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Quantum ChromoDynamics (QCD)

Standard Model of Elementary Particles

QCD describes the strong interactions between
quarks and gluons.

Itis an SU(N.) gauge theory with N. = 3 colors
and a matter content of Ny = 6 quark flavors.
The fundamental fields of the theory are:

o Gluons: A, =A2T,, a=1,..,N:-1=8;

o Quarks: vr;, f=1,..,Ny;i=1,..,N,. Figure 1: Elementary
particles of the SM.

The QCD Lagrangian combines these fields as follows:
1 —
XOCD SE ETI’ [FI_“,FMV] + ’(/Jf [I’Y”D# = mf] ’(/Jf.

o D, =0, + igA, is the covariant derivative;
o Fu, =0,A, —0,A, +iglA, A,]is the field strength tensor.
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QCD: properties & approaches

1. Asymptotic freedom: At high energies, the renormalized
coupling constant gr goes to zero;

2. Infrared slavery: At low energies, gr grows, making
perturbation theory unreliable;

—> Non-perturbative methods are needed to
study QCD at low energies:

e Lattice QCD: provides regularization and a
continuum limit corresponding to a weakly
coupled regime of the theory.

o Effective Lagrangian models: capture
low-energy dynamics by emphasizing the
theory’s symmetry structure.

Figure 2: Visual
representation of the
lattice discretization.
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Chiral symmetry

In the chiral limit of Ny massless quarks, .Zq¢p is invariant under the
flavor chiral group G = U(Nf), ® U(Nf)g:

_ ¢L ’_ ¢£:VL’I/JL V UN
Y (wﬁ)—Hﬁ (7/);?—‘/[?1/1.‘?)’ LR € U(Np).

These decompose into vectorial (V;, = Vg = V) and axial
transformations (V, = V5! = A):

G = U(1)y ® SU(Ny)y ® U(1)a @ SU(Nf)a.

The physically relevant cases are the following:

N¢ = 2 (m, 4 = 0), extension of SU(2)y isospin symmetry;

Nf = 3 (m, 45 = 0), extension of SU(3)y Gell-Mann symmetry;
e "ideal" Ny =241 (m,q =0, ms # 0);

e "realistic” Ny = 2 + 1 with exact isospin symmetry
(0<myqg=m < ms).
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Chiral symmetry breaking and restoration

U(1)v is exactly realized (i.e., baryon number conservation).

Special unitary part is spontaneously broken: o=t R —
SU(Nr)v ® SU(Nr)a — SU(Ny)v, e
—> N2 — 1 Goldstone bosons: pion triplet for =
N¢ = 2, pseudoscalar octet for Ny = 3;
—> Order parameter: chiral condensate

- Figure 3:
T = (Pip) # 0.

Pseudoscalar octet.
.. . = Tr[e= My

In the chiral limit, ¥ vanishes for T > TC(N’) (chiral transition).

With explicit symmetry breaking, there is a chiral crossover.

The pseudocritical temperature for this chiral crossover, computed

in [Bazavov et al., 2019a], is Tp; = 156.5 + 1.5 MeV.
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The fate of U(1), symmetry

In the chiral Iimit the Noether current J' is anomalous: 9,,J{ = 2N;Q,
with Q = “Tr [F*“’F } the topological charge density.

16 2
=> U(1)a symmetry anomalously broken.
At finite temperature:

e ForT < TC(N’), ¥ acts also as an order parameter for U(1)4.

e ForT > TéN’), the anomaly persists, but the topologically
non-trivial gauge field configurations are thermally suppressed.

= U(1)a may be effectively restored above Ty) > TC(N’)

Whether Ty1y > T( D or Tuq) 2 T( M) is relevant for the order of
the chiral phase transition.
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Chiral Effective Lagrangian

The effective theory of QCD at T = 0 is the Chiral Effective Theory:

1

Loy = 5T [0,U0"UT] +

Bm

— Ty (MU + MTUT],
Ve [ ]

with U the Ny x Ny meson matrix field and M = diag(my, ..., my,) the

quark mass matrix (no CP-violation).

The first term is invariant under G : U — V,_UV_1, the second one
introduces explicit chiral symmetry breaking.

This theory omits key degrees of
freedom relevant near the chiral
transition:

x The pseudoscalar singlet
from U(1)a;

x The scalar partners of
pseudoscalar mesons.
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Figure 4: Operator degeneracies from
SU(Nf)a and U(1)4 transformations.
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Extended linear sigma (EL,) model

The EL, model is an effective model with N? pseudoscalar and N?
scalar fields, with a term that mimics the axial anomaly.

Lagrangian: g (U, U") = 1 9, Uo*UT] — vV(U,UY).
(ELs) 2 F

Potential: V(U,U") = %/\iTr[(UUT — pe1)?] + %/\fTr[UUT]ZJr
B

-~ ﬁTr[MU-i—MTUT] —k[detU+detUT].

e L&) o is invariant under U(1)y ® SU(Nf)y @ SU(Nf)a;

e U(1)4 is explicitly broken by the anomalous term
(G:U— VLUVR', detU — e2Niea det U);

e T dependence is encoded in the parameters {\,, p., A, Bn, k}.
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Predictions of the model: stationary point

Building upon [Meggiolaro and Morda, 2013] and [Meggiolaro, 2023],
we take M = diag(m;, m;, ms) and minimize V (U, UT) for T > T,

"2\# —|—/772\J/r21r 6+—|—i7r KT iK™
Parametrization: U = o~ +in— f +/”2ﬁ’r KO + iK©
K-+ iK™ 7O + iKO 0s + ins

Residual symmetries: P, SU(Z)E}”"') = {
(8) = (k) =0

%2 0 0
o — |
Matrix field vev: U=10 7% 01;
0 0 &g
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Predictions of the model: stationary point

Building upon [Meggiolaro and Morda, 2013] and [Meggiolaro, 2023],
we take M = diag(m;, m;, ms) and minimize V (U, UT) for T > T,

I 7 A
- . B ) )
Matrix field vev: U=10 v 0|;
0 0 &
ov oV _ Bn_.
- \/é Sy

(W) = (Yytbu) + (Ygtba) = T —Bmd2, (Ygihs) = T

Stationary-point (SP) condition:
(X2 +X2)52 + (N255 — N2 px)5s — Bams — k% = 0

(%)\i + )\;—2) 5’2 + ()\;.2(_73 — )\ipﬂ, _ 2/(55) 5p — Bpmy =0
9/15

Giulio Cianti



Predictions of the model: meson mass spectrum

Computing and diagonalizing the Hessian matrix, we find the meson

mass spectrum of the theory in terms of Lagrangian parameters and
2
vevs (ﬁﬁ = pr = 3 (&E T &5)):
m:_ﬁm+%ﬁ£—ﬁa; w:—ﬁm+§ﬁ£+%®
=

2 2. 2(0 2\ 1 o =
M = —\ope + 03 (5 +98) = 5 (2as + 20022
—2
Oy | =2 1 2 = .

+ as) + 7 (A\5Ts + 2k) 52;

2 y2x 2
ME = X2+ X2 (5

> (2 2 (2
3\2 /55 _ A . _
. (% +o§) + 2\2(5% + 52) — ks +

M2, = —N2pn + X (&—3 n 5§) tkas F \/(’\’ZT (5—5 - 55) + kas)z + 4k252;

Mi,,ah = )‘frﬁﬂ' +

32 (55 o - ~ 12 1 a2 (s
:F\/[ 5 (0—22—05)—&—)\;2(03—05)4—/(05] +40‘§()\f,r20'5—k)2.
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Comparison with the lattice data

From [Bazavov et al., 2019b] we get the meson masses M., Ms, Mk
and M., but we are more interested in the meson mass splittings:

Dsr = M2 — M? = )252 + 4kG;
_ A2 2 2 - 02
Ar = MG — M2 = (X255 + 2K) (3 - 75);
Ak = M2 — M2 = V2(X25s + 2K)5, = V2X25555 + 2V 2K55.

From these splittings, we obtain a relation that links the two vevs
mentioned before:

_ AKT{ 5—2
os=1{2 + 1) =m
’ ( Vs
which can be used to extrapolate the value of some combinations of
Lagrangian parameters and vevs in terms of lattice data.
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Comparison with the lattice data: k5, and ko,

— 1 m/ AKK = 1 (rn/)2 AHK
=— [ A T o e e a— o = .
k& 1 ( 5 ) kas v/ () 1 (A(; =
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Figure 5: Extrapolated value of k&». Figure 6: Extrapolated value of kgs.
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Comparison with the lattice data: meson mass splitting

Ak = V202555, + 2V2k55. Dsr = N253 + 4kas.
Anomalous contribution to Ak Anomalous contribution to Asn
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Figure 7: Anomalous contributions to Figure 8: Anomalous contributions to
ANK . A(Sﬂ'-
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Comparison with the lattice data: meson mass relation

Test of the consistency condition

The model predicts a relation + om-g
+* m=%

between scalar and pseudoscalar

meson masses:

e - 2] v MV\H,
pr— 2 Y
My (%74_1)(%7;) _2MK 1.0

03 04 05 06 07 08 09 10 11

As T increases and M. ~ My, the M/ Mg
scalar kaon mass also tends to Figure 9: Lattice data compared with
become degenerate. model’s predictions. T increases left

to right starting from Tpe.
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Conclusions

1. A valid solution of the EL, model in the "realistic" Ny = 2 + 1
case with exact SU(2)$”d) isospin symmetry exists for T > Tpe;

2. The quantities k2 and kas can be considered incompatible
with zero for T 2 Tpe:
—> Evidence that k # 0 above the transition;
= U(1)a symmetry manifestly broken above the chiral

transition;

3. The contribution from the anomalous term is negligible for A,
but highly significant for As.;

4. The predictions of the model are qualitatively compatible with
lattice data, but there are notable incompatibilities.
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Thank you for your
attention!
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Predictions of the model: stationary point

The first SP condition can be rewritten as a constraint for 75:
B }
—mg]|.
N
= Forp, <O0(.e,T> TéN’)), 7s must be positive;

= lim §s=-%.
op—+00 >‘/7r2

_ 1 _ _
55 = PESVES |:(A72r +N2)53 — N prs —

Defining F(G2) = (322 + X2)33 + (\252 — X2 pr — 2K55)52 — Bmmy:
F(0)=-Bmym <0 and _lim F(G2) = +oc.
Op—+00
For continuity of F(7,), there must be a positive root of the function.
This root corresponds to a positive solution of the SP condition
(72, 3s > 0) provided that:

2 2
(>‘7r+>‘;r))\7;?7>‘77p7r)\7;? \/é

£0.
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Predictions of the model: meson mass spectrum

The fields 7, n,, 07 and oy, are the new isospin singlet fields that
diagonalize the squared mass matrix:

m = cos tymp — sin 0,ns o) = cosl,00 —sinf, o
Nh = sin 0,mp + cos 0, ns op =sinf,05 + cosl,05 ,
with
2ka
sin 20, = 22 :
\/(Ai("s - 52) + k& )2 + 4K252
2 (2 s s 2
— 12—
sin20, = 262(Ax s — K)

\/[%(% —52) + X2(33 — 52) + k5| + 453 (1255 — K)?
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Predictions of the model: minimum condition

For this solution to be a point of minimum, the mass spectrum must
be always non-negative. To prove so, we rewrite the SP conditions:

M2 G5 — Bams — k52 =0

s V2E 2 — M2 >0 < 5, >0.

If we look at the pseudoscalar singlets block M2 = My, 2k3z|.
p g 1= |oke, M2 |

TrM2 = M2 + M2 + 4k5s > 0
{ K ns + Mr + 4O = M2 > M2 > 0.

det M2 = M2 M2 + 2\/2kB,ms > 0
Moreover, for every value of the parameters (and the vevs):
Mg > min (M2, M?2) >0; M5 >MZ>0;
M? > M? > 0; M2 > M2 > 0.
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Predictions of the model: minimum condition

=> The solution is in a minimum of the potential <= det M2 >0
det M2 =(2M2 — ME)M2, + 2(\2 + \2)(55M2, + 52MZ)
+2)2(X2 4+ 3)2)5252 + 8\ 252kGs 4 2V 2kBymms.

Sufficient condition for the minimum

0.30
This is positive whenever is 025 : m j:
met the sufficient condition: < 020 B + {. {- (
% 0.15
VaM, — M;s > 0. T o P +
) . ‘é 0.05 ' t }
Considering the data ool +
from [Bazavov et al., 2019b], o0s
. . g 015 0.16 0.17 0.18 0.19 0.20 0.21
this is verified above T[Gev]
Tpo = 156.5 £ 1.5 Mev. Figure 10: Sufficient condition for our

solution to minimize the potential.
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Comparison with the lattice data: ’;—;
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Figure 11: Extrapolated value of £
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Comparison with the lattice data: kB,,m,

kBmm, = Mika'g .
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Figure 12: Extrapolated value of kBnm.
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Comparison with the lattice data: —)\2;,

Giulio Cianti

—A2pn [Gev?]

2 2 2
ﬁ :1(m) +1(M2+M2)7 MK—’_MFL
TT2m) -1V T (m)2 A
07 Extrapolated value of —A2p,
061 m =3
0.5 bomeg
0.41
0.34 |4 |‘
0.2
¥ ! +
0.1 .
0.0
-01 . . ‘ ‘ ‘
015 016 017 018 019 020 0.1
T [GeV]

Figure 13: Extrapolated value of —\2 3.
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Comparison with the lattice data: —k2/,

(m'?+1) (M2 + M) —2(Mg + M?)
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Figure 14: Extrapolated value of —k2j,
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Comparison with the lattice data: pseudoscalar singlets

A further relation connects the pseudoscalar singlet masses (7, 7,)

to those of pions and kaons:

1 A 1\ ko
2 _pg2 N2 wK 2 2
MUNM _MTF + 4((m) - 1) m’ +\/§((m) + E) m
1 A,k 1\ ka2
=2
B (i L e
Predictions and data for M,
1.0
X
*
[ R * : * !
coe] -7  F ! Figure 15: Predictions and data for
20.4 o ¥ ' M,,. Points correspond to m; = %,
* while crosses to m; = Zs.
0.2 ' ' b
boM
b,
0.0
015 016 017 018 019 020 021
T [GeV]
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