
Developments in relativistic spin hydrodynamics

David Wagner

based mainly on

DW, Phys.Rev.D 111 (2025) 1, 016008

DW, MS, DHR, Phys.Rev.Res. 6 (2024) 4, 4

DW, N. Weickgenannt, DHR, Phys.Rev.D 106 (2022) 11, 116021

19.03.2025



Overview

1 Motivation & open questions

2 Deriving spin hydrodynamics

3 Numerical results (preliminary)

4 Conclusions

David Wagner Spin hydro 19.03.2025 1



Motivation & open questions



Global Λ-Polarization

• “Global”: Integrated
polarization along the direction
of orbital angular momentum

• Can be explained by assuming
spins in equilibrium

→ “Polarization through rotation”
▶ Analogous to Barnett effect
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Local Λ-Polarization
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F. Becattini, M. Buzzegoli, G. Inghirami, I. Karpenko, A. Palermo,

PRL 127, 272302 (2021)

• “Local”: Angle-dependent polarization along beam-direction
• Can only be explained by incorporating shear effects

→ Simple picture of equilibrated spins not complete

• Possible answer: develop a theory of spin hydrodynamics to describe
polarization dynamics
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Analogy: Magnetic resonance imaging (MRI)

• MRI: Large constant B-field
in z-direction and short-lived
alternating field in x, y-plane

• Identify materials by
relaxation times T1, T2

https://en.wikipedia.org/wiki/Bloch equations

Bloch equations

T2Ṁx,y +Mx,y = µ2 (M×B)x,y ,

T1Ṁz +Mz = µ1 (M×B)z +M0 .

µ1 := T1
gq
2m

, µ2 := T2
gq
2m
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Deriving spin hydrodynamics



Spin Hydrodynamics: Basics

• Theory is based on conservation laws for energy-momentum tensor
and total angular momentum tensor

∂µT
µν = 0

∂λJ
λµν =: ℏ∂λSλµν + T [µν] = 0

• 10 equations for 16+24 quantities

• Additional information about dissipative quantities has to be provided

• Here: Use quantum kinetic theory as the microscopic basis
• For small polarization: spin tensor can be described through 11
quantities:
▶ the spin potential Ωµν

0 = u[µκ
ν]
0 + ϵµναβuαω0,β ,

▶ the spin-shear-stress tensor tµν

A[µBν] := AµBν −AνBµ
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0 = u[µκ
ν]
0 + ϵµναβuαω0,β ,

▶ the spin-shear-stress tensor tµν

A[µBν] := AµBν −AνBµ

Sλµν = Auλu[µκ
ν]
0 +Buλϵµναβuαω0,β + Cu[µϵν]λαβuαω0,β +D∆λ[µκ

ν]
0 + Etλ[µuν]
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Spin hydrodynamics: Procedure

QFT(
i/∂ −m

)
ψ̂ = ρ̂

QKT

k · ∂f = C[f ]

Hydro

∂µT
µν = 0

Length scale

ℓint ≪ λmfp

λmfp ≪ Lhydro
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Dissipative spin hydrodynamics

DW, Phys.Rev.D 111 (2025) 1, 016008

τωω̇
⟨µ⟩
0 + ωµ

0 = −β0ωµ
K + ℓωκϵ

µναβuν∇ακ0,β + · · ·
τκκ̇

⟨µ⟩
0 + κµ0 = −β0u̇µ + b∇µα0 +

τκ
2
ϵµναβuν∇αω0,β + ℓκt∆

µ
λ∇νt

νλ + · · ·

τtṫ
⟨µν⟩ + tµν = dβ0σ

µν + ℓtκ∇⟨µκ
ν⟩
0 + · · ·

• System of coupled relaxation-type equations
▶ Relaxation controlled by times τω, τκ, τt
▶ At late times: Spin determined by fluid gradients: ωµ

K , u̇µ, σµν , ∇µα0

β0 := 1/T , α0 := µ/T
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Relaxation times and first-order coefficients

DW, Phys.Rev.D 111 (2025) 1, 016008
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• τω grows with z2 compared to τκ and τt
• τt vanishes for z → 0
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Numerical results (preliminary)



3+1 simulation: different interactions

Sapna, S.K. Singh, DW et al., in progress

S : Lint ∼ G
(
ψψ

)2
,

V : Lint ∼ G
(
ψγµψ

)(
ψγµψ

)
,

SP : Lint ∼ G

[(
ψψ

)2
−

(
ψγ5ψ

)2
]
.
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3+1 simulation: Polarization

Sapna, S.K. Singh, DW et al., in progress
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Summary and outlook

• Spin hydrodynamics derived from quantum kinetic theory shows
promising results

• Future prospects:
▶ Further study of spin hydro in various setups, in particular polarization

dynamics
▶ Expected to become even more relevant at lower collision energies
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Appendix



Appendix: Angular momentum and collisions

W. Florkowski, A. Kumar, R. Ryblewski, Prog. Part. Nucl. Phys. 108, 103709 (2019)

• Assume that collisions take place in a point
→ Total orbital angular momentum vanishes
→ Spin is conserved on its own
→ No exchange of spin and orbital angular momenta

• Collisions must be nonlocal for spin equilibration!
• Becomes manifest through a spacetime shift ∆µ that is fixed by the
microscopic interaction
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Appendix: Equilibrium

• Local-equilibrium distribution function makes local collision term
vanish (without spacetime shifts ∆µ)

• Has to depend on the collisional invariants
→ Charge, four-momentum and total angular momentum

Local-equilibrium distribution function

feq(x, k, s) = exp

(
α0 − β0Ek +

ℏ
2
Ω0,µνΣ

µν
s

)
• Necessary conditions on Lagrange multipliers for a vanishing nonlocal
collision term: ∂µα0 = 0, ∂(µ(β0u

ν)) = 0 , Ωµν
0 = −1

2∂
[µ(β0u

ν])

• Same conditions as for global equilibrium, where k · ∂feq = 0

Σµν
s := − 1

m
ϵµναβkαsβ , Ek := k · u
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Appendix: Conserved currents in QKT

Conserved currents

1

2
T (µν) =

∫
dΓkµkνf ,

Sλµν =
1

2m

∫
dΓkλϵµναβkαsβf .

T [µν] =
1

2

∫
[dΓ]W̃∆[µkν]

(
f1f2 − ff ′

)
Conservation laws ∫

dΓkµC[f ] = 0

ℏ
2m

∫
dΓϵµναβkαsβC[f ] =

ℏ
m

∫
d4k

(2πℏ)4
k[µDν]

V

[dΓ] := dΓ1 dΓ2 dΓdΓ′
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Appendix: Polarization in spin hydrodynamics

Local Polarization

Sµ
0 =

2σ2ℏ
N(k)m

∫
dΣλk

λ
(
uµων

0kν − Ekω
µ
0 + ϵµναβuνkακ0,β

)
f0f̃0

δSµ = − 2σ

N(k)

∫
dΣλk

λKµγΞγαf0f̃0

×
(
xnϵ

αβρσuβkρnσ + xttρ
⟨βϵγ⟩ασρuσk⟨βkγ⟩

)
Global Polarization

S
µ
0 = −2σ2ℏ

Nm

∫
dΣλ

(
J21u

µωλ
0 + J20ω

µ
0u

λ + J21ϵ
µνλβuνκ0,β

)
δS

µ
=

σ

N

1

2

∫
dΣλB0ϵ

µλαβuαnβ

xn := 1
2

∑
n H(1,1)

kn
b
(1)
n
κ , xt :=

2
3

∑
n H(1,2)

kn
dn
d0
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Appendix: Nonlocal collisions

DW, NW, ES, 2306.05936 (2023)

Spacetime shifts

∆µ := − iℏ
8m

m4

W Mγ1γ2δ1δ2M ζ1ζ2η1η2h1,γ1η1h2,γ2η2h
′
ζ2δ2 [h, γ

µ]ζ1δ1

• Depend on the transfer-matrix elements

⟨11′| t̂ |22′⟩ = ū1,αū1′,βu2,γu2′,δM
αβγδ

• Manifestly covariant

→ no “no-jump” frame

h := 1
4
(1+ γ5/s)(/k +m)
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Appendix: Some interactions

Scalar interaction

Mαα′α1α2 =
2G

ℏ
(
δαα1δα′α2 − δαα2δα′α1

)
Thermal gluon exchange

Mαα′α1α2 =
2g

ℏ

[
γµαα1

gµν
(k − k1)2 −m2

th

γνα′α2
− γµαα2

gµν
(k − k2)2 −m2

th

γνα′α1

]
• mth =

√
2NC +NfgT/(3

√
2)
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Appendix: Spin waves

• κ and ω follow coupled relaxation equations

→ Disentangle longitudinal and transverse components

Longitudinal components: Decay

τκ
d

dt
(∇ · κ) = −∇ · κ ,

τω
d

dt
(∇ · ω) = −∇ · ω ,

Transverse components: Damped waves

κ̈+ aκ̇+ bκ− c2s∆κ = 0 ,

ω̈ + aω̇ + bω − c2s∆ω = 0 ,

V. E. Ambrus, R. Ryblewski, R. Singh, Phys. Rev. D 106, 014018(2022)

J. Hu, Z. Xu, Phys. Rev. D 107, 016010 (2023)

DW, M. Shokri, D. H. Rischke, Phys.Rev.Res. 6 (2024) 4, 4

a := τκ+τω
τκτω

, b := 1
τκτω

, c2s := µκµω
τκτω

.
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Appendix: Moment method

• Split distribution function f = feq + δf

• Perform moment expansion including spin degrees of freedom

Irreducible moments

ρµ1···µℓ
r (x) :=

∫
dΓEr

kk
⟨µ1 · · · kµℓ⟩δf(x, k, s)

τµ,µ1···µℓ
r (x) :=

∫
dΓsµEr

kk
⟨µ1 · · · kµℓ⟩δf(x, k, s)

• Equations of motion can be derived from Boltzmann equation

• Knowing the evolution of all moments is equivalent to solving the
Boltzmann equation

k⟨µ1 · · · kµℓ⟩ := ∆
µ1···µℓ
ν1···νℓ k

ν1 · · · kνℓ
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• Split distribution function f = feq + δf

• Perform moment expansion including spin degrees of freedom

Irreducible moments

ρµ1···µℓ
r (x) :=

∫
dΓEr

kk
⟨µ1 · · · kµℓ⟩δf(x, k, s)

τµ,µ1···µℓ
r (x) :=

∫
dΓsµEr

kk
⟨µ1 · · · kµℓ⟩δf(x, k, s)

• Equations of motion can be derived from Boltzmann equation

• Knowing the evolution of all moments is equivalent to solving the
Boltzmann equation

Standard dissipation

Spin dissipation

k⟨µ1 · · · kµℓ⟩ := ∆
µ1···µℓ
ν1···νℓ k

ν1 · · · kνℓ
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Appendix: IReD

DW, A. Palermo, V. E. Ambrus,, Phys. Rev. D 106, 016013 (2022)

DW, Phys.Rev.D 111 (2025) 1, 016008)

• Basic idea: Power-counting scheme to second order in
▶ Knudsen number Kn := λmfp/Lhydro

▶ inverse Reynolds numbers Re−1 ∼ δf/feq

• Derive asymptotic (Navier-Stokes) relations to close the system

Asymptotic matching (example)

ρµνr = ηrσ
µν +O(KnRe−1) =

ηr
η0
πµν +O(KnRe−1)

• The same procedure can be done for the moments τµ,µ1···µℓ
r

• Many moments can be related to ωµ
0 and κµ0

▶ No need to introduce more dynamical quantities

• Exception: tensor-valued moments tµνr := τr,α,β
⟨µϵν⟩αβρuρ

▶ Additional dynamical quantity tµν is needed, Sλµν ∼ tλ[µuν]
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