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We present the framework for obtaining precise predictions for the transverse
momentum of hadrons with respect to the thrust axis in ep collisions. To this
end, we

@ Use factorization theorems within Soft Collinear Effective Theory for ete™ —
hX processes.

Give a complete definition of the soft matrix elements.

Make use of the &-regulator to calculate and renormalize the soft functions.
Check the consistency relation between functions.

Extend the formalism to SIDIS.

Plot the cross-section for SIDIS at NNLO.
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Thrust

For et e~ thrust is defined like

T:l—r—m

pencil-like spherical

Figure 1: 7 from 0 to 1/2
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Thrust axis

We choose coordinates such that £ =(0,0,1) and in terms of light-cone coordi-
nates

1 . -
TEl_T:a;mm{pﬁ7Pj }

We define the transverse momentum with respect to the thrust axis q%- =
p%/zﬁ where py, is the hadron momentum and z, = 2E,/Q.

ph=— Y b
ichemi. with i#h

i
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Kinematic Regions

The factorization in each kinematic region was written by [Y. Makris, F. Ringer,
and W. J. Waalewijn, JHEP 02, 070] for

VTZar/Q21
They identify three kinematic regions:
@ Region 1. /T>qr/Q~7
@ Region 2. /T>q71/Q@>1
@ Region 3: /T~qr/Q>1
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Region 1: /T>>q7/Q~7

We have
ph~ (A 1,An)Q, pf ~ (LAZAR)Q, Pk ~ (As,25,25)Q
Therefore, if the hadron goes in the direction n
T A2+ A2 4+ s, q7/Q~An+2s
For the region q7/Q ~ 7
Ma~VT, An~As~ar/Q~
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Cross section for Region 1

For the kinematic region /7> q7/Q ~ 7

Cross section

G AO vie du ib-q+ut
(O)/ 27:)2/7 —ePITTH(Q, 1)

dz, dqdr jo 2TTI

j

X J( gz ) Shemi(b. 3.1 €) D ooz b 11, 8) [ 140z, Q2)]

—O

Hard function H(Q. 1)
@ Jet function J(&,y)

TMD Fragmentation function Dy j_,4(zp, b, 1, )
Soft function Spen;(b, %,[J, £)
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Region 2: /T>q7r/Q > 71

We had

T~ A2+ 2242, q1/Q~An+As
The assumption /7> q7/Q > T implies

i~ VT, A~ ar/Q, As~ T

This does not lead to a consistent factorization theorem. Because 7 and q71/Q
are no longer correlated there is an additional collinear-soft mode, whose power
counting is fixed by the fact that it contributes to both 7 and g1 [M. Procura,
W.J. Waalewijn and L. Zeune, JHEP 02 (2015) 117]

pts ~ (1Q,q%/(tQ).q1)
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Cross section for Region 2

For the kinematic region /7> q7/Q > 1

Cross section

A rHie du eib-g+ut u
dzhdqdr Z." (Q)/ 2713)2/)/ o 2701 C H(Q,p)J (Q2’”)

J

Z.u)C(b

X sthl'( Q

qg,_ 72 Q2 ):|

u
G 1O onlam b O |14 087 =5

Q
The new ingredients for this region are

@ Thrust soft function 51hr(% u)

o Collinear Soft function C(b, 5.11.0)
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Region 3: /T~qr/Q>1

The assumption /7 ~ q7/Q implies
Mo~ An VT~ qr/Q, As~T

Cross section

N Vi dy ut w
LU T H(Q, u) I
dzhdqd'r ;G Q) 2m® M@ H)

2 22

u ar °Q

x Gin(gr2m @) [ L+ O(2, 20, ]
/i—h( Q2 G5 1) ( 7Q2 q%_ )

The new ingredients for this region is the generalized fragmenting jet function

(FJF) gjﬁh(&,zh,q#). From this we conclude that region 3 is not interesting

for constraining nonperturbative TMD physics.
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Soft functions

Soft functions

The Sy, S, and C are defined by the following matrix elements [M. Procura,
W.J. Waalewijn and L. Zeune, JHEP 02 (2015) 117]

Sie = 11, (0| T [T (S1(0)52(0)) & (k* — P~ Py) T (51(0)54(0))]|0)

s=#(o ‘Tr [T (550)55(0)) 8 (k+ — P = Py) 8%(ky — BL)T (55(0)50(0))] ]o>

C

&=

(o] T [T (X5 (0)va(0)) 8 (k* — P*) 82(ky — BL)T (Va(0) Xs(0) | 0)

where (T) T is the (anti)time ordering operator and the operator Py (P>)
gives the momentum of the soft radiation going into the hemisphere defined
by pi" <p; (pf > pj )
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Soft functions

Hemisphere-Thrust-TMD Soft function

Shemi Was not defined before, we find

Shemi = 7= (O[Tr [T (S1(0)55(0) ) & (k* — P — P;) 82(k1 — P, )T (S5(0)5x(0))]|0)

The soft radiation goes into the hemisphere of the identified hadron only.
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Soft functions

0-Regulator

The factorization of the cross-section introduces rapidity divergences, which we
regulate with the &-regulator [M. G. Echevarria, |. Scimemi, and A. Vladimirov,
Phys. Rev. D 93, 054004 (2016)]. It consists on the following modification of
the Wilson lines

0 0
S5n(0) = Pexp {ig/ ds n~As(sn)} — Pexp {ig/ ds n~As(sn)e5+s}

S5r(0) = Pexp {fig /w ds ﬁ-As(sﬁ)] — Pexp {fig/oo ds - As(sﬁ)e_‘ys}
0 0

At the level of Feynman diagrams in momentum space this translates to

1 1
(kT —=i0) (kT —idT)

The gauge properties are recovered in the limit § — 0.
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Soft functions

One loop calculation of Spem;

At one loop the calculation is similar to that of S [M. Procura, W.J. Waalewijn
and L. Zeune, JHEP 02 (2015) 117]. Considering only the transverse momen-
tum of the radiation that goes into the hemisphere defined by p;" > p; trans-
lates to

82(0, —k ) — 820, —k )0t —07)+ 0~ —1T)

The calculation reduces to integrals of the type

28%CrQ [ep2\® [ 4 [ e7U70 (£o) & (¢?)
(2n)3—26( an ) /d % I Qs ) (105 )

x[e7 5 (7~ Qu)B(rF )+ 8 (£7 - QT) 0 (¢ ~T)]
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Soft functions

Hemisphere soft function

The final result for the bare hemisphere soft function is

(1) 20 4asCr 2asCr e2yEl.L2u2 2a5Cr H2
Shemi(Us b, 6%) = — &2 ¢ In o2 - In 0752
1 2 1 .
sl (o0 )
2 N2 2 A2 2% 2
BOF L B8 Liplre™) =)
u? 4 u? 4 Q2 4

where F = 4F3[3,1,1,1,2 2,2; 74852(32]. Our definition gives the expected re-
sult at one loop [Y. Makris, F. Ringer, and W. J. Waalewijn, JHEP 02, 070].

One-loop relation between soft functions

s = ,5(1)+ =St

heml
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Soft functions

Renormalized soft functions

Since in the cross-section the TMD appears unsubtracted, we still have to per-
form the subtraction of the TMD soft function [M. G. Echevarria, |. Scimemi,

and A. Vladimirov, Phys. Rev. D 93, 054004 (2016)]. Then, the one loop re-

sults agree with the literature

Sheml(u b U, 62) _ 1+425CF[B2Q2F
u2

V/Spy (b 11,828/Q?)

dn(serat)n( &) - g E ) - b T - ]

%em](ua b M, C)

C(u, b, p,82)
V' Soy (b, 11,628/ Q?)

2.2 21 1
=1+2a5Cr [In (“%) |n(52e27Ep2) — 5 In(u2B2e¥) - T

é(u,b,y, g) =
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SIDIS using the thrust axis
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SIDIS using the thrust axis

We can extend this formalism to SIDIS. In the Breit frame, the virtual photon
momentum is given by
w_ Qo uy_
gt = E(H —n*)=Q(0,0,0,-1)
where n* =(1,0,0,1) and #* =(1,0,0,—1). Up to mass corrections, the proton

momentum can be written as

Pt~ Q/(2x)n* = Q/(2x)(1,0,0,1)

At Born level, the struck quark back-scatters against the photon with momentum

ph = EP! 4 g = (Q/2)7"

it fragments and produces a jet-like structure which points close to the opposite
of the beam direction.
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SIDIS using the thrust axis

Thrust

The thrust axis £ and event shape we use are defined by

1
T= min—Zmin{n-p,-,nt~p,-}
i QA

The transverse momentum q of the photon with respect to the thrust axis,
is directly related to the total transverse momentum p; of radiation in hemi-
sphere J#; through g = —2p; = 2(pc p + Ps,b)

Hy b Hy

proton
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SIDIS using the thrust axis

This measurement is related to the transverse momentum of a hadron in eTe™
collisions by crossing the outgoing hadron to an incoming proton, thereby

Dl,j—)h(zh7b7,u7c) - FlJ(X7b7N7C)

And exchanging an outgoing Wilson line for an incoming one in the global soft
functions.

Furthermore, the kinematic regions and modes are the same as those discussed
for the eTe™ case.
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SIDIS using the thrust axis

Cross sections for SIDIS

Region 1: /T>q7/Q~7

doy db /7+’°° du

— lbpt+urH
dxdQZdpydt Z(’OJ(X Q) xr )y 20 Q1)

b, 1, )Py, by )1+ 6(5, L
*.ué’) 1,j(X7 7‘LL7C)|: + (Tvrin)]

u
A2 .u)shcmi( 5 Q

Q

Region 3: /T~ q7/Q>T7

I R =Yo XQ/ 7 du e“"H(Q, 1)
dxdQ@2dprdt ~ 4 0J e 27TI

2 22
u u q T°Q
XJ(@#) %j(@%pt,u)[lﬂLﬁ(tf&,?]

2l

xJ(
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SIDIS using the thrust axis

Cross section for Region 2

In what follows, we will focus on each of the functions appearing in Region 2

Region 2: /T>q7/Q>7

doy e du e!b-piturt
hut
dxdQ@2dpydt ;601’ X Q)/ 27:)2/ o 2701 (Q.1)

g% 2Q? )]

xJ( gz oH) Clbi g OFx b D140 =5
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SIDIS at NNLO
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SIDIS at NNLO

Evolution for Region 2

The large logarithms in g7/Q and T are resummed by evaluating the ingredi-
ents at their natural scale and evolving them to a common scale [see Patricia
Gutiérrez's talk] using the RGEs.

d

@S; (1) =7vs (1) Si (1),
The natural renormalization scales of the ingredients in the factorization are
given by

UH~ Q, By ~V7Q, MF ~ pc ~1/bT, Hsy, ~ TQ
Sc ~1/(b77Q)

The final scales of the evolution are binded to the hard scale of factorization

pi=Q> =@
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SIDIS at NNLO

Evolution

The RGEs for the hard, jet and thrust soft functions are given by:

d
dinu

H(Q2.1) = [2Tasg (o) & >+2y( | H@.w)

d Q sQ sQ
dingy Sow(n " o10) = {4rcusp(as)ln(7> =27 (3s)] Sue(in " 710
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SIDIS at NNLO

Evolution for Region 2

For the hard, jet and thrust soft, the solutions of the RGEs are:

H(Q? 1) =H(Q ,MH)exp[4$(”H’u) 2AH(NH,#)KQ2> 2Ar (un 1)

Q2 SQ2\ 2Ar (uy,pt)
J(in> 2,u)—J(ln 2,uJ)e><p[ 45(“J»“)+2AJ(F‘J7#)](72)
] ]

Q\ —4Ar(us:p)
Stne(In %JJ) = Sthr(lng,u_g)exp [45(/157“)"_2’45(#5’“)} (L) o
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SIDIS at NNLO

Evolution for Region 2

The necessary ingredients are

(1) - Teup() @ do!
=_ d P
SO == [ Gy e B@)

B () Teyep(0t)
A== [ aamgEs

as(u) H
o) == [ 9y

Aj(v,1) and Ag(v, ) are obtained from Ay by substituting y/, ¥° for y"

respectively. S(v,u) and Ar(v,u) can be found at [T. Becher, M. Neubert
and B. Pecjak, JHEP 0701:076,2007]. The anomalous dimensions at NNLO
can be found at [T. Becher and M.D. Schwartz, JHEP 0807:034,2008].
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SIDIS at NNLO

Double scale evolution

For the TMD as well as for C, there are two different scales and therefore, two
RGEs

du? 2
¢ F—_9(b.u)F
dC - 7/’"

2 d p_Yp

Since the anomalous dimensions of all the other functions in the cross-section
are known to NNLO order, we can obtain the anomalous dimension of the
collinear soft function from the consistency relation:

2y —2y) —2p° -y —y“ =0
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SIDIS at NNLO

Double scale evolution

This allows us to obtain the evolution of the collinear soft function, given by
the solution of the above egs

C(u,b,ur,C¢) = Rclu, b,(uc,8c) — (e, 8)C(u, b)

where the general form of the evolution factor is

Rc[u,b,(uc,cc)a(uf,cf)lzexp[ /. (ydu,a)%“f@(u,b)%)

where (tc,8c) and (ur, r) refer respectively to an initial and final set of
scales.
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SIDIS at NNLO

Double scale evolution

The initial scale is chosen with {-prescription. In particular we work with the
special null-evolution line, a line through which the distribution does not evolve
and that passes through the saddle point. That is, a solution of

Aln¢
din&yu(b
v (u, i, Eu(b)) =2@(bv“)d|n7”,fz)
\ /m,,z,,x
Yc(u,uc,8c)=0 \
Z(b,uc)=0 b "

Ho

Figure 2: Null Evolution curve
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SIDIS at NNLO

Double scale evolution

Under these conditions we have

C(u,b,pr, &) = Relu, b,(pc, Cc) — (s, &) C(u, b)

where

& )-@(bsﬂf)

Relu,b,(uc.8c) = (ur, &)l = (m

Clu.bopc,Cc) = Club),  ne~1/br,  Lo~1/(637Q)

The explicit form of ;. (u,{) and Z(b, i) can be found at [I. Scimemi and

A. Vladimirov, 1803.11089]. Therefore, we have all the ingredients present in
the cross-section up to order NNLO (except the finite part of the collinear soft
function).
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SIDIS at NNLO

Non perturbative model

The last step is to consider a model to take into account the non-perturbative
contribution from the collinear soft function. There is a large freedom in the
definition of the non perturbative models. The main criterion for their con-
struction is to have the maximum flexibility with the smallest number of free
parameters. We opted for the following form

1
1+ u(A1+Aab+A3b2)

Cnp(u,b) =
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SIDIS at NNLO

PRELIMINARY!!: Finally, for SIDIS
have
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Figure 3: 1 =1, =43 =0.1
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SIDIS at NNLO

Results

Summary:

@ The factorization given in previous works lacks one soft function operator
definition.

@ New definition of the soft function Spem;-

o Explicit calculation of Spemi, S, Sihr and C at one loop order with the &-
regulator.

@ Checked the relation between Sy and the other known soft functions.
@ Resummation of the collinear soft function using {-prescription.

@ Preliminary predictions for the cross-section for SIDIS at NNLO using the
TMD PDF and evolution kernel from previous fits.

@ TO DO: comparison with Pythia and eTe™ case.
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