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Upshot

◦ Work in collaboration with Bruno Bucciotti, Adrien Kuntz and Enrico Trincherini.

Main point
Second order amplitudes are a solid independent probe of GR (and Beyond
GR). We computed the Schwarzschild amplitudes for all values of parameters.

◦ Main references:
◦ “Quadratic quasi-normal modes of a Schwarzschild black hole”, [Bucciotti et al., 2024b].

◦ “Amplitudes and polarizations of quadratic quasi-normal modes for a Schwarzschild black
hole”, [Bucciotti et al., 2024a].

◦ And also “Quadratic quasi-normal mode dependence on linear mode parity”,
[Bourg et al., 2025].
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Black holes merger and ringdown



Overview

◦ Three stages of binary evolution:
inspiral, merger and ringdown.

◦ The inspiral has been modelled with high
accuracy, ringdown results are less precise,
but still relevant.

◦ Quasi-normal modes, produced in
ringdown were clearly detected
[Abbott and al., 2016] and there are
promising forecasts.

◦ Non-linear effects are also relevant in
numerical simulations
[Cheung et al., 2023] and from theoretical
considerations [Yi et al., 2024].

LVK collaboration (2016).
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Overview

◦ Three stages of binary evolution:
inspiral, merger and ringdown.

◦ The inspiral has been modelled with high
accuracy, ringdown results are less precise,
but still relevant.

◦ Quasi-normal modes, produced in
ringdown were clearly detected
[Abbott and al., 2016] and there are
promising forecasts.

◦ Non-linear effects are also relevant in
numerical simulations
[Cheung et al., 2023] and from
phenomenological considerations
[Yi et al., 2024].

LVK collaboration (2016).

Signal model:
h(t > t0) = Ae(t−t0)/τ cos (2πf0(t− t0) + φ0) 3/13



Black hole perturbation theory

◦ Expand the gravitational field around background

gµν = ḡµν + h(1)µν + h(2)µν +O(h(3))

◦ Insert the metric ansatz in the sourceless Einstein equations Gµν [g] = 0

Gµν [g] = G(0)
µν [ḡ] +G(1)

µν [h(1)] +G(1)
µν [h(2)] +G(1)

µν [h(2)]

◦ Order by order, the equations are

G(0)
µν [ḡ] ≡ 0 Birkhoff’s theorem

G(1)
µν [h(1)] = 0 First order

G(1)
µν [h(2)] +G(2)

µν [h(1),h(1)] = 0 Second order
...
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Spherical and Fourier decomposition

◦ To make the equation simpler, exploit spherical symmetry and time translation
invariance.

◦ The metric fluctuations can be decomposed as:

h =

hab haB

hBa hAB

 where
a, b ∈ {t, r}
A,B ∈ {θ, ϕ}

where, for example

hab(r, t) =
∑
l,m

∫
dωlm

(
e−iωlmthlmab (r, ω)Y lm(θ, ϕ) + eiω

∗
lmthlmab (r, ω)Y ∗lm(θ, ϕ)

)
◦ The frequencies are a priori complex to include damping effects. The two conjugate

contributions are called regular and mirror modes labelled using m.
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Parity sectors

◦ We can label the metric sectors according to parity. For example:

haB(r, t) =
∑
lm

∫
dωlme

−iωlmt
(
hlma+(r, ω)Y

lm
B (θ, ϕ) + hlma−(r, ω)X

lm
B (θ, ϕ)

)
where

Y lm
B (θ, ϕ) = ∂BY

lm(θ, ϕ)

X lm
B (θ, ϕ) = −εAB∂AY lm(θ, ϕ)

A,B ∈ {θ, ϕ}

◦ The components are divided in even
hlma+ and odd hlma−.

◦ This is related to transformation
properties of spherical harmonics
under parity.

Y lm(θ, ϕ) → (−1)lY lm(θ, ϕ)

(θ, ϕ) → (π − θ, π + ϕ)
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Linear order master equation

◦ By suitably recombining the 10 equations G(1)
µν [h(1)] = 0, making smart redefinitions and

using gauge freedom, reduce to 2 equations:(
d2

dr2∗
+ ω2

lm − V l
±(r∗)

)
ψ
(1)
± (r∗, ω) = 0 Zerilli/Regge-Wheeler

where
r∗ := r + ln (r − 2M)

◦ ψ
(1)
± are called even and odd master scalars.

◦ Metric components hrr, htr, htt... can be reconstructed once the differential equation is
solved.
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Physical observables: linear frequencies

◦ Zerilli and Regge-Wheeler equations can be solved using analythical approximations
or numerical methods.

◦ One of the most accurate methods is
the so called Leaver’s algorithm.

◦ Since the equations are
homogeneous, the amplitudes ψ(1)

±
are free parameters, to be fixed
from the merger [Nobili et al., 2025].

◦ A genuine prediction are the
frequencies which carry information
about mass, spin and environment.

Quasi-normal modes of black holes and black
branes [Berti et al., 2009].
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Non-linear quasi-normal modes



Non-linear master equations

◦ At second order Einstein’s equations are:

G
(1)
µν [h(2)] = −G(2)

µν [h(1)
1 ,h(1)

2 ]

Linear operator Bilinear operator

◦ The RHS acts as a source for the second order perturbations.

◦ Using the same technique as for the linear case:(
d2

dr2∗
+ ω2

lm − V l
±(r∗)

)
ψ
(2)
± (r∗, ω) = S

(
ψ
(1)
1 , ψ

(1)
2 , ∂rψ

(1)
1 , . . .

)
◦ The lower script (1, 2) of ψ(1) denotes the two parent modes.
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Solving the equations: a technical problem

◦ A problem appears: the source goes as a constant as r∗ → ∞ at fixed t. So, by
dimensional analysis ψ(2) diverges as r2∗. This prevents from finding a solution of the
equations.

◦ Two different ways out:
◦ Re-define the master scalars [Bucciotti et al., 2024b];
◦ Use the hyperboloidal frequency-domain framework [Bourg et al., 2025].

◦ After some work we found that the new regularized master scalars are

Ψ(r∗, ω) := ψ(r∗, ω) +
(
a1r + a2r

2
)
ψ
(1)
1 ψ

(1)
2 with a1, a2 constants

◦ Using this, the equations become(
d2

dr2∗
+ ω2

lm − V l
±

)
Ψ = G(r)

where G is now well behaved.
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Physical observables: frequencies

◦ From the bilinearity of the source, we
already see that the non-linear
frequencies are:

ω++ = ω1 + ω2

ω+− = ω1 − ω∗
2

and

ω−+ = −ω1 + ω∗
2

ω−− = −ω∗
1 − ω∗

2

[Bucciotti et al., 2024b]
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Physical observables: amplitudes

◦ The first relevant quantity is:

R :=
A(2)

A(1)
1 A(1)

2

where

h+× ∼ M

r

∑
lmN

AlmN eiωlN (r∗−t)
−2Y

lm

◦ For example:

A(2)

44(220+)×(220+)(
A(1)

(220+)

)2 ≈ 0.154e−i0.068i

[Bucciotti et al., 2024b]
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Conclusion

Main result
◦ We computed the second order amplitude ratios for all values of initial and final angular

momenta, parity etc.

Open questions

◦ A critical point is the restriction to Schwarzschild. A more physical assumption would be
to include spin and consider Kerr black holes.
◦ Nonetheless, the effect of spin is small [Cheung et al., 2024].

◦ In order to make contact with observation noise needs to be factored out. Also
environmental effects are relevant.
◦ What happens to second order perturbations if we include scalar fields like Dark Matter?
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Backup slides



Gauge freedom

◦ In perturbation theory, gauge transformations differ order by order:

∆h(1)µν = Lξ(1) ḡµν

∆h(2)µν = Lξ(2) ḡµν +
1

2
L2
ξ(1)

ḡµν + Lξ(1)h
(1)
µν

◦ The most common gauge choice (at any order) is Zerilli/Regge-Wheeler gauge:

ht+ = hr+ = h+ = h− = 0

◦ We have to make sure that at the end of the calculation we come back to a physical
(TT) gauge:

hab = ha± = h◦ = 0



Amplitudes selection rules

◦ Some selection rules appear that
come from the combination of
spherical harmonics.

◦ The second order mode
vanishes if

l1 = l2 m1 = m2

◦ The second order mode
vanishes if

l1 + l2 n1 = n2 m1 = m2

and l is odd.

[Bucciotti et al., 2024b]



Physical observables: polarizations

◦ A second figure of merit are
the polarizations, defined as:

κlmN := (−1)m
A∗

l,−m,N̄

Al,m,N

◦ These quantify the deviation of
the system from azimuthal
parity symmetry.

◦ We assume this symmetry to
hold as a good
approximation of physical
ringdown.

[Bourg et al., 2025]
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