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Plan of the talk

Brief Introduction 

Theoretical Predictions in the literature 

Some details about the calculation of              
H+j @ NLO in QCD
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Phenomenological importance 

Computational importance
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recoiling against the Higgs system, the jet can reveal a possible substructure 
of the Higgs boson, therefore distributions are instrumental for the search 
of NP effect …
The high-pt part of the spectrum is sensible to New Physics (i.e. new heavy 
particles running in the loops) …

H+j is a NLO QCD computation, i.e. the number of Feynman diagrams is quite 
reduced (~100 ??); however their computation is quite complicated due to the 
presence of 4 scales (s, t, mt and pH) 
interesting playground for computational techniques, study of the functional 
structure of Feynman diagrams etc …

H+jet
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The Higgs sector of the SM since 2012 is under careful scrutiny to understand 
whether the H boson is indeed SM-like. Possible portal to New Physics.

The study of H+j is important for many pheno reasons:

Many production channels … many parameters to check …



H+jet

✦ In HEFT (infinite top mass) the NNLO QCD corrections are known
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✦ Power in             corrections at NLO in QCD were also calculated1/m2
t

✦ Small bottom mass interference effects and asymptotic                               were  
 also calculated  

pt,H � 400 GeV

R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze, JHEP06 (2013) 072 
                                                                                          Phys. Rev. Lett. 115 (2015) 082003 
X. Chen, T. Gehrmann, E. W. N. Glover, M. Jaquier, Phys. Lett. B 740 (2015) 147 
R. Boughezal, C. Focke, W. Giele, X. Liu, F. Petriello, Phys. Lett. B748 (2015) 5

R. Harlander,T. Neumann, K. J. Ozeren, M. Wiesemann, JHEP 08 (2012) 139 
T. Neumann, M. Wiesemann, JHEP 11 (2014) 150

K. Melnikov, L. Tancredi, C. Wever, JHEP 11 (2016) 104; Phys. Rev. D95 (2017) 054012 
R. Mueller, D. G. Ozturk, JHEP 08 (2016) 055 
J. M. Lindert, K. Melnikov, L. Tancredi, C. Wever, Phys. Rev. Lett. 118 (2017) 252002 
K. Kudashkin, K. Melnikov, C. Wever, JHEP 02 (2018) 135 
J. M. Lindert, K. Kudashkin, K. Melnikov, C. Wever, Phys. Lett. B782 (2018) 210

✦ The  pt distribution is known at LO in the full theory and at higher orders in 
     the heavy-top limit R. K. Ellis,I. Hinchliffe, M. Soldate, J. J. Van der Baj, Nucl. Phys. B 297 (1988) 221 

U. Baur, E. W. N. Glover, Nucl. Phys. B 339 (1990) 38
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✦ H+j was computed at NLO in QCD with the full TOP mass  
  dependence S. P. Jones, M. Kerner, G. Luisoni, Phys. Rev. Lett. 120 (2018) 162001 

X.Chen, A.Huss, S.P.Jones, M.Kerner, J.N.Lang, J.M.Lindert, H.Zhang, JHEP 03 (2022) 096

✦ Everything except virtual corrections are calculated analytically 

✦ VIRTUAL: reduction to the Master Integrals, the MIs basis is chosen 
 to be composed by quasi-finite integrals (better numeric convergence) 
                                MIs are calculated numerically with SecDec

 Total CS: Corrections from LO to NLO are large (Kf=1.8) 
                        NLOfull w.r.t. NLOheft = +9% 

                 The bands of scales variation at NLO  
                      do not overlap anymore for  
                      But agreement if EFT rescaled with the full LO 

TOP mass renormalised in OS scheme

pt,H
pt,H � 340 GeV

H+jet
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H+jet
✦ H+j was computed at NLO in QCD with the full dependence  

  on TOP and BOTTOM masses
R.B., V. Del Duca, H. Frellesvig, M. Hidding, V. Hirschi, F. Moriello, G. Salvatori, G. Somogyi, F. Tramontano, PLB 843 (2023) 137995

✦ Master Integrals computed using differential equations solved in expansion
✦ Renormalization of the Amplitude done in two different schemes:

External fields are renormalised on-shell.         is renormalised in a mixed scheme↵S
<latexit sha1_base64="Bvffal1ujoOqFwmNrkVvNCEx99o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81g+mHHC/AgHkoecorFSu4siGWLvvlcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx/pp4/i</latexit>

in which light-flavor contribution in         and heavy-flavor contrib at zero momentumMS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

TOP-quark mass and Yukawa OS. TOP-quark mass and Yukawa in MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

TOP and BOTTOM masses and Yukawas in MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

✦ Several checks at the level of the masters (with AMFlow)and the amplitude
Behaviour of the Two-Loop 2 -> 2 amplitude in the soft and collinear limits of 

✦ Two-Loop 2 -> 2 and One-Loop 2 -> 3 are IR div. We combine them using
Dipole Subtraction

one unresolved parton against factorisation formulas
Very large pt against    Kudashkin-Melnikov-Wever
CS and pt for TOP against Chen-Huss-Jones-Kerner-Lang-Lindert-Zhang

✦ Implementation in MADGRAPH5_aMC@NLO
✦ In the case of         masses: dynamical evaluation in each point of phase space MS

<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>
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H+jet
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<latexit sha1_base64="enltVpTtYS/Fd1HH9UMuzyByb1c="></latexit>

GF = 1.16639 · 10�5 GeV�2
<latexit sha1_base64="NL6Mo+QHidgjb8a/pnIr0xPY0pI=">AAACFXicbVDLSsNAFJ34rPVVdelmsAguaklarboQioJ1WcE+oIllMp22QyeZMDMRS8hPuPFX3LhQxK3gzr9x2mahrQcuHM65l3vvcQNGpTLNb2NufmFxaTm1kl5dW9/YzGxt1yUPBSY1zBkXTRdJwqhPaooqRpqBIMhzGWm4g8uR37gnQlLu36phQBwP9XzapRgpLbUzuUr76tzKW6VS8QzauMMVtMy76PA4hnYO2p7LH6IKqcdaKsTtTNbMm2PAWWIlJAsSVNuZL7vDcegRX2GGpGxZZqCcCAlFMSNx2g4lCRAeoB5paeojj0gnGn8Vw32tdGCXC12+gmP190SEPCmHnqs7PaT6ctobif95rVB1T52I+kGoiI8ni7ohg4rDUUSwQwXBig01QVhQfSvEfSQQVjrItA7Bmn55ltQLeauYL9wcZcsXSRwpsAv2wAGwwAkog2tQBTWAwSN4Bq/gzXgyXox342PSOmckMzvgD4zPH1vom+A=</latexit>

mH = 125.25GeV
<latexit sha1_base64="lcV2mi7Hj/sz9dTPFIZ9kXkaazQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCwlJtOhGKLqwywr2AU0Ik+m0HTqThJmJWELd+CtuXCji1r9w5984bbPQ1gMXDufcy733hAmjUtn2t7GwuLS8slpYK65vbG5tmzu7DRmnApM6jlksWiGShNGI1BVVjLQSQRAPGWmGg+ux37wnQtI4ulPDhPgc9SLapRgpLQXmPg+ql45bttwy9E6gx8P4IbshjVFglmzLngDOEycnJZCjFphfXifGKSeRwgxJ2XbsRPkZEopiRkZFL5UkQXiAeqStaYQ4kX42+WAEj7TSgd1Y6IoUnKi/JzLEpRzyUHdypPpy1huL/3ntVHUv/IxGSapIhKeLuimDKobjOGCHCoIVG2qCsKD6Voj7SCCsdGhFHYIz+/I8abiWc2q5t2elylUeRwEcgENwDBxwDiqgCmqgDjB4BM/gFbwZT8aL8W58TFsXjHxmD/yB8fkDYUyU8Q==</latexit>

mOS

t
= 172.5GeV

<latexit sha1_base64="8GM3UOzAcp95yYkjn/UhIfIlEV8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhYSkKnUjFF3ozor2AU0tk+mkHTqThJmJWEI2bvwVNy4Uces/uPNvnLZZaPXAhcM593LvPV7EqFS2/WXkZmbn5hfyi4Wl5ZXVNXN9oy7DWGBSwyELRdNDkjAakJqiipFmJAjiHiMNb3A28ht3REgaBjdqGJE2R72A+hQjpaWOuc076ja5vE5PnHLJOoLuPnS5F94n56SedsyibdljwL/EyUgRZKh2zE+3G+KYk0BhhqRsOXak2gkSimJG0oIbSxIhPEA90tI0QJzIdjL+IoW7WulCPxS6AgXH6s+JBHEph9zTnRypvpz2RuJ/XitW/nE7oUEUKxLgySI/ZlCFcBQJ7FJBsGJDTRAWVN8KcR8JhJUOrqBDcKZf/kvqJcs5sEpXh8XKaRZHHmyBHbAHHFAGFXABqqAGMHgAT+AFvBqPxrPxZrxPWnNGNrMJfsH4+AYcMpcN</latexit>

mMS
t (mMS

t ) = 163.4GeV
<latexit sha1_base64="52OOZVfUcfEdCfz0KwqqKAE17oo=">AAACLXicdVBLSwMxGMz6rPVV9eglWIQKUnbbol6EooJehIr2Ad1asmnahiabJcmKZdk/5MW/IoKHinj1b5g+DtrqQGCYmS/JN17AqNK2PbDm5hcWl5YTK8nVtfWNzdTWdkWJUGJSxoIJWfOQIoz6pKypZqQWSIK4x0jV650P/eoDkYoK/073A9LgqOPTNsVIG6mZuuBNfR+5wmSGV0Su5PD6No4z/+gHp85RPluA7iF0uSceo0tSiZuptJ21R4CzxJmQNJig1Ey9ui2BQ058jRlSqu7YgW5ESGqKGYmTbqhIgHAPdUjdUB9xohrRaNsY7hulBdtCmuNrOFJ/TkSIK9XnnklypLtq2huKf3n1ULdPGhH1g1ATH48faocMagGH1cEWlQRr1jcEYUnNXyHuIomwNgUnTQnO9MqzpJLLOvls7qaQLp5N6kiAXbAHMsABx6AIrkAJlAEGT+AFDMC79Wy9WR/W5zg6Z01mdsAvWF/fplqoRw==</latexit>

mMS
b (mMS

b ) = 4.18GeV
<latexit sha1_base64="2kYxtmXqVqKh9BgHfemu32Ft/rs=">AAACLXicdVBLSwMxGMzWV62vqkcvwSJUkLJbC/YiFBX0IlS0D+jWkk3TNjTZLElWLMv+IS/+FRE8VMSrf8P0cdBWBwLDzHxJvvECRpW27aGVWFhcWl5JrqbW1jc2t9LbO1UlQolJBQsmZN1DijDqk4qmmpF6IAniHiM1r38+8msPRCoq/Ds9CEiTo65POxQjbaRW+oK3vPvIFSYzuiJyJYfXt3Gc/Uc/PIWFnFOE7hF0uSceo0tSjVvpjJ2zx4DzxJmSDJii3Eq/um2BQ058jRlSquHYgW5GSGqKGYlTbqhIgHAfdUnDUB9xoprReNsYHhilDTtCmuNrOFZ/TkSIKzXgnklypHtq1huJf3mNUHeKzYj6QaiJjycPdUIGtYCj6mCbSoI1GxiCsKTmrxD3kERYm4JTpgRnduV5Us3nnONc/qaQKZ1N60iCPbAPssABJ6AErkAZVAAGT+AFDMG79Wy9WR/W5ySasKYzu+AXrK9vTVOoEg==</latexit>

NNPDF40_nlo_as_01180

CS with pt>20 GeV

• Big K-factor (~ 2 at the diff level bin-by-bin)

• t-b interf. covers the gap from LO
• Scale uncertainty from 30% to 14%

• The t-b interf changes the shape at low pt

• t-b interf irrelevant at medium-high pt (only TOP ok)

• Behavior of renormalization:          falls off faster than OS MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

• Behavior less pronounced at NLO (as it should …)

Some more details about the calculation:

Scale variation not shown
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�h1,h2 =
X

i,j

Z 1

0
dx1

Z 1

0
dx2 fi,h1(x1, µF ) fj,h2(x2, µF ) �̂ij(ŝ,m

2,↵S(µR), µF , µR)

Theoretical framework: Perturbative QCD

At LHC hadronic collisions
we rely on Factorization Theorem

NNLO

NNNLO

PDFs: Universal Part 
Evolution with Fact scale  
predicted by the theory

Partonic CS: Process-dep Part 
Calculation in PT Theory

S. Moch, J. Vermaseren, A. Vogt, Nucl. Phys. B688 (2004) 101 
A. Vogt, S. Moch, J. Vermaseren, Nucl. Phys. B691 (2004) 129

S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, Phys. Lett. B782 (2018) 627 
J. Davis, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, Nucl. Phys. B915 (2017) 335 
S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt, JHEP 10 (2017) 041

8

Approximate NNNLO pdfs J. McGowan, et al. Eur. Phys. J. C. 83(3) (2023) 185

h1 + h2 ! H + j +X
<latexit sha1_base64="3IcX10UyDp2rbcqEylS0PL88zRA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBZBKJSkCrosuumygn1AG8JkOmnGTh7MTJQS+yluXCji1i9x5984bbPQ1gMXDufcy733eAlnUlnWt1FYW9/Y3Cpul3Z29/YPzPJhR8apILRNYh6Lnocl5SyibcUUp71EUBx6nHa98c3M7z5QIVkc3alJQp0QjyLmM4KVllyzHLh2NXDraKBi1KzeV3uuWbFq1hxoldg5qUCOlmt+DYYxSUMaKcKxlH3bSpSTYaEY4XRaGqSSJpiM8Yj2NY1wSKWTzU+folOtDJEfC12RQnP190SGQyknoac7Q6wCuezNxP+8fqr8KydjUZIqGpHFIj/lSL85ywENmaBE8YkmmAimb0UkwAITpdMq6RDs5ZdXSades89r9duLSuM6j6MIx3ACZ2DDJTSgCS1oA4FHeIZXeDOejBfj3fhYtBaMfOYI/sD4/AGuqZJU</latexit>
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Exact Calculation: Partonic Cross Section

in a subtraction scheme: we used Dipole Subtraction as implemented in 

Computed with 
MCFM 9.1

• The two UV-ren sets are still separately IR divergent: we need IR counterterms

S. Catani and M. H. Seymour, Nucl. Phys. B 485 (1997) 291

9

V. Del Duca, W. Kilgore, C. Oleari, C. Schmidt, D. Zeppenfeld, PRL 87 (2001) 122001 
L. Budge, J.M. Campbell, G. De Laurentis, R.K. Ellis, S. Seth, JHEP 05 (2020) 079 
R.K. Ellis, S. Seth, JHEP 11 (2018) 006 
J.M. Campbell, T. Neumann, JHEP 12 (2019) 034

• Two-Loop 2 -> 2 interfered with the One-loop 2 -> 2
gg ! Hg

<latexit sha1_base64="PvQCXIG27TYrv4unOuvIvxXzz+Q=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLopssK9oHtUDJpZhqayQzJHaGU/oUbF4q49W/c+Tem7Sy09UDgcM695J4TpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJJpxpsskYnuBNRwKRRvokDJO6nmNA4kbweju5nffuLaiEQ94DjlfkwjJULBKFrpMYpIDxNSj0i/VHYr7hxklXg5KUOORr/01RskLIu5QiapMV3PTdGfUI2CST4t9jLDU8pGNOJdSxWNufEn84un5NwqAxIm2j6FZK7+3pjQ2JhxHNjJmOLQLHsz8T+vm2F440+ESjPkii0+CjNJbMhZfDIQmjOUY0so08LeStiQasrQllS0JXjLkVdJq1rxLivV+6ty7TavowCncAYX4ME11KAODWgCAwXP8ApvjnFenHfnYzG65uQ7J/AHzucPQ/OP/g==</latexit>

qq̄ ! Hg
<latexit sha1_base64="V/nrFxu5I1+iC4d5Hev4GQS96A0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJIq6LHopccK9gOaUDbbTbt0s0l3N0qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W2vrG5tb24Wd4u7e/sGhXTpqqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY3c789gOVisXiXk8S6kd4IFjICNZG6tmlMfICLLPxFHk6RvUB6tllp+LMgVaJm5My5Gj07C+vH5M0okITjpXquk6i/QxLzQin06KXKppgMsID2jVU4IgqP5ufPkVnRumjMJamhEZz9fdEhiOlJlFgOiOsh2rZm4n/ed1Uh9d+xkSSairIYlGYcmSenOWA+kxSovnEEEwkM7ciMsQSE23SKpoQ3OWXV0mrWnEvKtW7y3LtJo+jACdwCufgwhXUoA4NaAKBR3iGV3iznqwX6936WLSuWfnMMfyB9fkDB9STMg==</latexit>

qg ! Hq
<latexit sha1_base64="7h9vAdDorBQdwIq5HJB0kx/YJJ0=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLopssK9oHtUDLpnTY0k5kmGaGU/oUbF4q49W/c+Tem7Sy09UDgcM695J4TJIJr47rfztr6xubWdm4nv7u3f3BYODpu6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObT6g0j+WDGSfoR7QvecgZNVZ6HJE+6ZiYVEfdQtEtuXOQVeJlpAgZat3CV6cXszRCaZigWrc9NzH+hCrDmcBpvpNqTCgb0j62LZU0Qu1P5hdPyblVeiSMlX3SkLn6e2NCI63HUWAnI2oGetmbif957dSEN/6EyyQ1KNniozAVxGacxSc9rpAZMbaEMsXtrYQNqKLM2JLytgRvOfIqaZRL3mWpfH9VrNxmdeTgFM7gAjy4hgpUoQZ1YCDhGV7hzdHOi/PufCxG15xs5wT+wPn8AWEIkBI=</latexit>

• One-Loop 2 -> 3 interfered with the One-loop 2 -> 3

• We renormalize UV divergences both in OS and/or in 

MCFM 9.1

MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>
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Structure of the Amplitude
• Let us focus on the Two-Loop 2 -> 2 amplitude

T. Gehrmann, M. Jaquier, E. W. N. Glover, A. Koukoutsakis, JHEP 02 (2012) 056

• The H -> 3g   amplitude can be expressed in terms of 4 form factors while
the H -> gqqbar amplitude in terms of 2 form factors

• We project the contributions of the Feynman diagrams to the different FF

• Kinematics: H(p4) ! q(p1) + q̄(p2) + g(p3)
<latexit sha1_base64="mI93W6Gb47DjCRsty2GIsoeLSkA=">AAACDnicbVDLSgMxFM3UV62vUZdugqXQoVBm2oIui266rGAf0BmGTJppQzOPJhmhDP0CN/6KGxeKuHXtzr8xbWehrRdCTs65l5tzvJhRIU3zW8ttbe/s7uX3CweHR8cn+ulZV0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8ye1C7z0QLmgU3stZTJwAjULqU4ykoly91CrHbsOAtozgVEHLqNge4ul0rh41ozJSV91w9aJZNZcFN4GVgSLIqu3qX/YwwklAQokZEmJgmbF0UsQlxYzMC3YiSIzwBI3IQMEQBUQ46dLOHJYUM4R+xNUJJVyyvydSFAgxCzzVGSA5FuvagvxPGyTSv3ZSGsaJJCFeLfITBpX3RTZwSDnBks0UQJhT9VeIx4gjLFWCBRWCtW55E3RrVaterd01is2bLI48uACXoAwscAWaoAXaoAMweATP4BW8aU/ai/aufaxac1o2cw7+lPb5A646mVo=</latexit>

H(p4) ! g(p1) + g(p2) + g(p3)
<latexit sha1_base64="ImZrCgjkVrASW6Ep9ZbA3SfFuM4=">AAACCHicbVC7SgNBFL3rM8bXqqWFg0FIEMJuEtAyaJMygnlAsiyzk0kyZPbBzKwQlpQ2/oqNhSK2foKdf+NssoUmHhju4Zx7uXOPF3EmlWV9G2vrG5tb27md/O7e/sGheXTclmEsCG2RkIei62FJOQtoSzHFaTcSFPsepx1vcpv6nQcqJAuDezWNqOPjUcCGjGClJdc8axQjt1ZCfRWikaZ26TItlUWpllyzYJWtOdAqsTNSgAxN1/zqD0IS+zRQhGMpe7YVKSfBQjHC6SzfjyWNMJngEe1pGmCfSieZHzJDF1oZoGEo9AsUmqu/JxLsSzn1Pd3pYzWWy14q/uf1YjW8dhIWRLGiAVksGsYc6avTVNCACUoUn2qCiWD6r4iMscBE6ezyOgR7+eRV0q6U7Wq5clcr1G+yOHJwCudQBBuuoA4NaEILCDzCM7zCm/FkvBjvxseidc3IZk7gD4zPH5I+loE=</latexit>

s = (p1 + p2)
2 t = (p1 + p3)

2 u = (p2 + p3)
2 ; p21 = p22 = p23 = 0 ; s+ t+ u = p24

<latexit sha1_base64="MOywfZyQ0RtMDrqJe/FXjVdBkaE="></latexit>

Integrals function of 3 dimless var: x1 =
s

m2
t

; x2 =
t

m2
t

; x3 =
p24
m2

t
<latexit sha1_base64="ol7/zXU8f3DU2rXi3mU3N0he+ZM=">AAACRHicdVBLSwMxGMzWV62vVY9egkXwIGW3LSiIUPTisYJ9QFuXbJptQ7MPkm+lZemP8+IP8OYv8OJBEa9i2u5BWx2SMMzMR5JxI8EVWNazkVlaXlldy67nNja3tnfM3b26CmNJWY2GIpRNlygmeMBqwEGwZiQZ8V3BGu7gauI37plUPAxuYRSxjk96Afc4JaAlx2wNHfui7UlCEzVOfAfuimPcPsHnk2O2hk4xTcC/iVKaiJyyttOUY+atgjUFXiR2SvIoRdUxn9rdkMY+C4AKolTLtiLoJEQCp4KNc+1YsYjQAemxlqYB8ZnqJNMSxvhIK13shVLvAPBU/TmREF+pke/qpE+gr+a9ifiX14rBO+skPIhiYAGdXeTFAkOIJ43iLpeMghhpQqjk+q2Y9oluA3TvOV2CPf/lRVIvFuxSoXhTzlcu0zqy6AAdomNko1NUQdeoimqIogf0gt7Qu/FovBofxucsmjHSmX30C8bXN/j+rec=</latexit>

H -> 3g 

H -> gqqbar 

Mµ⌫⇢ = A212T
µ⌫⇢
212 +A332T

µ⌫⇢
332 +A311T

µ⌫⇢
311 +A312T

µ⌫⇢
312

<latexit sha1_base64="hEXQvhyncpSlomoSU22aIA0muH0="></latexit>

Mµ = A1T
µ
1 +A2T

µ
2

<latexit sha1_base64="S+6hTDslk+q9QUO4c/mHJQWG5no=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARBKEkUbAboerGjVChN2hjmEwn7dDJhZmJUEJexY2v4saFIt2JL+MkzUJbD8zwz3fO4cz53YhRIQ3jSyutrK6tb5Q3K1vbO7t7+v5BR4Qxx6SNQxbynosEYTQgbUklI72IE+S7jHTdyW2W7z4RLmgYtOQ0IraPRgH1KEZSIUevJwMfyTFGDN6nj+oRp/AKXjuJmcJWds/ZmSJWTqyCOHrVqBl5wGVhFqIKimg6+mwwDHHsk0BihoTom0Yk7QRxSTEjaWUQCxIhPEEj0lcyQD4RdpJvmMITRYbQC7k6gYQ5/d2RIF+Iqe+qymwdsZjL4H+5fiy9up3QIIolCfB8kBczKEOY2QWHlBMs2VQJhDlVf4V4jDjCUplaUSaYiysvi45VM89r1sNFtXFT2FEGR+AYnAITXIIGuANN0AYYPINX8A4+tBftTfvUZvPSklb0HII/oX3/AP4Ko2o=</latexit>

Pi · M = Ai
<latexit sha1_base64="GYSTe4Y6RMKlQ4Q+eeqvIPUvhq0=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmqoBuh6saNUME+oAlhMpm2QyeZMDMRSsg3uPFX3LhQxK0rd/6Nkzagth64cDjnXu69x48ZlcqyvozSwuLS8kp5tbK2vrG5ZW7vtCVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o6vc79wTISmP7tQ4Jm6IBhHtU4yUljzzKHVCpIYYMdjMPAodHHAFf8SbDJ7DCy+lmWdWrZo1AZwndkGqoEDTMz+dgOMkJJHCDEnZs61YuSkSimJGsoqTSBIjPEID0tM0QiGRbjp5KYMHWglgnwtdkYIT9fdEikIpx6GvO/NT5ayXi/95vUT1z9yURnGiSISni/oJg4rDPB8YUEGwYmNNEBZU3wrxEAmElU6xokOwZ1+eJ+16zT6u1W9Pqo3LIo4y2AP74BDY4BQ0wDVoghbA4AE8gRfwajwaz8ab8T5tLRnFzC74A+PjGwqAnQ4=</latexit>

where the        are expressed in terms of dim reg scalar integrals and thenAi
<latexit sha1_base64="AfJ90AhK8ad166ke+fCzjKhmJnE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeqF48VTFtoQ9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8N/NbT6g0j+WjmSQYRHQo+YAzaqzk3/QyPu2VK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5iQkyqgxnAqelbqoxoWxMh9ixVNIIdZDNj52SM6v0ySBWtqQhc/X3REYjrSdRaDsjakZ62ZuJ/3md1Ayug4zLJDUo2WLRIBXExGT2OelzhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+SZq3qXVRrD5eV+m0eRxFO4BTOwYMrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucP0nSOsQ==</latexit>

at every order in        we have  Ai = Ai(x1, x2, x3, ✏)
<latexit sha1_base64="+GraOew7a7vfJNRZaLY/kV78Eow=">AAACCnicbVDLSsNAFJ34rPUVdekmWoQKpSStoBuh6sZlBfuANoTJdNIOncyEmYm0hK7d+CtuXCji1i9w5984TbPQ1gN3OJxzL3fu8SNKpLLtb2NpeWV1bT23kd/c2t7ZNff2m5LHAuEG4pSLtg8lpoThhiKK4nYkMAx9ilv+8Gbqtx6wkISzezWOsBvCPiMBQVBpyTOPrryETC7TtzjynNLIq+iqlro4koRyduqZBbtsp7AWiZORAshQ98yvbo+jOMRMIQql7Dh2pNwECkUQxZN8N5Y4gmgI+7ijKYMhlm6SnjKxTrTSswIudDFlperviQSGUo5DX3eGUA3kvDcV//M6sQou3ISwKFaYodmiIKaW4tY0F6tHBEaKjjWBSBD9VwsNoIBI6fTyOgRn/uRF0qyUnWq5cndWqF1nceTAITgGReCAc1ADt6AOGgCBR/AMXsGb8WS8GO/Gx6x1ychmDsAfGJ8/fImZfg==</latexit>

↵S
<latexit sha1_base64="Bvffal1ujoOqFwmNrkVvNCEx99o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81g+mHHC/AgHkoecorFSu4siGWLvvlcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx/pp4/i</latexit>
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Computation of the Amplitude

… goes through the “usual” steps:

P. Maierhoefer, J. Usovitsch and P. Uwer, Comp. Phys. Commun. 230 (2018) 99 
J. Klappert, F, Lange, P. Maierhoefer and J. Usovitsch, Comput.Phys.Commun. 266 (2021) 108024 
A. A. V. Smirnov, JHEP 10 (2008) 107 
B. A. V. Smirnov, F. S. Chuharev, Comput. Phys. Commun. 247 (2020) 106877

P. Nogueira, J. Comput. Phys. 105 (1993) 279 
T. Hahn, Comput.Phys.Commun. 140 (2001) 418-431

B. Ruijl, T. Ueda and J. A. M. Vermaseren, 1707.06453

Generation of the Feynman diagrams:   QGRAF   and   FeynArts

We computed the Form Factors projecting the single Feyn diags:  FORM

We can renormalize in different schemes. We always renormalize ext fields 

The Dim-Regularized scalar integrals were reduced to the MIs using 
IBP identities as implemented in KIRA and FIRE

11

on-shell.        is renormalized in a mixed scheme with light-flavor contrib
in        and heavy-flavor at zero momentum. Masses are renormalized in   
OS or in 

MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

MS
<latexit sha1_base64="km+oMnyWMouxIDIiB+x/AMYGOHs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiGzdCRfuAzlAyaaYNzSRDkhHrMPgrblwo4tb/cOffmGlnoa0HAodz7uHenCBmVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjC5zv31PpKKC3+lxTPwIDTgNKUbaSD173xPGztOpFwXiIb2+zbKeXXGqzgRwnrgFqYACjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvUSRGOERGpCuoRxFRPnp5PoMHhmlD0MhzeMaTtTfiRRFSo2jwExGSA/VrJeL/3ndRIfnfkp5nGjC8XRRmDCoBcyrgH0qCdZsbAjCkppbIR4iibA2hZVNCe7sl+dJq1Z1T6q1m9NK/aKoowQOwCE4Bi44A3VwBRqgCTB4BM/gFbxZT9aL9W59TEcXrCKzB/7A+vwBbOuV2Q==</latexit>

↵S
<latexit sha1_base64="Bvffal1ujoOqFwmNrkVvNCEx99o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81g+mHHC/AgHkoecorFSu4siGWLvvlcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx/pp4/i</latexit>
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Master Integrals 
We divided the computation in three sets, corresponding to the various

R.B.,V. Del Duca, H. Frellesvig, J. M. Henn, F. Moriello, V. A. Smirnov, JHEP 12 (2016) 096

✦  MIs for the planar topologies A, B, C, D. Analytic approach

12

topologies

R.B.,V. Del Duca, H. Frellesvig, J. M. Henn, M. Hidding,  
L. Maestri, F. Moriello, G. Salvatori, V. A. Smirnov,  
JHEP 01 (2020) 132

H. Frellesvig, M. Hidding, L. Maestri, F. Moriello,  
G. Salvatori, JHEP 06 (2020) 093

• All of them except 2 sectors with 4 MIs can be expressed in MPLs

• MPLs sectors “effectively” written instead as a one-fold
integration over weight-2 kernels

✦  MIs for the crossed topology F

✦  MIs for the crossed topology G

• Elliptic sectors: repeated integrations of MPLs over ellipt. kernels

• Solved by series expansions

• Solved by series expansionsElliptic sectors:  
    A - Homog. Eq. Elliptic; Non-Homog. 
           polylogarithmic 
    B - Homog. Eq. Polylog: Non-Homog.  
           Elliptic Florence Theory Group Day, March 19 2025



Differential Equations

df(x, ✏) = ✏ dA(x) f(x, ✏)
<latexit sha1_base64="9g4cZNOKQKsz0ILWzGf7qIeD4W8=">AAACHHicbZDLSsNAFIYn9VbrrerSzWARWighaQXdCBU3LivYCzShTCaTduhkEmYm0hL6IG58FTcuFHHjQvBtnF4E2/rDwMd/zuHM+b2YUaks69vIrK1vbG5lt3M7u3v7B/nDo6aMEoFJA0csEm0PScIoJw1FFSPtWBAUeoy0vMHNpN56IELSiN+rUUzcEPU4DShGSlvdfNUPisOyQ2JJWcRL8Ar+MnTK0L8uDksTWGjq5guWaU0FV8GeQwHMVe/mPx0/wklIuMIMSdmxrVi5KRKKYkbGOSeRJEZ4gHqko5GjkEg3nR43hmfa8WEQCf24glP370SKQilHoac7Q6T6crk2Mf+rdRIVXLop5XGiCMezRUHCoIrgJCnoU0GwYiMNCAuq/wpxHwmElc4zp0Owl09ehWbFtKtm5e68UDPncWTBCTgFRWCDC1ADt6AOGgCDR/AMXsGb8WS8GO/Gx6w1Y8xnjsGCjK8fsSWfMA==</latexit>

V. Kotikov, Phys. Lett. B 254 (1991) 158 
Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751 
E. Remiddi, Nuovo Cim. A 110 (1997) 1435 
T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485

@

@xi
f(x, ✏) = Axi(x, ✏) f(x, ✏)

<latexit sha1_base64="4YfZno76f9RWskSTtyQuF9jb4EU="></latexit>

J. M. Henn, Phys. Rev. Lett. 110(2013) 251601 
M. Argeri, S. Di Vita, P. Mastrolia, E. Mirabella, J, Schlenk,  
U. Schubert and L. Tancredi, JHEP 03 (2014) 082

13

The MIs were computed using the Differential Equations Method

The system of differential equations was put (where possible) in canonical 
form

Although in “polylogarithmic form, square roots prevent a simple solution
in iterated integrations. We found weight-2 in Polylog form and expressed

S. Caron-Huot and J. M. Henn, JHEP 06 (2014) 114
C. Duhr, H. Gangl, J. R. Rhodes, JHEP 10 (2012) 075weight-4 as a one-fold integration

The elliptic sectors where evaluated solving Second-order linear diff eqs
that revealed a good behaviour if combined in parametric formZ 1

0
F(↵) {Ki(↵), Ei(↵)} d↵

<latexit sha1_base64="lZ3/hEKxIpmYGDBo1OnOlU8wVVA="></latexit>

Solution:
Difficult analytic continuation …. Series exp
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Differential Equations: Semi-analytic evaluation

✦   The examples above are one-dimensional, but the approach can be generalised to more
dimesions and used for a general system of differential equations for the MIs

F. Moriello, JHEP 01 (2020) 150

✦  Recently this method was implemented in a Mathematica code: DiffExp

✦   The differential equations in s and t are combined and a one-dim diff eq is recovered and
solved along a contour connecting two fixed points in the s-t plane

✦   Analytical continuation is done expanding in the singular point and matching the series

✦   The method is quite efficient and enables to compute fast a point in the phase space with
arbitrary precision

(s0, t0)
<latexit sha1_base64="3XccA0Pt7Zuw7C1NyM3Mm/bPq24=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQQZbdKuix4MVjBfsh7bJk02wbmmSXZFYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LBDXjet1NYW9/Y3Cpul3Z29/YPyodHLZNkmrImTUSiOxExTHDFmsBBsE6qGZGRYO1odDvz209MG56oBxinLJBkoHjMKQErPVZN6F1A6J2H5YrnenPgVeLnpIJyNMLyV6+f0EwyBVQQY7q+l0IwIRo4FWxa6mWGpYSOyIB1LVVEMhNM5gdP8ZlV+jhOtC0FeK7+npgQacxYRrZTEhiaZW8m/ud1M4hvgglXaQZM0cWiOBMYEjz7Hve5ZhTE2BJCNbe3YjokmlCwGZVsCP7yy6ukVXP9S7d2f1Wpu3kcRXSCTlEV+ega1dEdaqAmokiiZ/SK3hztvDjvzseiteDkM8foD5zPHyrXj0Y=</latexit>

(s, t)
<latexit sha1_base64="q6ZdsoRAziHRlCdlxbWt/bNvsvE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBEqSEiqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVco+t+W2vrG5tb26Wd8u7e/sFh5ei4pZNMUebTRCSqExLNBJfMR46CdVLFSBwK1g7HdzO//cSU5ol8xEnKgpgMJY84JWgkv6Yv8aJfqbqOO4e9SryCVKFAs1/56g0SmsVMIhVE667nphjkRCGngk3LvUyzlNAxGbKuoZLETAf5/NipfW6UgR0lypREe67+nshJrPUkDk1nTHCkl72Z+J/XzTC6DXIu0wyZpItFUSZsTOzZ5/aAK0ZRTAwhVHFzq01HRBGKJp+yCcFbfnmVtOqOd+XUH66rDaeIowSncAY18OAGGnAPTfCBAodneIU3S1ov1rv1sWhds4qZE/gD6/MH3bKOAA==</latexit>

using Feynman prescription for the invariants

M. Hidding, Comput.Phys.Commun. 269 (2021) 108125

(s1, t1)
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d⇠
f(⇠, ✏) = A(⇠, ✏) f(⇠, ✏)
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�(⇠) : ⇠ ! {s(⇠), t(⇠)}
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j

<latexit sha1_base64="iD/AG0SwJB1rnsqerxf7BVEJJOk="></latexit>

f (i)(⇠) =
X

j12S1

1X

j2=0

1X

j3=0

c(i,j1,j2,j3)(⇠ � ⇠0)
wj1+j2 logj3 (⇠ � ⇠0)

<latexit sha1_base64="ZOI7L6aIMmFioRGsSdz6ECZTs+E="></latexit>
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The Calculation in a Nutshell

Generation of  
Feynman Diagrams

Projection on  
Form Factors

Reduction to the MIs 
Integration-by-Part IDs

The MIs satisfy systems 
of 1st-order linear diff eqs

Solution of the system 
using series expansions

Florence Theory Group Day, March 19 2025



Conclusions 
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Thank you for your attention!

• Progress in Higher-order PT calculations important for the 
test of the SM at the %-level @ LHC. Possible NP effects.

Florence Theory Group Day, March 19 2025

• This is part of the program of “AMPLITUDES”, an INFN
Iniziativa Specifica with 6 nodes:

PD: P. Mastrolia
BO: T. Peraro

LNF: V. Del Duca
NA: F. Tramontano

TO: S. Badger
FI: R. Bonciani
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Problems to face …
• Size of the reduction/size of the coefficients: many MIs, complicated                               

coefficients (many masses and invariants) of MB’s       
• Possible simplifications: partial fractions “MultivariateApart”, finite fields 

in “FiniteFlow” M. Heller, A. Von Manteuffel, Comput. Phys. Commun. 271 (2022) 108174 
T. Peraro, HEP 07 (2019) 031

• Direct numerical evaluation of the reduction?

• Analytic Solution of the Differential Equations in presence of many 
invariants/masses 

• Although in the Polylogarithmic case … square roots -> difficult evaluation of a 
closed form

• Although in closed form, problematic numerical evaluation: big formulas

• Semi-Analytic Evaluation in principle no problem … in practice 

• Numeric evaluation (SecDec)?

• Big systems -> large evaluation time 

Florence Theory Group Day, March 19 2025
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Higgs Production at the LHC

• Higgs boson detected for the first time in 2012 by ATLAS and CMS collaborations at CERN. 
Since that date effort of the community for the study of the properties of this particle 

• Higgs boson produced at LHC in many production channels:

• Although gluon-fusion is a loop-induced process, because the Higgs does not couple directly
to gluons, the CS in this channel is one order of magnitude bigger than VBF

• Since gluon-fusion proceeds via a loop of heavy quarks, it is sensible to possible new heavy 

states running into the loops:                                   portal to NP effects

gluon gluon fusion (ggF)

associated production with a vector boson

associated production with a t-tbar pair

vector boson fusion (VBF),

Standard Model like? 

In the following, focus on ggF
Florence Theory Group Day, March 19 2025
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Higgs Production at the LHC

• LO prediction end of the ‘70

H. M. Georgi, S. L. Glashow, M. E. Machacek, D. V. Nanopoulos, Phys. Rev. Lett. 40 (1978) 642

• NLO QCD corrections in the ’90: increase of the CS by 50-70%; scale dependence 30%
S. Dawson, Nucl. Phys. B 359 (1991) 283  
A. Djouadi, M. Spira, P. M. Zerwas, Phys. Lett B 264 (1991) 440 

D. Graudenz, M. Spira, P. M. Zerwas, Phys. Rev. Lett. 70 (1993) 1372 
M. Spira, A. Djouadi, D. Graudenz, P. M. Zerwas, Nucl. Phys. B 453 (1995) 17

• NNLO QCD corrections in 2002: further increase of the CS by 15% w.r.t. NLO;

R. V. Harlander, W. B. Kilgore, Phys. Rev. Lett. 88 (2002) 201801  
C. Anastasiou, K. Melnikov, Nucl. Phys. B 646 (2002) 220 
V. Ravindran, J. Smith, W. L. Van Neerven, Nucl. Phys. B 665 (2003) 325

reduction of the scales dependence to 15-20%

• The dynamics of Higgs production is governed by the soft region, where the partonic 
c.m. energy is near mH (validity of infinite top mass limit). Important Soft-gluon resummation:

S.Catani, D. De Florian, M. Grazzini, P. Nason, JHEP 0307 (2003)028

6% increase of the CS; residual theoretical uncertainty 10%

Florence Theory Group Day, March 19 2025



Higgs Production at the LHC
✦  The state-of-the-art, up to some years ago, was represented by the total ggF CS known at the  
     NNNLO in QCD! Nice convergence of the pt series: moderate increase of the central value but  
     sizeable reduction in the scale dependence w.r.t. NNLO. At 13 TeV and Higgs mass of 125 GeV 

✦  The calculation was done in the                     limitmt ! 1

� = 48.58 pb
+2.22 pb (4.56%)

�3.27 pb (�6.72%)
± 1.56 pb(3.2%)

C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, B. Mistlberger, Phys. Rev. Lett. 114(2015) 212001 
C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, T. Gehrmann, F. Herzog, A. Lazopoulos, B. Mistlberger, JHEP 1615 (2016) 058 
B. Mistlberger, JHEP 05 (2018) 028

✦  Inclusive calculation (integration over the whole phase space) with  
 reverse unitarity C. Anastasiou, K. Melnikov, Nucl. Phys. B646 (2002) 220

21

It includes mass effects and EW

Florence Theory Group Day, March 19 2025

✦  More differential observables in the same limit:
Fiducial CS and Rapidity distribution with Qt subtr. 

L. Cieri, X. Chen, T. Gehrmann, E. W. N. Glover, A. Huss, JHEP 02 (2019) 096

Differential CS + resummation up to NNNLL 
G. Billis, B. Dehnadi, M. A. Ebert, J. K. L. Michel, F. J. Tackmann, PRL 127 (2021) 072001 
X. Chen, T. Gehrmann, E. W. N. Glover, A. Huss, B. Mistlberger, A. Pelloni,  
PRL 127 (2021) 072002
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Higgs Production at the LHC

F. Dulat, A. Lazopoulos, B. Mistlberger,  
Comput.Phys.Commun. 233 (2018) 243-260

M. Becchetti, R.B., V. Del Duca, V. Hirschi, F. Moriello,  
 A. Schweitzer,   Phys. Rev. D 103 (2021) 054037

Uncertainty reduced to 0.26% 
With Mixed QCD-EW at NLO 

QCD @ NNLO 
Top + Top-B interf:  

BIG effect -4% of the CS 

M. Czakon, F. Eschment, M. Niggetiedt, R. Poncelet,  
T. Schellenberger, Phys.Rev.Lett. 132 (2024) 21, 211902

In the last years Four-Loop Splitting Functions, 
First moments and first release of approx NNNLO pdfs 

Florence Theory Group Day, March 19 2025

Due to the extreme accuracy of the NNNLO prediction, it was/is important to look at possible 
“effects” at the percent level!

In the last 7 years big progress:

J. McGowan, et al. Eur. Phys. J. C. 83(3) (2023) 185

S. Moch, B. Ruijl, T. Ueda, J. Vermaseren, A. Vogt,  
                                        Phys.Lett.B 825 (2022) 136853
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Structure of the Amplitude

• Color structure (Hggg)

ANLO

i
(x1, x2, x3) / Nc A

NLO

i1 (x1, x2, x3) +ANLO

i2 (x1, x2, x3) +
1

Nc

ANLO

i3 (x1, x2, x3)
<latexit sha1_base64="VeejLacaa2dB9jeWw84xLQmZ/SQ="></latexit>

The planar diagrams contribute to the 3 FF while the crossed only to the
leading color

Florence Theory Group Day, March 19 2025
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Topologies and Master Integrals

A B C D

E F G

The MIs belong to   SIX   7-denominator topologies

3 Topologies contain Elliptic sectors
O(200) MIs 
O(20) elliptic 
The rest Polylog

Florence Theory Group Day, March 19 2025



Differential Equations: Semi-analytic evaluation
In some cases it is difficult to find closed-form solutions for the differential equations 
What can be done is a solution of the relative differential equation in series expansion

S.Pozzorini and E. Remiddi, Comp. Phys. Comm. 175 (2006) 381

d2F

dx2
+

✓
3

x
+

1

x+ 1
+

1

x� 8

◆
dF

dx
+


1

x2
+

9

8x
� 4

3(x+ 1)
+

5

24(x� 8)

�
F = ⌦(x)

<latexit sha1_base64="hYCDccd4BPwTaqLYG9+CoFvJcp8="></latexit>

✦   The differential equation and the solution are expanded in series around the singular points
Every series depends on two arbitrary constants. Imposing the matching we express all of 
them in terms of the two constants 

✦   Imposing initial conditions we fix the two constants. One can construct a numerical routine
that evaluates F(x) for every value of x with arbitrary precision !! 

✦   The convergence can be improved adding series expansions in intermediate regular points
U. Aglietti, R.B., L. Grassi and E. Remiddi, Nucl. Phys. B 789 (2008) 45 
R. N. Lee, A. V. Smirnov and V. A. Smirnov, JHEP 03 (2018) 008 
R.B., G. Degrassi, P. P. Giardino and R. Groeber, Comp. Phys. Comm. 241 (2019) 122

x = � s

m2
<latexit sha1_base64="TMDfcsltUWUXf3bdKHB5N8pDEXE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpgl6EohePFewHtLFstpt26WYTdjfFEvJPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qd+q0xlYpF4kFPYuqFeCBYwAjWRurZ9tP1WTeQmKQqS8PHatazy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnGalbqJojMkID2jHUIFDqrx0dnmGTozSR0EkTQmNZurviRSHSk1C33SGWA/VojcV//M6iQ6uvJSJONFUkPmiIOFIR2gaA+ozSYnmE0MwkczcisgQmxy0CatkQnAXX14mzWrFPa9U7y/KtZs8jiIcwTGcgguXUIM7qEMDCIzhGV7hzUqtF+vd+pi3Fqx85hD+wPr8AXE0k4k=</latexit>
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Example: elliptic vertex for ttbar production 

L. Tancredi, A. Von Manteuffel, JHEP 06 (2017) 127 
R.B., G. Degrassi, P. P. Giardino and R. Groeber, Comp. Phys. Comm. 241 (2019) 122
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x
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x� 16

◆
M9 �

✓
1

x
+
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x� 16

◆
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<latexit sha1_base64="VOHN6G9rtQl04Gahsq5JgztBZ0k="></latexit>

{
<latexit sha1_base64="TUJZVnd5b0Mok+EvwaRmlYVjcOQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15G+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwDzD42T</latexit>

  Solution in x = 0
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✦ Homogeneous solutions a0 =
1
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two independent solutions with
a�1 = 1 , b�1 = 0
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a�1 = 0 , b�1 = 1
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<latexit sha1_base64="y/Ck8O1I39bn4Byl+s1BHeFW7uk=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTNVUBeFohs3QgX7gD6GO2nGhmYyQ5IRyzD/4cZfceNCEVeCC//G9LHQ1gOBwznncnOPF3GmtG1/WwuLS8srq5m17PrG5tZ2bme3rsJYElojIQ9l0wNFORO0ppnmtBlJCoHHacMbXI78xj2VioXiVg8j2gngTjCfEdBGcnOla/e8mxTsoxSX8UM3aQOP+pDitooDNxFlOzUaE74ephhcYSJmKG8X7THwPHGmJI+mqLq5z3YvJHFAhSYclGo5dqQ7CUjNCKdpth0rGgEZwB1tGSogoKqTjG9L8aFRetgPpXlC47H6eyKBQKlh4JlkALqvZr2R+J/XirV/1kmYiGJNBZks8mOOdYhHReEek5RoPjQEiGTmr5j0QQLRps6sKcGZPXme1EtF57hYujnJVy6mdWTQPjpABeSgU1RBV6iKaoigR/SMXtGb9WS9WO/WxyS6YE1n9tAfWF8/q4ygnQ==</latexit>

M (0)
9 (x) =

1p
x

1X

n=�1

anx
n +

log xp
x

1X

n=�1

bnx
n

<latexit sha1_base64="KZTawiDn2z8/o45Pfvy14joPSBM="></latexit>

M̃9(x) =
1X

n=�1

pnx
n + log x

1X

n=�1

qnx
n

<latexit sha1_base64="5KMq5lh4Uctwv9HHKkiX+6JI38c="></latexit>

✦ Matching with initial condition in            (only log) x = 0
<latexit sha1_base64="9pvKUAnV2E2ksOiond8XQtQHNP8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHiOYByRJmJ51kyOzsMjMrhiWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+6crvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f18GNgQ==</latexit>

M9(x) =
1X

n=0

pnx
n + log x

1X

n=0

qnx
n

<latexit sha1_base64="WKqh7d6WO7IB8pMWuWK6NECTt5o="></latexit>

✦ The same in                 + matching with the series in            … and so onx = 0
<latexit sha1_base64="9pvKUAnV2E2ksOiond8XQtQHNP8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHiOYByRJmJ51kyOzsMjMrhiWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+6crvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f18GNgQ==</latexit>

x = 16
<latexit sha1_base64="ZUrUCtTMIHnUUux8aWKkiBEJ66E=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtol6EohePFewHtEvJptk2NMkuSVYsS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1IlWaRfDCTmPoCDyULGcEmk56uvYt+ueJW3RnQMvFyUoEcjX75qzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPZ7dO0YlVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+SmTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadkQ/AWX14mrVrVO6vW7s8r9Zs8jiIcwTGcggeXUIc7aEATCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+AFD6jcI=</latexit>

✦ Analitic continuation

x = � s

m2
<latexit sha1_base64="TMDfcsltUWUXf3bdKHB5N8pDEXE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpgl6EohePFewHtLFstpt26WYTdjfFEvJPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qd+q0xlYpF4kFPYuqFeCBYwAjWRurZ9tP1WTeQmKQqS8PHatazy07FmQEtEzcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnGalbqJojMkID2jHUIFDqrx0dnmGTozSR0EkTQmNZurviRSHSk1C33SGWA/VojcV//M6iQ6uvJSJONFUkPmiIOFIR2gaA+ozSYnmE0MwkczcisgQmxy0CatkQnAXX14mzWrFPa9U7y/KtZs8jiIcwTGcgguXUIM7qEMDCIzhGV7hzUqtF+vd+pi3Fqx85hD+wPr8AXE0k4k=</latexit>
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However DiffExp is designed for real masses. EW radiative corrections 
involve unstable particles Z, W, H, … : Complex Masses 
We developed an independent package,  SeaSyde , to deal with series 
expansions solutions in the complex plane

SeaSyde (Series Expansion Approach for Systems of Differential Equations)

°3 °2 °1 0 1 2 3
°3

°2

°1

0

1

2

3

z0

z1

w0

w+

w°

T. Armadillo, R.B., S. Devoto, N. Rana, A. Vicini, 2205.03345
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Now we have cuts in the complex plane: we choose 
them to be parallel to the real axis, from the 
branching point to  
The path to avoid the cut proceeds via segments 
parallel to the real and to the imaginary axis in every 
complex variable, z and q 
We solve the equation in z, at fixed q (cuts in the 
complex z-plane) then the eq. in q at fixed z

m2
V = M2

V � iMV �V
<latexit sha1_base64="Hln2PzQ78qTDPDMCovwKCtpAs7c=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scxUQTdC0YVuhAp2WmjHIZNm2tAkMyQZoZSCG3/FjQtF3PoT7vwbM+0stPVAcg/n3EtyT5gwqrTjfFtz8wuLS8uFleLq2vrGpr217ak4lZjUccxi2QyRIowKUtdUM9JMJEE8ZKQR9i8zv/FApKKxuNODhPgcdQWNKEbaSIG9ywPvvnJ+k91HFJoK21eIcxR4gV1yys4YcJa4OSmBHLXA/mp3YpxyIjRmSKmW6yTaHyKpKWZkVGyniiQI91GXtAwViBPlD8c7jOCBUTowiqU5QsOx+ntiiLhSAx6aTo50T017mfif10p1dOYPqUhSTQSePBSlDOoYZoHADpUEazYwBGFJzV8h7iGJsDaxFU0I7vTKs8SrlN3jcuX2pFS9yOMogD2wDw6BC05BFVyDGqgDDB7BM3gFb9aT9WK9Wx+T1jkrn9kBf2B9/gBCp5YA</latexit>

z = � s

m2
V

<latexit sha1_base64="akZpq/0Q53uv8kMT5pGWBaUHS6k=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmqoBeh6MVjBfsBbSyb7aZdupuE3Y1YQ/6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439bS8srq2npho7i5tb2za++VmipKJKENEvFItn2sKGchbWimOW3HkmLhc9ryR9cTv/VApWJReKfHMfUEHoQsYARrI/Xs0tPlSTeQmKQqS0WveV/NenbZqThToEXi5qQMOeo9+6vbj0giaKgJx0p1XCfWXoqlZoTTrNhNFI0xGeEB7RgaYkGVl05vz9CRUfooiKSpUKOp+nsixUKpsfBNp8B6qOa9ifif10l0cOGlLIwTTUMyWxQkHOkITYJAfSYp0XxsCCaSmVsRGWKThDZxFU0I7vzLi6RZrbinlertWbl2lcdRgAM4hGNw4RxqcAN1aACBR3iGV3izMuvFerc+Zq1LVj6zD39gff4A3d2UVA==</latexit>

q = � t

m2
V

<latexit sha1_base64="/wRpuHDKyRD+9iNAR3SVExBa+O0=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4sSRV0ItQ9OKxgv2ANpbNdtMu3d3E3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8SMKu2639bS8srq2npho7i5tb2za++VmipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFo+uJ33okUtFI3OlxTHyOBoKGFCNtpJ5derg86YYS4VRnKe8176tZzy67FXcKZ5F4OSlDjnrP/ur2I5xwIjRmSKmO58baT5HUFDOSFbuJIjHCIzQgHUMF4kT56fT2zDkySt8JI2lKaGeq/p5IEVdqzAPTyZEeqnlvIv7ndRIdXvgpFXGiicCzRWHCHB05kyCcPpUEazY2BGFJza0OHiKThDZxFU0I3vzLi6RZrXinlertWbl2lcdRgAM4hGPw4BxqcAN1aACGJ3iGV3izMuvFerc+Zq1LVj6zD39gff4A0SyUTA==</latexit>

�1
<latexit sha1_base64="cMP7UeSSM7aP8uEReIn7iV5aq/Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa1a1bus1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEtvI93</latexit>
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Differential Equations: Semi-analytic evaluation

✦ The Strategy is to use semi-analytic evaluations to build a grid of points 

✦ The simplest approach is “the snake”,

✦ Difficult parallelization: Mathematica kernels (and sub-kernels)

Use of the sub-kernels: calculation of a line of points (high accuracy) 
And then each sub-kernel evolves a straight line in the other dimension

that can be used on a single core/single 
kernel computer: every point becomes the 
Initial condition for the following  one

✦ Consider order of minutes for the evaluation of a single point: 

from 1 min to several, depending on the system and on the point …
Need of many licences … break away from Mathematica ??

Florence Theory Group Day, March 19 2025
✦ Recently a C++ implementation: LINE, Prisco-Ronca-Tramontano 2501.01943


