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PART I
N = 1 SU(N) SYM theory at large-N



N = 1 SU(N) SYM theory in superspace

The action of N = 1 SU(N) SYM theory in superspace is

S = N
2g2

∫
d4x d2θ Tr WαW α + h.c.

where g is the ’t Hooft coupling and W α is a fermionic chiral superfield. In the
Wess-Zumino gauge its component expansion is

W α = 1
8 D̄2 (e−V DαeV ) = i

(
λα + iθαD + i(σµν)α

βθβFµν − iθ2(σµ)αα̇Dµλ̄
α̇
)

Superspace formalism helps keep supersymmetry manifest.

The theory is confining and has a mass gap. Bosonic and fermionic states are cal-
led glueballs and gluinoballs respectively and at large N are created by single-trace
operators made of Wα, W̄α̇ and their covariant derivatives.



The large-N limit

We call Os and Ms the glueball and gluinoball operators respectively. The generating
functional of their connected correlators is

WE [JO , JM ] = log
(

1
ZE

∫
e−SSYM +

∑
s

∫
JOs Os +JMs Ms

)
whose large-N expansion is

WE [JO , JM ] =WE
sphere[JO , JM ] +WE

torus[JO , JM ] + · · ·

WE
sphere includes all tree glueball/gluinoball diagrams, whileWE

torus includes all one-loop
glueball/gluinoball diagrams.



Glueball/gluinoball effective action

The effective action for glueballs and gluinoballs is1

Sglueball/gluinoball(Φ,Ψ) = 1
2

∫ [
Φ ∗2 (−∆ + M2)Φ + Ψ ∗′

2 (−∆ + M2)Ψ

+ 1
3N Φ ∗3 Φ ∗3 Φ + 1

N Ψ ∗′
3 Φ ∗′

3 Ψ + · · ·

]
where Φ, Ψ are the glueball/gluinoball superfields. A simple functional integration
shows that its one-loop generating functional is

WE
glueball/gluinoball, 1-loop[JΦ, JΨ] = 1

2 log sdet
(
∗′

2(−∆ + M2) + 1
N ∗

′
3 ΦJ∗′

3
1
N ∗

′
3 ∗′

3ΨJ
1
N ∗

′
3 ∗′

3ΨJ ∗2(−∆ + M2) + 1
N ∗3 ΦJ∗3

)
where ΦJ and ΨJ are implicitly defined by

δSglueball/gluinoball

δΦ

∣∣∣
ΦJ

= ∗1JΦ,
δSglueball/gluinoball

δΨ

∣∣∣
ΨJ

= ∗′
1JΨ

1Marco Bochicchio, Mauro Papinutto e Francesco Scardino. “On the structure of the large-N
expansion in SU(N) Yang-Mills theory”. In: Nucl. Phys. B 1015 (2025), p. 116887, Marco Bochicchio,
Mauro Papinutto e Francesco Scardino. “Generating functional of correlators of twist-2 operators in
N = 1 SUSY Yang-Mills theory, I”. In: To appear in Eur. Phys. J. C (mag. 2025).



Key question

Question: can we observe the "log sdet" structure of WE
glueball/gluinoball, 1-loop[JΦ, JΨ] in

WE
torus[JO , JM ]?

Answer: Yes, in the short-distance limit and with a suitable choice of the interpola-
ting operators Os and Ms . The occurrence of the "log sdet" structure was verified
asymptotically in N = 1 SU(N) SYM theory in the component formalism2.

Aim of this work: obtain the "log sdet" structure in the superspace formalism, in a
manifestly gauge-invariant and super-Poincaré-covariant fashion. If possible, obtain
constraints on the glueball/gluinoball effective action from it.

2Marco Bochicchio, Mauro Papinutto e Francesco Scardino. “Generating functional of correlators of
twist-2 operators in N = 1 SUSY Yang-Mills theory, I”. In: To appear in Eur. Phys. J. C (mag. 2025),
M. Bochicchio, M. Papinutto e F. Scardino. “Generating functional of correlators of twist-2 operators in
N = 1 SUSY Yang-Mills theory, II”. In: To appear in Eur. Phys. J. C (mag. 2025).



PART II
Superfield twist-2 operators



Why twist-2?

▶ The generating functional of their connected correlators exhibits the "log sdet"
structure at order g0.

▶ At order g0 they transform under irreducible representations of the collinear
superconformal group. This makes the calculation of their one-loop anomalous
dimension especially simple.

▶ Let γ(g) be their anomalous dimension matrix. It is possible to prove that
there is a renormalization scheme in which the matrix. γ(g)/β(g) is diagonal
and one-loop exact.

▶ As a consequence of the above the "log sdet" structure is preserved
asymptotically by the renormalization-group improvement.



Collinear superconformal algebra

The full superconformal algebra consists of the conformal generators Pµ,Kµ,Mµν ,D
plus the supersymmetric charges Qα, Q̄α̇, the spinorial generators Sα, S̄α̇, and the
scalar R.

The collinear superconformal algebra (isomorphic to sl(2|1)) is the superalgebra
consisting of the generators

L+ = −iP+ L− = i
2K− L = i

2(D + M−+)

B = −3
4R + 1

2M12 E = i
2(D −M−+) V+ = i2−3/4Q1

V− = 2−5/4S̄2̇ W+ = −2−3/4Q̄1̇ W− = −2−5/4S2

where the generator E is the twist.



Superfield twist-2 operators

Each irreducible representation is characterized by three quantum numbers: the
collinear superconformal spin j, the collinear twist τ and the b-charge.

The building blocks that will be used to construct twist-2 superfields are shown below.

j b τ

W1 1 − 3
2 1

W̄1̇ 1 + 3
2 1

∇1
1
2 +1 0

∇̄1̇
1
2 −1 0

Any gauge-invariant single-trace superfield that at order g0 has τ = 2 must then
have the form

Wn = Tr
[
(e−V W̄1̇eV )Pn(←−∇1,

←−̄
∇ 1̇,
−→
∇1,
−→̄
∇ 1̇)W1

]
(balanced)

W+
n = Tr

[
W1P−

n (←−∇1,
←−̄
∇ 1̇,
−→
∇1,
−→̄
∇ 1̇)W1

]
(unbalanced)

W−
n = Tr

[
W̄1̇P

+
n (←−∇1,

←−̄
∇ 1̇,
−→
∇1,
−→̄
∇ 1̇)W̄1̇

]
(unbalanced)

Note that at order g0 these operators are bilinear in W1, W̄1̇, and hence in V .



Superfield twist-2 operators

The polynomials Pn, P±
n are determined by the conditions

L−Wn = V−Wn = W−Wn = 0

and same for W±
n , to be imposed at order g0. In other words, we are requiring our

twist-2 superfields to be superconformal primaries. Descendants can be constructed
by differentiation.

Solving these conditions required to classify all the infinite-dimensional represen-
tations of sl(2|1) and to find the Clebsch-Gordan coefficients of the direct-sum
decomposition of two representations.



Superfield twist-2 operators

Here we will show only the final result

Pn(←−∇1,
←−̄
∇ 1̇,
−→
∇1,
−→̄
∇ 1̇) ∝ C1,1

2n (←−∇1 + i
←−̄
∇ 1̇,
−→
∇1 + i

−→̄
∇ 1̇)

P±
n (←−∇1,

←−̄
∇ 1̇,
−→
∇1,
−→̄
∇ 1̇) ∝ C1,1

4n+1(←−∇1 + i
←−̄
∇ 1̇,
−→
∇1 + i

−→̄
∇ 1̇)

with

Cj1,j2
n (α, β) =

∑
k1+k2=n

(−1)⌊ k1
2 ⌋αk1βk2

Γ
(
1 + ⌊ k1

2 ⌋
)

Γ
(
1 + ⌊ k2

2 ⌋
)

Γ
(
2j1 + ⌊ k1+1

2 ⌋
)

Γ
(
2j2 + ⌊ k2+1

2 ⌋
)
(1)

This is a new result that is crucial for the following part.



PART III
UV-asymptotic generating functional



The generating functional at order g0

Basic fact: in a free theory, the generating functional of the connected correlators of
a bilinear operator always has a "log det".

Take an operator O =
∑

k ak∂
k
+ϕ∂

n−k
+ ϕ in a free scalar theory

W[J] =log
(∫

[dϕ]e− 1
2 ϕ(−□)ϕ+J·O

)
− log

(∫
[dϕ]e− 1

2 ϕ(−□)ϕ
)

=log det

(
1−

∑
k

ak
1
−□
←−
∂ kJ
−→
∂ n−k

)
=log det

[
δk1k2δ(x1 − x2)− ak1D

−1
k1k2

(x1 − x2)J(x2)
]

with D−1
k1k2

= (−1)k2∂n1−k1+k2
+ (−□)−1.

Rearranging the derivatives in the last line we obtained the logarithm of a Fredholm
determinant.



The generating functional at order g0

We show only the result for the balanced operators Wn normalized as

Wn = −2
√

2π2

g2 intr
[
(e−V W̄1̇eV ) C1,1

2n

(←−
∇1 + i

←−̄
∇ 1̇,
−→
∇1 + i

−→̄
∇ 1̇

)
W1

]
In Minkowski superspace we have

Wconf [JW, 0, 0] = (N2−1)log det
[

δn1k1,n2k2 δ(8)(Z1, Z2) − ∆−1
n1k1,n2k2

(Z1, Z2)i⌊ n2
2 ⌋ JWn2

(Z2)
N

]
with

∆−1
nk,n′k′ (Z1,Z2) = 1

Γ(1 + ⌊ n−k
2 ⌋)Γ(2 + ⌊ n−k+1

2 ⌋)
1

Γ(1 + ⌊ k′
2 ⌋)Γ(2 + ⌊ k′+1

2 ⌋)

(−1)⌊ k′+1
2 ⌋(D(1)

1 + i D̄(1)
1̇ )n−k(D(2)

1 + i D̄(2)
1̇ )k′ (x12̄)+

(x12̄)2

Here xµ

12̄ = xµ
12−iθ1σ

µθ̄1−iθ2σ
µθ̄2+2iθ1σ

µθ̄2 is the super-Poincaré-invariant interval.



Implications of asymptotic freedom

The Callan-Symanzik equation for an n-point correlator in superspace implies

GI1...In (λxi , λ
1/2θi , λ

1/2θ̄i ; g(µ), µ)

=
∑

J1,...,Jn

λ
−
∑n

k=1
DIkZI1J1 (λ) . . .ZI1J1 (λ)GJ1...Jn (xi , θi , θ̄i ; g(µ/λ), µ)

where

Z(λ) = P exp
(∫ g(µ/λ)

g(µ)

γ(g ′)
β(g ′)dg ′

)
g2(µ/λ) λ→0∼ 1

β0 log
( 1

λ2

) (1− β1

β2
0

log log
( 1

λ2

)
log2 ( 1

λ2

) )
with DI the canonical dimensions of the operators.



Non-resonant diagonal scheme

The renormalization factors ZIJ(λ) can be computed thanks to the following theo-
rems. The first theorem was first proven in3 for non-supersymmetric theories. In the
present work, we proved its supersymmetric version.

Theorem 1: Consider a massless asymptotically free theory that is superconformal at
order g0, and let OE

s be gauge-invariant twist-2 superfields with dimensions Ds = 2+s
that at order g0 are superconformal primaries. Then in the MS scheme each OE

s is
multiplicatively renormalizable at one-loop.

More plainly: At one-loop the superfields that are superconformal primaries at g0

are multiplicatively renormalizable

Wn =
(

1 + γ
(Wn)
0 g2

ε

)
Wn bare + . . . W±

n =

(
1 + γ

(W±
n )

0 g2

ε

)
W±

n bare + . . .

and do not mix with their descendants.

3N. S. Craigie, V. K. Dobrev e I. T. Todorov. “Conformally Covariant Composite Operators in
Quantum Chromodynamics”. In: Annals Phys. 159 (1985), pp. 411–444.



Non-resonant diagonal scheme

The second theorem was proven in4.

Theorem 2: let γ(g) be the anomalous dimension matrix of a set of gauge-invariant
operators that mix under renormalization in a massless, asymptotically free, QCD-
like theory with beta function β(g). Suppose that the matrix γ0/β0 is diagonal and
non-resonant, i.e. the sequence of its eigenvalues in nonincreasing order λ1, λ2, ...
satisfies

λi − λj ̸= 2k , i > j

for any nonvanishing integer k. Then, there exists a basis of renormalized operators
OE

s in which the matrix γ(g)/β(g) is diagonal and one-loop exact to all orders of
perturbation theory.

4Marco Bochicchio. “On the geometry of operator mixing in massless QCD-like theories”. In: Eur.
Phys. J. C 81.8 (2021), p. 749, Matteo Becchetti e Marco Bochicchio. “Operator mixing in massless
QCD-like theories and Poincarè–Dulac theorem”. In: Eur. Phys. J. C 82.10 (2022), p. 866.



Non-resonant diagonal scheme

In the non-resonant diagonal scheme the asymptotic behaviour of a correlator sim-
plifies to

GI1...In (λxi , λ
1/2θi , λ

1/2θ̄i ; g(µ), µ)

= λ
−
∑n

k=1
DIkZI1 (λ) . . .ZIn (λ)GI1...In (xi , θi , θ̄i ; g(µ/λ), µ)

λ→0∼ λ
−
∑n

k=1
DikZI1 (λ) . . .ZIn (λ)GI1...In,conf.(xi , θi , θ̄i )

where

ZI(λ) λ→0∼
(

g2(µ)
g2(µ/λ)

) γ
(I)
0

β0



RG-improved generating functional

The one-loop anomalous dimensions of Wn are

γ
(Wn)
0 = 1

4π2

(
ψ(n + 4) + ψ(n + 1)− 2ψ(1)− 2(−1)n

(n + 1)(n + 2)(n + 3) −
3
2

)
where ψ(i) is the polylogarithmic function. It has been proven5 that they satisfy
the assumptions of theorem 2. The generating functional of Euclidean connected
correlators of the balanced twist-2 operators in the short-distance limit is
WE

asymp[JW, 0, 0; λ]

= (N2 − 1)log sdet
[

δn1k1,n2k2 δ(8)(ZE
1 , ZE

2 ) −
Zn2 (λ)
λn2+2 ∆−1

n1k1,n2k2
(ZE

1 , ZE
2 )i⌊ n2

2 ⌋ JWn2
(ZE

2 )
N

]
and its leading non-planar part is

WE
asymp,torus[JW, 0, 0; λ]

= −log sdet
[

δn1k1,n2k2 δ(8)(ZE
1 , ZE

2 ) −
Zn2 (λ)
λn2+2 ∆−1

n1k1,n2k2
(ZE

1 , ZE
2 )i⌊ n2

2 ⌋ JWn2
(ZE

2 )
N

]
as expected from first principles.

5Francesco Scardino. Nonresonant renormalization scheme for twist-2 operators in SU(N) N = 1
SYM theory, to appear on ArXiv.



Summary of the results and perspectives

New results:
▶ A complete classification of the irreducible representation of the superalgebra

sl(2|1) and their Clebsch-Gordan coefficients.
▶ A manifestly gauge-invariant and SUSY-covariant expression for the twist-2

superfields in superconformal field theories.
▶ A new derivation of the renormalization properties of the twist-2 operators in
N = 1 SYM theory.

▶ We verified that the short-distance asymptotic generating functional of the
connected correlators of the twist-2 operators in N = 1 SYM theory has
indeed the form of the logarithm of a functional superdeterminant.

Possible developments:
▶ Generalization of our construction of the superfield twist-2 operators to higher

twists and higher supersymmetries.
▶ Constraints on the structure of the glueball/gluinoball non-perturbative

effective action6.

6Marco Bochicchio, Mauro Papinutto e Francesco Scardino. “On the structure of the large-N
expansion in SU(N) Yang-Mills theory”. In: Nucl. Phys. B 1015 (2025), p. 116887, Marco Bochicchio,
Mauro Papinutto e Francesco Scardino. “Topology of the large-N expansion in SU(N) Yang-Mills theory
and spin-statistics theorem”. In: EPJ Web Conf. 314 (2024).


