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2 Broad class of physical potentials: V(r) whose FT have a negative

2 Soft matter: colloidal particles, polymer chains, etc...

Clustering...

region exhibit an instability leading to clustering at a density

modulation A = 2m/g*

Cinti et al. Nat. Comm. 2014

2 Cold-atoms: Rydberg-blockade regime / Soft-core bosons / Dipoles

2 Electron bubble crystals in highly degenerate Landau levels (Goebig

et al. PRB 2004).

Cinti et al. PRL 2017

Likos Phys. Rep. 2001



Clustering...

Broad class of physical potentials: V(r) whose FT have a negative
region exhibit an instability leading to clustering at a density

modulation A = 2m/g*

Soft matter: ¢ :
Bosons clusters are supersolid!

Cold-atoms: |

Electron bublt
et al. PRB 20

I < Iclassical

Likos Phys. Rep. 2001



Bosons on a spherical surface

UItraczItoms experiments BEC and Superfluidity

So far weak hard-core interactions...
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Colombe et al. Eur Phys Lett 2004 . :
Garraway et al. J. Phys B 2016 Tononi, FC, Salasnich PRL 2020

Lundblad et al. Microgravity 2019 Tononi et al. Nat Phys Rev 2013



Bubble traps

r=vA = uext(\/Z) =0

Small oscillation limit

fr:aH—\/Z

TRYAY
Uezt (T) = ﬁxa

Sun et al. PRA 2018



Physical model and interactions
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pod? 1 — 3cos? 6

Vint (1) = €0(r — o) Uint(r) = vmg(r) + i 3
Soft-core interactions - Rydberg atoms Dipole-dipole interactions - lanthanides
e.g. see Srakaew NatPhys 2023 e.g. see Biagioni Nature 2024

N
H = Z (—)\VQ + Uert ‘I'@ + sznt o rj)

=1 1<

Further info: e spineless bosons ® canonical ensemble e finite temperature ® 1=H2/2m
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Path Integral Monte Carlo

Accurate: no adjustable parameter (microscopic Hamiltonian only input)

Unbiased: no a priori assumption needed (e.g., trial wave function)

Numerically exact for Bose systems

Finite temperature and T —> 0

Access to quantum thermodynamic properties

Density matrix
coordinate representation

p(R,R, )

Ceperley RMP 1995



PIMC & Worm algorithm

The configuration space is generalised from the

Mr=5 partition function to the Matsubara-Green function
w /e el | O] e e
zZ o ¥
over all -
I } { stakes }
51_70 N Important: approximation of the many-body density

matrix! There exist many recipes on the market...

2 Energy
2 Superfluidity
Tr O o—BH 2 Condensation
(0) = Tr o—BH 2 Correlations &

dynamical properties

2 Structural properties

...

Ceperley RMP 1995
Boninsegni et al. PRL 2006



Path Integral Monte Carlo

Projecting polymers on the real space

Y

Delocalisation of
permuting particles

Single particle
delocalisation

X

2 Partition function becomes a classical system of polymers. Every polymer is a necklace of
beads connected by springs (i.e. the kinetic energy)

2 The mean square displacement of the polymer’s beads is of the order of the de Broglie
thermal wave length



Monte Carlo sampling

\
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\~ ¢'
Standard PIMC
) - 1 ) (I' . I./)2
pfree(r, r 77_) - (47T>\7_)d/2 eXp{ ANT

p(ra I‘/; 7-) — pf’ree(ra I"; 7_) e_TV(r)

Upg = 2 Weak confinement




Monte Carlo sampling

= Sampling superfluid fraction =

P




BKT transition on spheres

Adimensional superfluid density Spherjca] Case
T/To=0.06 T/To=0.08 K =gz st 1ot
Pl = ey T AKNO) _ 45,002
dl(o)
: { dy
- —2— = (2 - nK)y(6)?
: Fugacity \dl(g) ( K)y( )
y = e_ﬁEC 1
Studying vortex interaction energy
on a sphere
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Betarini, Ciardi, FC in preparation... T



Soft-core interactions

yIR
16 clusters 12 clusters

1
-1
0 ¢ 2n 0 ¢ 21 0 o 2m

" Fixing density and temperature )\ ’

Ciardi, FC, Pellicane, Prestipino PRL (2024)



Dipolar bosons, thin-shell limit for Dy

a = dag a = d0ay a = 390ag

TR

Z/R
polarisation

N =360 R~ 50 x 103a0/

/

1.0: + + z

fs 0.5¢ . = v
o 9, : 2
O Oﬁ' ' ,/ / 1 1 . fS( )
0 100 C 400 600
alag

P = 4Ium_2 Using Lundblad et al. Microgravity 2019



Gravity...

Dipoles

Isolated clusters a = dag

1_
Hard core a = 50&0
Z/IR ~
-1- . : . '
0 0] 21
. Supersolid a = d0ag
Z/R -
-1-

0o & T o
Superfluid ribbon a = 350ag
| S—

Z/R -

-1- . . . .
0 ) 21

Phases are only slightly disturbed by gravity



Ground state limit: pick the planet you like...
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Temperature and feasible parameters

{J {J “}J g=0
0.3 ] -
L % % |
W 02| | k' g=10 _
[ 5 g=20
0.1 [{J T ]
_ T oy |
L.% . 9 s 8 8B 8 3§ B &

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

What is g in here?...

V(z) = mgz

Considering Rb atoms and gearth=9.81, corresponds to g ~ 8 in these simulations

Ciardi, FC, Pellicane, Prestipino PRB (2025)



Silver depositing on Al-Pd-Mn
quasicrystal surface

Math: Penrose tiling

Quasicrystals

B> Symmetries in crystallography: 1-, 2-, 3-, 4- and 6-fold

(from 27 to 27/6) symmetries are allowed

2  But 5-, 7-fold and higher fold are forbidden

& Everything changed when Shechtman et al. (1984)

observed an icosahedral single grain with a 5-fold

symmetries...

VOLUME 53, NUMBER 20 PHYSICAL REVIEW LETTERS 12 NOVEMBER 1984

Metallic Phase with Long-Range Orientational Order and No
Translational Symmetry

D. Shechtman and I. Blech
Department of Materials Engineering, Israel Institute of Technology—Technion, 3200 Haifa, Israel

and

D. Gratias
Centre d’Etudes de Chimie Metallurgique, Centre National de la Recherche Scientifique, F-94400 Vitry, France

and

J. W. Cahn
Center for Materials Science, National Bureau of Standards, Gaithersburg, Maryland 20760
(Received 9 October 1984)

We have observed a metallic solid (Al-14-at.%-Mn) with long-range orientational order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.




Quasicrystals

B Symmetries in crystallography: 1-, 2-, 3-, 4- and 6-fold

(from 27 to 27/6) symmetries are allowed

2  But 5-, 7-fold and higher fold are forbidden

& Everything changed when Shechtman et al. (1984)

observed an icosahedral single grain with a 5-fold

_ N symmetries...
Silver depositing on Al-Pd-Mn

quasicrystal surface
VOLUME 53, NUMBER 20 PHYSICAL REVIEW LETTERS 12 NOVEMBER 1984

Metallic Phase with Long-Range Orientational Order and No

&5 | Translational Symmetry

D. Shechtman and I. Blech
Q uas | Cl’y St al S | nm ed Iev al nent of Materials Engineering, Israel Institute of Technology— Technion, 3200 Haifa, Israel
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Islamic architecture!
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ave observed a metallic solid (Al-14-at.%-Mn) with long-range orientational order,
1 icosahedral point group symmetry, which is inconsistent with lattice translations. Its
on spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
id is metastable and forms from the melt by a first-order transition.
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B Symmetries in cr

2 Everything chang

Silver depositing on Al-Pd-Mn

quasicrystal surface
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Optical quasicrystal lattice (QCL)

Al:ji=0,4> A, >No interactions (4 = 0) = Anderson
Jk Localization (AL)
o 7Increasing interaction (density) =
Jk JL Bose Glass (BG)
JL 1 pEventually, the system turns superfluid
BG: 0 < < 4 (SF)
/\/\/\ N AN /\ /M | »What is the effect of long-range
SF: i > A interactions?

Nature 633, 328 (2024) _ _
u: Chemical potential

A Disorder intensity
A_: Critical A forALat y =0



Bosons in quasi-periodic lattices

—Vige(r) —Vgc(r) —Vosc(r)
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Vee(r) = Vg Z cos®(k; - r)

i=1
Sbroscia et al. PRL 2020
Viebahn et al. PRL 2019

90 05 10 15 20
r/IOSC

Global superfluity T —> 0

B Superfluid phase: fs =1

B Bose Glass: kfinite but fs local only

B Insulator: s and k both zero

Ciardi, Macri, FC PRA 2022
Ciardi, Angelone, Mezzacapo, FC PRL 2023



Bosons in quasi-periodic lattices

Diffraction patterns increasing Vo at finite temperature T< Tc

Vo/E=0.0 Vo/E=0.5 Vo/E,=1.5 Vo/lE=2.5 Vo/E=3.5

2 4 -4 =2

0 0
kx/klat kx/klat

o

Angular boson density

2 o
= 0.5 ||| | W | |
IS W 1-H | | | ZU A U |
i
p "u
0.0 w2 n 312 6 0 n2 n 3n2 0 0 n2 n 312 @
Superfluid
Superflwd phase puddles Insulating phase
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Condensate

delocalisation

Removing the disorder...

N
H = — bzbj—l—h.c. —,uan;—l—Vanj

(2,7) 1=1 (2,7)

Quasicrystalline substrate by taking as lattice sites the vertices

of approximants of the Ammann-Beenker tiling
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Quasi periodicity and dipolar interactions...

0.8

Hom.

0.79
Parameters space:

- contact scattering length (as/aqq) < omf
3

- 2D particles density (p )

0.77

- transversal trap frequency (w)

0.76 1 1 1 1
50 100 150 200 250 300

P

Typical 3D supersolid solutions after functional minimization on ¢ | (z, y):
(a) (c)

27 /k 27r//k
1 TT— 0 - T -

B p(x)/pm =05 8 p(x)/pm = 0.1



Quasi periodicity and dipolar interactions...

0.8
Hom.

0.79 = T
Parameters space: © e
- contact scattering length (as/agq) < o7y (b)

. . S Stripes

- 2D particles density (p ) .
- transversal trap frequency (w)

Mean field energy per particle functional of the system at 7" = O:

% /dr{—lW(r)P +U(2)|9(n]* + 57N3/2|¢(r)|5 )|

+ gr / dr'Vy(r — r’)|w<r>|2¢<r’>|2}-

Va(r) =1/r% x (1 = 32%/r?), U(2) = qw2z?, 6(Eqr/N)/(8A) = SN[ (r)|°

Anzats for the wave function: ¥ (r) = \/4(1 — 22/02)/(30) x ¥ (z,y) [1, 2]




Phase diagram from the GP equation

18 e DS Parameters: p; = 120, w, = 0.08, g = 1.8
- o— (g ~ 4ko)
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: Triangular supersolid 20.0
SSS: Stripes supersolid ook B .3 §0'5meﬁwf\rm\w1 (f)
SQC: Super quasicrystal —206 0 26 0.0, 0 50
BG: Bose glass qr/m qx/m

Zampronio, Mendoza-Coto, Macri, and FC PRL 133 (2024)



Phase diagram from the GP equation

18 e DS Parameters: p; = 120, w, = 0.08, g = 1.8
- o— (g ~ 4ko)
1.5F &
_ 19 - . 29 e
_12r 0 sqe, () & W o (C) R y 1.0
< s Lo ] e
0.0 — i ~
S 0 S 0 0'5/)21)
0.4p 2 o . - EENOR RN | P
0.2} W0 T2 2% 0 26
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W0 o7 0780 0485 225y / 1.0 / ,
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< ().
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BG: Bose glass qr/m qx/m

Thank you for |istening! Zampronio, Mendoza-Coto, Macri, and FC PRL 133 (2024)



