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PART |
N =1 SU(N) SYM theory at large-N



N =1 SU(N) SYM theory in superspace

The action of A/ =1 SU(N) SYM theory in superspace is

N

S= —/d“x d’0 Tr W, W*® +hec.
2g2

where g is the 't Hooft coupling and W< is a fermionic chiral superfield. In the

Wess-Zumino gauge its component expansion is

we = %D2 (e7VDue") = i (Ao + 10D + i(0")aP0s F — i607(0")ac DuX%)

Superspace formalism helps keep supersymmetry manifest.

The theory is confining and has a mass gap. Bosonic and fermionic states are cal-
led glueballs and gluinoballs respectively and at large N are created by single-trace

operators made of W,,, W, and their covariant derivatives.



The large-N limit

We call Os and M the glueball and gluinoball operators respectively. The generating
functional of their connected correlators is

WE o, u] = log < 1 / essvm+zstOSOs+JM5Ms)

ZE
whose large-NN expansion is
WE[JO7 JM] = Wsihere[J07 JM] + th;rus[Jov JM] + -

Wsihere includes all tree glueball /gluinoball diagrams, while WE, . includes all one-loop
glueball/gluinoball diagrams.



Glueball /gluinoball effective action
The effective action for glueballs and gluinoballs is!

1
Selueball /gluinobatl (P, V) = > / b (A + M2)¢ W (A + M2)\IJ

1 1 ,
+3TV¢*3¢*3¢+N\U*3¢*§W+---

where ®, W are the glueball/gluinoball superfields. A simple functional integration
shows that its one-loop generating functional is

E 1 *é(—A+M2)+ ﬁ *5 @ %l % Ay
ngebau/gminobau, l—loop[J‘va‘U] =3 log sdet ( % A sa(—A + Mz) + % w3 B s

where ®, and WV are implicitly defined by

5Sg|ueball/g|uinoball

65 lueball /gluinoball
J , g g
6¢ !

e = %'
o, SV v 1w
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Key question

Question: can we observe the "log sdet" structure of WgElueba”/gluinobaL Lioop[J®, Ju] in
E
Wtorus[‘/07 JM]7

Answer: Yes, in the short-distance limit and with a suitable choice of the interpola-
ting operators Os and M;. The occurrence of the "log sdet" structure was verified
asymptotically in A” = 1 SU(N) SYM theory in the component formalism?.

Aim of this work: obtain the "log sdet" structure in the superspace formalism, in a
manifestly gauge-invariant and super-Poincaré-covariant fashion. If possible, obtain
constraints on the glueball/gluinoball effective action from it.

2Marco Bochicchio, Mauro Papinutto e Francesco Scardino. “Generating functional of correlators of
twist-2 operators in A/ = 1 SUSY Yang-Mills theory, |". In: To appear in Eur. Phys. J. C (mag. 2025),
M. Bochicchio, M. Papinutto e F. Scardino. “Generating functional of correlators of twist-2 operators in
N =1 SUSY Yang-Mills theory, II". In: To appear in Eur. Phys. J. C (mag. 2025).
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Superfield twist-2 operators



Why twist-27

» The generating functional of their connected correlators exhibits the "log sdet"
structure at order g°.

» At order g° they transform under irreducible representations of the collinear
superconformal group. This makes the calculation of their one-loop anomalous
dimension especially simple.

> Let v(g) be their anomalous dimension matrix. It is possible to prove that
there is a renormalization scheme in which the matrix. v(g)/8(g) is diagonal
and one-loop exact.

» As a consequence of the above the "log sdet" structure is preserved
asymptotically by the renormalization-group improvement.



Collinear superconformal algebra

The full superconformal algebra consists of the conformal generators P, K., M., D
plus the supersymmetric charges Q., Qa, the spinorial generators S.,Ss, and the
scalar R.

The collinear superconformal algebra (isomorphic to s[(2|1)) is the superalgebra
consisting of the generators

i

Ly = —iP, L= 3K L= é(D+M,+)
B:—%R-ﬁ-%Mlg E= é(D—M,+) vV, =274,
Vo =27%/45, Wi = —27%4Q W = —27%*s,

where the generator E is the twist.



Superfield twist-2 operators

Each irreducible representation is characterized by three quantum numbers: the
collinear superconformal spin j, the collinear twist 7 and the b-charge.

The building blocks that will be used to construct twist-2 superfields are shown below.

‘ j b T
w1 -3 1
Wy |1 +3 01
Vi3 +1 0
Vit -1 o0

Any gauge-invariant single-trace superfield that at order g° has 7 = 2 must then
have the form

- =
W, = Tr [(e*V Wee¥)Po(V1, ¥, %1, V) Wl] (balanced)
= -
Wi = Tr {WlP,T(%l, Vi V1,V )Wl} (unbalanced)
- = =
Wy = Tr [Wﬂj(ﬁ, Vi Vi, vi)Wi] (unbalanced)

Note that at order g0 these operators are bilinear in Wi, V_Vi, and hence in V.



Superfield twist-2 operators

The polynomials P,, P are determined by the conditions

LW, =V_-W,=W_W,=0

and same for W, to be imposed at order g°. In other words, we are requiring our
twist-2 superfields to be superconformal primaries. Descendants can be constructed
by differentiation.

Solving these conditions required to classify all the infinite-dimensional represen-
tations of s[(2|1) and to find the Clebsch-Gordan coefficients of the direct-sum
decomposition of two representations.



Superfield twist-2 operators

Here we will show only the final result
< = < =
Pa(V1, Vi, V1, V1) « CLH(V1 415, V1 +0¥5)
= = = =
,Pr:):(%la Viaeh V1) X Ci;}ﬁ»l(%l + I'Vj,?l + ’VI)

with

» ) . ( 1) 71 kl/Bkz
Ca (e, B) kl%;:"r(HLgJ)r(HL%J) M2+ L) T (2 + L22))

(1)

This is a new result that is crucial for the following part.
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UV-asymptotic generating functional



The generating functional at order g°

Basic fact: in a free theory, the generating functional of the connected correlators of
a bilinear operator always has a "log det".

Take an operator O = Zk akafrqﬁai_kgzﬁ in a free scalar theory

WIJ] =log (/[d¢]e§¢(m)¢+¢o) —log (/[dcp]eémuw)

=log det (1 — Z ak_lljgkjgn—k>

k
:lOg det [5k1k26(X1 — XQ) — akIIDk_l}Q (X1 — XQ)J(XQ)}
with D, = (—1)ap -0y

Rearranging the derivatives in the last line we obtained the logarithm of a Fredholm
determinant.



The generating functional at order g°

We show only the result for the balanced operators W, normalized as
2v27? v o= b= =
W, =— \;;ﬂ— i"tr |:(e v Wiev) C;;} (%1 =+ ivi,€1 + ivi) W1:|

In Minkowski superspace we have

Jy,, (22)
Wconf[JW7 0, 0] = (N2—1)10g det |:6"1k17"2k25 (217 22) n1k1 n2k2(217 22) L ! ZT
with
1 1
n n’ ’(Zl?ZZ) - n— n— 7 7
o FA+[SDrE@+ =2 D ra+ 5 )Hre+ 152)
K41 — — ’ =
()= (0Y 4 DMy (DP + iDP))* L”)Z
(x13)
Here X1§ = xl“zfi01o“§1fi020“§2 +2i010"0, is the super-Poincaré-invariant interval.



Implications of asymptotic freedom

The Callan-Symanzik equation for an n-point correlator in superspace implies
Giy...1,(Axi, 20, X205 g (1), 1)

= 3 AL P2 () Zn (NG, 5,05, Br 81/ N), )
J1ye00dn

where

g(u/X) ’
Z(A\) =P exp (/( | gg?; dg')

A—0 1 <1 B log log (%) )

g(p’/)‘) ~ ﬁolog(ﬁ)

with D; the canonical dimensions of the operators.



Non-resonant diagonal scheme

The renormalization factors Z;;(\) can be computed thanks to the following theo-
rems. The first theorem was first proven in® for non-supersymmetric theories. In the
present work, we proved its supersymmetric version.

Theorem 1: Consider a massless asymptotically free theory that is superconformal at
order g%, and let Of be gauge-invariant twist-2 superfields with dimensions Ds = 2+s
that at order g° are superconformal primaries. Then in the MS scheme each Of is
multiplicatively renormalizable at one-loop.

More plainly: At one-loop the superfields that are superconformal primaries at g°
are multiplicatively renormalizable

,Y(Wn)g2 ,YW g
Wn—<1+()6>wnbare+~-- Wni: 1+07 Wnibare+"'

and do not mix with their descendants.

3N. S. Craigie, V. K. Dobrev e I. T. Todorov. “Conformally Covariant Composite Operators in
Quantum Chromodynamics”. In: Annals Phys. 159 (1985), pp. 411-444.



Non-resonant diagonal scheme

The second theorem was proven in*.

Theorem 2: let y(g) be the anomalous dimension matrix of a set of gauge-invariant
operators that mix under renormalization in a massless, asymptotically free, QCD-
like theory with beta function 3(g). Suppose that the matrix vo/f5o is diagonal and
non-resonant, i.e. the sequence of its eigenvalues in nonincreasing order Ai, Ao, ...
satisfies

Ai — A # 2k, i>j

for any nonvanishing integer k. Then, there exists a basis of renormalized operators
OFf in which the matrix v(g)/B(g) is diagonal and one-loop exact to all orders of
perturbation theory.

#Marco Bochicchio. “On the geometry of operator mixing in massless QCD-like theories”. In: Eur
Phys. J. € 81.8 (2021), p. 749, Matteo Becchetti e Marco Bochicchio. “Operator mixing in massless
QCD-like theories and Poincaré-Dulac theorem”. In: Eur. Phys. J. C 82.10 (2022), p. 866.



Non-resonant diagonal scheme

In the non-resonant diagonal scheme the asymptotic behaviour of a correlator sim-
plifies to

Gt (Axi, X205, X203 g (1), )
= A 2k P2 (A 2 (NG (3 01 B g (/N 1)
MO\ 2k Pk 2, () . Z1,(\) G ot (01 61, 81)

where
0
0

aso (&%) \
2 <g2(ﬂ/k))



RG-improved generating functional

The one-loop anomalous dimensions of W, are

o 2(-1)" 3
= (¢(n+4)+w(n+1) B O oy T ) B 2>

where /(i) is the polylogarithmic function. It has been proven® that they satisfy
the assumptions of theorem 2. The generating functional of Euclidean connected
correlators of the balanced twist-2 operators in the short-distance limit is

WaEsymp [JW7 07 0; >‘]

Zn (M)
Am+2 Tm kl naky

LHTZJ Jan (ZQE)
N

= (N? = 1)log sdet {5n1k1,n2k25<8>(zf, ZEy - (ZE, zE)i

and its leading non-planar part is
Wasymp torus[JW7 0 0; )‘]

Zn ()
Am2+2 "1k17"2k2

(Zl 7Z2 )

o Jw, (ZE)
= —log sdet [5“%"2@5(8)(215, zEy - L) WzT2

as expected from first principles.

®Francesco Scardino. Nonresonant renormalization scheme for twist-2 operators in SUN) N = 1
SYM theory, to appear on ArXiv.



Summary of the results and perspectives

New results:

» A complete classification of the irreducible representation of the superalgebra
5[(2]1) and their Clebsch-Gordan coefficients.

» A manifestly gauge-invariant and SUSY-covariant expression for the twist-2
superfields in superconformal field theories.

» A new derivation of the renormalization properties of the twist-2 operators in
N =1 SYM theory.

» We verified that the short-distance asymptotic generating functional of the
connected correlators of the twist-2 operators in N' = 1 SYM theory has
indeed the form of the logarithm of a functional superdeterminant.

Possible developments:

» Generalization of our construction of the superfield twist-2 operators to higher
twists and higher supersymmetries.

» Constraints on the structure of the glueball/gluinoball non-perturbative
effective action®.

5Marco Bochicchio, Mauro Papinutto e Francesco Scardino. “On the structure of the large-N
expansion in SU(N) Yang-Mills theory”. In: Nucl. Phys. B 1015 (2025), p. 116887, Marco Bochicchio,
Mauro Papinutto e Francesco Scardino. “Topology of the large-N expansion in SU(N) Yang-Mills theory
and spin-statistics theorem”. In: EPJ Web Conf. 314 (2024).



