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What are fractons?

Quasiparticles with restricted mobility
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[Picture taken from W. Shirley et al. SciPost Phys, 2019]
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Brief history of fractons

e Exactly solvable quantum spin models of Quantum Information Theory [Vijay,
Haah and Fu, PRB, 2016]

[Picture taken from M. Pretko et al. IJMPA, 2020]
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Brief history of fractons

e Exactly solvable quantum spin models [Vijay, Haah and Fu, PRB, 2016]
e Quantum Field Theory [Pretko, PRB, 2017]
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[Picture taken from M. Pretko et al. IJMPA, 2020]
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Pretko's idea

@ Restricted mobility realized through Gauss constraint

(9,‘8]Eij =p
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Pretko's idea

@ Restricted mobility realized through Gauss constraint

(9,‘8]Eij =p

o total charge and dipole momentum are conserved

8t/de:0 8t/dekp:0 — p is fractonic
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[Picture taken from M. Pretko et al. IJMPA, 2020]
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Pretko's idea

@ Restricted mobility realized through Gauss constraint
D0EY =p
o Total charge and dipole momentum are conserved

Ot / dxp=0 Ot / dX xkKp=0 == p is fractonic

e Fractonic continuity equation

dop + 8;6jJU =
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Pretko's idea

@ Restricted mobility realized through Gauss constraint
G;GJEU =p
o Total charge and dipole momentum are conserved
8t/d):p =0 8t/dZ xKp=0 == p is fractonic
e Fractonic continuity equation
dop + 9,007 =
e Generalized electromagnetism for tensor gauge field ajj(x) transforming as

53,'J' = 8,-@/\
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Covariant approach

@ Pretko's results from principles of QFT: fields and symmetries

@ Symmetric a,,(x) with mass dimension one and transforming under

Sa, = 0,0,

@ 4D: Linearized Gravity + rank-2 Maxwell [Blasi and Maggiore, PLB, 2022]
@ This model explains Pretko's theory [Bertolini and Maggiore, PRD, 2022]
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3D Chern-Simons and BF theories

o Rank-2 generalizations of 3D topological field theories
@ Chern-Simons [Deser, Jackiw and Templeton, PRL, 1982]

sterd) _ /d3 P ALDA, v, p=0,1,2

e BF [Horowitz, CMP, 1989]

1
S,(;;:rd) _ /d3x ¢"PB,O,A, = 2/d3x e"PB,F,,



Rank-2 BF theory
0000000000

3D Chern-Simons and BF theories

Rank-2 generalizations of 3D topological field theories
Chern-Simons [Deser, Jackiw and Templeton, PRL, 1982]

sterd) _ /d3 P ALDA, v, p=0,1,2

e BF [Horowitz, CMP, 1989]

1
5(ord) /d3x e"PB,0,A, = 2/d?’X e"PB,F,,

Important applications: QHE and topological insulators



Rank-2 BF theory
0@00000000

Fields and symmetries

o Gauge fields: a,, (x) symmetric and B, (x) generic



Rank-2 BF theory
0@00000000

Fields and symmetries

o Gauge fields: a,, (x) symmetric and B, (x) generic

@ Gauge transformations

51‘9#1, = (9#61,/\ 528“1, =0
51 Bl“’ =0 52 B/“/ = a,ugu



Rank-2 BF theory
0@00000000

Fields and symmetries

o Gauge fields: a,, (x) symmetric and B, (x) generic

@ Gauge transformations

51‘9#1, = (9#61,/\ 528“1, =0
51 Bl“’ =0 52 B/“/ = a,ugu

@ BF-like invariant action

Ser = / d*x "B, 0, ap,
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Field strength

@ Rank-2 BF action 1
SeF = 3 / *x P B, Fyyp

e Higher-rank field strength [Bertolini and Maggiore, PRD, 2022]

Fiuvp = Opay, + Ovau, — 20,3

@ invariance
01Fuvp = 62Fup =0,
@ symmetry
Fuvp = Fupp
@ cyclicity
Fuvp + Fouv + Fupp =0
@ Bianchi-like identity
€vpe 0" FHP7 =0
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Gauge fixing

@ Problem treated using gauge theory techniques [Faddeev and Popov, PLB,
1967]
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1967]

o Gauge fixing term
S =55+ ng

@ It eliminates redundant degrees of freedom = partition function well defined
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Problem treated using gauge theory techniques [Faddeev and Popov, PLB,
1967]

Gauge fixing term

S= 53F+5gf

It eliminates redundant degrees of freedom = partition function well defined

Propagators are computed and the physical degrees of freedom are 6
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Bio = 0i¢ ajp = 0y
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Generalized electromagnetic fields

@ Fractonic solution

Bio = 0i¢ ajp = 0y

@ In ordinary Chern-Simons
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TA; x € VE; 50 x B
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Generalized electromagnetic fields

@ Fractonic solution

Bio = 0i¢ ajp = 0y

@ In ordinary Chern-Simons

65(ord) B 55(ord) ' .
%}ioceo’JEj 5;50 x B where E'=F0 B=_F1!?
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Generalized electromagnetic fields

@ Fractonic solution

Bio = 0i¢ ajp = 0y

@ In ordinary Chern-Simons

65(ord) p 55(ord) ; ;

752\51' x eOJEj 75;50 x B where E'=F" B=_F"?
e In rank-2 BF

0SBF — ~Oikg J 55~BF = 1Bi

1
5By 2 K 5By 2
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Generalized electromagnetic fields

@ Fractonic solution

Bio = 0i¢ ajp = 0y

@ In ordinary Chern-Simons

65(ord) p 55(ord) ; ;
752\51' x eOJEj 5;50 x B where E'=F" B=_F"?
e In rank-2 BF
0SgF 1 Oik o J 0SgF 1 . 2 o;
— = —¢e¥kg — =B = &=F; B; = =%F;
5B; ¢ “k 5B, 2 ij ij 3¢ Tk
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Coupling to matter
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St = Sar — [ dxI"a [ PxRE,,



Rank-2 BF theory
[e]e]e]e]e] lelelele}

Coupling to matter

@ Total action
St = Sar — [ dxI"a [ PxRE,,

e Continuity equations

Da05J% =0
0K =0
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Oop + 0;81-J’j =0 where p = 20;J%
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Fractons

e Fractonic continuity equation

Oop + 0;81-J’j =0 where p = 20;J%

e p is fractonic

ao/dzp:o 80/dZka:0
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Lineons

e Standard continuity equation

Gopi + @Rﬁ =0 where pi = KO



Rank-2 BF theory
0000000e00

Lineons

e Standard continuity equation

Gopi + @Rﬁ =0 where pi = KO

@ from which
ao/dzp":o ao/dzx,-p":o Bo/dZGO;jxipj:/deo

where 1
KH = kM — §€MVpkp
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Lineons

e Standard continuity equation

Gopi + @Rﬁ =0 where pi = KO

@ from which
ao/dzp":o ao/dzx,-p":o Bo/dZGO;jxipj:/deo

where 1
KH = kM — §€MVpkp

@ p' lineonic vector charge
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Connection to Condensed Matter literature

e When K0(x) = 0, the rank-2 BF can be cast into

Seff = /d3X (Qbemjajaké,-k—i—éokEOUaiajk—aikEOijaoéjk—éo,'pi—é,'jkij—i-@/)p—aij_/ij)



Rank-2 BF theory
0000000080

Connection to Condensed Matter literature

e When K0(x) = 0, the rank-2 BF can be cast into

Seff = /d3X (weoyajaké,-k—i—éokEOUaiajk—aikEOijaoéjk—éo;pi—éijkij—i-@/)p—a,'j_/ij)

e Mapping to effective field theory of the Rank-2 Toric Code [Han, PRB, 2024]

R2TC Covariant BF-like
(EZ, EY) (—Bo2, Bo1)
(Exxs Eyy, Exy) (=Bi2, Bo1, Bi1 — B)
(At, A, Ay Axy) (¢, a2, a11, —a12)
(Js Juxs Iy Jyy) —(p, K1, 2412, )
(Koo, Ky Kyy) (—Kiz, K1, K1)
(0 p") = (—=p2, p1)
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Rank-2 Toric Code

o Exactly solvable quantum lattice model
o Excitations with restricted mobility [Oh, Kim, Moon and Han, PRB, 2022]
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[Picture taken from Oh et al. PRB, 2022]
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Summary

o Fractons: condensed matter «+— high-energy physics.
@ Covariant approach — fractons from rank-2 Chern-Simons and BF
@ Mapping to low-energy effective theory of the Rank-2 Toric Code
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Actions

@ Gauge transformations

513/“, == 8#8,,/\ 523!“’ =0
518;“, =0 (525,“, = ufu

@ Most general 3D invariant actions
S(C‘}) = /d3xe“"pau>‘8,,ap,\
& — / d*x P B ), B,y
Sgr = /d3xe“”pBM“8,,apo,

@ Spr can be isolated by means of a discrete symmetry P

Pay, = +auw PB,, = — B PS=0
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Gauge fixing

o Let
Buy = buy + 6MVpbp a= nuyaﬂl’ b = nuybu’y

then the invariant action reads
SeF = / d>x (¢"7b,’ Oyape — b*0" 3 + b*0,a)
@ The most general gauge fixing conditions can be implemented by adding to Sgr
Ser = /d3x [d (koa“a”a;w + klﬁza) + d" (kp0" by + K10,b + /fze“yp(')”bp)]
@ The propagators are defined only when k¢ + 3x1 = 0 and display poles for
ko =0 Ko = K2 ki = —ko

e We have three DoF from a,,(x), two from b, (x) and one from b, (x)
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Propagators

R N i
<aaﬁ(_P) bpo(p)> = —szp/\ |:(6a/\pta[3 + 6,8Aptaa + 6&)\0'th + €8)o tpa) +

4go
Po P, PpPp o P PpPa
- <€o¢>\p [;25 + €aro p2 + 6,3>\pp I23 + €8\o p2 )

A - i 2kK0 -
(3ap(—p) by(P)) = — [ﬂ (tappp + tapPa) — (ko tappp + ki taﬁpp)]

p2 0 — K2 m
. 5 2 paps A 5 2i  earpp”
B _ d —_ b — d = )
Gas(-p)d(P)) = =T (Ba(=p)dlp) = =
(bos(—p) dy(p)) = - [ L = (taps + tapP0)
as(—P) dp(P)) = 2 | apPp = o \tawPB T 1P
where  tag =1ap — P50 5 fap =1ap — 37557
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Equations of motion

e Equations of motion

1 ~ .
JO‘B - 6SBF _ = (6;“/046#BVB + 6uuﬁ8HBya)

N (53(15 2
Ros — 9568 _ w5
6Bug v

@ The EoM of B;w can be written as

1. - ; y
p' = EBI KY = 5’Uklgk/ with 5'Ukl =
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Comparison with rank-2 Chern-Simons

o From the EoM and the definition of &£;;(x)
ko< &  where  &=nlg;

@ In rank-2 BF £(x) # 0 since B, (x) is not symmetric

@ In rank-2 Chern-Simons £(x) = 0 since the theory is both symmetric and
traceless

Scs = / d*x P50, 5,
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Comparison with rank-2 Chern-Simons

e From the EoM and the definition of &£;j(x)
ko x & where E=nlg;

@ In rank-2 BF £(x) # 0 since B,,,(x) is not symmetric
@ In rank-2 Chern-Simons &£(x) = 0 since the theory is both symmetric and
traceless
S = / d3x €050, 8,0 — / d®x J3,,

@ — once matter is introduced

@ the charge density p = 20,J° is fractonic
@ isolated dipoles move in straight lines perpendicular to their dipole momenta
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