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What are fractons?

Quasiparticles with restricted mobility

[Picture taken from W. Shirley et al. SciPost Phys, 2019]
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Brief history of fractons

Exactly solvable quantum spin models of Quantum Information Theory [Vijay,
Haah and Fu, PRB, 2016]

[Picture taken from M. Pretko et al. IJMPA, 2020]



4/17

Fractons Rank-2 BF theory Conclusions Backup

Brief history of fractons

Exactly solvable quantum spin models [Vijay, Haah and Fu, PRB, 2016]

Quantum Field Theory [Pretko, PRB, 2017]

[Picture taken from M. Pretko et al. IJMPA, 2020]
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Pretko’s idea

Restricted mobility realized through Gauss constraint

∂i∂jE
ij = ρ

total charge and dipole momentum are conserved

∂t

∫
dV ρ = 0 ∂t

∫
dV xkρ = 0 =⇒ ρ is fractonic

[Picture taken from M. Pretko et al. IJMPA, 2020]
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Covariant approach

Pretko’s results from principles of QFT: fields and symmetries

Symmetric aµν(x) with mass dimension one and transforming under

δaµν = ∂µ∂νΛ

4D: Linearized Gravity + rank-2 Maxwell [Blasi and Maggiore, PLB, 2022]

This model explains Pretko’s theory [Bertolini and Maggiore, PRD, 2022]
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3D Chern-Simons and BF theories

Rank-2 generalizations of 3D topological field theories

Chern-Simons [Deser, Jackiw and Templeton, PRL, 1982]

S
(ord)
CS =

∫
d3x ϵµνρAµ∂νAρ µ, ν, ρ = 0, 1, 2

BF [Horowitz, CMP, 1989]

S
(ord)
BF =

∫
d3x ϵµνρBµ∂νAρ =

1

2

∫
d3x ϵµνρBµFνρ

Important applications: QHE and topological insulators
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Fields and symmetries

Gauge fields: aµν(x) symmetric and Bµν(x) generic

Gauge transformations{
δ1aµν = ∂µ∂νΛ

δ1Bµν = 0

{
δ2aµν = 0

δ2Bµν = ∂µξν

BF-like invariant action

SBF =

∫
d3x ϵµνρB σ

µ ∂νaρσ
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Field strength

Rank-2 BF action

SBF =
1

3

∫
d3x ϵµνρB σ

µ Fσνρ

Higher-rank field strength [Bertolini and Maggiore, PRD, 2022]

Fµνρ ≡ ∂µaνρ + ∂νaµρ − 2∂ρaµν

1 invariance
δ1Fµνρ = δ2Fµνρ = 0,

2 symmetry
Fµνρ = Fνµρ

3 cyclicity
Fµνρ + Fρµν + Fνρµ = 0

4 Bianchi-like identity
ϵνρσ∂

νFµρσ = 0
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Gauge fixing

Problem treated using gauge theory techniques [Faddeev and Popov, PLB,
1967]

Gauge fixing term
S ≡ SBF + Sgf

It eliminates redundant degrees of freedom =⇒ partition function well defined

Propagators are computed and the physical degrees of freedom are 6
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Generalized electromagnetic fields

Fractonic solution

Bi0 = ∂iϕ ai0 = ∂iψ

In ordinary Chern-Simons

δS
(ord)
CS

δAi
∝ ϵ0ijEj

δS
(ord)
CS

δA0
∝ B where E i ≡ F i0 B ≡ −F 12

In rank-2 BF

δSBF

δB̃ij

≡ 1

2
ϵ0ikE j

k

δSBF

δB̃0i

≡ 1

2
Bi ⇐⇒ Eij ≡ Fij0 Bi ≡

2

3
ϵ0jkFijk
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Coupling to matter

Total action

Stot ≡ SBF −
∫

d3x Jµνaµν −
∫

d3x K̃µνB̃µν

Continuity equations

∂α∂βJ
αβ = 0

∂αK̃
αβ = 0
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Fractons

Fractonic continuity equation

∂0ρ+ ∂i∂jJ
ij = 0 where ρ ≡ 2∂iJ

0i

ρ is fractonic

∂0

∫
dΣ ρ = 0 ∂0

∫
dΣ xkρ = 0
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Lineons

Standard continuity equation

∂0ρ
i + ∂j K̃

ji = 0 where ρi ≡ K̃ 0i

from which

∂0

∫
dΣ ρi = 0 ∂0

∫
dΣ xiρ

i = 0 ∂0

∫
dΣ ϵ0ijx

iρj =

∫
dΣ k0

where

K̃µν ≡ k̃µν − 1

2
ϵµνρkρ

ρi lineonic vector charge
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Connection to Condensed Matter literature

When K i0(x) = 0, the rank-2 BF can be cast into

Seff =

∫
d3x

(
ψϵ0ij∂j∂k B̃

k
i +B̃ k

0 ϵ0ij∂iajk−aikϵ0ij∂0B̃ k
j −B̃0iρ

i−B̃ij K̃
ij+ψρ−aijJ ij

)

Mapping to effective field theory of the Rank-2 Toric Code [Han, PRB, 2024]

R2TC Covariant BF-like

(E x
t , E

y
t ) ≡ (−B̃02, B̃01)

(Exx ,Eyy ,Exy ) ≡ (−B̃12, B̃21, B̃11 − B̃22)

(At ,Axx ,Ayy ,Axy ) ≡ (ψ, a22, a11, −a12)
(J̃t , Jxx , Jxy , Jyy ) ≡ −(ρ, J11, 2J12, J22)
(Kxx , Kxy , Kyy ) ≡ (−K̃12, K̃11, K̃21)

(ρx , ρy ) ≡ (−ρ2, ρ1)
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Rank-2 Toric Code

Exactly solvable quantum lattice model

Excitations with restricted mobility [Oh, Kim, Moon and Han, PRB, 2022]

[Picture taken from Oh et al. PRB, 2022]
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Fractons

Condensed Matter Physics High Energy Physics
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Summary

Fractons: condensed matter ←→ high-energy physics.

Covariant approach −→ fractons from rank-2 Chern-Simons and BF

Mapping to low-energy effective theory of the Rank-2 Toric Code

References

J. High Energ. Phys. 2024, 232 Phys. Rev. B 111, 085126
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Actions

Gauge transformations{
δ1aµν = ∂µ∂νΛ

δ1Bµν = 0

{
δ2aµν = 0

δ2Bµν = ∂µξν

Most general 3D invariant actions

S
(a)
CS =

∫
d3x ϵµνρa λ

µ ∂νaρλ

S
(B)
CS =

∫
d3x ϵµνρB λ

µ ∂νBρλ

SBF =

∫
d3x ϵµνρB σ

µ ∂νaρσ ,

SBF can be isolated by means of a discrete symmetry P

Paµν = + aµν PBµν = −Bµν PS = 0
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Gauge fixing

Let
Bµν ≡ bµν + ϵµνρb

ρ a ≡ ηµνaµν b ≡ ηµνbµν
then the invariant action reads

SBF =

∫
d3x

(
ϵµνρb σ

µ ∂νaρσ − bµ∂νaµν + bµ∂µa
)

The most general gauge fixing conditions can be implemented by adding to SBF

Sgf =

∫
d3x

[
d
(
k0∂

µ∂νaµν + k1∂
2a
)
+ dµ (κ0∂

νbµν + κ1∂µb + κ2ϵµνρ∂
νbρ)

]
The propagators are defined only when κ0 + 3κ1 = 0 and display poles for

κ0 = 0 κ0 = κ2 k1 = −k0

We have three DoF from aµν(x), two from bµν(x) and one from bµ(x)



17/17

Fractons Rank-2 BF theory Conclusions Backup

Propagators

⟨âαβ(−p) b̂ρσ(p)⟩ = −
i

2p2
pλ

[
(ϵαλρtσβ + ϵβλρtσα + ϵαλσtρβ + ϵβλσtρα)+

− 4κ2
κ0 − κ2

(
ϵαλρ

pσpβ
p2

+ ϵαλσ
pρpβ
p2

+ ϵβλρ
pσpα
p2

+ ϵβλσ
pρpα
p2

)]
⟨âαβ(−p) b̂ρ(p)⟩ =

i

p2

[
2κ0

κ0 − κ2
(tαρpβ + tβρpα)−

1

k0 + k1
(k0 tαβpρ + k1 t̃αβpρ)

]

⟨âαβ(−p) d̂(p)⟩ = −
2

k0 + k1

pαpβ
p4

⟨b̂α(−p) d̂ρ(p)⟩ =
2i

κ0 − κ2
ϵαλρp

λ

p2
,

⟨b̂αβ(−p) d̂ρ(p)⟩ =
i

p2

[
1

κ0
t̃αβpρ −

2

κ0 − κ2
(tαρpβ + tβρpα)

]
where tαβ ≡ ηαβ −

pαpβ
p2

; t̃αβ ≡ ηαβ − 3
pαpβ
p2



17/17

Fractons Rank-2 BF theory Conclusions Backup

Equations of motion

Equations of motion

Jαβ =
δSBF
δaαβ

=
1

2

(
ϵµνα∂µB̃

β
ν + ϵµνβ∂µB̃

α
ν

)
K̃αβ =

δSBF

δB̃αβ

= ϵµνα∂µa
β

ν

The EoM of B̃µν can be written as

ρi =
1

2
Bi K̃ ij = σ̃ijklEkl with σ̃ijkl ≡ 1

4

(
ϵ0ikηjl + ϵ0ilηjk

)



17/17

Fractons Rank-2 BF theory Conclusions Backup

Comparison with rank-2 Chern-Simons

From the EoM and the definition of Eij(x)

k0 ∝ E where E ≡ ηijEij

In rank-2 BF E(x) ̸= 0 since Bµν(x) is not symmetric

In rank-2 Chern-Simons E(x) = 0 since the theory is both symmetric and
traceless

SCS =

∫
d3x ϵµνρã λ

µ ∂ν ãρλ
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Comparison with rank-2 Chern-Simons

From the EoM and the definition of Eij(x)

k0 ∝ E where E ≡ ηijEij

In rank-2 BF E(x) ̸= 0 since Bµν(x) is not symmetric

In rank-2 Chern-Simons E(x) = 0 since the theory is both symmetric and
traceless

S
(CS)
tot =

∫
d3x ϵµνρã λ

µ ∂ν ãρλ −
∫

d3x J̃µν ãµν

=⇒ once matter is introduced
1 the charge density ρ ≡ 2∂i J̃

0i is fractonic
2 isolated dipoles move in straight lines perpendicular to their dipole momenta
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