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Motivations

@ The nucleosynthesis of 12C and %0 in the universe stands as a fundamental issue within nuclear astrophysics
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atat+a=PC+y
RC+4a=1%0+~

> The description and the measurement of these alpha process cross-sections is a challenge
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@ The nucleosynthesis of 12C and %0 in the universe stands as a fundamental issue within nuclear astrophysics
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> The description and the measurement of these alpha process cross-sections is a challenge

@ Experimental evidence for the a cluster structure of some nuclei is well documented [M.Freer et al., Reviews of

Modern Physics (2018)] @ 9 %
o
> These a-cluster nuclei show a separation of energy scale = the energy required to break the system is much
less than the « particles excitation energy
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Motivations

@ The nucleosynthesis of 12C and %0 in the universe stands as a fundamental issue within nuclear astrophysics

atat+a=PC+y \/0 @

RC+4a=1%0+~ a/ 0

He

> The description and the measurement of these alpha process cross-sections is a challenge

@ Experimental evidence for the a cluster structure of some nuclei is well documented [M.Freer et al., Reviews of

Modern Physics (2018)] ® 9 9 %
o
> These a-cluster nuclei show a separation of energy scale = the energy required to break the system is much
less than the « particles excitation energy

@ Effective field theories (EFTs) provides a controlled framework to exploit the separation of scales
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Aim of the project

@ atata—12C+y

@ We use an EFT formulated with contact interactions among « particles
@ Description of C and 160 excited and bound states within « cluster EFT approach

Our purpose is to describe some of these a-cluster nuclei and reactions in low energy range

@ 2C+a—100+4y
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The Cluster EFT potential

The theory is constructed by analyzing the independent monomials allowed by the low-energy spatial symmetries of the

underlying fundamental theory. Developing this procedure, we constructed a aa contact potential up to N2LO

Var () = et (1)

+ a3 C15g§)(r) +a* C2V26§,3)(r)

2
+ 5G4 (r) — GV (r) (%‘?)

2
+G <'(’; Dy 32—2 (;?) ) 58 (r)

ap = A—;,a: K-

where 55,3)(r) = e_(’/Qa)Q,l indicates the angular quantum number, ro, = 1.44 fm is the « particle radius and
hy h

We neglect the N2LO non-local terms.
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The Cluster EFT potential

The theory is constructed by analyzing the independent monomials allowed by the low-energy spatial symmetries of the
underlying fundamental theory. Developing this procedure, we constructed a a« contact potential up to N2LO

Verr (r) = i erf (ra\f)

+ a3 c15(3 (1) + a* v (r)

+ GV (r) — GV 5

/(/+ 1) 2 1 (3)
+ G < o + s 5 03 (r)

where 5g3)(r) =e"
h

(r/2a)
K
ag = A—g,a

| indicates the angular quantur 1 nun ber, ra = 1.44 fm is the « particle radius and
C
N

We neglect the N2LO non-local terms.
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Fitting LECs

@ We performed a fit on the S-wave and D-wave a« scattering data of [ AFZAL,et al. Rev. Mod. Phys. 41, 247-273
(1969)] up to 5 MeV

@ Two-body scattering state is calculated by Kohn's variational principle
@ We used the routine of minimization MIGRAD (Minuit routine of the Cern library)
Fit strategy
@ First, for fixed cutoff of higher order terms, we fit the LO LEC from the position of 8Be resonance

@ In the next step we fit the other LECs and the LO cutoff from the width of 8Be resonance and from the phase shift
data
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FIT Results

Using a total of 28 experimental data we obtain a x?/d.o.f ~ 1 for each cutoff value analyzed

LECs AN =120 AN =130 A =140 A =150
G 61171.417 | 59459.301 | 60631.730 | 64520.692
G -3.318 -13.884 -29.350 -101.4158
G -3.089 -4.218 -5.834 -9.619
Cy 8.453 9.933 10.361 43.485
Ao 388.789 355.706 350.332 264.395
X2 29.275 19.587 20.838 22.180

@ Non-natural values of Ag and C; can be explained as an attempt of the theory to describe the resonance correctly
@ Increasing the values of A, Ag has a decreasing trend

@ The LECs as A increases go to non-natural scales
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Phase shift

@ Very good agreement with the data at low energies
@ We also reproduce energies up to ~ 15 MeV and the trend of the G-wave (/ = 4)
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Order-by-order study of the phase shifts compared with experimental data
@ The bands reflect the variation of the theoretical predictions when the cutoff A is varied in the range 120-150 MeV
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The resulting LO term of the effective potential is extremely repulsive

and rapidly decreases to zero at a distance of ~ 2 fm

100 —— —

r — FFKMI 1
80 — A=120MeV ]|
r ~- A=I30MeV ]
r = A=140 MeV ]
60 A=150MeV 7]
Z 4or 1%
s | 1z
= 12
> 20 - >
oF
ol = 1
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3
r [fm]

= Due to the strong repulsion of the LO term
variational parameters
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Bound States with A = 3,4 Bosons (L. Marcucci's talk)

Wave Function Decomposition
\UA = Z CK:m |K7 m)
K,m

with basis states % ol
(0, 2K, m) = fm(p Vo Q7).
(p) Xp: (o (27)

Radial (Laguerre)

Angular (HH)

@ Angular part (HH)
> Depends on hyperangles ¢, (A = 3),
2,3 (A=4)

» Channels labeled by angular momenta [a] - ~
> t traint: llowed /;, it . . -
Symmetry constraints = allowed /;, parity HH basis(hyperangles) Laguerre basis(hyperradius)
@ Radial part (Laguerre)

fm(p) ~ LEnD_l)('YP) e~ vP/2 \/

> ~ optimized variationall
7oP Y [Coefﬁcients cK;m(Raerigh—Ritz)}

@ Coefficients ck.,,: from Rayleigh—Ritz=-
generalized eigenvalue problem
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12 excited and bound states

We include a three-body force of the form,

V3(p) = (VosProo + V23,5L:2)e_(p2/za§)

where ﬁ’L:O,2 are the L = 0, 2 waves projectors, tuning the Vo3, V23 and a3z on the binding energy of the ground state, of
the 21 excited state and of the Hoyle state, respectively

AN =120 A =130 N = 140 A = 150

Voz [MeV —19.44 —18.75 —18.58 —18.74
Vo3 [MeV —12.50 —11.68 —11.04 —10.69
az [fm] 3.283088 | 3.222431 | 3.058219 | 3.135534

M | Egs. [MeV] | Ey+ [MeV] | Enoye [MeV]

20 -7.1724 -2.7764 0.4068
30 -7.2664 -2.8664 0.3861
40 -7.2755 -2.8750 0.3843
50 -7.2764 -2.8762 0.3841
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Stability of 12C state energies as a function of the number of Laguerre polynomials M

October 22, 2025 11/23



16() excited and bound states

The 90 nucleus described as a 4-a system has an experimental binding energy of —14.437 MeV

Eq(keV)  |E, (keV) Y R tkeV)
1 .
6519 ——=f 12051 ol 45 ,—1%% We include a four-body force of the form,
5920 — o a%gi ol Y
Qo == [T o I Y 2 0.2
; o o —(p%/2
e i 028 Va(p) = (VoaProo + Vay P _p)e™(P"/2%)
a5y —w JOI6 W oy ~ .
3577 —w] |0845 Fid R Pi—o, Pi—» = L = 0,2 waves projectors, tuning Voa
an —e P8 and as on the binding energy of the ground state and
8872 r of the first excited state.
A =120 A =130 A = 140
Vos [MeV] | 23441 207.85 185.10
Vag [MeV] | 236.80 | 19342 | 160.00
€, ] a [fm] | 2542874 | 2.542874 | 2542874
7 "7 -
L s Kt ya
S/ @ The HH basis needed for convergence is quite
e e —u large, since the LO two-body potential is
- &9 v . :
v strongly repulsive at short distances
@ Stability checked by extrapolating results with
increasing K
0 o
)
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Convergence and Stability Checks

T oy | T
o) O A=130MeV - o
2t ° ] M| G | of M| o2 | o2
: I o 26 | -14.298 | -8.253 26 | -7.227 | -4.003
5 4 =2 o B 28 | -14.315 | -8.266 28 | -7.227 | -4.003
] b3 ] ° é 30 | -14.322 | -8.272 30 | -7.228 | -4.009
A ° R 0, A ° o 160 ground and excited state energy as a function of M for A = 140
z A © MeV.
21 4 4 o s 8
= | 7, -
) i J© | EXP.
] A o - -
; 8 o oS . A ° 0+ | -14.44
) . o 4 05 -8.39
1 fL 0 g 2t | 752
1 Ay 27 | -4.592
| —— | I I 1 n 1 n 1
07024 28 32 36 40 O 20 24 28
K K
2t 25
AN =120 | -7.557 | -4.447
A =130 | -7.515 | -4.479
A =140 | -7.491 | -4.500
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Extrapolated 160 2% excited state energies in MeV for K = oo and for different A values in MeV.
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Triple o Capture

We want to study the process
v+ 12C(L=2) = 3a(L=0)

We adopt the adiabatic approximation
@ Solve the 3-a system by expanding in adiabatic channels depending on the hyperradius p
@ Off-diagonal couplings suppressed (or damped) beyond a certain pg

@ Advantages: simplifies boundary conditions; captures long-range Coulomb effects in an approximate way

Other works / comparisons

@ Katsuma (2024): Faddeev-HHR + R-matrix expansion; finds the derived triple-a rates are in accord with standard
evaluations for 0.08 < T < 3, but suppressed by 10~* at T = 0.05 [Katsuma, arXiv:2411.03600 (2025)]
@ Nguyen, Nunes et al. (2011-2013): full three-body model with hyperspherical harmonics + R-matrix propagation;

they compute triple- rates, finding agreement with NACRE at higher T, but strong enhancement at low T < 0.07
[Nguyen et al., Phys. Rev. Lett. 106:042502 (2011); Phys. Rev. C 87:054605 (2013)]
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Adiabatic approximation

3a(L = 0) wave function calculated using the adiabatic method

Wil — 3 )a, &) oLV (p, Q)

Vel 5/2 ®LM(p, Q) =adiabatic functions calculated using an HH basis up to K = Ky

12 d?u,

m dp?
Forv #v' B,,,C,,, multiplied by exp[—(p/po)*], with po = 200 fm

+ UV(p)uV + Z |:Buu/ (P) U,/J/ + Cm/’ (p) ul/’] =Eu
o

Internal solution
(0 < p < 200 fm)

@ Boundary: u,(0) =0
@ Full coupled equations

@ Numerical integration
(Numerov)

Elena Filandri (ECT*)

Matching solution
(p ~ 200 fm)

@ Couplings suppressed
(B,C —0)

@ Two analytic basis functions:

FR ~ sin(z — n, In2z2),

GR ~ cos(z — n, In2z)

@ Construct regular/irregular
solutions

Asymptotic solution
(p > 400 fm)

@ Effective potential:
G

UI/+CVI/NATV+ ‘2724‘7'2’

note By, =0
@ Boundary condition:
UE/VO) = 6V0VFV arF RV()IJ GV

@ Physical states:
Wy ~ Suou Fu + Togu(Gu + iF)

v
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Quantities of interest

Disintegration cross-section

dowy o< [($r2g(i—2) || BE2|W3a(i=0))I?

v+ C(L = 2) — 3a(L = 0) process, only E2 contribution = BE, = Z,N:l r2Yom(F)

rate 3a(L = 0) — v +2 C(L = 2) Energy averaged rate
8m =2
R(E) = 3!N§GN73;’Udis = 1 1 &
/2 E2 R(T)== / dE E?R(E) e~ E/k8T
(p2p3) (M=3 Ty Jy (E)e
e Gy = 10 statistical factor
e up = m/2 and pu3 = 2m/3 reduced masses e kg Boltzmann constant )

e E, =E+4+ AB, AB = 2.85 MeV
N Avogadro number
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Cross-

section

PRELIMINARY

K =140
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Average rate PRELIMINARY
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Wave Function and Transition Matrix Element
We study the radiative capture
RCta — 104+,

essential to determine the stellar C/O ratio in the universe
Transition Matrix Element

(Vr|Hom|W;) = —

4 A 7
;27 S Varitietds ,(—0)E..
L

Dominant multipole: L =2 = E,, k = photon momentum, A = photon helicity, 6, = scattering phase shift

Scattering Wave Function and Kohn Method (L. Marcucci's talk)

The total wave function is written as

V=" "[u(p) V()] + Fi(kp) + R GL(kp)
L

ur(p) = internal wave function in the nuclear region (expanded as a bound-state—like basis, vanishing for large p),
F1, G, =regular and irregular Coulomb functions (external region)
The Kohn variational principle fixes R, = tan§;
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Cross-section and Astrophysical S Factor

Cross-section

k = photon momentum, v = relative velocity,
ko = V2uEg/h, E; = reduced E2 matrix element

Some Previous Theoretical Works

Dufour & Descouvemont, Phys. Rev. C 78, 015808 (2008): microscopic cluster (GCM) calculation combined with an

R-matrix treatment of the E, capture

Katsuma, Astrophys. J. 745, 192 (2012): direct-capture potential model with a+12C potentials fitted to elastic data

Astrophysical S Factor

212262
’]7 =

S(E) = o(E) E €™,
hv

1n = Sommerfeld parameter (Coulomb barrier).

S(E) isolates the nuclear contribution
from the Coulomb suppression

deBoer et al., Rev. Mod. Phys. 89, 035007 (2017): R-matrix analysis approach
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Phase-shift PRELIMINARY

20F T T T T T j 8 T T T T
E L % This work
E % A=120 MeV potential o
10F % A=130 MeV potential F
E 7 4 -
SE E L
0 x % ¢ 3 _ > i
. oy 12 R
T SF i IS { tit. Hrrhd g
< F EE x E E E
—10:— ¥ E ok * I .
J15F E L J
E 3 4 4
20F E L
2sf N y
1ok . 1 . 1 . ] ; 1 1
301 3 4 8 2 4
Ea [MeV] Ea [MeV]
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Low Energy S-Factor PRELIMINARY

T T T T T T T T F
F *x  This work E
[ e Expdata E
0,1 E
1 @ Only a few experimental data are available at
— 3 T 1 low energies, and they are affected by large
f=} - . . . ~
> 00l ] 33 E uncertainties [Fey, Schiirmann et al., Assuncao
= F * 3= f 3 ] et al., Ouellet et al., Kunz et al., Redder et al.,
— [ L I 1 Roters et al., Makii et al., and Plaga et al.].
£ 0,001 x 3
1%} F 3
r 1 1 @ Despite the scarcity and uncertainty of the
r L 1 experimental data, our theoretical predictions
0,0001 E - E fall within the region indicated by the available
F ] measurements
1 : 1 : 1 : 1 : 1 .
1e-05 1 15 2 25 3
E, [MeV]
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Conclusions

@ We studied bound and excited states of 3a and 4« systems using short-range EFT-inspired potentials

> LECs of the a—«a potential were fitted to phase shifts, resonance position, and width

> The 3a LECs were tuned to reproduce the ground and first excited states of 12C

> The 4a force ensures correct energies for 160

@ Preliminary adiabatic-approximation results for 3« are consistent with trends in the literature
@ Preliminary 12C + « results at low energy agree with available experimental data

@ Ongoing developments aim at improving accuracy and enabling a quantitative comparison with experiment
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