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Introduction

Concept of a quantum state plays a central role in the discussion of
entanglement, Bell inequality violation, steering etc.

State is expressed in a certain basis:

ρ = ραβ |α〉〈β|.

In particle physics basis vectors correspond to particles with definite
four-momentum and spin:

|k, σ〉,

k – four-momentum of a particle,
σ – spin projection along given axis.

How the states |k, σ〉 are defined?
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Irreducible unitary representation of the Poincaré group

The vectors |k, σ〉 span the carrier space of the irreducible massive
representation of the Poincaré group H.

The standard Poincaré algebra

[Ji , Jj ] = iεijkJk , [Ki ,Kj ] = −iεijkJk ,
[Ji ,Kj ] = iεijkKk , [Ki ,Pj ] = −iP0δij ,

[Ji ,Pj ] = iεijkPk , [Ki ,P0] = −iPi ,

[Ji ,P0] = [Pi ,P0] = [P0,P0] = 0.

Jij ≡ εijkJk , J0i ≡ Ki , Jµν = −Jνµ, Jk = 1
2εijkJij .

The vectors |k, σ〉 are eigenvectors of the four-momentum operators

P̂µ|k, σ〉 = kµ|k, σ〉,

k2 = m2, m – mass of the particle.

How the index σ is obtained?
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Irreducible unitary representation of the Poincaré group

The standard Wigner procedure leads to (Λ – Lorentz transformation)

U(Λ)|k, σ〉 = Ds
λσ(R(Λ, k))|Λk, λ〉,

R(Λ, k) = L−1
Λk ΛLk is a rotation, so called Wigner rotation,

Ds – spin s irreducible, unitary representation of the rotation group
SO(3).

To obtain this formula one generates the vectors |k, σ〉 from the standard
vector |k̃ , σ〉:

|k, σ〉 = U(Lk)|k̃, σ〉,

k̃ = m(1, 0, 0, 0) – four-momentum of a particle at rest,
Lk – standard boost defined by conditions k = Lk k̃, Lk̃ = I .

σ – spin of a particle at rest.
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The standard Wigner procedure leads to (Λ – Lorentz transformation)

U(Λ)|k , σ〉 = Ds
λσ(R(Λ, k))|Λk , λ〉,

R(Λ, k) = L−1
Λk ΛLk is a rotation, so called Wigner rotation,

Ds – spin s irreducible, unitary representation of the rotation group
SO(3).

To obtain this formula one generates the vectors |k , σ〉 from the standard
vector |k̃ , σ〉:

|k , σ〉 = U(Lk)|k̃ , σ〉,

k̃ = m(1, 0, 0, 0) – four-momentum of a particle at rest,
Lk – standard boost defined by conditions k = Lk k̃ , Lk̃ = I .

σ – spin of a particle at rest.



Spin operator for a relativistic particle

How to define spin operator for a relativistic particle?

In the space H there exists a well-defined square of the spin operator

Ŝ
2

= s(s + 1)I = − 1
m2 W

µWµ,

s – spin of a particle,
Ŵ µ = 1

2ε
νγδµP̂ν Ĵγδ – the Pauli-Lubanski four-vector, (ε0123 = 1),

Ĵµν – the generators of the Lorentz group.

It does not determine Ŝ.

Spin can be defined as a difference between total angular momentum Ĵ
and the orbital angular momentum L̂ = Q̂× P̂:

Ŝ = Ĵ− Q̂× P̂.

Ĵ and P̂ are well defined within the unitary, irreducible representation of
the Poincaré group.

There does not exist a generally accepted position operator Q̂.

Different choices of Q̂ lead to different spin operators.
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Ŝ
2

= s(s + 1)I = − 1
m2 W

µWµ,

s – spin of a particle,
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Ŝ = Ĵ− Q̂× P̂.
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Spin operator for a relativistic particle
Position operator

Various position operators have been proposed in the literature see, e.g.,
[H. Bacry, Localizability and Space in Quantum Physics, Vol. 308 of
Lecture Notes in Physics, Springer-Verlag, Berlin, 1988].

I will discuss the following ones:

I The Newton–Wigner position operator

Q̂NW = −1

2

[ 1

P̂0
K̂ + K̂

1

P̂0

]
− P̂× Ŵ

mP̂0(m + P̂0)
.

I Center of mass position operator

Q̂CM = −1

2

[ 1

P̂0
K̂ + K̂

1

P̂0

]
.
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Spin operator for a relativistic particle
Position operator

Properties of the Newton-Wigner position operator:

I it is a vector;

I it has self-adjoint components;

I it is defined for arbitrary spin;

I it has commuting components;

I it does not transform in a manifestly covariant way under Lorentz
boosts.

Properties of the center of mass position operator:

I it is a vector;

I it has self-adjoint components;

I it is defined for arbitrary spin;

I it has non-commuting components;

I it does not transform in a manifestly covariant way under Lorentz
boosts.
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Spin operator for a relativistic particle

The spin operator corresponding to the center of mass position operator
has the following form

ŜCM =
Ŵ

P̂0
.

Properties of ŜCM :

I simple and direct relation with Puli-Lubanski four-vector;

I components Ŝ i
CM do not satisfy the standard su(2) Lie algebra

commutation relations;

I eigenvalues of Ŝ i
CM , λi are momentum-dependent i.e.

λi = λ
√

[m2 + (k i )2]/k0 , λ = −s,−s + 1, . . . , s;

I the operator Ŝ
2

CM does not reduce to the relativistic spin-square
operator −W µWµ/m

2 equal to s(s + 1)I in an unitary irreducible
representation of the Poincaré group.

ŜCM is not a proper spin observable.
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ŜCM is not a proper spin observable.



Spin operator for a relativistic particle

The spin operator corresponding to the center of mass position operator
has the following form
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CM , λi are momentum-dependent i.e.

λi = λ
√

[m2 + (k i )2]/k0 , λ = −s,−s + 1, . . . , s;

I the operator Ŝ
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Spin operator for a relativistic particle

That is why in many papers on relativistic quantum information the
normalized version of ŜCM was used.

For example, Czachor in the first paper considering EPR experiment with
relativistic particles [M. Czachor, Phys. Rev. A, 55, 72 (1997)]
considered such an operator.

Explicitly, Czachor used the following spin projection operator

Ŝ(a) =
a · Ŵ√

m2 + (a · P̂)2

.

The above operator has a proper spectrum but is a nonlinear function of
a.
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Spin operator for a relativistic particle

The spin operator related to the Newton-Wigner position operator:

ŜNW =
1

m

(
Ŵ + Ŵ 0 P̂

P̂0 + m

)
,

Properties of the spin operator ŜNW :

I its components satisfy the standard su(2) Lie algebra commutation
relations;

I its square is equal to s(s + 1)I in a unitary irreducible representation
of the Poincaré group;

I it is the only axial vector which is a linear function of the
Pauli-Lubanski four-vector components;

I under Lorentz group action it transforms according to

Ŝ
′
NW = R(Λ, P̂)ŜNW , where R(Λ, P̂) is the corresponding Wigner

rotation.

This operator in abstract form was for the first time discussed by Pryce in
1935.
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Spin operator for a relativistic particle

The spin operator ŜNW acts on one-particle states according to

ŜNW |k, σ〉 = Sλσ|k, λ〉,

where S i are standard quantum mechanical spin matrices.

For spin s = 1/2

S i =
1

2
σi , σi − Pauli matrices.

For spin s = 1:

S1 = 1√
2

0 1 0
1 0 1
0 1 0

 , S2 = i√
2

0 −1 0
1 0 −1
0 1 0

 , S3 =

1 0 0
0 0 0
0 0 −1

 .
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The spin operator ŜNW acts on one-particle states according to
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Spin operator for a relativistic particle

One can try to define a relativistic spin operator using other principles
and omitting ambiguities related to a position operator.

Such an approach has been used in many papers, a lot of them have
been devoted to a spin operator for a Dirac particle.



Spin operator for a relativistic particle

One can try to define a relativistic spin operator using other principles
and omitting ambiguities related to a position operator.

Such an approach has been used in many papers, a lot of them have
been devoted to a spin operator for a Dirac particle.



Spin operator for a relativistic particle

One can try to define a relativistic spin operator using other principles
and omitting ambiguities related to a position operator.

Such an approach has been used in many papers, a lot of them have
been devoted to a spin operator for a Dirac particle.



Spin operator for a relativistic particle

Definitions of various relativistic spin operators for a Dirac particle which
appear in the literature:

1. ŜD = − 1
2 Σ̂

2. ŜNW = − |P̂
0|

2m Σ̂ + P̂(P̂·Σ̂)

2m(m+|P̂0|) + i P̂0

2m|P̂0| P̂×α

3. ŜFW = − 1
2 Σ̂− iβ

2|P̂0| P̂×α + P̂×(Σ̂×P̂)

2|P̂0|(m+|P̂0|)

4. ŜC = − m2

2P̂02 Σ̂− imβ

2P̂02 P̂×α− P̂·Σ̂
2P̂02 P̂

5. ŜF = − 1
2 Σ̂− iβ

2m P̂×α

6. ŜCh = − 1
2 Σ̂ + i

2m P̂×α− P̂×(Σ̂×P̂)

2m(m+|P̂0|)

7. ŜP = − 1
2βΣ̂− iα3α2α1(β+1)α·P̂

2P̂
2 P̂

Σ = 1
2iα×α, β = γ0, α = γ0γ, γµ – Dirac matrices.

D – Dirac, NW – Newton-Wigner, FW – Foldy-Wouthuysen (mean-spin
operator), C – Czachor, F – Frenkel, Ch – Chakrabarti, P –Pryce.
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2. ŜNW = − |P̂
0|

2m Σ̂ + P̂(P̂·Σ̂)

2m(m+|P̂0|) + i P̂0

2m|P̂0| P̂×α

3. ŜFW = − 1
2 Σ̂− iβ

2|P̂0| P̂×α + P̂×(Σ̂×P̂)

2|P̂0|(m+|P̂0|)

4. ŜC = − m2

2P̂02 Σ̂− imβ

2P̂02 P̂×α− P̂·Σ̂
2P̂02 P̂
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Spin operator for a relativistic particle

Another approach we presented in
P. Caban, J. Rembieliński, and M. W lodarczyk, Spin operator in the
Dirac theory, Phys. Rev. A 88 (2013) 022119.

We formulated the natural requirements:

I spin does not convert positive (negative) energy states into negative
(positive) energy ones,

I spin is a pseudo-vector,

I eigenvalues of the projection of a spin operator on an arbitrary
direction are independent of this direction.

These requirements follow from the physical principles:

I spin is an inner degree of freedom,

I spin should transform in the same way as total angular momentum,

I isotropy of space.



Spin operator for a relativistic particle

Another approach we presented in
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Spin operator for a relativistic particle

We found that there are four operators satisfying the above requirements.

All of them satisfy the standard su(2) commutation relations (although
we did not require this explicitly).

Only one of these four operator has a proper nonrelativistic limit.

This operator turns out to be equivalent to the Newton-Wigner spin
operator

For a Dirac particle it is equivalent to the so called Foldy-Wouthuysen
mean-spin operator.
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Spin operator for a relativistic particle

The choice of a spin operator is important!

Let us consider two spin-1/2 particles with four-momenta

kµ = m(
√

4x + 1,
√
x , 0,−

√
3x),

pµ = m(
√

4x + 1,−
√
x , 0,−

√
3x),

where

x =
W2

4m2
− 1.

W – invariant total energy of the two-particle system in the center of
mass frame.

We plot the left-hand-side of the CHSH inequality of two such particles
in a pure scalar state for the following configuration: a = (0, 0, 1),

b = (0, 0, 1), c = (
√

3
2 , 0,−

1
2 ), d = (

√
3

2 , 0,
1
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Figure: Violation of CHSH inequality by correlation functions calculated with
the help of Czachor (dashed line) and Newton-Wigner (solid line) spin
operators. Figure from [PRA 79 (2009) 014102]
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Conclusions

I The proper definition of a spin operator for a relativistic particle is
an old-standing problem.

I There is a vast literature on this problem and it is still discussed.

I In my opinion the Newton-Wigner spin operator

ŜNW =
1

m

(
Ŵ + Ŵ 0 P̂

P̂0 + m

)
,

is the most appropriate one.

I Which spin operator is measured at colliders??
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