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The formal definition

It 1s a well-defined QCD operator

—iwPtw n(P, SW (wW)T'p Woswint;(0)| P, S)n X [S(br, yn)]

Required to avoid double-counting of soft-
collinear contributions and to handle the
regularization of rapidity divergences
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Propagation across large distances

(large by) implies the emergence of

non-perturbative effects.
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The Evolution Equations

A complicate operator, with two scales:
.. 0y _ 2e
- UV renormalization scale: &g = g (p)p

- Rapidity (lightcone deviation) scale: ( = Q% 2Yn

It 1s easier to work out and solve the evolution equations instead of dealing with the operator itself:

&y N

1 log Fxh(-’l’ br: 1, \/E) — ’YF(GS(H)JOQ \/E/H)
g i
0 log F; /1, (, br; 1, \/_ (G‘xs () bT'u,/(l) <€ Collins-Soper kernel
%, log \/z (QCD vacuum physics)
- /
Together with: d

Tos i X (as(u);brp/er) = —vi (as(w))



TMDs as solutions of Evolution

Solving the evolution leads to:

Fjjn(a. by i, /) = Fjn(@, brs o, i)

X exp{ log (i)K(ﬂS(#b)Q 1) + / dj {W('SLS(# )) —TK (UJS(#;)) log (5)] }

xexp{log E AV T,H-/ﬂl)}

OBSERVER ——
At cross section level, there are two TMDs: £
- One associated to plus-direction - =
plref. = pp = c1/br, C‘TEF- - wu'b - One associated to minus-direction Target
4
M= Q? C+C— — Q
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From where do non-perturbative effects come?

Thus, without loss of generality, we consider: Remember:

1 15(Q), -
Fj/h(xu br; Q) :[Fj/h(.’ﬂj br: ,U-b)
X exp{ log (z)gag(p,b); 1)]_|_
(2

Highlighting at most three sources of non-perturbative effects. At this stage, we can
only assert that:

1) Itis the "finger print" of the TMD itself, encoding the spin-momentum correlation Probes Hadron
specific to the pair parton-hadron considered. structure

2) It 1s a manifestation of the soft gluon radiation, strictly connected with the il

structure of the QCD vacuum. , Probes general

QCD properties

3) It deals with the IR behavior of the strong coupling. -



From where do non-perturbative effects come?

Let's start from what we know. Consider the low-distance region where by == ¢1/Q)

Remember:

_________ 1 dﬂ o e e e o Uy = C1

| g ) 1 f f | b = 7T

Fynte o) =yl )l astu) |55 3 €Ll ntelp e - &

k=q.,g

K (as(p); 1) = ag(u) KP + ...
T T~ as(Q)

...what do we do when b increases?

A possible strategy is to define (non-perturbative) models that directly
match the expressions above at low-by at a certain input scale Q,,. I:>
Then perturbative evolution up to the scale Q.

Hadron Structure Oriented approach
Phys.Rev.D 110 (2024) 7, 074016

Alternatively, one can push perturbative QCD as far as possible,

postponing the question of where to include non-perturbative effects. :> Resummation



https://inspirehep.net/literature/2751355

Resummation

Instead of expanding in powers of alpha strong, we expand in descending powers of logs L; = log (Q / ,u.b)

L — The unknown behavior of the QCD coupling
as(up) = ag(Q)) X powers Ofm in the deep IR is now "transferred" to the
behavior of the logs at large by

The solution to the evolution 1s recasted as:

(777 T \ 1
Fjn(x,br: Q) = Cjyi(as () @ifi/n(@, polexpq Ly g1 (as L) + g2 (as Ly) + — gs(as Ly) + .
L / Lb
The reliability of pQCD has been stretched beyond b1 ~ ¢1/Q R }
but the TMD is not analytic anymore! oz
e1 1
| Manifestation of br (._g"“p{ 230as(Q) }
[bCUt(Q) = c1/() exp { 1/260as }J " the Landau pole

Notice that this point is already widely within
the non-perturbative region ) — 1GeV — b5 &~ 5.4GeV ™!

.1"

Q = 100GeV — b5 ~ 12.8GeV ™!



Resummation prescriptions

Having a branch cut for real values of b, although large, leads to an even more problematic issue.
The inverse Fourier transform becomes ambiguous: which value should be kept, the one above the cut, or the one below it?

We need to include a resummation prescription that tells us how to deal with the cut,
in addition to the non-perturbative models required to describe the physics at large br.

Of course, there are several options:

* Minimal prescription (traces back to Catani et al. '96 , Sterman et al. '02 )

F 3 bT
* b* prescription (traces back to the ' llins- r-Sterman works ) ey b ifhr 0
rbmibo) =0 i b — o0
By far the most popular ~ n A
e

« Borel prescription (see Bonvini,Forte,Ridolfi ('08)


https://inspirehep.net/literature/417809
https://inspirehep.net/literature/583391
https://inspirehep.net/literature/164211
https://inspirehep.net/literature/164211
https://inspirehep.net/literature/164211
https://inspirehep.net/literature/164211
https://inspirehep.net/literature/164211
https://inspirehep.net/literature/791415

s the b* prescription just a prescription?

The b* prescription 1s devised as a tool to deal with the Landau pole. /A possible parametrization ™\

Its "arbitrariness" depends on:
* br
- The value b, at which the b dependence saturates, b*(br, bo) = b2
- The specific functional form that describe how by saturates to b,,. \/ 1+ E%
- /

It seems a complete artificial mathematical device. However, notice that:

freezing logs at large by <= freezing ag in the deep IR as(Q),

In this perspective, we can consider ¢1/bo = Aqcp =~ 330 MeV

Thus, b, is not just a number, but rather a (rough) estimate of the emergent scale of QCD!
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Phenomenological bias

Therefore, the TMD i1s uniquely defined up to:

- The choice of the non-perturbative models (at least two: one for the large-bT asymptote of the OPE,
one for the large-bT asymptote of the CS-kernel)

- The choice of the resummation prescription and its modulation (e.g. choice of b, choice of
functional form of b*)

These choices introduce an inherent arbitrariness, which is very hard to have under control.

rational, reasonable,

what's the democratic, regular, logical,
opposite of sensible, circumspect,

arbitrary? consistent, steady, reasoned

/
|
|

:
:
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Phenomenological bias

The goal of any approach adopted in TMD phenomenology is (or should be!) to minimize such bias,

aiming for extractions that yield consistent results (within uncertainties) for the same QCD operator,
regardless of the phenomenological choices made.

This 1s crucial for preserving universality across different processes, as well as for truly understanding
the structure of hadrons.

Nowadays, there is a significant tension between TMDs produced by different groups.
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https://arxiv.org/pdf/2405.13833
https://arxiv.org/pdf/2405.13833
https://arxiv.org/pdf/2405.13833
https://arxiv.org/pdf/2503.11201
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The Standard
Approach

Definition of the

"standard" procedure and
stress-testing it to identify its
limitations and advantages.

13



A trick for eliminating the bias due to the b* prescription

The Collins-Soper kernel at reference scale is written as:

K(as(p),1) = K(as(m), bcr#b/cl K(as(i), K(as(ps), Upp/c1)]
= K(as(u} (br.bo)). 1) ~{ax (br b, ﬁ / e (as ()
py (b,

bo) M
The TMD at reference scale (which is the OPE at low by) is written as:

j/h s O Hp .
‘ |2 :.E:,b b jb , J—
ljﬁh(x ’b*T(bT?bU)aMb) JX}( T( T [’J) [_Lb) —_—

= Fyn(a, Vi (br, bo), pw)exp {gfxﬂbﬂbm@m-&-[%(wm s (g,) )

Fj/h(ﬂ?a br, ) =

1

Now, the non-perturbative content is formally separated out.

[In practice, it 1s not possible to devise non-perturbative models such that the b, dependence is perfectly cancelled out.]
v




The Standard Approach

Thus, the trick is replaced by something that resembles it, but actually is:

Fjn(a,br, 1) = Fy0,(2, b7 (b7, buas), pw)expd = gjulbr, ...) = gic(br, ... ) log (%) !
Ho d

K(as(m). 1) = K (s 7. buw). 1) = gc(br...) = | W (as ()
Ju;(bT:bmax) IJ,

Where now the dependence on b, is not cancelled out.

The TMD becomes:

ijh(ma br: Q) = Fjﬂt(ma b (b1, bimax); 4 (075 binax))
Ky !

X exp{ log (ﬂg(bi"‘?bmax) )K(as (1 (b7, bmax)); 1) + A-E(h’i'jbmﬂx} % [’T’f (as(p')) —vx (as(p')) log (%)] }
Q

[x exp{ —gj/n(br,...) — gk (br,...)log (Q) }J Non-perturbative content
0
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Should b, ., be fitted?

It is introduced as an artificial regulator, with the claim that it does not affect the full TMD.
However, this interpretation is quickly abandoned in practice, and b,,,, becomes a real parameter with a
significant phenomenological impact.

The common strategy is to fix b,,,, rather than fit it. In doing so, part of the uncertainty (or arbitrariness)

associated with the resummation prescription is effectively absorbed into the non-perturbative g-functions.
As aresult, it becomes extremely difficult to disentangle the effects of the phenomenological bias.

Can we try to quantify how difficult it is?

STRESS TEST of Standard Approach

(in collaboration with M. Cerutti)

Testing the impact of our choices, as well as the expected QCD constraints, in a
controlled environment (DY at low energy) within a solid framework (NangaParbat)

16



Drell-Yan at low energy

Data from E288 (130 pts) and E605 (50 pts) experiments:

v

4GeV > () > 13.5GeV Energy is low but "still perturbative".

TMD extraction performed at N2LL and with a simple NP ansatz:

We want to check to which extent:

1. The QCD constraints (OPE, integral relation) are satisfied.

2. The high-energy data CDF1 are postdicted, 1.e. correctly described by the low-energy extraction
after evolution.

17



Test the arbitrariness of b™*

We consider different b*-prescriptions while keeping the
same functional form for NP models.

- We vary the functional form:
2
bT

\1+b§%”

max

15 (b3)

e

bf(p(b%ﬂ) — bma}c[l — €Xp (_b%*/bi’lndx)]

- We vary the value of b,

bmax = €1 ~ 1.12 GeV™  bpae = ¢1/2

- We do not include any b, ;, prescription at this stage.

by(b3) [GeV™!]

0.6 1

0.4 1

0.2 1

— |bxl

— bfoﬂins (bé-)

bfam:heuu ( bg-. )

4 )

Why not lower? Because ¢,/b,,, 1S
the lowest energy scale at which the
collinear PDFs are evaluated

- J
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Test the arbitrariness of b™*

10—

I L I T F T I LI B I ™1 17T I- T T I T 7 T I T T 1.7 I L | 112 T | T T T | T T L | T T T I L T T | T
B Fit bUS ] BN Fit bCSS
" 5 [ Fit b mod CRRT I Fit b=r
& E288 data v { E605 data -
S . * : S -'
B 2 ]
'll — | I
= |E" b | 206 _
LA kS
B o[ +3=194 GeV ] 5 /5 = 38.8 GeV

4GeV < Q < 5 GeV 7 GeV < Q < 8 GeV

0
2 :gg _____ C 1.25
& 075 ;:gg """ | . |
0y ol 2 3 04 05 e 0.7 0.8 0D T
lgr| [GeV] 0.0 0.2 0.4 I].It:‘I_._I "E.E‘" 1.0 1.2 1.4
xE,’HNdat
Dataset Naat be™ b mod | BT | B mod
288 130 0.99 0.83 1.00 0.96
605 50 L.66 1.78 1.40 1.85
Total 180 L.1s 1.09 I.11 1.21




Test the arbitrariness of b™*

BN Fit bCSS
Fit 595 mod -
B Fit o

This is reasonable, but there is more

[ Fit 5P mod | o o
- It seems that the arbitrariness of our choice just

Q: xz = 0.1 ] increases the uncertainty bands of the TMDs.
N Q = 4 GeV :

o

!

2

q_‘a

e
o |
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Test the arbitrariness of b™*

(z,k2,Q, Q%)

Uu

|f

10* 10
——  Fit bS8 —— Fit bCSS
Fit bS58 mod | 100} — Fit bP
OPE a0 Oore
= ] cj:
Q= 1GeV - 0 = 1CGeV
:q nl
2
)
S
(1] 1 2 3 4 (1] 1 2 3 . |
k1| [GeV] |k | [GeV]

Although the pure NP region is fixed by the fit, the intermediate region is significantly affected by our choices as 1s

manifest by the different positions of the nodes.

In such region, everything should be completely determined by perturbative QCD (resummation).
So how this 1s possible?

What is the "correct" prescription? The one that requires the minimal intervention!

\Unfortunately, it is very hard to have a "pure" resummed expression in kT-space to compare with.

In order to reproduce the purely resummed result in the appropriate region, different NP ansatz are required.

~

J
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Test the postdictions

What happens if we push our extraction at high energy?

L L L T T ] " I - " T1 T "T1TrTrr"1T " "1 " ]
25 Ny B Fit b&SS ] a5 [ 0 Fit b h
o - 7 Fit b9 mod ] i [0 Fit b mod 1
ChE } CDF RunI data ] { CDF Run I data 1
:ET ] .
B 15
6| E
T | 10F 5
' Vs = 1.96 TeV g 1 :
5 66 GeV < Q < 116 GeV - 66 GeV < @ < 116 GeV i
Py PR R T SR (RTINS N R E - i
1 | T ¥ L) T T T L] T T T L) L] T L] L]

lgr| [GeV] lgr| [GeV]

Y2 /Nyar goes from 0.83 to 6.16 ! Y2 /Nya: goes from 0.57 to 2.87 !

Not properly treating the intermediate region at low energy impacts the predictive power at high energy
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Test the postdictions

What happens if we push our extraction at high energy?

S
—
—

t

L )
Fit 758 .
Fit hfﬁs mod 1
CDF Run I data

The standard approach requires global fits:
* The low-energy data mainly constraint the NP region at very low ky
e The high-energy data provide information about the intermediate region, helping to select the proper

prescription at a given Fyp.

x” /Naat
Dataset Niat I b mod br b, " mod
288 130 0.98 0.89 1.01 .96
E605 50 1.72 2.12 1.38 1.96
CDF 1 2h 0.74 3.38 .56 2.19
Total 205 1.13 1.49 1.04 1.36
T 7 ¢ 7 Ty rr
o5 [ I Fit b

I Fit b mod 1
{ CDF Run I data

lgr| [GeV]
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Test the integral relation

Fit 5955 1

Fit b$%% mod 1

Fit bexP -

Fit b5 mod -

: : No b,,;, here, just:
—e— |
] Q
/ d“krFjp(x, kr)
i i x = 0.1 0
i o i , Q = 4 GeV
; ; Somehow expected, see Del Rio-
j | Prokudin-Scimemi-Vladimirov ('24)
0.62 0.64 0.66 0.68  0.70
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Test impactof b

We could force the integral relations to be exactly #rue if we include a b,,;, prescription.
But, is this really necessary? What is the phenomenological impact?

102

10*

10°

10~!

(z,k7,Q,Q%)|

— OPE
OPE bmin

x = 0.1
Q =4 GeV

1072 /

10-*

| fif

0 1 2

|kJ_| [GQV]

...but the effects are very mild/absent at low transverse momentum

3

The OPE i1s (irremediably) different...

I bsmin sqrt Pred i

" bsmin sqrt Fit 1
{ CDF Run I data ]

&
=
V5 = 1.96 TeV
5 66 GeV < Q < 116 GeV -
!
+~
ks w m

|QT| [GeV]



A hew
perspective

Beyond the standard
approach, minimizing the
phenomenological bias
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Unresolved questions in the Standard Approach

The resummation prescription (b*) is deeply intertwined with the non-perturbative models.
This interdependence is reflected in the ambiguities observed in the intermediate region from low energy fits.

_ — Fit bS8 — Fit bS8
N ¥it b5 mod . — Fit b

—— OPE OrE

\ &= 0.1 x = 0.1
1t Q=4 GeV

Q) =4 GeV

|fi (= k2, Q, Q%)
|Fi (=, k2, Q, Q%)

1] 1 N~ 3/ 4

|ky| [GeV] k1] [GeV]

It 1s true that global fits help 1dentify which resummation prescription performs better for a given non-perturbative
ansatz, but can’t we find a way to pin down the behavior of TMDs in this region from first principles?

Also, the g-functions are effectively black boxes, encoding all our ignorance about non-perturbative effects.
Is there a way to connect them to more concrete physics?

Finally, what about the matching with the fixed order?

27



Formalism in k; space

All these problems could be easily addressed if we could work directly n k-space.
Unfortunately, this 1s highly non-trivial, and it requires a significant theoretical effort.

In other words: can we map the TMD 1n bT-space (before any contamination from the phenomenological
bias) to a TMD in kT-space, while preserving the logarithmic accuracy’?

1

Ej (2, br:Q) = Cj i (as(i)) @ fryn(z, Mb)EXP{Lb g1(as Ly) + g2(as Ly) + 7. 9 (as Ly) + ... }

> Fin(z, kb, Q) = 77

28



Formalism in k; space

Previous attempts only worked out at leading-log (LL) (see Ellis-Veseli ('97), Kulesza-Stirling ('99) ).

Extensions at NLL are dangerously problematic. Beyond the trivial order, a series of "spurious poles"
at low k; appears (see Frixione-Nason-Ridolfi (‘98) ), making the predictions in transverse
momentum space completely non-sense.

F{Q:QT}

101

__' T L T T T | T T T T | T =T | T T T T T T T '__
T Solid: b—space .
- \\ Dashed: EV to the fact that it is approaching the singularity h— — 2. As an illustration, we also
' "“-‘}\ Dotted: NLL gyp-space plot a modification of the NLL gr-space formula, obtained by letting
| Dot—dashed: NLL g,—space, ]
: \ with b cut - S = (b — 1/Q) S = (b — g0/ Q)Sx1n (3.5)
) before performing the b integration (the relevant formulae are given in Appendix B).
Modified in this way, we see that the NLL result is stabilized down to smaller values
] of gy.
m“‘*v: i | W - : : :
Ry ] Theory" justification for introducing a b, ;, cut-off
I | [ -: Tﬁ:.ll-b??""m
25 30

Spurious pole(s) due to high energetic gluons,
absorbed in the UV region at very small by

29
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Formalism in k; space

So, 1s there still hope? YES!

The problem is in the low-b region of the integral to get to k-space, starting from NLL and beyond:

ﬁ he Sudakov resummation in k-space is a terrlble
approximation for this piece.

k., assumed to be large and positive.

the transverse momenta of the partons can be very

Qancellations between partonic emissions

The mathematical reason 1s that the logs in by become
large and negative, compensating the size of the logs in

The physical reason is that in this region ky 1s small but

large. The size of ky 1s the result of delicate azimuthal

/ The Sudakov resummation in kT-spacA
1s a good approximation for this piece

~ 6L91 -I-gz-l-%g:a-f----

/

&)

Where now L = log (
kr

/
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Formalism in k; space

If one persists into forcing the Sudakov approximation for the low-by term, then the spurious poles arise.
Instead, this part can be solved analytically, in terms of a series that is very fast converging.

At NLL:

i A\* 1 1 en .
DA, L) = 1 B hl(,\)(("l‘Q(k*'l)}
L) ( ) K 2pct2k+1)

cl
A

[yt (— hf(i) (c+2(k + 1)))

The problem of the poles 1s solved.
Notice that it does not contradict the fact that Sudakov resummation is lost at very low k.
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Formalism in k; space

The TMD 1n k-space, at NLL reads as:

df g, jn (T, k) o
dlog kr

nt}f‘LIl()\J_r,)J
dlog kr

1
Fyn(x kr; Q) = —5 e N HO\) £, (x, kr)T (N, L) +

Q?Tk% J ()‘=L)+fq:£/h(mv kT)

Notice that everything, except for the collinear PDFs, 1s perturbative.
Were can we trust this expression?

kT z Qg ~ 1 GeV ¢.g. the chiral symmetry breaking scale

What do we do below this threshold?
We need to pin down the sources of non-perturbative effects!
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Testing the formalism (TMD level)

Q=4GeV; x =0.1

102 E 1 .
= — DEEP IR: i = "Jl"f.;}(TU =~ 332 MeV
N —— Resummed
10 —— OPE (fixed order)
" — " with by = by gpdan == 6.83 Gel/ 1
: — [inimal
o 10[]' = :
s _ ;
& - Resummation !
=101 k ' Perturbative
=g 3 T
102k '
. § 1
- l
r |
10-3 = |
f e
- 1
10—4 i I
0 4 6




Testing the formalism (TMD level)

10!

Q =100GeV; z = 0.1

== I
: 1 : DEEFI IR: My = ;"'Lfﬂ}(f;_) m~ 332 MeV
. . 1
| ] Resummed
_ i i b with by = t:“"r;'\fc}(v;) ~ 3.38Gel !
K 1 R b* with by 2= 1.12 GeV !
-:;- .‘ : _" h* Wlth h‘l] — errurfrru ~ 11.44 Gf"('!_J
: . : == Minimal
ety : |
B |
“d, i
3 |
= !
C g |
N ! !
l' 1
| : i
[ '
EL ) |
C: ] 1
Ci |
B I
]
- 1
1
. E | | | l | | | 1 | | | 1 | | | | | | | | 1 | | | | | | |
0 1 2 3 4 5
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Testing the formalism (cross section level)

do /dgr [pb/GeV|

p—
o

10 -

25

20 -

Only W-term, no matching, no fixed order
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From where do non-perturbative effects come?

Ok, but what do we do below this threshold?
We need to pin down the sources of non-perturbative effects!

dfqi/n(®, kr) o

dW (A, L)J
dlog kr

dlog kr

1
Fon(x, kr: Q) = WELQIMHW(A) | — H(A) fo./n(z k)T (X, L) +
T

(A L) + fgunla, k)

We can recognize two sources of non-perturbative effects:

The strong coupling Q Q
entering the deep IR region log (}gT — log k2 W (myg, Qo)

The collinear PDFs dfj /h (:1:, kT) Deen TR
entering the deep IR region dlog 2 = Pj/gp (kT: c o ) 2L fk:ﬁh (:If; kT)
‘ T




A new perspective

0.46m ? collinear

0! phenomenology
0.45m= S i

= g | Stanard DGLAP TMD phenomenology can be used to
v 0.44= & | evolution ) ) .

o | investigate the Deep IR regime of DGLAP

0.43 S | and for direct extraction of PDFs.
-

|

0.42r =
1 | | | | | | | ]
0] 2 4 5] 8 10
Q [GeV]

The hadron structure is encoded into the Deep IR behavior of the DGLAP splitting kernels.
Notice that in this way, the flavor dependence in the non-perturbative content of the TMDs

is introduced in a natural way
37



Standard approach as a particular case

The standard strategy implicitly assumes a Deep IR model for DGLAP evolution:

fq?%AP(l’r Q) if Q> c1/barax

fairn(@, Q) = { fon(@er/barax)Fnp(Q)  if Q <ey/barax

Where the scale at which alpha strong freezes (emergent scale of QCD) and the typical DGLAP scale collapse
onto c¢;/byax. All the ignorance 1s absorbed into the non-perturbative model Fyp.

Compare for instance with a more refined but very simple model, where the two scales are disentangled:

1 gy =d PRl (@0Q) Q>
dlog Q”%/" z, ) = 2P®f£ﬁ}AP($,Qn) it O < Q0
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A new perspective, a new approach

The ideal strategy to really address the physics of transverse momentum dependent
observables would be to combine together the k-formalism with the b-formalism:

4 )

1. Use the ki-formalism above the non-perturbative threshold Q, to:

e Check how far can perturbative calculations can be stretched at low qr, 1.e. for a
phenomenological determination of QO itself. High energy data
* Check how far the W-term provides a good description of the data, 1.e. for a
(clean) phenomenological determination of the extension of the TMD region
\ « Extract (or at least constraint) the collinear PDFs from qr-dependent data /

2. Use the ki-formalism below the non-perturbative threshold Q, to:

* Determine the behavior of alpha strong in the deep IR Low CNergy data
* Determine the DGLAP evolution in the deep IR

3. Use the results obtained in the previous steps within the bT-formalism and perform an "\f' .
actual extraction of the TMDs and the Collins-Soper kernel \\"T
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* There is a way to minimize the
phenomenological bias intrinsic to TMD
physics

* The goalis to isolate and pin down the
hidden physical information.

. * The Deep IR behavior of alpha strong

Conclusions and the DGLAP splitting kernels
encode the whole non-perturbative
iInformation required in TMD
observables

 Simultaneous extraction of collinear
PDFs and TMD non-perturbative
quantities is natural.
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