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Broad class of physical potentials: V(r) whose FT have a negative 

region exhibit an instability leading to clustering at a density 

modulation λ = 2π/q* 

Soft matter: colloidal particles, polymer chains, etc…  

Cold-atoms: Rydberg-blockade regime / Soft-core bosons / Dipoles 

Electron bubble crystals in highly degenerate Landau levels (Goebig 
et al. PRB 2004). 

Cinti et al. Nat. Comm. 2014

again due to the decreasing density caused by the centrifu-
gal potential). For small rc values [Fig. 3(a)], the critical
value at ! ¼ 0 can thus be estimated from a local density
approximation (LDA) of the roton instability, which gives
r"4
c !Nj ~c ð0Þj2 ¼ 31:9þ 6:1" and for the parameters of
Fig. 3(a), r"4

c !N ¼ 9:3& 104. For larger rc values, the
supersolid transition is preceded by the aforementioned
ring formation. Assuming that the transition is initiated
by a one-dimensional roton instability of the innermost
ring, one obtains r"4

c !1DN ¼ 6:7& 104 and r"4
c !1DN ¼

7:2& 104 for the parameters of Figs. 3(b) and 3(c), re-
spectively, in good agreement with the numerics.

The supersolid phase (SS in Fig. 3) retains the vortices.
They are, however, pushed into the low-density regions and
form a honeycomb vortex lattice that does not affect the
structure of the supersolid droplet crystal (see Figs. 3(b) iii
and 3(c) iii). At larger rc, on the other hand, there is an
interesting competition of length scales between the super-
solid crystal and the vortex lattice. For sufficiently high
rotation frequencies the vortex density and, hence, the
vortex–vortex interaction, exceeds a critical value at which
it becomes energetically favorable to form vortices inside

the superfluid droplets [SSV in Fig. 3(c)]. As shown in
Fig. 3(c) iv, the crystal structure of this additional vortex
lattice is imposed by the triangular supersolid. The mini-
mum rotation frequency, to support these states increases
as rc is reduced. Since the confinement ceases for ! ' 1,
this implies a minimum interaction range rmin

c ð"NÞ in order
to observe the SSV states for a given contact interaction
"N. For larger rc values, the on-site number of vortices
successively increases, which eventually form a meso-
scopic crystal of small vortex crystals as shown in Fig. 4.
In this work, we demonstrated novel vortex transitions in

a realistic model of supersolids in the regime of weak
interactions and large atom numbers per blockade sphere,
which is most directly accessible to experiments. Extending
the present study to the regime of strong coupling, future
work may address how strongly correlated supersolids can
be stabilized in finite-temperature cold atom experiments,
which will more closely resemble the physical mechanism
thought to underlie supersolidity in He. Along these lines,
the realization of the found vortex crystals in the regime of
strong interactions and small particle numbers will open the
way towards studying quantum Hall-like phenomena in
rapidly rotating self-assembled structures. This will require
a beyond-MF description of the correlated many-body
dynamics induced by rapid rotation.
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FIG. 4 (color online). Density for ! ¼ 0:8 and (a) rc ¼ 7,
!N=r4c ¼ 7:5& 104 and (b) rc ¼ 9, !N=r4c ¼ 9& 104.

FIG. 3 (color online). ‘‘Phase diagrams’’ for "N ¼ 104 and (a) rc ¼ 1, (b) rc ¼ 3, (c) rc ¼ 5. The insets display ground-state
density profiles at the indicated parameters, showing only the inner trap region for better visibility, where dark shading indicates high
density and vice versa. The dimension of each inset is indicated by the vertical bar corresponding to a length of 5l. The horizontal
arrows at ! ¼ 0 show the supersolid transition obtained from LDA estimates of the roton instability as described in the text.
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Broad class of physical potentials: V(r) whose FT have a negative 

region exhibit an instability leading to clustering at a density 

modulation λ = 2π/q* 

Soft matter: colloidal particles, polymer chains, etc…  

Cold-atoms: Rydberg-blockade regime / Soft-core bosons / Dipoles 

Electron bubble crystals in highly degenerate Landau levels (Goebig 
et al. PRB 2004). 

Cinti et al. Nat. Comm. 2014

again due to the decreasing density caused by the centrifu-
gal potential). For small rc values [Fig. 3(a)], the critical
value at ! ¼ 0 can thus be estimated from a local density
approximation (LDA) of the roton instability, which gives
r"4
c !Nj ~c ð0Þj2 ¼ 31:9þ 6:1" and for the parameters of
Fig. 3(a), r"4

c !N ¼ 9:3& 104. For larger rc values, the
supersolid transition is preceded by the aforementioned
ring formation. Assuming that the transition is initiated
by a one-dimensional roton instability of the innermost
ring, one obtains r"4

c !1DN ¼ 6:7& 104 and r"4
c !1DN ¼

7:2& 104 for the parameters of Figs. 3(b) and 3(c), re-
spectively, in good agreement with the numerics.

The supersolid phase (SS in Fig. 3) retains the vortices.
They are, however, pushed into the low-density regions and
form a honeycomb vortex lattice that does not affect the
structure of the supersolid droplet crystal (see Figs. 3(b) iii
and 3(c) iii). At larger rc, on the other hand, there is an
interesting competition of length scales between the super-
solid crystal and the vortex lattice. For sufficiently high
rotation frequencies the vortex density and, hence, the
vortex–vortex interaction, exceeds a critical value at which
it becomes energetically favorable to form vortices inside

the superfluid droplets [SSV in Fig. 3(c)]. As shown in
Fig. 3(c) iv, the crystal structure of this additional vortex
lattice is imposed by the triangular supersolid. The mini-
mum rotation frequency, to support these states increases
as rc is reduced. Since the confinement ceases for ! ' 1,
this implies a minimum interaction range rmin

c ð"NÞ in order
to observe the SSV states for a given contact interaction
"N. For larger rc values, the on-site number of vortices
successively increases, which eventually form a meso-
scopic crystal of small vortex crystals as shown in Fig. 4.
In this work, we demonstrated novel vortex transitions in

a realistic model of supersolids in the regime of weak
interactions and large atom numbers per blockade sphere,
which is most directly accessible to experiments. Extending
the present study to the regime of strong coupling, future
work may address how strongly correlated supersolids can
be stabilized in finite-temperature cold atom experiments,
which will more closely resemble the physical mechanism
thought to underlie supersolidity in He. Along these lines,
the realization of the found vortex crystals in the regime of
strong interactions and small particle numbers will open the
way towards studying quantum Hall-like phenomena in
rapidly rotating self-assembled structures. This will require
a beyond-MF description of the correlated many-body
dynamics induced by rapid rotation.
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IQOQI, the EU through NAME-QUAM, COHERENCE, and
AQUTE. G.P. is supported by the European Research Council
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FIG. 4 (color online). Density for ! ¼ 0:8 and (a) rc ¼ 7,
!N=r4c ¼ 7:5& 104 and (b) rc ¼ 9, !N=r4c ¼ 9& 104.

FIG. 3 (color online). ‘‘Phase diagrams’’ for "N ¼ 104 and (a) rc ¼ 1, (b) rc ¼ 3, (c) rc ¼ 5. The insets display ground-state
density profiles at the indicated parameters, showing only the inner trap region for better visibility, where dark shading indicates high
density and vice versa. The dimension of each inset is indicated by the vertical bar corresponding to a length of 5l. The horizontal
arrows at ! ¼ 0 show the supersolid transition obtained from LDA estimates of the roton instability as described in the text.
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polarized sample where all dipoles point in the same direction
z (figure 1(b)), this expression simplifies to

Udd(r) = Cdd

4π

1 − 3 cos2 θ

r3
, (2.2)

where θ is the angle between the direction of polarization and
the relative position of the particles. Two main properties of
the dipole–dipole interaction, namely its long-range (∼1/r3)
and anisotropic character, are obvious from (2.1) and (2.2),
and contrast strongly with the short-range, isotropic contact
interaction (1.1) usually at work between particles in ultra-cold
atom clouds.

Long-range character. In a system of particles interacting
via short-range interactions, the energy is extensive in the
thermodynamic limit. In contrast, in systems with long-range
interactions, the energy per particle does not depend only on
the density, but also on the total number of particles. It is easy
to see that a necessary condition for obtaining an extensive
energy is that the integral of the interaction potential U(r)

∫ ∞

r0

U(r) dDr, (2.3)

where D is the dimensionality of the system and r0 some short-
distance cutoff, converges at large distances. For interactions
decaying at large distances as 1/rn, this implies that one
needs to have D < n in order to consider the interaction
to be short range. Therefore, the dipole–dipole interaction
(n = 3) is long range in three dimensions, and short range
in one and two dimensions. For a more detailed discussion,
including alternative definitions of the long-range character of
a potential, the reader is referred to [36].

Anisotropy. The dipole–dipole interaction has the angular
symmetry of the Legendre polynomial of second order
P2(cos θ), i.e. d-wave. As θ varies between 0 and π/2, the
factor 1 − 3 cos2 θ varies between −2 and 1, and thus the
dipole–dipole interaction is repulsive for particles sitting side
by side, while it is attractive (with twice the strength of the
previous case) for dipoles in a ‘head-to-tail’ configuration
(see figures 2(c) and (d)). For the special value θm =
arccos(1/

√
3) ≃ 54.7◦—the so-called ‘magic angle’ used

in high resolution solid-state nuclear magnetic resonance
[37, 38]—the dipole–dipole interaction vanishes.

Scattering properties. Usually, the interaction potential
between two atoms separated by a distance r behaves like
−C6/r6 at large distances. For such a van der Waals potential,
one can show that in the limit of a vanishing collision energy,
only the s-wave scattering plays a role. This comes from the
general result stating that for a central potential falling off
at large distances as 1/rn, the scattering phase shifts δℓ(k)

scale, for k → 0, as k2ℓ+1 if ℓ < (n − 3)/2, and as kn−2

otherwise [39]. In the ultra-cold regime, the scattering is thus
fully characterized by the scattering length a. In the study
of quantum gases, the true interaction potential between the
atoms can then be replaced by a pseudo-potential having the

Figure 2. Two particles interacting via the dipole–dipole
interaction. (a) Non-polarized case; (b) polarized case; (c) two
polarized dipoles side by side repel each other (black arrows);
(d) two polarized dipoles in a ‘head-to-tail’ configuration attract
each other (black arrows).

same scattering length, the so-called contact interaction given
by (1.1).

In the case of the dipole–dipole interaction, the slow decay
as 1/r3 at large distances implies that for all ℓ, δℓ ∼ k
at low momentum, and all partial waves contribute to the
scattering amplitude. Moreover, due to the anisotropy of the
dipole–dipole interaction, partial waves with different angular
momenta couple with each other. Therefore, one cannot
replace the true potential by a short-range, isotropic contact
interaction. This specificity of the dipolar interaction has an
interesting consequence in the case of a polarized Fermi gas:
contrary to the case of a short-range interaction, which freezes
out at low temperature, the collision cross section for identical
fermions interacting via the dipole–dipole interaction does not
vanish even at zero temperature. This could be used to perform
evaporative cooling of polarized fermions, without the need for
sympathetic cooling via a bosonic species.

Dipolar interactions also play an important role in
determining inelastic scattering properties. In particular,
because of its anisotropy, the dipole–dipole interaction can
induce spin–flips, leading to dipolar relaxation. The cross-
section for dipolar relaxation scales with the cube of the dipole
moment [40], and therefore plays a crucial role in strongly
dipolar systems (see section 3.4.1). Dipolar relaxation is
usually a nuisance, but can in fact be used to implement
novel cooling schemes inspired by adiabatic demagnetization
as described in section 3.4.3.

Fourier transform. In view of studying the elementary
excitations in a dipolar condensate, as well as for numerical
calculations, it is convenient to use the Fourier transform of
the dipole–dipole interaction. The Fourier transform

Ũdd(k) =
∫

Udd(r)e−ik·r d3r (2.4)

of (2.2) reads as

Ũdd(k) = Cdd(cos2 α − 1/3), (2.5)

4
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Dipole-dipole interactions - lanthanides 
e.g. see Biagioni Nature 2024

Soft-core interactions - Rydberg atoms

e.g. see Srakaew NatPhys 2023
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Further info: ● spineless bosons ● canonical ensemble  ● finite temperature ● 𝜆=ℏ2/2m

Physical model and interactions 



Accurate: no adjustable parameter (microscopic Hamiltonian only input) 

Unbiased: no a priori assumption needed (e.g., trial wave function) 

Numerically exact for Bose systems  

Finite temperature and T —> 0 

Access to quantum thermodynamic properties 
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Sampling the G-sector: Swapping

Relatively high acceptance, 
also in hard core potentials

May generate all possible 
many-body permutations

Condensate’s properties can 
be measured in the G-sectors

The configuration space is generalised from the 
partition function to the Matsubara-Green function

Important: approximation of the many-body density 
matrix! There exist many recipes on the market… 

Ceperley RMP 1995 
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Partition function becomes a classical system of polymers. Every polymer is a necklace of 
beads connected by springs (i.e. the kinetic energy) 


The mean square displacement of the polymer’s beads is of the order of the de Broglie 
thermal wave length 
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rj,(n�1)⌧

<latexit sha1_base64="MoA0sX/Do7WMnam8CWmrRED63js=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBS2JFNRd0Y3LCvYBbQiT6aQdO5mEmRuhhn6JGxeKuPVT3Pk3Th8LbT1w4XDOvdx7T5AIrsFxvq3cyura+kZ+s7C1vbNbtPf2mzpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4c3Ebz0ypXks72GUMC8ifclDTgkYybeLys8eTsvyzD3pAknHvl1yKs4UeJm4c1JCc9R9+6vbi2kaMQlUEK07rpOAlxEFnAo2LnRTzRJCh6TPOoZKEjHtZdPDx/jYKD0cxsqUBDxVf09kJNJ6FAWmMyIw0IveRPzP66QQXnoZl0kKTNLZojAVGGI8SQH3uGIUxMgQQhU3t2I6IIpQMFkVTAju4svLpHlecauVq7tqqXY9jyOPDtERKiMXXaAaukV11EAUpegZvaI368l6sd6tj1lrzprPHKA/sD5/AJxckm8=</latexit>

ri,(n+1)⌧

<latexit sha1_base64="J7Zh0yxG0vFVKY9Ra7xAAGVzLN4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaUkUlBvRS8eK9gPaEPYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg1YfDDzem2FmXpBwprTjfFmFldW19Y3iZmlre2e3bO/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjG9mfueBSsVica8nCfUiPBQsZARrI/l2WfoZO6uKU/ekr3E69e2KU3PmQH+Jm5MK5Gj69md/EJM0okITjpXquU6ivQxLzQin01I/VTTBZIyHtGeowBFVXjY/fIqOjTJAYSxNCY3m6s+JDEdKTaLAdEZYj9SyNxP/83qpDi+9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmRCcJdf/kva5zW3Xru6q1ca13kcRTiEI6iCCxfQgFtoQgsIpPAEL/BqPVrP1pv1vmgtWPnMAfyC9fENl7eSbA==</latexit>

ri,(n�1)⌧

<latexit sha1_base64="SJILzkdp/LqWml6u7XxyLytYGbk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFbQkUlBvRS8eK9gPaEPYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg1YfDDzem2FmXpBwprTjfFmFldW19Y3iZmlre2e3bO/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjG9mfueBSsVica8nCfUiPBQsZARrI/l2WfoZO62KM/ekr3E69e2KU3PmQH+Jm5MK5Gj69md/EJM0okITjpXquU6ivQxLzQin01I/VTTBZIyHtGeowBFVXjY/fIqOjTJAYSxNCY3m6s+JDEdKTaLAdEZYj9SyNxP/83qpDi+9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmRCcJdf/kva5zW3Xru6q1ca13kcRTiEI6iCCxfQgFtoQgsIpPAEL/BqPVrP1pv1vmgtWPnMAfyC9fENms2Sbg==</latexit>

rj,(n+1)⌧

<latexit sha1_base64="jHTDtkmsdGzEXXkhNWHtEaJ12LI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCRSmJFNRd0Y3LCvYBbQiT6aQdO5mEmRuhhn6JGxeKuPVT3Pk3Th8LbT1w4XDOvdx7T5AIrsFxvq3cyura+kZ+s7C1vbNbtPf2mzpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4c3Ebz0ypXks72GUMC8ifclDTgkYybeLys8ezsry1D3pAknHvl1yKs4UeJm4c1JCc9R9+6vbi2kaMQlUEK07rpOAlxEFnAo2LnRTzRJCh6TPOoZKEjHtZdPDx/jYKD0cxsqUBDxVf09kJNJ6FAWmMyIw0IveRPzP66QQXnoZl0kKTNLZojAVGGI8SQH3uGIUxMgQQhU3t2I6IIpQMFkVTAju4svLpHlecauVq7tqqXY9jyOPDtERKiMXXaAaukV11EAUpegZvaI368l6sd6tj1lrzprPHKA/sD5/AJlGkm0=</latexit>

⇠ ⇤�

<latexit sha1_base64="/l4GD952gsASUoUqU6ZTCkMowTU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQiqLuiGxcuKtgHNCFMJjft0JkkzEyUUvspblwo4tYvceffOG2z0NYDA4dz7uHeOWHGmdKO822VVlbX1jfKm5Wt7Z3dPbu631ZpLim0aMpT2Q2JAs4SaGmmOXQzCUSEHDrh8Hrqdx5AKpYm93qUgS9IP2Exo0QbKbCrnmLCuzWBiAReCJoEds2pOzPgZeIWpIYKNAP7y4tSmgtINOVEqZ7rZNofE6kZ5TCpeLmCjNAh6UPP0IQIUP54dvoEHxslwnEqzUs0nqm/E2MilBqJ0EwKogdq0ZuK/3m9XMcX/pglWa4hofNFcc6xTvG0BxwxCVTzkSGESmZuxXRAJKHatFUxJbiLX14m7dO6e1a/vDurNa6KOsroEB2hE+Sic9RAN6iJWoiiR/SMXtGb9WS9WO/Wx3y0ZBWZA/QH1ucPMLuT+g==</latexit>

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

Projecting polymers on the real space

Single particle 
delocalisation

Delocalisation of 
permuting particles  

Path Integral Monte Carlo



Biased PIMC 

<latexit sha1_base64="/b7+t59Jc2P5mpjamVEtD4FRkZc=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsgotSEvG2LLpxWcFeoAllMp20Q2cmYeZEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPnDxPONLjut1VYWl5ZXSuulzY2t7Z37N29po5TRWiDxDxW7RBrypmkDWDAaTtRFIuQ01Y4vJnUWw9UaRbLexglNBC4L1nECAZjde0DX7O+wF1V8Ss5+jCggLt22a26UzmL4OVQRrnqXfvL78UkFVQC4VjrjucmEGRYASOcjkt+qmmCyRD3acegxILqIJteMHaOjdNzoliZJ8GZur8nMiy0HonQdAoMAz1fm5j/1TopRFdBxmSSApVktihKuQOxM4nD6TFFCfCRAUwUM391yAArTMCEVjIhePMnL0LztOpdVM/vzsq16zyOIjpER+gEeegS1dAtqqMGIugRPaNX9GY9WS/Wu/Uxay1Y+cw++iPr8wdU/ZbV</latexit>�r, �✓

Standard PIMC 

<latexit sha1_base64="6GNqiAGSxAvBIlECTIALhXdh+bM=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYTf4aoSgjWUE84DsEu7OTpIhsw9n7gphSWHjr9hYKGLrR9j5N04ehSYeGDiccw937vETKTTa9re1tLyyurae28hvbm3v7Bb29hs6ThXjdRbLWLV80FyKiNdRoOStRHEIfcmb/uB67DcfuNIiju5wmHAvhF4kuoIBGqlTKLpa9EK4dPW9wqziShMNwEVIR7RTKNllewK6SJwZKZEZap3ClxvELA15hEyC1m3HTtDLQKFgko/ybqp5AmwAPd42NIKQay+bHDGiR0YJaDdW5kVIJ+rvRAah1sPQN5MhYF/Pe2PxP6+dYvfCy0SUpMgjNl3UTSXFmI4boYFQnKEcGgJMCfNXyvqggKHpLW9KcOZPXiSNStk5K5/enpSqV7M6cqRIDskxccg5qZIbUiN1wsgjeSav5M16sl6sd+tjOrpkzTIH5A+szx/fPZhA</latexit>

� =
p
2�⌧

<latexit sha1_base64="zdbHlLmjSr5320EaAGwuRnbQo+g="></latexit>

⇢free(r, r
0; ⌧) =

1

(4⇡�⌧)d/2
exp

⇢
� (r� r0)2

4�⌧

�

<latexit sha1_base64="ctjk4kjA13BFFF76upakuNn/9Ps="></latexit>

⇢(r, r0; ⌧) = ⇢free(r, r
0; ⌧) e�⌧V (r)

<latexit sha1_base64="l+S5TM6237We6HoZbABnKWAM+tE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKX8eiF48VrC10l5JNs21oNlmSibCU/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvzgQ34PvfXmlldW19o7xZ2dre2d2r7h88GmU1ZS2qhNKdmBgmuGQt4CBYJ9OMpLFg7Xh0O/XbT0wbruQD5BmLUjKQPOGUgJNC2/NDUCGXCeS9as2v+zPgZRIUpIYKNHvVr7CvqE2ZBCqIMd3AzyAaEw2cCjaphNawjNARGbCuo5KkzETj2c0TfOKUPk6UdiUBz9TfE2OSGpOnsetMCQzNojcV//O6FpLraMxlZoFJOl+UWIFB4WkAuM81oyByRwjV3N2K6ZBoQsHFVHEhBIsvL5PHs3pwWb+4P681boo4yugIHaNTFKAr1EB3qIlaiKIMPaNX9OZZ78V79z7mrSWvmDlEf+B9/gAkC5HF</latexit>u0 ! 1 Strong confinement 

<latexit sha1_base64="P9IdnBlsk8AToa1i14jINNpscRY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx6yIUvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OGzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHd1O/+YRK80Q+mlGKQUz7kkecUWMlP+u6N9VuqexW3BnIMvFyUoYc9W7pq9NLWBajNExQrduem5pgTJXhTOCk2Mk0ppQNaR/blkoaow7Gs2Mn5NQqPRIlypY0ZKb+nhjTWOtRHNrOmJqBXvSm4n9eOzPRdTDmMs0MSjZfFGWCmIRMPyc9rpAZMbKEMsXtrYQNqKLM2HyKNgRv8eVl0qhWvMvKxcN5uXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB/0tjik=</latexit>

u0 = 2 Weak confinement 

Monte Carlo sampling



Monte Carlo sampling

Biased PIMC 

<latexit sha1_base64="/b7+t59Jc2P5mpjamVEtD4FRkZc=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsgotSEvG2LLpxWcFeoAllMp20Q2cmYeZEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPnDxPONLjut1VYWl5ZXSuulzY2t7Z37N29po5TRWiDxDxW7RBrypmkDWDAaTtRFIuQ01Y4vJnUWw9UaRbLexglNBC4L1nECAZjde0DX7O+wF1V8Ss5+jCggLt22a26UzmL4OVQRrnqXfvL78UkFVQC4VjrjucmEGRYASOcjkt+qmmCyRD3acegxILqIJteMHaOjdNzoliZJ8GZur8nMiy0HonQdAoMAz1fm5j/1TopRFdBxmSSApVktihKuQOxM4nD6TFFCfCRAUwUM391yAArTMCEVjIhePMnL0LztOpdVM/vzsq16zyOIjpER+gEeegS1dAtqqMGIugRPaNX9GY9WS/Wu/Uxay1Y+cw++iPr8wdU/ZbV</latexit>�r, �✓

Standard PIMC 

<latexit sha1_base64="6GNqiAGSxAvBIlECTIALhXdh+bM=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYTf4aoSgjWUE84DsEu7OTpIhsw9n7gphSWHjr9hYKGLrR9j5N04ehSYeGDiccw937vETKTTa9re1tLyyurae28hvbm3v7Bb29hs6ThXjdRbLWLV80FyKiNdRoOStRHEIfcmb/uB67DcfuNIiju5wmHAvhF4kuoIBGqlTKLpa9EK4dPW9wqziShMNwEVIR7RTKNllewK6SJwZKZEZap3ClxvELA15hEyC1m3HTtDLQKFgko/ybqp5AmwAPd42NIKQay+bHDGiR0YJaDdW5kVIJ+rvRAah1sPQN5MhYF/Pe2PxP6+dYvfCy0SUpMgjNl3UTSXFmI4boYFQnKEcGgJMCfNXyvqggKHpLW9KcOZPXiSNStk5K5/enpSqV7M6cqRIDskxccg5qZIbUiN1wsgjeSav5M16sl6sd+tjOrpkzTIH5A+szx/fPZhA</latexit>

� =
p
2�⌧

<latexit sha1_base64="P9IdnBlsk8AToa1i14jINNpscRY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx6yIUvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OGzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHd1O/+YRK80Q+mlGKQUz7kkecUWMlP+u6N9VuqexW3BnIMvFyUoYc9W7pq9NLWBajNExQrduem5pgTJXhTOCk2Mk0ppQNaR/blkoaow7Gs2Mn5NQqPRIlypY0ZKb+nhjTWOtRHNrOmJqBXvSm4n9eOzPRdTDmMs0MSjZfFGWCmIRMPyc9rpAZMbKEMsXtrYQNqKLM2HyKNgRv8eVl0qhWvMvKxcN5uXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB/0tjik=</latexit>

u0 = 2

<latexit sha1_base64="l+S5TM6237We6HoZbABnKWAM+tE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKX8eiF48VrC10l5JNs21oNlmSibCU/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvzgQ34PvfXmlldW19o7xZ2dre2d2r7h88GmU1ZS2qhNKdmBgmuGQt4CBYJ9OMpLFg7Xh0O/XbT0wbruQD5BmLUjKQPOGUgJNC2/NDUCGXCeS9as2v+zPgZRIUpIYKNHvVr7CvqE2ZBCqIMd3AzyAaEw2cCjaphNawjNARGbCuo5KkzETj2c0TfOKUPk6UdiUBz9TfE2OSGpOnsetMCQzNojcV//O6FpLraMxlZoFJOl+UWIFB4WkAuM81oyByRwjV3N2K6ZBoQsHFVHEhBIsvL5PHs3pwWb+4P681boo4yugIHaNTFKAr1EB3qIlaiKIMPaNX9OZZ78V79z7mrSWvmDlEf+B9/gAkC5HF</latexit>u0 ! 1

<latexit sha1_base64="zdbHlLmjSr5320EaAGwuRnbQo+g="></latexit>

⇢free(r, r
0; ⌧) =

1

(4⇡�⌧)d/2
exp

⇢
� (r� r0)2

4�⌧

�

<latexit sha1_base64="ctjk4kjA13BFFF76upakuNn/9Ps="></latexit>

⇢(r, r0; ⌧) = ⇢free(r, r
0; ⌧) e�⌧V (r)

<latexit sha1_base64="2lzraPheSgf9U13AUPpaV8c6+zM="></latexit>

f (k)
s =

4m2

~2�
hA2

ki � hAki2

I(k)cl
<latexit sha1_base64="Tut7A+HCK6FQ5U4/BV3a6IFaT4w="></latexit>

Ak =
1

2

NX

i=1

M�1X

j=0

⇣
rji ⇥ rj+1

i

⌘

k

<latexit sha1_base64="VrBvJItOdBvLGfymgnhUeEmKXTQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1vo5ELx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdB929UNafjoed4slt+JOgRaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjo9eIyOrNJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4aWfMhknhkoyWxQmHJkITb5HPaYoMXxkCSaK2VsRGWCFibEZFWwI3vzLi6RxUvHOK2e3p6XqVRZHHg7gEMrgwQVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w98AZA3</latexit>

f (z)
s

<latexit sha1_base64="7KhiWjfXrQu4ziFHpNALceWgFEA=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1vo5ELx4xkYeBlcwOszBhZnYzM2skG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdB929UNafjoed4slt+JOgRaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjo9eIyOrNJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4aWfMhknhkoyWxQmHJkITb5HPaYoMXxkCSaK2VsRGWCFibEZFWwI3vzLi6RxUvHOK2e3p6XqVRZHHg7gEMrgwQVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w949ZA1</latexit>

f (x)
s

<latexit sha1_base64="6sxfjTRt7L65xVjzpjCNIr6dJsI=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5iHJGmYns8mQmdllZlZYlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXEHOmjet+O0vLK6tr64WN4ubW9s5uaW+/qaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywupn4rSeqNIvkvUlj6gs8kCxkBBsrPYQ9/ZhV0pNxr1R2q+4UaJF4OSlDjnqv9NXtRyQRVBrCsdYdz42Nn2FlGOF0XOwmmsaYjPCAdiyVWFDtZ9ODx+jYKn0URsqWNGiq/p7IsNA6FYHtFNgM9bw3Ef/zOokJr/yMyTgxVJLZojDhyERo8j3qM0WJ4aklmChmb0VkiBUmxmZUtCF48y8vkuZp1buont+dlWvXeRwFOIQjqIAHl1CDW6hDAwgIeIZXeHOU8+K8Ox+z1iUnnzmAP3A+fwB6e5A2</latexit>

f (y)
s

<latexit sha1_base64="VrBvJItOdBvLGfymgnhUeEmKXTQ=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1vo5ELx4xkYeBlcwOszBhZnYzM2uCG77CiweN8ernePNvHGAPClbSSaWqO91dQcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geD3xm49UaRbJOzOKqS9wX7KQEWysdB929UNafjoed4slt+JOgRaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjo9eIyOrNJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4aWfMhknhkoyWxQmHJkITb5HPaYoMXxkCSaK2VsRGWCFibEZFWwI3vzLi6RxUvHOK2e3p6XqVRZHHg7gEMrgwQVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w98AZA3</latexit>

f (z)
s
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Phases are only slightly disturbed by gravity

Gravity… 
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What is g in here?…

Considering Rb atoms and gearth= 9.81, corresponds to g ~ 8 in these simulations 

V(z) = mgz

Ciardi, FC, Pellicane, Prestipino PRB (2025)
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Aperiodicity forbids Bloch’s theorem

 New geometries

Physics similar to disordered 

systems

2

(Figure 1 (d)), showing that a BG phase can still be iden-
tified in the presence of the harmonic trap , and that it
is, up to a certain point, resilient to thermal fluctuations.
We focus on parameters which could be accessed by cur-
rent experiments [23–25].

Model. We study a continuous two-dimensional
model of N bosons of mass m, subjected to an isotropic
harmonic trapping of frequency ! and to an external
quasiperiodic potential Vqc(r). The many-body Hamil-
tonian reads

H =
NX

i=1

✓
p2
i

2m
+

m!2

2
r2i + Vqc(ri)

◆
+
X

i<j

Vint(|ri�rj |),

(1)
where ri is the position of the i-th particle, pi its mo-
mentum, and Vint is the interaction potential between
two particles. The quasiperiodic potential reads

Vqc(r) = V0

4X

i=1

cos2(ki · r), (2)

where the wave vectors ki are given by k1 = klat
�
1 0

�
,

k2 = klat/
p
2
�
1 1

�
, k3 = klat

�
0 1

�
, and k4 =

klat/
p
2
�
1 �1

�
, while V0 is a parameter that regulates

the strength of the potential. This potential exhibits
eightfold rotational symmetry, and it takes values be-
tween 0 and 4V0, with a global maximum at r = 0, which
coincides with the center of the trap, see Figure 2 (a-b).
Its quasiperiodic nature arises from the superposition of
wave vectors at angles of ⇡/4, which causes the compo-
nents of their wave vectors to be incommensurate. We
express lengths in units of losc =

p
~/m!, and energies

in units of the recoil energy Er = ~2k2lat/2m. Tempera-
tures are scaled to the superfluid critical temperature of

the non-interacting trapped boson gas, kBTc = ~!
q

6
⇡2N

[26].
We model interactions via a hard-core potential of scat-

tering length a2D. In two spatial dimensions, physical
e↵ects of interactions can be observed for exponentially
small values of the scattering length [27]. For this reason,
we introduce the dimensionless parameter

g̃ = 2⇡

✓
ln

losc
a2D

◆�1

, (3)

which is related to the 2D mean-field parameter g by
g = ~2/mg̃ when g̃ ⌧ 1. In the same limit, it coin-
cides with the e↵ective interaction parameter used for
trapped ultracold atoms in the quasi-two-dimensional
regime, which is usually given as g̃ =

p
8⇡lz/a3D, a3D

being the three-dimensional scattering length of the gas,
and lz the trapping along the z axis. Both quantities play
no role in our model, which is purely two-dimensional,
but the parameter g̃ serves as a bridge between the two
approaches.

Figure 2. Geometric features. (a) 2D plot of the quasiperi-
odic potential Vqc(r)/Er for V0 = 0.5Er. White regions cor-
respond to peaks and black ones to wells. Two directions are
highlighted, corresponding to ✓ = 0 (orange) and ✓ = ⇡/8
(brown). The deepest local minima lie on the ✓ = ⇡/8 line.
Two circles are highlighted, crossing the eight local minima
closer to the trap center (blue) and farther away (magenta).
These sixteen sites are the most relevant to localization prop-
erties at the chosen value of the interaction. (b) Vqc(r) is
plotted along the two directions highlighted in (a), again at
a value of V0 = 0.5Er. The vertical lines mark the deepest
local minima, corresponding to the circles highlighted in (a).
The green line represents the harmonic potential. (c-e) Plots
of the boson density as a function of the angle, along the cir-
cles highlighted in (a), at T/Tc = 0.25. Di↵erent pictures
correspond to di↵erent choices of the potential, V0 = 1.5Er

(left), V0 = 2.5Er (middle), and V0 = 3.5Er (right). (f-h)
Di↵raction patterns, normalized to the peak density and in
log scale. The respective values of V0 are the same as in the
density profiles above.

In our simulations we set the trap in such a way as
to obtain a trap-center density close to experimental val-
ues. To draw a phase diagram in Figure 1 (d), we choose
a specific value of g̃ = 0.0217 within reach of current
experimental setups with quasi-2D Bose gases (see e.g.
[24]).

Simulation methods and estimators. We make use of
continuous-space Path Integral Monte Carlo (PIMC) for
a number of particles up to N = 500. The PIMC method
can provide exact estimates of thermodynamic observ-
ables for quantum systems at finite temperature [28–31].
Each quantum particle is mapped into a classical poly-
mer, and observables are sampled in the classical sys-
tem. Polymers can then connect to each other, repre-
senting coherence and the emergence of superfluidity. In
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Figure 1.7: Realization of the potential (4.2) with laser beams. (From [Sbr20]).

form a Bose-Einstein condensate, shaped according to a Thomas-Fermi distribution, extending
through the harmonic trap; they all have momentum k = 0.

The experimental procedure is then as follows:

1. Contact interactions are tuned to 0, or to a chosen value, by regulating the magnetic field.

2. The condensate is released from the trap.

3. The condensate is exposed to the optical lattice for a rectangular pulse of duration t.

Bosons in a standing light wave are subjected to Dirac-Kapitza scattering ([Kap33], [Gou86]),
a process through which photons of the lattice transfer quantized momentum to the bosons.
Since the standing waves have the form (4.2), the transferred momentum is one of the four
vectors (4.3) or one of their opposites, for a total of eight possibilities. The system then evolves
dynamically, as bosons acquire momentum and move through k-space. For di↵erent pulse
lengths, and if the lattice is deep, it is possible to observe the gradual formation of the dense
di↵raction pattern, as shown in Figure 1.8 [Vie19].

Figure 1.8: Evolution in time of the momentum distribution due to Kapitza-Dirac scattering.
(From [Vie19]).

2

(Figure 1 (d)), showing that a BG phase can still be iden-
tified in the presence of the harmonic trap , and that it
is, up to a certain point, resilient to thermal fluctuations.
We focus on parameters which could be accessed by cur-
rent experiments [23–25].

Model. We study a continuous two-dimensional
model of N bosons of mass m, subjected to an isotropic
harmonic trapping of frequency ! and to an external
quasiperiodic potential Vqc(r). The many-body Hamil-
tonian reads

H =
NX

i=1

✓
p2
i

2m
+

m!2

2
r2i + Vqc(ri)

◆
+
X

i<j

Vint(|ri�rj |),

(1)
where ri is the position of the i-th particle, pi its mo-
mentum, and Vint is the interaction potential between
two particles. The quasiperiodic potential reads

Vqc(r) = V0

4X

i=1

cos2(ki · r), (2)

where the wave vectors ki are given by k1 = klat
�
1 0

�
,

k2 = klat/
p
2
�
1 1

�
, k3 = klat

�
0 1

�
, and k4 =

klat/
p
2
�
1 �1

�
, while V0 is a parameter that regulates

the strength of the potential. This potential exhibits
eightfold rotational symmetry, and it takes values be-
tween 0 and 4V0, with a global maximum at r = 0, which
coincides with the center of the trap, see Figure 2 (a-b).
Its quasiperiodic nature arises from the superposition of
wave vectors at angles of ⇡/4, which causes the compo-
nents of their wave vectors to be incommensurate. We
express lengths in units of losc =

p
~/m!, and energies

in units of the recoil energy Er = ~2k2lat/2m. Tempera-
tures are scaled to the superfluid critical temperature of

the non-interacting trapped boson gas, kBTc = ~!
q

6
⇡2N

[26].
We model interactions via a hard-core potential of scat-

tering length a2D. In two spatial dimensions, physical
e↵ects of interactions can be observed for exponentially
small values of the scattering length [27]. For this reason,
we introduce the dimensionless parameter

g̃ = 2⇡

✓
ln

losc
a2D

◆�1

, (3)

which is related to the 2D mean-field parameter g by
g = ~2/mg̃ when g̃ ⌧ 1. In the same limit, it coin-
cides with the e↵ective interaction parameter used for
trapped ultracold atoms in the quasi-two-dimensional
regime, which is usually given as g̃ =

p
8⇡lz/a3D, a3D

being the three-dimensional scattering length of the gas,
and lz the trapping along the z axis. Both quantities play
no role in our model, which is purely two-dimensional,
but the parameter g̃ serves as a bridge between the two
approaches.

Figure 2. Geometric features. (a) 2D plot of the quasiperi-
odic potential Vqc(r)/Er for V0 = 0.5Er. White regions cor-
respond to peaks and black ones to wells. Two directions are
highlighted, corresponding to ✓ = 0 (orange) and ✓ = ⇡/8
(brown). The deepest local minima lie on the ✓ = ⇡/8 line.
Two circles are highlighted, crossing the eight local minima
closer to the trap center (blue) and farther away (magenta).
These sixteen sites are the most relevant to localization prop-
erties at the chosen value of the interaction. (b) Vqc(r) is
plotted along the two directions highlighted in (a), again at
a value of V0 = 0.5Er. The vertical lines mark the deepest
local minima, corresponding to the circles highlighted in (a).
The green line represents the harmonic potential. (c-e) Plots
of the boson density as a function of the angle, along the cir-
cles highlighted in (a), at T/Tc = 0.25. Di↵erent pictures
correspond to di↵erent choices of the potential, V0 = 1.5Er

(left), V0 = 2.5Er (middle), and V0 = 3.5Er (right). (f-h)
Di↵raction patterns, normalized to the peak density and in
log scale. The respective values of V0 are the same as in the
density profiles above.

In our simulations we set the trap in such a way as
to obtain a trap-center density close to experimental val-
ues. To draw a phase diagram in Figure 1 (d), we choose
a specific value of g̃ = 0.0217 within reach of current
experimental setups with quasi-2D Bose gases (see e.g.
[24]).

Simulation methods and estimators. We make use of
continuous-space Path Integral Monte Carlo (PIMC) for
a number of particles up to N = 500. The PIMC method
can provide exact estimates of thermodynamic observ-
ables for quantum systems at finite temperature [28–31].
Each quantum particle is mapped into a classical poly-
mer, and observables are sampled in the classical sys-
tem. Polymers can then connect to each other, repre-
senting coherence and the emergence of superfluidity. In

Superfluid phase: fs =1 

Bose Glass: κ finite but fs local only 

Insulator: fs and κ both zero

3

Figure 3. Global superfluid fraction. (a) ns as a function of
the potential strength V0, at fixed temperature T/Tc = 0.1.
Lines are guides for the eye. The three sets of points are
at interaction g̃ = 0 (black circles), g̃ = 0.0217 (green
squares), and g̃ = 2.1704 (brown diamonds). (b) ns against
the potential parameter V0, at fixed interaction parameter
g̃ = 0.0217. Di↵erent sets of points correspond to di↵erent
temperatures, T/Tc = 0.1 (squares), T/Tc = 0.25 (upward
triangles), T/Tc = 0.4 (downward triangles), T/Tc = 0.7 (oc-
tagons). The points at T/Tc = 0.1 are also displayed in (a)
as green squares.

Figure 1 (a-c), we show three PIMC shapshots of the su-
perfluid, the BG, and the insulating phase, respectively.
Corresponding angular densities, along the circles in Fig-
ure 2 (a), are reported in Figure 2 (c-d), while di↵raction
patterns are shown in Figure 2 (f-h) (a description of the
estimators used, as well as some additional di↵raction
patterns at smaller V0, can be found in [32]).

The hard-core interaction is implemented through the
pair-product approximation [28, 33, 34], requiring, in two
dimensions, the use of tables for the propagator.

In systems with periodic boundary conditions, the su-
perfluid fraction is characterized by the well-known wind-
ing number estimator [35], which is not applicable to a
trapped system. Instead, we employ the area estimator
[28, 36], which is directly related to the reduction of the
moment of inertia associated with the emergence of su-
perfluidity. The estimator is derived in its entirety in
[37], and can be written as

ns =
4m2

~2�
hA2i � hAi2

Icl
, (4)

where A is the total area enclosed by the polymers. Cus-
tomarily, the hAi2 term is neglected on the grounds of

temporal invariance of the system dynamics. In the lo-
calized phase, as a symptom of ergodicity breaking, this
term does not necessarily average to 0; it must then be
kept into account, to give a meaningful estimate of the
superfluid fraction.
Due to the presence of a harmonic trap, observables

such as superfluid fraction and compressibility stop being
homogeneous across the system. In order to investigate
their behavior, local estimators have been introduced;
one example is found in [38], where a local superfluid
density and a local compressibility are used on-lattice to
characterize a trapped Bose-Hubbard model. The ex-
tension of these local observables to the continuous case
presents technical di�culties due to the noisy character
of the estimators.
Instead, we have chosen to focus on zonal estimators,

which aim at approximating the behaviour of physical
observables in finite portions of the system. We separate
the simulation space into three regions, as depicted in
Figure 4 (a). The choice is made based on the arrange-
ment of the sixteen central sites, which are the most rel-
evant for localization. In each of the three regions, we
measure a zonal compressibility,

(z) = �(hN (z)2i � hN (z)i2), (5)

and a zonal superfluid fraction, n(z)
s , which is obtained by

integration of the local estimator. A detailed discussion
of the latter can be found in [32].
Global superfluidity. In Figure 3 (a), we show the re-

sults for the global superfluid fraction at di↵erent values
of g̃, at T/Tc = 0.1. We find that stronger interactions
tend to increase the superfluid fraction at a given value
of V0, while also increasing the localization potential to
higher values. At low temperature, this observable acts
as a signature of the localization transition [11]. We ob-
serve that the presence of a weak harmonic potential does
not significantly alter the localizing behavior with respect
to the homogeneous case.
The question, then, is whether the transition persists

at higher temperatures, when thermal fluctuations are
not negligible, see Figure 3 (b). As the temperature rises,
in the absence of the quasiperiodic potential, the super-
fluid fraction decreases. The same behavior is visible
for low strengths of the quasiperiodic potential. Distinc-
tions between di↵erent temperatures appear as we move
to larger values of V0. At T/Tc = 0.25, the reduction of
superfluidity by confinement is still essentially the same,
indicating that ground-state physics is still dominant in
the localization process. As we approach Tc, the super-
fluid signal reduces significantly; we will argue in the next
section that this coincides with the reduction of super-
fluidity in the inner regions of the trap, and with the
disappearance of the glass phase.
Zonal estimators. In a homogeneous system, in the

grand canonical ensemble, it is possible to directly mea-
sure the compressibility; at the same time, the global

Global superfluity T —> 0

f s 
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(a) (b) (c)

Figure 3.13.: Approximants of the Ammann-Beenker tiling with 41 (panel a), 239 (b), and 1393
(c) vertices respectively. We draw two triangles in place of each rhombus as this
will be the configuration adopted in numerical simulations in Chapter 5.

From these, we can construct the inflation matrix for the Fibonacci chain, that is the matrix

M = ⌧⇡ �
1

⌧
⇡0 =

✓
1 1
1 0

◆
. (3.9)

This matrix has eigenvalues ⌧ and �1/⌧ : when applied to a point in E, the point is scaled up
by ⌧ , whereas a generic point of R2 is brought closer to E. The value of ⌧ is chosen exactly as it
is the ratio of self-similarity of the Fibonacci quasicrystal, while the second eigenvalue is taken
so that M has integer coe�cients: this means that for any p 2 Z2, we also have Mp 2 Z2. At
this point we can construct approximants iteratively: we start from a subspace E0, for example
y = 0, where the periodicity is given by the vector v0 = (1, 0); the first application of M gives
v1 = Mv0 = (1, 1), the second gives v2 = Mv1 = (2, 1) and so on (the increasing coe�cients
are terms of the Fibonacci series). The periodicity of the approximant Xk is given by the
projection ⇡Mkv0; however, due to the definition of M , it is always true that ⇡Mk = ⌧k⇡.
Therefore, the periodicity of the k-th approximant is ⌧k.
The case of the Ammann-Beenker, studied in detail for example in [Beenker 1982; Duneau

1989], follows the same approach, although the home space is now R4, with the basis (e0, e1, e2, e3),
and the subspace E is two-dimensional. As for the previous example, in order to recover specif-
ically the AB tiling we need a precise choice of E, which is the span of non-zero eigenvectors
of orthogonal projector

⇡ =
1

2
p
2

0

BB@

p
2 0 1 �1
0

p
2 1 1

1 1
p
2 0

�1 1 0
p
2

1

CCA , (3.10)

with x = 1/
p
2. The strip S is constructed through the four-dimensional hypercube, or tesser-

act, � with vertices v1 = (0, 0, 0, 0), v2 = (0, 0, 0, 1), . . . v16 = (1, 1, 1, 1). The construction of
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Introduction: Dipolar supersolid phases

Parameters space:

- contact scattering length (as/add)

- 2D particles density (ω→)

- transversal trap frequency (εz)
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Introduction: Dipolar gases in planar geometry

Mean field energy per particle functional of the system at T = 0:

E[ω]

N
=

∫
dr

{
1

2
|→ω(r)|2 + U(z)|ω(r)|2 +

2

5
εN3/2|ω(r)|5 +N

as
6add

|ω(r)|4 (1)

+
N

8ϑ

∫
dr→Vd(r↑ r→)|ω(r)|2|ω(r→)|2

}
.

Vd(r) = 1/r3 ↓ (1↑ 3z2/r2), U(z) = 1
2ϖ

2
zz

2, ϱ(EQF /N)/(ϱA) =
2
5εN

3/2|ω(r)|5

Anzats for the wave function: ω(r) =
√

4(1↑ z2/ς2)/(3ς)↓ ω↑(x, y) [1, 2]

[1]-Phys. Rev. A 108, 053321 (2023),

[2]-Phys. Rev. Lett. 123, 015301 (2019).



Phase diagram from the GP equation
Phase Diagram from G.P. simulations
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