-G. Ma, L.-W. Chen, C. M. Ko, K.-J. Sun, & Z. Zhang, Phys. Rev. C 108, L031601 (2023)]

Kinetic approach for HIC at intermediate energies

No consistent light & heavier fragments production

Spinodal instability ⇒ Mean-field (Vlasov) dynamics
(∂t +∇pετ · ∇r −∇rετ · ∇p) fτ = 0

Our goal

Assess if light clusters
(from compression phase)
affect spinodal instability
(expansion stage)
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Density-dependent (Mott) momentum cut-off

Pauli-blocking ⇒ Cut-off (Mott) momentum PMott
j ≡ Λj (ρb,T) parameterization

ρj = gj

∫
|p|>Λj

dp
(2πℏ)3

fj j = n, p, d (Λq = 0, for q = n, p)

Chemical equilibrium ⇒ Xd =
Adρd

ρ0
consistent with microscopic calculations
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Linearized Vlasov equations for NM+deuterons
Linear response to collision-less Boltzmann ⇒ linearized Vlasov equations for NMd

∂t
(
δfj

)
+∇r(δfj )·∇pεj−∇pfj ·∇r(δεj ) = 0 ⇒ δρj = −χj

∑
l

(
F jl

0 + F̃ jl
λ

)
δρl − δjd

∑
l Φ

dl
λ δρl

Single-particle energy εj ≡
δE

δfj (p)
(from EDF E = K+ U)

εj =
p2

2mj
+ Uj + ε̃λj (ε̃λj ∝ Φdj

λ ∼
∂Λd

∂ρj
)

Momentum-independent Skyrme-like interaction (= for bound and free nucleons)

U =
A

2
ρ2
b

ρ0
+

B

α+ 2
ρα+2
b

ρα+1
0

+
C(ρ)

2
ρ2
3

ρ0
+

D

2
(∇rρb)

2 −
D3

2
(∇rρ3)

2

Density-dependent (Mott) momentum cut-off ⇒ extra-terms in both δρj and εj

ρj = gj

∫
|p|>Λj

dp
(2πℏ)3

fj j = n, p, d → δρj (r, t) = gj

∫
|p|>Λj

dp
(2πℏ)3

δfj−δjd
∑

l=n,p,d

Φdl
λ δρl

Φdl
λ ̸= 0 ⇒ adding in-medium effects for cluster appearance/dissolution in dynamics

Landau procedure
(
F jl

0 ∼
∂Uj

∂ρl
, F̃ jl

λ ∼
∂ε̃λj

∂ρl

)
for δfj ∼

∑
k

δf k
j e i(k·r−ωt)
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Dispersion relation and spinodal instability region

Solving linearized Vlasov equations ⇒ dispersion relation ω = ω(k)

δρj = −χj
∑

l

(
F jl

0 + F̃ jl
λ

)
δρl − δjd

∑
l Φ

dl
λ δρl

ω = Im(ω) ⇔ unstable mode (spinodal region)
[R. Wang, S. Burrello, M. Colonna, F. Matera, PRC 110, L031601 (2024)]

ω = 0 (χj = 1) ⇒ border Im(ω) ⇒ growth rate
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In-medium effects in dynamics

Slowdown of instability rate & different fragmentation modes
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Instability direction: “distillation” mechanism

Direction of instability in space of density fluctuations:
δρS

δρd
(ρS = ρn + ρp)

δρS
δρd

≷ 0 ⇒ Nucleons and deuterons fluctuations move in (out) of phase

de
ns

ity

r

w / o  i n - m e d i u m w i t h  i n - m e d i u m

[R. Wang, S. Burrello, M. Colonna, F. Matera, PRC 110, L031601 (2024)]

NMd with no in-medium effects:
Favored growth of instabilities
Cooperation to form fragments

NMd with in-medium effects:
Deuterons move to low densities
They might be separately emitted
⇒ “distillation” mechanism
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Work in progress

Implementation within transport simulations

Connection with Bayesian methods
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