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EDITORS' SUGGESTION

Inclusive hadronic decay rate of
the 7 lepton from lattice QCD

The authors express the inclusive hadronic decay rate

of the tau lepton as an integral over the spectral density
of the two-point correlator of the weak V' — A hadronic
current which they compute fully nonperturbatively in
lattice QCD. In a lattice QCD computation with all
systematic errors except for isospin breaking effects
under control, they then obtain the CKM matrix element
V.a with subpercent errors showing that their
nonperturbative method can become a viable
alternative to superallowed nuclear beta decays for
obtaining V4.



hange of a W boson

Vud Vus Vub

A ) VCKM i Vcd Vcs Vcb
Via Vis Vi

Unitary matrix connecting up-like and down-like quarks

Hierarchy of amplitude between different generation

|V1Ld| |Vu5‘ |V1Lb|
|‘/cs| > |chd| > “/Cb’
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We focus on the first row of the CKM matrix



_ﬂeptonicﬂ — wev. beta decay: 0.3%

[Vius| from semiletponic decay K — 7fv:0.2%

|Vus| from the ratio of semiletponic decay
|Vl K/m — tv(v):0.3% -
N

0.222

=

Tension between the value of |V,,s| from 0220 =

] ] [l N I:I

leptonic and semileptonic decays vs. |V,"| =
0.955 0.9IGO 0.9IGS

F[IAG2023

Vsl is very small
and we can drop it

lattice results for 1 (0), N, =2+ 1+1
lattice results for fg«/fp«, Ne.=2 +1+ 1
lattice results for £, (0), N, =2 +1

lattice results for fi«/fp=, N,.=2 + 1
lattice results for N,=2 + 1 4+ 1 combined
lattice results for Nf=2 + 1 combined
nuclear B decay, PDG 20

nuclear B decay, Hardy 20

........................
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s e hadron is the pion, with mass:  m= = 139.57 MeV

— 718 unique among leptons, as it can decay into hadrons




X’LLS

K- Kn0 K270, 7= KO, ...

Studying the ud/us channels one one can determine V4.5 o oseitbons

. Vis K, N, = 24141, PDG 2020
0.2252+ 0.0005
CKM unitarity & V. &V,
0.2277+0.0013

Comparison with Ko, Ky3determinations shows tension o Xy

0.2184+ 0.0021

—e— T ->Kv/t>nv
0.2229+ 0.0019

T determinations also in tension with unitarity constraints — Z.Zm?i_o.om g
—e— T exclusive average
0.2222+0.0017

—e— T average
| | 0.2207+ 0.0014

Tension is more pronounced for inclusive process 7 — X Tt oem o
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Branching fraction

HFLAV 2021 fit (%)

K v,

K%,

K 271%;, (ex.K®)
K31, (ex.KO,n)
W_VOV,-

7(7?071'01/7

K20, (ex.K°)
Khhhtu,

K™ nur

K_TI'OT]V-,-

ﬂ‘?ony,.

K wr,

K=p(KT K™ )v,

K~ p(K2KD)vr

K n~ 7, (ex. K% w)
K ntnu, (ex.KO,w, n)
K=2r 2ntv, (ex.K°)
K™2n72nt 7%, (ex.K®)

0.6957 + 0.0096
0.4322 £0.0148
0.0634 £ 0.0219
0.0465 £ 0.0213
0.8375 £ 0.0139
0.3810 £+ 0.0129
0.0234 £ 0.0231
0.0222 £ 0.0202
0.0155 £ 0.0008
0.0048 £ 0.0012
0.0094 + 0.0015
0.0410 £ 0.0092
0.0022 + 0.0008
0.0015 + 0.0006
0.2924 £ 0.0068
0.0387 £ 0.0142
0.0001 + 0.0001
0.0001 + 0.0001

In the past, obtained by difference
Bx,,=1—Bx,., — B — B,

with 3., branching to electrons/muons

Xsvr

2.9076 £+ 0.0478

Nowadays directly measured
Bx,, = 0.6183 £ 0.0010

according to HFLAV average

Accuracy:

1.7%




Hig(z) = —= Vua VSew 7-(2)7* (1 —7")7(2) x d(z)y*(1 —~")u(x) + h.c.

\/§ ~ / ~ ~ /

Ty (@) (J2)1 (@)
Factorization of the amplitude in leptonic and nonperturbative hadronic parts

A(T = Xuavr) = % Vaa vV Sew (ve| I3 (0) [7) (Xual J54(0)T [0)



All that has been done so far is an application of the optical theorem

1
Ulr — Xyavr| = 2—21m[FTT]
m

T

where T',. = (7|T|7) is the forward amplitude S =1+ 1" related to ud states



h P, Pu being the 7, v~ four-momentum, and ¢ = p- — pu .

Leptonic tensor L’ (p,,p,) obtained averaging/summing over 7/v.polarizations:

L (pr,py) = 4 (pS0) + 00 — 9*°pr -y — i prppus)

Missing ingredient: the hadronic tensor

P2 @) =37 0] T20) |Xua(@)) (Xuala)l J2,(0)T |0)




...of the current-current correlation function in time-momentum representation:
3., —iq- : B
€% () = [ o O] T (Ju(—ite) T, 001) 10

« Nonperturbative quantity
« Severe disease with a bad prognosis

« Call a latticist!




rlziclronic amplituceas In WinxowsKiar

Correlation function, e.g..J 4, Jp currents on state | P)

C(t) = (0|T{Ja(t)Jp(0)}|P) "= <y ZC e

(Fourier transform)

(177 Extracting Hadronic Amplitude H (E)
(4
in Minkowskian continuum spacetime:

T
p(E) =1 lim [ dte™*C(t)

T'— o0 0

Inverse Fourier transform: a reliable horse



rlziclronic armolituces in Euclidean lattice

Analytic continuation to discrete Euclidean spacetime: 7 = ¢

©.@)
o Z P Laplace
2 n

transform

Extracting Hadronic Amplitude

in discrete Euclidean spacetime of length T:

ol (B) = /OTdT e C (1)

Inverse Laplace transform!??
A wild and unreliable horse!




i.e the current-current correlator is the Laplace transform of the needed Hadronic tensor

But

One cannot naively invert this relation if the energy E lies above the minimal threshold E,
This requires an inverse Laplace transform, ill-posed problem on finite noisy dataset

CFR Nazario’s talk
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B < Ey E > Ey

- ©.@) Cn - o0 C Ern,<E (E En)T
E) — E) — Ch
P ( >T—>oo n—OEn_E P ( >T—>oo n:OE —E+Z E — E,
GOOD! BAD!!!

« How to subtract the divergent part?

« Needs all C),to recover the imaginary part!
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having incorporated back the leptonic term into the kernels:

La—a?e0-a), Ko(e) = (14 22%) Ki(2)

Ki(z) = »

The explicit determination of the spectral density is avoided: only its convolution with K'is needed



Both kernels can be expressed in terms of an approximated inverse Laplace transform

R o Y / dEKI<E>E2 = Y / dEZgn e "EE2p(E?)

Ie{L,T} Ie{L,T}

with coefficients 9».7determined imposing minimal L? distance

...will this be numerically stable...?
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« This is due to the 9 function, needed to cut out energy larger than m-

« Using this coefficients introduces uncontrolled error in the rate
« We need to smooth out the sharp ¢ function



1
O(r) = Oy(x) = ,
(#) = Oule) = T
L—
T— o
&
%j
02 04 06 08 1 12 14
(T7I) ‘V'de‘2
Rud (O‘)—127TSEW 3

:eflnlng the rate has been tested in the inclusive semilptonic decays

[P.Gambino et al., PRL 125 (2020)]

roduce a smeared kernel in terms of a smoothed ¢, and compute the rate

lim O, (r) =

o—0
1

0(x)

0.8}

0.67

12 14



Infinitz volurmez/continuurn extraoolations

It is convenient to carry out the extrapolations to the continuum at fixed o

~
~

e e

groa— U
The infinite volume limit involves no power-law correction: R(T I) (0, 0) R&L‘D(a, L) ~O(L™)

Ei; —+—H¥Hﬂ——>ﬁ§§i§ﬂ

L

The extrapolation to zero smoothing is done at the end, exploiting the asymptotic relation

RV (o) = REY + Cot + 0(09)
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fm to co

ntrol Finite Size Effects

)'.-h'v :

proved O(a) improvement of observables

® This work O Planned

10 A
N k=0 g 112 96 ID V/a* a fm Lfm m,; GeV
o[ ma- O © ° B64 64%-128 0.07957(13) 5.09 0.1352(2)
S olils 112 % 80 R B9 96%-192 0.07957(13) 7.64 0.1352(2)
co e ¢ o ° C80  80%-160 0.06821(13) 5.46  0.1349(3)
a3 D96 96%-192 0.05692(12) 5.46 0.1351(3)

0.04 0.05 0.06 0.07 0.08 0.09
a [fm]



INFN contingent of computing time

, Nurnerical aspects
~ « Multi GPU simulations on Leonardo

-+ ISCRA & EuroHPC competitive grants

Multigrid algorithms to accelerate solution of the Dirac Equation

SR iy Optimally implemented in QUDA library by
NN Siintiingy .
el Y - community + hardware vendor effort

...in a fully GPU-ported suite of
~100k lines of C++17 code

<ANVIDIA.
CUDA.

Scaling up to hundreds of GPUs
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Naive minimization
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HLT method (o = 4, rmax = 4, B64)
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of the reconstruction
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Extrapolation to zero smearing well described by o* asymptotic prediction



b HFLAV

This work— This work — This work —
1.85 1.9 1.5 2 17 175 18 18 19 195 2 36 365 37 375 38 385
T,V 2 g ) () 5
RV |Vl RO Vol R/ Vi

Using the average value k') (HFLAV) = 3.471(7) we obtain |V,.a| = 0.9752(39)
Good agreement with|V..q| = 0.97373(31)from superallowed /3 -decay.
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Inclusive Hadronic Decay Rate of the 7 Lepton
from Lattice QCD: The iéis Flavor Channel and the Cabibbo Angle
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tm raw-data, L ~ 5 fm&  OS raw-data, L ~ 5 fm¢f{ |
tm raw-data, L ~ 7.5 fm% OS raw-data, L ~ 7.5 fm|

i ! L
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From unitarity

PSR

0.005 0.01

7 — Xy Us [This Work]
7 — OPE — 1, Refs. [6-7]
7 — OPE — 2, Refs. [8-9)
T—latt-disp, Ref. [10]

7 — K vy, Ref. [5]
Hyperons, Ref. [4]

K /7, Ref. [3]

0" — 07 S-decays, Ref. [14]
n — pev, Ref. [4]

T — XuaVr, Ref. [2]

mes, Ref. ‘[4]

(=}

Some tension is visible indeed...

0.04 0.06

0.25 0.26

Alternative determination, not (yet) competitive with K,3 but independent




—
Pv

Needs to include the photon exchange between hadrons and tau

A few percent effect, but very important to perform effective prediction
Work in progress...
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