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hadronic spectral densities from the lattice

a new route to QCD phenomenology



why we should look at hadronic spectral densities?

or, more explicitly,

what the hell do these obscure mathematical objects have to do with QCD phenomenology?



you might have heard many times people like me,
the Lattice Guy (LG), to say

LG: LQCD entered the precision era!
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you might have heard many times people like me,
the Lattice Guy (LG), to say

LG: LQCD entered the precision eral!

and maybe then you, the Pheno Guy (PG), said:

PG: come on! you are only able to compute f, and
a couple of other things. what about inclusive
semileptonic B decays? non-leptonic decays?
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you might have heard many times people like me,
the Lattice Guy (LG), to say

LG: LQCD entered the precision era!

and maybe then you, the Pheno Guy (PG), said:

PG: come on! you are only able to compute f, and
a couple of other things. what about inclusive
semileptonic B decays? non-leptonic decays?

LG: well, you know, we are working in euclidean
time, there are problems of analytical continuation,

PG: you can't do it, right?

LG: ok, let's see. ..
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in QFT, in order to get a state, we have to probe the spectrum of the
hamiltonian by acting on the vacuum with interpolating operators

let's chose an operator with the quantum numbers of the B-meson and
set the spatial momentum to zero,

(1) = / @1 0 (x) 0)




in minkowsky-time QM we have
(1) = e H @) — / dE =" §(H — B) | )
mp

the operatorial d-function can be expressed in terms of states as

= > [XE)X(E)

X(E)

and we can use Fourier's transform, a razor, to select any energy
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in euclidean-time QM we have 2

|T(t)) = e W) = /Oo dEe '"P §(H — E) |¥)

mp

the physics is untouched but we don't have the Fourier transform!

we have, though, a very (too) efficient way to isolate single-particle
states

W) =¥ etme| gy Bl0BO0I0)
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spectral densities are key objects in QFT

the Fourier transforms of Wightman's functions in minkowsky space
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from their knowledge it is possible to study any hadronic process



the theoretical connection between
euclidean lattice correlators
spectral densities
and generic S-matrix elements

is known since a while!!
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mathematically, the problem is reduced to that of an inverse laplace-transform

to be performed numerically

by starting from a finite and noisy set of input data

moreover. . .



Axiom W1: For each test function f, i.e. for a function with a compact support and continuous derivatives of any order,
there exists a set of operators O1(f),--,On(f) which, together with their adjoints, are defined on a dense subset of the
Hilbert state space, containing the vacuum. The fields O are operator-valued tempered distributions. The Hilbert state
space is spanned by the field polynomials acting on the vacuum (cyclicity condition).

2 2 2 2
H? — P} H2 — P2

(e ]

spectral densities are distributions and must be
smeared

this is particularly important on finite volumes
where

pL(E) = an(L) 6 (En(L) — E)
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having all this in mind, we developed a method (that my friend j.bulava then called HLT) that allows
to extract smeared spectral densities from lattice correlators

T, (L) = / h dE K,(E)pL(E) , I = lim lim To(L)

FEy o—0 L—oo



other methods are available on the market
a.rothkopf EPJ Web Conf. 274, 01004 (2022)
j.bulava PoS LATTICE2022 (2023) 231

and whenever i have a student named alessandro i devise a new one. ..
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Teaching to extract spectral densities from lattice correlators to a
broad audience of learning-machines

Michele Buzzicotti®, Alessandro De Santis"®, Nazario Tantalo®
University and INFN of Roma Tor Vergata, Via della Ricerca Scientifica 1, 00133 Rome, Italy



let's see how the HLT method works. ..
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we have seen that the hadronic quantities that have been computed very precisely on the lattice are
matrix elements of local operators between single-particle states and/or the vacuum ...
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but, actually, also integrals of euclidean correlators times coefficients that, when there are no problems

of analytical continuation, are smooth and well behaving



/EOO dEK(E)p(E) = hm ZJT

in general, the coefficients are all but smooth. ..
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oo T
An[g] = . dEwn(E) K(E) — Zg"' e~ ToE
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in general, the coefficients are all but smooth. ..

and the correlators are noisy!!
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PG: look, i'm exhausted!

what the hell do these obscure mathematical objects have to do with QCD phenomenology??

LG: look, after barata and fredenhagen, a robust numerical method was needed. . .



j.bulava et al. JHEP 07 (2022) 034
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the R-ratio in the non-linear O(3) sigma-model in two dimensions



PG: come on, a model in two dimensions. . .

what the hell do these obscure mathematical objects have to do with QCD phenomenology?777

LG: ok, let's try again. ..
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Inclusive semileptonic decays of the D, meson:
Lattice QCD confronts experiments
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not yet B — X /U but we are working on it...
as well as on non-local weak matrix elements. ..

and exclusive non-leptonic processes. . .
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to summarize
the bring-home message from the LG to the PG is:
we have realized that axiomatic field theory opened a new route to QCD phenomenology!

ANY AMPLITUDE can be written in terms of euclidean correlators as

Ansm = Z Gt1,..trpm O(t1, T atm)

t1,. bntm

and is therefore computable and the spectral-density approach WORKS!
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a new route has been opened. ..
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t1,etntm

a new route has been opened. ..

but this doesn’t mean that it will be a comfortable journey. ..



An»—)m = Z gtl,..‘tnﬁ_m C(tla e atm)

t1,.tntm

a new route has been opened. ..
but this doesn’t mean that it will be a comfortable journey. ..
therefore, it is even more important than before to
invest on as much precise as possible lattice calculations in order to

exploit the full discovery potential of past and future experiments!



