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Figure 1. Visualization of the machine‐learned potential φ on a slice of the Fermat Quintic threefold.

Ricci‐flat Kähler manifolds play fundamental role in string theory compactifications. The knowl‐
edge of the Ricci–flat metric is crucial for computing quantities such as physical Yukawa couplings,
α′ corrections, etc. {

(J + ∂∂φ)n = Ω ∧ Ω
φ ∈ C∞(X) ∩ PSH(X, J)

(1)

Suppose that X is a complete intersection Calabi–Yau in Pn1 × · · · × PnN . The Ricci‐flat metric
J + ∂∂φ satisfies Monge‐Ampère PDE (1).
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Figure 2. Spectral neural network architecture: Prior to the fully connected neural network we introduce the
spectral layer. The resulting model is C× invariant: φ(λ · p) = φ(p) for all λ ∈ C× and p ∈ X .

To define a neural network (Fig. 2) which gives a global function φ ∈ H0(X, A0,0(R)), we define
maps: αni : Pni −→ Cn+1,n+1 for each i = 1, . . . , N as:

αni([Z0 : . . . : Zn])jk :=
ZjZk

|Z|2
(2)

Note that each (αni)jk is C
×‐homogeneous of degree 0.
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Standard embedding corresponds to the choice of V = TX as a vector bundle on Calabi–Yau
X with structure group SU(3). The space of complex structure deformations H1(X, TX) has a
canonical metric, called Weil–Petersson metric:

⟨a, b⟩WP =
∫

X
a ∧ ⋆gHb, a, b ∈ H1(X, TX) (3)

where H : H1(X, TX) → H1(X, TX) is the harmonic projection and g is the Ricci‐flat metric on
X . Let {ak}h1(TX)

k=1 be an orthogonal basis relative to ⟨−, −⟩WP. Then, normalized Yukawa
couplings are given by:

Yijk =

∫

X
Ω ∧ Ω(ai, aj, ak)

NiNjNk

∫

X
Ω ∧ Ω

(4)

where Ni =
√

⟨ai, ai⟩WP. To evaluate (3), we use equivariant neural networks. In particular, by
extracting correction term from harmonic projection H, we have:

∂s = Hφ− φ (5)
for some section s ∈ Γ(TX). We approximate s using an equivariant neural network as follows:

s(Z) =
∑

j,k,l,m

ψjklm(Z) αjk
ν ZlZm

⎛

⎝
∑

q

|Zq|2
⎞

⎠
2gµν ∂

∂zµ, [BMPnT+24] (6)

where ψjklm is a spectral neural network and α
ij
ν dzν = ι∗(ZjdZi − ZidZj) for canonical

inclusion ι : X → A into ambient space A.
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1. Mirror P̃5[3, 3]: Consider analytic family Xψ given by the intersection of two cubics:

x3
0 + x3

1 + x3
2 − 3ψx3x4x5 = 0, (7)

x3
3 + x3

4 + x3
5 − 3ψx0x1x2 = 0

The Weil–Petersson metric, computed using various techniques, is shown below:
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Figure 3. Weil‐Petersson metric in the one‐parameter family P̃5[3, 3].

2. Tian–Yau manifold: Consider family Xϵ ⊂ P3 × P3 given by Z3 quotient of the variety defined
by the following equations:

1
3

3∑

i=0
x3

i = 1
3

3∑

i=0
y3

i =
3∑

i=0
xiyi + ϵ

3∑

i=2
xiyi = 0 (8)

This manifold has h1,1 = 6 and h2,1 = 9. The Yukawa couplings of form QQcλ are shown in Fig. 4.
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Figure 4. Unnormalized and normalized Yukawa couplings of form QQcλ in the Tian–Yau quotient.

The couplings exhibit hierarchies near the conifold points along the Im(ϵ) = 0 slice.
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cymyc is a Python library for numerically studying Calabi–Yau manifolds using modern numerical
techniques, including machine‐learning. A minimal usage example for solving (1) is:

R BKTQ`i D�t
k 7`QK +vKv+X+�H�#Bnv�m BKTQ`i .rQ`FZmBMiB+- _B++B6H�iJ2i`B+
j F2v 4 D�tX`�M/QKXF2vUyV
9 F2v- nFR- nFk 4 D�tX`�M/QKXbTHBiUF2vV
8

e +v 4 .rQ`FZmBMiB+UyXyV
d Tib 4 +vXb�KTH2nTQBMibU
3 F2v 4 nFR- K�tnTib 4 BMiUR28VV
N K2i`B+ 4 _B++B6H�iJ2i`B+U

Ry F2v 4 nFk-
RR +v 4 +v-
Rk it 4 QTi�tX�/�KrUR2@9VV
Rj K2i`B+X7BiUTibV
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In this talk

compactified on a Calabi-Yau threefoldCalabi-Yau manifolds
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space-time

Calabi-Yau 
manifold

In string compactifications one is 
interested in obtaining low energy 
effective field theories with some 
remnant supersymmetry 
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N = 1 Effective field theory
with known matter content accessible via 


topological data

Gauge structure 
encoded in a vector 
bundle 
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Calabi-Yau metrics (results) Calabi-Yau metrics (results) 1. Calabi-Yau manifolds
Calabi-Yau manifolds

The total parameter space of a CY threefold:  

-                   dimension of the Kähler moduli space. 

-                   dimension of the Complex structure 
moduli space. 

- Calabi-Yau threefolds come in mirror pairs                   ,             
satisfying                                                                               

In simple terms, complex structure and Kähler 
structure get interchanged. This is the basic idea 
behind Mirror Symmetry.

Many possible Calabi-Yau geometries: The Hodge Plot

Di↵erent approaches to string theory involve di↵erent geometries: Manifolds with G2

holonomy, CICY threefolds, hypersurfaces in reflexive polytopes, CY-fourfolds.
which give the appearance of a fractal. This is the plot shown in Figure 1. Each point of the plot

corresponds to one or several reflexive polytopes from the Kreuzer-Skarke list, as illustrated in

Figure 2, in which the colour code indicates the occupation number of each site.
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Figure 2: The Hodge plot for the list or reflexive 4-polytopes. Di�erent colours correspond to di�erent
occupation numbers: the points in the top region of the plot correspond to one or very few reflexive polytopes,
while the blue region in the vicinity of the tip contains points with occupation numbers of order of one million.

The structure of this plot has been mysterious for more than two decades. The distribution

of points in the top region of the plot is symmetric with respect to the axes � = �480. Inspired

by the fact that the exact symmetry around the axis � = 0 corresponds to mirror symmetry, we

name this partial symmetry ‘half-mirror symmetry’. Another striking feature of the plot is that

in the top middle region, the points are arranged into a grid-like structure.

In Chapter 2, we find that the generic features of the plot, as well as the structures mentioned

above are explained as an overlapping of several webs formed by repeating a fundamental structure

along many translation vectors. These webs correspond to Calabi-Yau manifolds fibered over CP1

for which the fiber is a K3 manifold. Di�erent types of K3 fibers give rise to distinct webs. Along

7

CY threefolds: x-axis: Euler Characteristic, y-axis: ‘Height’ (h1,1 + h2,1)

473,800,776 geometries

(M,M0)

h1,1(M) = h2,1(M0) h2,1(M) = h1,1(M0)

h1,1(M)

h2,1(M)

�(M) = 2(h1,1 � h2,1)

h
1
,1
+
h
2
,1

A (compact) Calabi-Yau manifold      of 
complex dimension     is a Kähler         
manifold satisfying any ( = all ) of the following 
properties:


-      has vanishing first Chern class.

-      has a nowhere vanishing holomorphic 

top form

-      has a Ricci-flat Kähler metric in each 

Kahler class

-      has a Kahler metric with local holonomy  
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M

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
<latexit sha1_base64="ws51NGt+1qY+rrUxxUdfeSBKHkA=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZjgheyqQY9ELx4xukACG9ItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4NOOEBjEeCBYxgo2V/Ae/cnHWK5XdqjsDWiZeTsqQo9ErfXX7kqQxFYZwrHXHcxMTZFgZRjidFLuppgkmIzygHUsFjqkOstmxE3RqlT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66Qmug4yJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJrnVa9Wrd1flus3eRwFOIYTqIAHV1CHO2iADwQYPMMrvDnCeXHenY9564qTzxzBHzifP5EjjeM=</latexit>

SU(3)

The parameter space of CY threefold has dimensionality                            . They come 
in mirror pairs.

<latexit sha1_base64="tFrjaZ1ol4h8nF9PDph8W3iJG9w=">AAACEnicbZC7SgNBFIbPxluMt1VLm8EgJChhN0i0DNrYCBHMBZI1zE5mkyGzF2ZmhbDsM9j4KjYWitha2fk2ziYpNPrDwM93zmHO+d2IM6ks68vILS2vrK7l1wsbm1vbO+buXkuGsSC0SUIeio6LJeUsoE3FFKedSFDsu5y23fFlVm/fUyFZGNyqSUQdHw8D5jGClUZ9szy6S+wTOy31fKxGBPPkOi0fa1hdhH2zaFWsqdBfY89NEeZq9M3P3iAksU8DRTiWsmtbkXISLBQjnKaFXixphMkYD2lX2wD7VDrJ9KQUHWkyQF4o9AsUmtKfEwn2pZz4ru7MdpSLtQz+V+vGyjt3EhZEsaIBmX3kxRypEGX5oAETlCg+0QYTwfSuiIywwETpFAs6BHvx5L+mVa3YtUrt5rRYv5jHkYcDOIQS2HAGdbiCBjSBwAM8wQu8Go/Gs/FmvM9ac8Z8Zh9+yfj4BlklnKw=</latexit>

h1,1(M) + h2,1(M)

cf  Kreuzer, Starke’02

Calabi’57, Yau’77



Machine Learning Calabi-Yau Metrics 
To date we do not have an analytic expression for a Ricci flat Calabi Yau metric.  

-The metric can be accessed numerically.  

-More recently, Machine Learning techniques have been used for this 
endeavour. 

Being a Kähler manifold, the Hermitian metric      can be derived from a Kähler potential
gab̄ = @a@b̄K(za, z̄b̄)

The Kähler form is given by: 
J =

i

2
gab̄ dz

a ^ z̄b̄

The Ricci tensor is obtained as 

Rab̄ = @a@b̄ log detg

Simplest case: The Fubini-Study 
metric in the ambient space 

restricted to the hypersurface 
(CICY). 

KFS =
1

⇡
log(z · z̄)

g

Ashmore, Ovrut, He’19 Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle’20

Headrick, Wiseman’05
Headrick, Nassar’13,

Anderson, Braun Karp, Ovrut’10

Douglas, Lakshminarasimhan, Qi’20 Jejjala, DM, Mishra’20

Cui, Gray’19

Ashmore, Ovrut, He’19 Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle’20 
Douglas, Lakshminarasimhan, Qui’20, Jejjala, DM, Mishra’20, Ashmore, Rühle’21

Ashmore, Deen, He, Ovrut’21, Larfors, Lukas, Rühle, Schneider’21

With the exception of K3. Kachru, Tripathy, Zimmet’20’21

2. Machine Learning the Metric (refs)
Machine Learning Calabi-Yau Metrics 

To date we do not have an analytic expression for a Ricci flat Calabi Yau metric.  

-The metric can be accessed numerically.  

-More recently, Machine Learning techniques have been used for this 
endeavour. 

Being a Kähler manifold, the Hermitian metric      can be derived from a Kähler potential
gab̄ = @a@b̄K(za, z̄b̄)

The Kähler form is given by: 
J =

i

2
gab̄ dz

a ^ z̄b̄

The Ricci tensor is obtained as 

Rab̄ = @a@b̄ log detg

Simplest case: The Fubini-Study 
metric in the ambient space 

restricted to the hypersurface 
(CICY). 

KFS =
1

⇡
log(z · z̄)

g

Ashmore, Ovrut, He’19 Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle’20

Headrick, Wiseman’05
Headrick, Nassar’13,

Anderson, Braun Karp, Ovrut’10

Douglas, Lakshminarasimhan, Qi’20 Jejjala, DM, Mishra’20

Cui, Gray’19

Ashmore, He, Heyes, Ovrut’23, Gerdes, Krippendorf’23,…



Machine Learning Calabi-Yau Metrics 

A valid Kähler potential can be obtained generalizing the Fubini-Study metric to polynomials of a higher 
degree 

As the polynomial degree increases the metric          obtained from the Kähler potential with the balanced 
metric approaches the desired Ricci flat metric.  

Now take                                 and proceed iteratively until the metric stabilizes. In this manner one obtains the 
“balanced metric” at degree k.               

Donaldson’s Algorithm

where the       form a basis for holomorphic polynomials over        up to degree k. The task is to find a 
Hermitean matrix          for every k, that gives the best approximation to the Ricci flat metric.

Ms↵
h↵�̄

Take         to be the dimension of           and define{s↵}Nk

H↵�̄ =
Nk

Vol⌦

Z

M
dVol⌦

 
s↵s̄�̄

h↵�̄s↵s̄�̄

!

dVol⌦ = ⌦ ^ ⌦̄

h
↵�̄ = (H↵�̄)

�1

gab̄

K(k)(z, z̄) =
1

k⇡
log(h↵�̄s↵s̄�̄)

2. Machine Learning the Metric

Tian’90

Donaldson’05

Douglas, Karp, Lukic, Reinbacher’06

Braun, Brelidze, Douglas, Ovrut’07


Ashmore, He, Ovrut’19

Headrick, Wiseman’05

1) Start with a basis of holomorphic polynomials of 
degree      over      .


2) Build Kähler potential with an initial seed matrix      , 


3) Compute the quantity 


4) Obtain 


5) Plug back in 


6) Repeat until       stabilises. This is the best 
approximation for the flat metric at degree  . 


7) In the limit            , the metric converges to the Ricci 
flat metric.

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M

<latexit sha1_base64="24vRXbHKINov+bPvoicy2hRDYvU=">AAAB/HicbZDNSsNAFIVv6l+tf9Eu3QwWwVVJRKrLohuXFWwtNCFMppN26GQSZiZCCPVV3LhQxK0P4s63cdpmoa0HBj7OvZd754QpZ0o7zrdVWVvf2Nyqbtd2dvf2D+zDo55KMklolyQ8kf0QK8qZoF3NNKf9VFIch5w+hJObWf3hkUrFEnGv85T6MR4JFjGCtbECu+4VKvAwT8fYm5YQ2A2n6cyFVsEtoQGlOoH95Q0TksVUaMKxUgPXSbVfYKkZ4XRa8zJFU0wmeEQHBgWOqfKL+fFTdGqcIYoSaZ7QaO7+nihwrFQeh6Yzxnqslmsz87/aINPRlV8wkWaaCrJYFGUc6QTNkkBDJinRPDeAiWTmVkTGWGKiTV41E4K7/OVV6J033VazdXfRaF+XcVThGE7gDFy4hDbcQge6QCCHZ3iFN+vJerHerY9Fa8UqZ+rwR9bnDyFelRk=</latexit>

{s↵}↵

<latexit sha1_base64="l8REAWzut7nuDAtZfvlr+lsGni0="></latexit>

K(k) =
1

k⇡
log(h↵�̄s↵s̄�̄)

<latexit sha1_base64="Fj2q9prjjvdB91OIyExHG+xQZwY=">AAACF3icbVDLSsNAFJ3UV62vqks3wSLUhSERqW6EopsuK9gHNGm4mU6boZMHMxOhhPyFG3/FjQtF3OrOv3HaZqGtBy4czrmXe+/xYkaFNM1vrbCyura+UdwsbW3v7O6V9w/aIko4Ji0csYh3PRCE0ZC0JJWMdGNOIPAY6Xjj26nfeSBc0Ci8l5OYOAGMQjqkGKSS3LLh91MbWOyD7QG3PSIhu6423CXxtJ+eWZlbrpiGOYO+TKycVFCOplv+sgcRTgISSsxAiJ5lxtJJgUuKGclKdiJIDHgMI9JTNISACCed/ZXpJ0oZ6MOIqwqlPlN/T6QQCDEJPNUZgPTFojcV//N6iRxeOSkN40SSEM8XDROmy0ifhqQPKCdYsokigDlVt+rYBw5YqihLKgRr8eVl0j43rJpRu7uo1G/yOIroCB2jKrLQJaqjBmqiFsLoET2jV/SmPWkv2rv2MW8taPnMIfoD7fMHO3+f9w==</latexit>

h
↵�̄ = (H↵�̄)

�1

<latexit sha1_base64="Tuz/dLBA1bRn2eeXyKTlePp5dpQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrUj0WvXiSCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsrq2vlHcLG1t7+zuufsHTS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61wdD31W09UaSbFvRknNIjxQLCIEWys1HzIbnujSc8texVvBrRM/JyUIUe95351+5KkMRWGcKx1x/cSE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C++vEyaZxW/WqnenZdrV3kcRTiCYzgFHy6gBjdQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDoTyPLw==</latexit>

Nk

Donaldson’s Algortithm

<latexit sha1_base64="jH297g5ROrwcvwj5dqryC1AIErk=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2A9oYplsN+3SzSbsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WpJLRNYh7LXgCKciZoWzPNaS+RFKKA024wuZn53UcqFYvFvc4S6kcwEixkBLSRBnZ1/JB7wJMxeAFIL6AapgO75tSdOfAqcQtSQwVaA/vLG8YkjajQhINSfddJtJ+D1IxwOq14qaIJkAmMaN9QARFVfj4/fopPjTLEYSxNCY3n6u+JHCKlsigwnRHosVr2ZuJ/Xj/V4ZWfM5GkmgqyWBSmHOsYz5LAQyYp0TwzBIhk5lZMxiCBaJNXxYTgLr+8SjrndbdRb9xd1JrXRRxldIxO0Bly0SVqolvUQm1EUIae0St6s56sF+vd+li0lqxipor+wPr8ASa0lR0=</latexit>

h↵�̄

<latexit sha1_base64="94Av1pM36RGo14AfuBZ2seGshZc=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7s68RQfjYEoFT9ij8sQsoFdc+rOHHiVuAWpoQKtgf3lDWOaRkwCFUTrvusk4OdEAaeCTSteqllC6ISMWN9QSSKm/Xx+/BSfGmWIw1iZkoDn6u+JnERaZ1FgOiMCY73szcT/vH4K4ZWfc5mkwCRdLApTgSHGsyTwkCtGQWSGEKq4uRXTMVGEgsmrYkJwl19eJZ3zutuoN+4uas3rIo4yOkYn6Ay56BI10S1qoTaiKEPP6BW9WU/Wi/VufSxaS1YxU0V/YH3+ADtmlSo=</latexit>

k ! 1

<latexit sha1_base64="jH297g5ROrwcvwj5dqryC1AIErk=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2A9oYplsN+3SzSbsboQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WpJLRNYh7LXgCKciZoWzPNaS+RFKKA024wuZn53UcqFYvFvc4S6kcwEixkBLSRBnZ1/JB7wJMxeAFIL6AapgO75tSdOfAqcQtSQwVaA/vLG8YkjajQhINSfddJtJ+D1IxwOq14qaIJkAmMaN9QARFVfj4/fopPjTLEYSxNCY3n6u+JHCKlsigwnRHosVr2ZuJ/Xj/V4ZWfM5GkmgqyWBSmHOsYz5LAQyYp0TwzBIhk5lZMxiCBaJNXxYTgLr+8SjrndbdRb9xd1JrXRRxldIxO0Bly0SVqolvUQm1EUIae0St6s56sF+vd+li0lqxipor+wPr8ASa0lR0=</latexit>

h↵�̄



Machine Learning Calabi-Yau metrics

�

i1

i2

i3 . . . in�1

in

Output

Inputs

A paradigm in ML are Artificial Neural Networks: arrays of 
artificial neurons that emulate the human brain.

o = �(wkik + bk)

<latexit sha1_base64="C4ZJrgO9DFvKLY5jcFB5H7q3NYE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5nX7Op/1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4A90yOzQ==</latexit>

Xi

<latexit sha1_base64="HGg+wEvaOd3EBc1E5IiBtwTNvH0=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevFYwX5Am5bNdtOu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM8yLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxjdTv/VIpWKhuNeTiLoBHgrmM4K1kXqtXlJ2TtN+wrpnD2m/WLIr9gxomTgZKUGGer/41R2EJA6o0IRjpTqOHWk3wVIzwmla6MaKRpiM8ZB2DBU4oMpNZlen6MQoA+SH0pTQaKb+nkhwoNQk8ExngPVILXpT8T+vE2v/yk2YiGJNBZkv8mOOdIimEaABk5RoPjEEE8nMrYiMsMREm6AKJgRn8eVl0jyvOBeV6l21VLvO4sjDERxDGRy4hBrcQh0aQEDCM7zCm/VkvVjv1se8NWdlM4fwB9bnD5c1kfA=</latexit>

W (1)
i j <latexit sha1_base64="ugvl1Ev8sYNqZUhPuWWy6QyiPu4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosevFYwX5Au5Zsmm1Ds8mSzApl2Z/hxYMiXv013vw3pu0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBNMbmd+54lpw5V8gGnM/IiMJA85JWClXvCYVr3zbJDybFCuuDV3DrxKvJxUUI7moPzVHyqaREwCFcSYnufG4KdEA6eCZaV+YlhM6ISMWM9SSSJm/HR+cobPrDLEodK2JOC5+nsiJZEx0yiwnRGBsVn2ZuJ/Xi+B8NpPuYwTYJIuFoWJwKDw7H885JpREFNLCNXc3orpmGhCwaZUsiF4yy+vkvZFzbus1e/rlcZNHkcRnaBTVEUeukINdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDvk+Q6w==</latexit>

b(1)i
<latexit sha1_base64="svnC8NDGhCOqkbO/awfPY1UYaqE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJKUoh6LXjxWsB/QpmWz3bRrN5uwu1FKyP/w4kERr/4Xb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG1545up33qkUrFQ3OtJRN0ADwXzGcHaSL1WLylVztJ+wrrnD2m/ULTL9gxomTgZKUKGer/w1R2EJA6o0IRjpTqOHWk3wVIzwmma78aKRpiM8ZB2DBU4oMpNZlen6NQoA+SH0pTQaKb+nkhwoNQk8ExngPVILXpT8T+vE2v/yk2YiGJNBZkv8mOOdIimEaABk5RoPjEEE8nMrYiMsMREm6DyJgRn8eVl0qyUnYty9a5arF1nceTgGE6gBA5cQg1uoQ4NICDhGV7hzXqyXqx362PeumJlM0fwB9bnD5jCkfE=</latexit>

W (2)
i j <latexit sha1_base64="jl4W9wUQRsvcTb5KJx4wKjmcFCM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyWoh6LXjxWsB/QriWbZtvQbLIks0JZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5QSy4Adf9dtbWNza3tgs7xd29/YPD0tFx26hEU9aiSijdDYhhgkvWAg6CdWPNSBQI1gkmtzO/88S04Uo+wDRmfkRGkoecErBSL3hMK7WLbJDybFAqu1V3DrxKvJyUUY7moPTVHyqaREwCFcSYnufG4KdEA6eCZcV+YlhM6ISMWM9SSSJm/HR+cobPrTLEodK2JOC5+nsiJZEx0yiwnRGBsVn2ZuJ/Xi+B8NpPuYwTYJIuFoWJwKDw7H885JpREFNLCNXc3orpmGhCwaZUtCF4yy+vknat6l1W6/f1cuMmj6OATtEZqiAPXaEGukNN1EIUKfSMXtGbA86L8+58LFrXnHzmBP2B8/kDv9mQ7A==</latexit>

b(2)i

<latexit sha1_base64="zO2KInM8JjqyWNwedmIeSrleo24=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9nVoh6LXjxWsB+wrSWbZtvQbLIkWaEs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30799hNVmknxYCYx7UV4KFjICDZW8oPHtHJxlvVTlvVLZbfqzoCWiZeTMuRo9Etf3YEkSUSFIRxr7XtubHopVoYRTrNiN9E0xmSMh9S3VOCI6l46OzlDp1YZoFAqW8Kgmfp7IsWR1pMosJ0RNiO96E3F/zw/MeF1L2UiTgwVZL4oTDgyEk3/RwOmKDF8YgkmitlbERlhhYmxKRVtCN7iy8ukdV71Lqu1+1q5fpPHUYBjOIEKeHAFdbiDBjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHwWOQ7Q==</latexit>

b(3)i
<latexit sha1_base64="EmehTqVTc+rJfdb7e8eX5lOq2MY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpREi3osevFYwX5Am5bNdtOu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aPXBwOO9GWbmeRFnStv2l5VbWl5ZXcuvFzY2t7Z3irt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+up33qgUrFQ3OlJRN0ADwXzGcHaSL1WLymfHaf9hHVP7tN+sWRX7BnQX+JkpAQZ6v3iZ3cQkjigQhOOleo4dqTdBEvNCKdpoRsrGmEyxkPaMVTggCo3mV2doiOjDJAfSlNCo5n6cyLBgVKTwDOdAdYjtehNxf+8Tqz9SzdhIoo1FWS+yI850iGaRoAGTFKi+cQQTCQztyIywhITbYIqmBCcxZf/kuZpxTmvVG+rpdpVFkceDuAQyuDABdTgBurQAAISnuAFXq1H69l6s97nrTkrm9mHX7A+vgGaT5Hy</latexit>

W (3)
i j

<latexit sha1_base64="r89LJ5FmEHSWtvlYaf0oleliATQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjyVCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyW3md56o0kyKBzONqR/hkWAhI9hYqR0O0kZjNihX3Ko7B1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tP5tTN0ZpUhCqWyJQyaq78nUhxpPY0C2xlhM9bLXib+5/USE177KRNxYqggi0VhwpGRKHsdDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5L2RdW7rNbua5X6TR5HEU7gFM7Bgyuowx00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AgMSPGA==</latexit>

fNN

2. Machine Learning the MetricMachine Learning Calabi-Yau metrics

�

i1

i2

i3 . . . in�1

in

Output

Inputs

A paradigm in ML are Artificial Neural Networks: arrays of 
artificial neurons that emulate the human brain.

o = �(wkik + bk)

<latexit sha1_base64="C4ZJrgO9DFvKLY5jcFB5H7q3NYE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5nX7Op/1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqn75cFlr3BZxlOEETuEcPLiGBtxDE3xgwOEZXuHNkc6L8+58LFpLTjFzDH/gfP4A90yOzQ==</latexit>

Xi

<latexit sha1_base64="HGg+wEvaOd3EBc1E5IiBtwTNvH0=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevFYwX5Am5bNdtOu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM8yLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxjdTv/VIpWKhuNeTiLoBHgrmM4K1kXqtXlJ2TtN+wrpnD2m/WLIr9gxomTgZKUGGer/41R2EJA6o0IRjpTqOHWk3wVIzwmla6MaKRpiM8ZB2DBU4oMpNZlen6MQoA+SH0pTQaKb+nkhwoNQk8ExngPVILXpT8T+vE2v/yk2YiGJNBZkv8mOOdIimEaABk5RoPjEEE8nMrYiMsMREm6AKJgRn8eVl0jyvOBeV6l21VLvO4sjDERxDGRy4hBrcQh0aQEDCM7zCm/VkvVjv1se8NWdlM4fwB9bnD5c1kfA=</latexit>

W (1)
i j <latexit sha1_base64="ugvl1Ev8sYNqZUhPuWWy6QyiPu4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosevFYwX5Au5Zsmm1Ds8mSzApl2Z/hxYMiXv013vw3pu0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBNMbmd+54lpw5V8gGnM/IiMJA85JWClXvCYVr3zbJDybFCuuDV3DrxKvJxUUI7moPzVHyqaREwCFcSYnufG4KdEA6eCZaV+YlhM6ISMWM9SSSJm/HR+cobPrDLEodK2JOC5+nsiJZEx0yiwnRGBsVn2ZuJ/Xi+B8NpPuYwTYJIuFoWJwKDw7H885JpREFNLCNXc3orpmGhCwaZUsiF4yy+vkvZFzbus1e/rlcZNHkcRnaBTVEUeukINdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDvk+Q6w==</latexit>

b(1)i
<latexit sha1_base64="svnC8NDGhCOqkbO/awfPY1UYaqE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJKUoh6LXjxWsB/QpmWz3bRrN5uwu1FKyP/w4kERr/4Xb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG1545up33qkUrFQ3OtJRN0ADwXzGcHaSL1WLylVztJ+wrrnD2m/ULTL9gxomTgZKUKGer/w1R2EJA6o0IRjpTqOHWk3wVIzwmma78aKRpiM8ZB2DBU4oMpNZlen6NQoA+SH0pTQaKb+nkhwoNQk8ExngPVILXpT8T+vE2v/yk2YiGJNBZkv8mOOdIimEaABk5RoPjEEE8nMrYiMsMREm6DyJgRn8eVl0qyUnYty9a5arF1nceTgGE6gBA5cQg1uoQ4NICDhGV7hzXqyXqx362PeumJlM0fwB9bnD5jCkfE=</latexit>

W (2)
i j <latexit sha1_base64="jl4W9wUQRsvcTb5KJx4wKjmcFCM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyWoh6LXjxWsB/QriWbZtvQbLIks0JZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5QSy4Adf9dtbWNza3tgs7xd29/YPD0tFx26hEU9aiSijdDYhhgkvWAg6CdWPNSBQI1gkmtzO/88S04Uo+wDRmfkRGkoecErBSL3hMK7WLbJDybFAqu1V3DrxKvJyUUY7moPTVHyqaREwCFcSYnufG4KdEA6eCZcV+YlhM6ISMWM9SSSJm/HR+cobPrTLEodK2JOC5+nsiJZEx0yiwnRGBsVn2ZuJ/Xi+B8NpPuYwTYJIuFoWJwKDw7H885JpREFNLCNXc3orpmGhCwaZUtCF4yy+vknat6l1W6/f1cuMmj6OATtEZqiAPXaEGukNN1EIUKfSMXtGbA86L8+58LFrXnHzmBP2B8/kDv9mQ7A==</latexit>

b(2)i

<latexit sha1_base64="zO2KInM8JjqyWNwedmIeSrleo24=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9nVoh6LXjxWsB+wrSWbZtvQbLIkWaEs+zO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30799hNVmknxYCYx7UV4KFjICDZW8oPHtHJxlvVTlvVLZbfqzoCWiZeTMuRo9Etf3YEkSUSFIRxr7XtubHopVoYRTrNiN9E0xmSMh9S3VOCI6l46OzlDp1YZoFAqW8Kgmfp7IsWR1pMosJ0RNiO96E3F/zw/MeF1L2UiTgwVZL4oTDgyEk3/RwOmKDF8YgkmitlbERlhhYmxKRVtCN7iy8ukdV71Lqu1+1q5fpPHUYBjOIEKeHAFdbiDBjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHwWOQ7Q==</latexit>

b(3)i
<latexit sha1_base64="EmehTqVTc+rJfdb7e8eX5lOq2MY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpREi3osevFYwX5Am5bNdtOu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aPXBwOO9GWbmeRFnStv2l5VbWl5ZXcuvFzY2t7Z3irt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG154+up33qgUrFQ3OlJRN0ADwXzGcHaSL1WLymfHaf9hHVP7tN+sWRX7BnQX+JkpAQZ6v3iZ3cQkjigQhOOleo4dqTdBEvNCKdpoRsrGmEyxkPaMVTggCo3mV2doiOjDJAfSlNCo5n6cyLBgVKTwDOdAdYjtehNxf+8Tqz9SzdhIoo1FWS+yI850iGaRoAGTFKi+cQQTCQztyIywhITbYIqmBCcxZf/kuZpxTmvVG+rpdpVFkceDuAQyuDABdTgBurQAAISnuAFXq1H69l6s97nrTkrm9mHX7A+vgGaT5Hy</latexit>

W (3)
i j

<latexit sha1_base64="r89LJ5FmEHSWtvlYaf0oleliATQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjyVCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyW3md56o0kyKBzONqR/hkWAhI9hYqR0O0kZjNihX3Ko7B1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tP5tTN0ZpUhCqWyJQyaq78nUhxpPY0C2xlhM9bLXib+5/USE177KRNxYqggi0VhwpGRKHsdDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5L2RdW7rNbua5X6TR5HEU7gFM7Bgyuowx00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AgMSPGA==</latexit>

fNN

<latexit sha1_base64="0XopHutJ2rBqjpFsV1CoeltlBCo="></latexit>

fNN (X) = b(3)k +W (3)
kl �(b(2)l +W (2)

lm �(b(1)m +W (1)
mnXn))



2. Machine Learning the Metric

More flexible (than Mathematica and Matlab) packages to 
develop your models include:

In this work we focus on a semi-supervised ML paradigm 

<latexit sha1_base64="koadJrXqmpxiiG1EFoBDXdgj5P0=">AAACD3icbVDLSsNAFJ34rPUVdekmWJR2UxIp6rLoxoWUCvYBTSiT6aQdOnkwcyOWkD9w46+4caGIW7fu/BsnbRbaemDgcM69zD3HjTiTYJrf2tLyyuraemGjuLm1vbOr7+23ZRgLQlsk5KHoulhSzgLaAgacdiNBse9y2nHHV5nfuadCsjC4g0lEHR8PA+YxgkFJff3E9jGMCObJTVr2+kmjkZYTG+gDACQsiGKQaVqp9PWSWTWnMBaJlZMSytHs61/2ICSxTwMgHEvZs8wInAQLYITTtGjHkkaYjPGQ9hQNsE+lk0zzpMaxUgaGFwr1AjCm6u+NBPtSTnxXTWbXy3kvE//zejF4F84sFg3I7CMv5gaERlaOMWCCEuATRTARTN1qkBEWmICqsKhKsOYjL5L2adU6q9Zua6X6ZV5HAR2iI1RGFjpHdXSNmqiFCHpEz+gVvWlP2ov2rn3MRpe0fOcA/YH2+QP1UZ1B</latexit>

L(fNN (inputs))
<latexit sha1_base64="DzTX6ihx3CB2i9JrYd4JRt9qx1U=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyWRoi6LblyVCvYBbQiT6aQdOnkwcyOWENz4K25cKOLWr3Dn3zhts9DWAwOHc+7lzjleLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6nvjteyYVj8I7GMfMCcgg5D6nBLTkmoe+m9brWTntAXsAgJSHcQIqy05ds2RVrCnwIrFzUkI5Gq751etHNAlYCFQQpbq2FYOTEgmcCpYVe4liMaEjMmBdTUMSMOWk0wgZPtFKH/uR1C8EPFV/b6QkUGoceHoyIDBU895E/M/rJuBfOrNULKSzQ34iMER40gfuc8koiLEmhEqu/4rpkEhCQbdW1CXY85EXSeusYp9XqrfVUu0qr6OAjtAxKiMbXaAaukEN1EQUPaJn9IrejCfjxXg3PmajS0a+c4D+wPj8AS+tl/Q=</latexit>

fNN (inputs)
<latexit sha1_base64="OUGu96Q9Y1v4m1C5IpJNX6JDdNU=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCp7Aroh6DXjxGMA9IljA7mSRDZh/M9Kph3U/x4kERr36JN//GSbIHTSxoKKq66e7yYyk0Os63VVhZXVvfKG6WtrZ3dvfs8n5TR4livMEiGam2TzWXIuQNFCh5O1acBr7kLX98PfVb91xpEYV3OIm5F9BhKAaCUTRSzy6nXeSPiJiKME5QZ1nPrjhVZwayTNycVCBHvWd/dfsRSwIeIpNU647rxOilVKFgkmelbqJ5TNmYDnnH0JAGXHvp7PSMHBulTwaRMhUimam/J1IaaD0JfNMZUBzpRW8q/ud1EhxcevOneMjmiwaJJBiRaQ6kLxRnKCeGUKaEuZWwEVWUoUmrZEJwF19eJs3TqntePbs9q9Su8jiKcAhHcAIuXEANbqAODWDwAM/wCm/Wk/VivVsf89aClc8cwB9Ynz+/f5T6</latexit>

inputs Neural 

Network

<latexit sha1_base64="TA5/+tVqoYTyWKR5dHOckOxDawo=">AAACDnicbVC7SgNBFJ31GeMramkzGAIJYtiVoDZC0MbCIoJ5QDaEu5NJMmR2dpmZFcKSL7DxV2wsFLG1tvNvnE220MQDwxzOuZd77/FCzpS27W9raXlldW09s5Hd3Nre2c3t7TdUEElC6yTggWx5oChngtY105y2QknB9zhteqPrxG8+UKlYIO71OKQdHwaC9RkBbaRurtAs6mOndGm+0olLOceuAI9Dt4ldH/SQAI9vJ91c3i7bU+BF4qQkj1LUurkvtxeQyKdCEw5KtR071J0YpGaE00nWjRQNgYxgQNuGCvCp6sTTcya4YJQe7gfSPKHxVP3dEYOv1Nj3TGWyopr3EvE/rx3p/kUnZiKMNBVkNqgfcawDnGSDe0xSovnYECCSmV0xGYIEok2CWROCM3/yImmclp2zcuWukq9epXFk0CE6QkXkoHNURTeohuqIoEf0jF7Rm/VkvVjv1sesdMlKew7QH1ifP3Bymoc=</latexit>

W (t+ 1) = W (t)� `rWL

  via a gradient descent procedure

The training is subject to a minimisation of a 
loss function

Raissi, Perdikaris, Karniadakis, George’17



2. Machine Learning the Metric
Spectral Neural Networks  For every projective factor we construct the 

embedding 
<latexit sha1_base64="JbsHO4ObXJ5F3UVAPZ+VuxAr1Q4=">AAACLXicbVBNS8NAEN34WetX1KOXxSIISklEVDyJ9eCxglWhqWGy3bZLN5uwu1FKyB/y4l8RwYMiXv0bbtIi2vpgl8d7M8zMC2LOlHacN2tqemZ2br60UF5cWl5ZtdfWr1WUSEIbJOKRvA1AUc4EbWimOb2NJYUw4PQm6Ndy/+aeSsUicaUHMW2F0BWswwhoI/n2uQc87oGfCp9l3t4J9kLQvSBI69ndUJOs29MgZfTw49WG3q67V/yZb1ecqlMATxJ3RCpohLpvv3jtiCQhFZpwUKrpOrFupSA1I5xmZS9RNAbShy5tGiogpKqVFtdmeNsobdyJpHlC40L93ZFCqNQgDExlvq8a93LxP6+Z6M5xK2UiTjQVZDiok3CsI5xHh9tMUqL5wBAgkpldMemBBKJNwGUTgjt+8iS53q+6h9WDy4PK6dkojhLaRFtoB7noCJ2iC1RHDUTQI3pGb+jderJerQ/rc1g6ZY16NtAfWF/fGCupOw==</latexit>

↵ni : Pni ! Cni+1,ni+1

NN inputs are real and imaginary 
parts. 

<latexit sha1_base64="0ahE20KUyJU4VD85zMAimt9HWIY="></latexit>

zl 7! ↵m,n
ni

= zmz̄n/|z|2

If           is the flat metric, then           satisfies  the (complex) Monge - Ampère equation                                             , this 
enables us to construct the following loss function: 

The neural network approximation metric is
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Figure 27: Spectral neural network architecture: Prior to the fully connected neural network

we introduce the spectral layer, taking real and imaginary parts of C⇤-invariant quantities.

Figure 28: Numerical values of (2.24) along the Cefalú pencil. Black points and error bars

showing a 95% confidence interval are associated to Fubini–Study results, while the red and

blue dots correspond to the machine learned metric approximation using fully-connected and

spectral networks, respectively. See Appendix A for the details on integration.

5 Conclusions

In this work we have considered two families of Calabi–Yau manifolds: the Cefalú family

of quartics and the more broadly studied Dwork quintic family. For both of these, we have

developed the algorithms to compute topological quantities derived from their corresponding

Chern characters. This implementation can be easily extended to the whole CICY dataset.

Our algorithms utilize some of the neural network approximation models of the cymetric

package: the so called PhiModel. We also employ our own JAX implementation of this.
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<latexit sha1_base64="rCeElqq3h5mzU75D2xXvvX4V7v8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF0+lgrGFNpTNdtou3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWOb2d+6wmV5rF8MJMEg4gOJR9wRo2V/F7WaEx75Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWD6yDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8sur5PGi6tWqtfvLSv0mj6MIJ3AK5+DBFdThDprgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB7/Xjqo=</latexit>

NN

<latexit sha1_base64="fmX3HXDkKtwcJ0WTwkQRVBDQ75o=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCoSQi1Y1QdOOqVLAPaEKYTCfp0MmDmYlQQj7Cjb/ixoUibl2482+cpBG09cDAmXPuvTP3uDGjQhrGl7a0vLK6tl7ZqG5ube/s6nv7PRElHJMujljEBy4ShNGQdCWVjAxiTlDgMtJ3J9e5378nXNAovJPTmNgB8kPqUYykkhy97jtpu51d+o6oWzHikiIGLRfx9OeWWfGYFkWOXjMaRgG4SMyS1ECJjqN/WqMIJwEJJWZIiKFpxNJO87mYkaxqJYLECE+QT4aKhiggwk6LpTJ4rJQR9CKuTihhof7uSFEgxDRwVWWA5FjMe7n4nzdMpHdhpzSME0lCPHvISxiUEcwTgiPKCZZsqgjCnKq/QjxGHGGpcqyqEMz5lRdJ77RhNhvN27Na66qMowIOwRE4ASY4By1wAzqgCzB4AE/gBbxqj9qz9qa9z0qXtLLnAPyB9vENiiCfKg==</latexit>

gNN = gs + @@̄�NN

with       a seed Kahler metric. Metrics 
constructed in this fashion are Kahler. 
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2.1. Generating the Data
Shiffman, Zelditch’98


Braun, Brelidze, Douglas, Ovrut’07

Anderson, Braun, Karp, Ovrut’10


Ashmore, He, Ovrut’19

Point Sampling
Slight Modification for Tian-Yau Manifold  

-Sample points in each       identically as before.  

-Use the points to obtain a line and a plane 

-Take the points in the Tian-Yau manifold as  

(plus                   )   

P3

P3
1 $ P3

2

(Lij [ Pklm) \ {p1 = p2 = p3 = 0}

(3,2) (2,3)(1,2)

(3,1)

(1,3)

(2,1)

(3,2) (2,3)(1,2)

(3,1)

(1,3)

(2,1)
Sampling points in the torus 

Lij = {vi + �vj |� 2 C} ⇢ P3
1

Pijk = {vi + ↵ vj + �vk |↵ ,� 2 C} ⇢ P3
2

z31 + z32 + z33 = 0 ⇢ P2

For the torus we have six patches 
fixed upon choice of the affine 
coordinate and the dependent 
coordinate. For each point in the 
torus there is a preferred patch.

-2 -1 0 1 2
-2

-1

0

1

2

Re(z1)

Im
(z
1
)

Point Sampling 
Building Lines in   

- Start with selecting random points in                          and use each 
point to build a complex vector                  . Discard those vectors 
with  

- Project      onto the surface of the unitary sphere  

- As points in     ,  the rescaled   ’s are uniformly distributed with 
respect to the                      symmetry of the Fubini-Study metric in       

-  Use any two unitary  ’s to construct a line  

- The sample points in the hypersurface of interest are obtained as

Pn

x

x
x

x

Pn

[�1, 1]2(n+1)

v 2 Cn+1

|v| > 1

S2n+1v

Lij = {vi + �vj |� 2 C}

v
Pn

SU(n+ 1)

Lij \ {p = 0}

Anderson, Braun Karp, Ovrut’10
Braun, Brelidze, Douglas, Ovrut’07

Ashmore, He, Ovrut’19

i)  Start with random lines in the ambient 
space.


ii) Intersect each line with the hypersurface.

iii) The distribution of points is uniform with 

respect to the FS metric.

iv) There is a preferred patch for each point.

e.g. the Dwork quintic
<latexit sha1_base64="Y4UL/YFanryRn09XDDB/yZlMV9E="></latexit>X

i

z5i � 5 z1z2z3z4z5 = 0 ⇢ P4



Point Sampling
Numerical Integration 

- Patches intersect over zero measure sets, hence numerical integration would be a sum over points 
in different patches if these would be uniformly distributed with respect to the Calabi-Yau metric.  

- The sampling method provides points uniformly distributed with respect to the Fubini-Study 
metric restricted to the Calabi-Yau.  

- Numerical integration requires to weight the sample points in order to obtain meaningful 
quantities

Z

M
dVol⌦ f(z, z̄) =

Z

M
dVolFS

✓
dVol⌦
dVolFS

◆
f(z, z̄)

Z

M
dVol⌦ f(z, z̄) =

1

N

MX

l=1

w(pl)f(pl) w(pl) =
dVol⌦(pl)

dVolFS(pl)

2.1. Generating the Data



Calabi-Yau metrics (results) Calabi-Yau metrics (results) 2.2. Examples of Metrics
Probing the Cefalu Pencil   

Calabi–Yau condition, and modulo the P3-projectivization, this generates an S4 ⇥ (Z2)2 sym-

metry. Of the various possible quotients, here we only need X0/Z2. The overall situation is

sketched in Figure 1, and includes both the �-plane of the hypersurfaces (2.1) as well as the

�-plane of their Z2 quotients.

�

�
Z2

��
Z2

<(�)

Kähler c
lass va

riation
[24]

X0:={p0(z)=0}

X 3
4
:={p 3

4
(z)=0}

X1:={p1(z)
=0}⇡{T

4/Z2}

X 3
2
:={p 3

2
(z)=

0}

X3:=
{p3

(z)=
0}

X0/Z2 [24]

Figure 1: The Cefalú (complex structure) deformation family of quartics (2.1) (lower �-

plane), and their Z2 quotients (upper plane), together with the identifications X1 ⇡ {T
4
/Z2}

and X 3
4
⇡
�
X0/Z2

�
, the latter identification labeled by “�”.

Variation of � parametrizes a deformation of the complex structure of the hypersurface

X�, while the subsequently discussed numerical computation of the various metric character-

istics is explicitly designed, as in (3.2), to preserve the Kähler class of the embedding P3. The

defining polynomial p�(z) fails to be transverse only for �!�
]
2 {

3
4 , 1,

3
2 , 3} in the finite2

�-plane (|�|<1), and the quartic hypersurface, X�, singularizes there and has, respectively:

8, 16, 12, and 4 isolated singular points. Each of these singular points is an A1-singularity

(i.e., node or double point): the gradient of the defining equation (2.1) vanishes there, but the

Hessian (matrix of second derivatives in local coordinates) is regular; for any other A-D-E

(so-called Du Val) singular point the local Hessian would vanish.3 The singularities of each

X�] are thus all hypersurface singular points of the form (0, 0, 0)2 {xy= z
2
} ⇢C3 in local

coordinates, and are also equivalently described as discrete quotient (orbifold) singularities of

the form (0, 0)2C2
/Z2. Deforming any of the singular hypersurfaces X�] ! X�]+✏ for |✏| ⌧ 1

changes its complex structure and smooths it by replacing each of its nodes with an S
2-like

so-called vanishing cycle of radius / |✏|.

2
At �!1, the vanishing of p1 =

�P
i z

2
i

�
2
defines an “everywhere singular” hypersurface (more properly,

a scheme), X1, since ~@p1(z) vanishes wherever p1(z) does. Also, denoting Z1 := {
P

i z
2

i =0}, we have that

X1 = Z1 [Z1 is an everywhere doubled space, which is singular at X]
1 = Z1 \Z1 — indeed, everywhere.

In this respect, the lim�!1 X� limit is an extremely degenerate case of Tyurin degenerations [38].
3
All the relevant details and facts about these singularities and their (complex structure variation) defor-

mations and (Kähler class variation) desingularizations are found in Reid’s comprehensive survey [39].
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classes as obtained from the metric — as well as the corresponding curvature distributions.

Thereby, we seek to determine which parts of the geometry contribute most significantly to

the various topological quantities. To benchmark these observations, it is useful to compare

the Fubini–Study metric to the machine learned metric.

We also propose a di↵erent neural network model, called spectral networks, for approx-

imating the Ricci-flat metric. We find that the numerical invariants computed using the

spectral networks exhibit higher numerical stability than standard fully-connected networks

which directly use the homogeneous coordinates as input. Furthermore, we briefly discuss

the final loss achieved by these networks and find that for Fermat quartic, the lowest �-loss

is below 10�3, which is at the same level of accuracy as the method described in [25] using

k = 8.

The organization of this paper is as follows. Section 2 describes the deformation fam-

ilies of Calabi–Yau twofolds and threefolds we investigate in this paper and the considered

curvature related features. Section 3 briefly summarizes the numerical methods we apply.

Section 4 considers the machine learned metrics. Certain details of numerical computations

are discussed in the appendices.

2 The testbed models and their curvature

We consider several simple, one parameter deformation families of Calabi–Yau twofolds and

threefolds. In each case, we focus on a few curvature related features for which we compare the

results obtained with a numerical approximation to the Ricci-flat metric, with those obtained

using the pullback of the Fubini–Study metric, as well as with the known exact results.

2.1 The deformation families

The Cefalú pencil: Consider a complex one parameter deformation family of quartics in

P3 [33]:

P3
� X� :=

�
p�(z)= 0

 
: p�(z) :=

3X

i=0

z
4
i �

�

3

 
3X

i=0

z
2
i

!2

. (2.1)

The Cefalú hypersurface [33] is the �=1 case. We call the general � deformation, the Cefalú

family (pencil) of quartics. While this deformation family of hypersurfaces provides for a

rather more detailed analytic analysis [34–37], we focus on a few immediate results for the

purpose of comparing with numerical computations of the metric and various metric char-

acteristics on these K3 surfaces. For each �2C, the defining polynomial p�(z) is manifestly

invariant under all permutations of the zi, as well as sign changes zi 7! � zi, separately for

each i = 0, 1, 2, 3. Subject to preserving the holomorphic two-form, ⌦ :=
H (z d3z)

p�(z)
, viz., the

– 3 –

Transversality fails at: 
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� = 3

8 singular points 

16 singular points 

12 singular points 

4 singular points 

As a consequence of Kählerity, the only non-zero Christo↵el symbols are those for which

holomorphic and antiholomorphic indices do not mix:

�a

bc
= �ā

b̄c̄
= (@bgcd̄)g

d̄a
. (2.9)

From this, we readily compute the non-zero components of the Riemann tensor:

R
a

bc̄d
= �@̄c̄�

a

bd
, R

a

b̄cd
= @̄

b̄
�a

cd
, (2.10)

together with

R
a

bc̄d
= R

ā

b̄cd̄
, R

a

b̄cd
= R

ā

bc̄d̄
. (2.11)

The only non-vanishing entries for the Ricci tensor of a Kähler metric are given by

R
ab̄

= R
c

cab̄
= �@a@b̄ log det g . (2.12)

We may sometimes write det g = |g|. R is closed but not necessarily exact. It serves to define

the Ricci form Ric(J) = iR
ab̄
dz

a
^dz̄

b̄ which is closed by construction. Since c1(J) is required

by the Calabi–Yau condition to be zero, the Ricci form of a Calabi–Yau is also exact. For

further details, the reader should consult the classic references [40, 42, 43].

The Riemann tensor can be used to construct the curvature form

R
a

b
= R

a

bmn̄
dz

m
^ dz̄

n̄
. (2.13)

We then have

TrR = R
a

amn̄dz
m

^ dz̄
n̄ = �i Ric(J) , (2.14)

TrR
2 = R

a

bm1n̄1
R

b

am2n̄2
dz

m1 ^ dz̄
n̄1 ^ dz

m2 ^ dz̄
n̄2 , (2.15)

TrR
3 = R

a

bm1n̄1
R

b

cm2n̄2
R

c

am3n̄3
dz

m1 ^ dz̄
n̄1 ^ dz

m2 ^ dz̄
n̄2 ^ dz

m3 ^ dz̄
n̄3 , (2.16)

which can be used to obtain the various Chern characteristic forms ci 2 ⌦i,i(M), resulting

from the expansion

c(t) = det

✓
1 +

it

2⇡
J

◆
= c0 + c1t+ c2t

2 + . . . . (2.17)

Written in terms of the curvature form, the corresponding Chern forms are given by

c0 = 1 , (2.18)

c1 =
i

2⇡
TrR , (2.19)

c2 =
1

2(2⇡)2
(TrR

2
� (TrR)2) , (2.20)
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Chern classes: Euler Number: 

c3 =
1

3
c1 ^ c2 +

1

3(2⇡)2
c1 ^ TrR

2
�

i

3(2⇡)3
TrR

3
. (2.21)

For complex n-dimensional manifolds, X,
R
X
cn is the Euler characteristic so the top Chern

class, cn, is also the Euler (curvature) density e(J) = cn(J). For dim(X) = 2 CY, c2 may

be further identified with the standard volume form multiple of the Kretschmann invariant

of Ricci-flat metric, the tensor norm-square of the Riemann tensor; see (2.22), below. As an

additional check on Ricci-flatness, this approximation has been studied in [24].

Restricting to the Calabi–Yau twofold and threefold examples of relevance to this paper,

we have that the Euler densities simplify for the Ricci-flat metric due to the condition c1 = 0.

For K3 we expect the Euler density to be

c2(J
CY) =

1

2(2⇡)2
TrR

2 =
1

8⇡2

p
g R

ab̄cd̄
R

ab̄cd̄ d4z , (2.22)

and similarly for a Calabi–Yau threefold

c3(J
CY) = �

i

3(2⇡)3
TrR

3
. (2.23)

Note however that the above expressions only hold for the Ricci-flat Calabi–Yau metric. Since

we only have numerical approximations to this and since we’re interested in checking how

well-defined is the resulting metric approximated using neural networks (See Section 4.3), our

curvature density estimates are always obtained by means of (2.20) and (2.21).

2.3 Topological checks and the curvature distribution

In the pursuit of computing the Ricci-flat metric by varying an initial choice such as the

Fubini–Study metric on the embedding projective space, it behooves to verify that computa-

tionally feasible and otherwise known quantities, such as the Euler number, continue to be

evaluated accurately.

For complex surfaces, the second Chern class is the Euler density, which is given by the

following:

�E =

Z

K3
c2 =

1

2(2⇡)2

Z

K3
(TrR

2
� (TrR)2) =

Z

K3
d4z

p
g⇢ �

1

2(2⇡)2

Z

K3
(TrR)2 , (2.24)

where ⇢ is the Kretschmann scalar, which may be more familiar from general relativity, where

it is used to distinguish coordinate singularities from physical singularities, and is analogous

to the Fµ⌫F
µ⌫ term in gauge theory. In nearly singular hypersurfaces X�]+✏, the Euler density

receives significant contributions from the vicinity of the vanishing cycles, these being heavily

curved and nearly singular. For small enough but nonzero ✏, these regions are also well

– 8 –

( = 24 for a smooth K3 surface ) 
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(a) � = 0.98, JCY (b) � = 1.48, JCY

(c) � = 0.98, JFS (d) � = 1.48, JFS

Figure 19: Plot of X�] \D3 \R3 with shading induced by the Euler density. Brighter colors

denote larger value of e(J). In order to correctly take into account the identification �p ⇠ p

for � 2 C⇥, we have used spectral networks to compute � (See 4.3).

Recall that the Dwork quintic family is singular i↵ the complex structure parameter  2 C
is a 5-th root of unity.

We may generalize Proposition 1 to n-folds with isolated A1 singularities as follows:

– 30 –

Figure 31: Evolution of � loss at � = 0 using fully-connected and spectral networks indicates

a better performance for the latter. The � loss is evaluated on the validation set. This network

is elaborated further in [59].

in the computation. A natural question is what error values are tolerable and how they can

be related to the error (loss) function in the numerical approximation. Clearly, topological

quantities are not sensible to flatness, but as we already highlighted, they are a crucial check

for the global consistency of the metric approximation. This global consistency if of utmost

importance, particularly in computation of “global” quantities such as the Yukawa couplings

for a given string compactification model.

Our work makes use of the JAX
R
Q
c3, where the third Chern form c3 is derived from the

curvature two-form on a Hermitian manifold. Using a three-layer densely connected neural

network with 64 units in each layer as the �-approximant,10 employing 1024 points in the

Monte Carlo integration, this computation takes 387ms ± 7.54 ms using JAX compared to

4.41s ± 18.3 ms (mean ± standard deviation over 7 runs.)

We intend to open source our codebase as a fully-fledged package in a forthcoming pub-

lication [59].

10
The numerical experiments were performed on an Intel 16-Core Xeon Gold 5218 machine with an Nvidia

A100 40GB GPU.
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Figure 7: Distribution of the values of c21 using both Fubini–Study and machine learned

Calabi–Yau metrics for the Fermat quartic.

Figure 8: Distribution of the values of c2 using both Fubini–Study and machine learned

Calabi–Yau metrics for the Fermat quartic.

We consider a small deviation from � = 3/4 by considering varieties X3/4±✏ for some su�-

ciently small ✏ > 0. This allows us to study the behavior of the Ricci-flat metric and the

curvature thereof as we approach X3/4. In particular, by observing the histogram of the Euler

density on Figure 9, we see that the varieties are not uniformly curved. The histograms high-

light the contrast between the Fubini–Study and machine learned curvature distributions. A

– 19 –
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Figure 27: Spectral neural network architecture: Prior to the fully connected neural network

we introduce the spectral layer, taking real and imaginary parts of C⇤-invariant quantities.

Figure 28: Numerical values of (2.24) along the Cefalú pencil. Black points and error bars

showing a 95% confidence interval are associated to Fubini–Study results, while the red and

blue dots correspond to the machine learned metric approximation using fully-connected and

spectral networks, respectively. See Appendix A for the details on integration.

5 Conclusions

In this work we have considered two families of Calabi–Yau manifolds: the Cefalú family

of quartics and the more broadly studied Dwork quintic family. For both of these, we have

developed the algorithms to compute topological quantities derived from their corresponding

Chern characters. This implementation can be easily extended to the whole CICY dataset.

Our algorithms utilize some of the neural network approximation models of the cymetric

package: the so called PhiModel. We also employ our own JAX implementation of this.

– 38 –

Figure 29: Numerical values of (2.24) along the Cefalú pencil near � = 1. The plot markers

are the same as in Figure 4. The value of �CY using fully-connected network at � = 0.99 is

o↵ the chart: �CY
⇡ 85510.

.

Figure 30: Convergence plot for c2(X�) around � = 1; the spectral network results (green,

“s” subscript) show significant improvement.

Computation of topological quantities is a crucial fitness check for numerical Calabi–

Yau metrics. At first one might think that these relatively straightforward computations

automatically work out as they are metric independent. However, one has to bear in mind

that the possible neural network approximations constitute a far broader set of solutions

than that of globally defined Kähler metrics. Choosing smooth activation functions for the

neural network ensures that the metric is smooth over each of the patches. Similarly, if the

metric is obtained from the so-called PhiModel, over each patch one has dJ = 0, satisfying

some local form of Kählerity. In the matching of patches, however, it is not guaranteed

a priori that the perturbation �NN respects the Kähler transformation rules of the seed

Kähler potential (in our case, the Fubini–Study potential). That is an inherent issue with

these numerical approximations and for the cases in which this situation is non-negligible we

expect significant deviations when computing topological quantities.
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The Euler Number: 

Spectral Network

Fubini-Study Metric

Figure 21: Asymptotic behavior of F2 for both Fubini–Study and Calabi–Yau metrics.

.

then:
Z

Xs

e(J) = deg cF (X) � 2(�1)dimX
|Sing X| . (4.13)

Proof.
Z

Xs

e(J) = �(X) � (�1)dimX
|Sing X| = deg cF (X) � 2(�1)dimX

|Sing X| . (4.14)

Similarly as for Cefalú/Dwork quartic pencils, we consider the histograms of di↵erent

possible top forms generated by the products of the characteristic forms. The histograms are

shown on Figure 25.

4.2.1 Toric quintic vs. CICY quintic

There are 7, 890 Calabi–Yau threefolds realized as complete intersections of polynomial equa-

tions in products of projective space [61]. Some of these are also Calabi–Yau hypersurfaces

– 32 –

At the singular geometries one observes the 
following relations
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Figure 1. Visualization of the machine‐learned potential φ on a slice of the Fermat Quintic threefold.

Ricci‐flat Kähler manifolds play fundamental role in string theory compactifications. The knowl‐
edge of the Ricci–flat metric is crucial for computing quantities such as physical Yukawa couplings,
α′ corrections, etc. {

(J + ∂∂φ)n = Ω ∧ Ω
φ ∈ C∞(X) ∩ PSH(X, J)

(1)

Suppose that X is a complete intersection Calabi–Yau in Pn1 × · · · × PnN . The Ricci‐flat metric
J + ∂∂φ satisfies Monge‐Ampère PDE (1).
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Figure 2. Spectral neural network architecture: Prior to the fully connected neural network we introduce the
spectral layer. The resulting model is C× invariant: φ(λ · p) = φ(p) for all λ ∈ C× and p ∈ X .

To define a neural network (Fig. 2) which gives a global function φ ∈ H0(X, A0,0(R)), we define
maps: αni : Pni −→ Cn+1,n+1 for each i = 1, . . . , N as:

αni([Z0 : . . . : Zn])jk :=
ZjZk

|Z|2
(2)

Note that each (αni)jk is C
×‐homogeneous of degree 0.
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Standard embedding corresponds to the choice of V = TX as a vector bundle on Calabi–Yau
X with structure group SU(3). The space of complex structure deformations H1(X, TX) has a
canonical metric, called Weil–Petersson metric:

⟨a, b⟩WP =
∫

X
a ∧ ⋆gHb, a, b ∈ H1(X, TX) (3)

where H : H1(X, TX) → H1(X, TX) is the harmonic projection and g is the Ricci‐flat metric on
X . Let {ak}h1(TX)

k=1 be an orthogonal basis relative to ⟨−, −⟩WP. Then, normalized Yukawa
couplings are given by:

Yijk =

∫

X
Ω ∧ Ω(ai, aj, ak)

NiNjNk

∫

X
Ω ∧ Ω

(4)

where Ni =
√

⟨ai, ai⟩WP. To evaluate (3), we use equivariant neural networks. In particular, by
extracting correction term from harmonic projection H, we have:

∂s = Hφ− φ (5)
for some section s ∈ Γ(TX). We approximate s using an equivariant neural network as follows:

s(Z) =
∑

j,k,l,m

ψjklm(Z) αjk
ν ZlZm

⎛

⎝
∑

q

|Zq|2
⎞

⎠
2gµν ∂

∂zµ, [BMPnT+24] (6)

where ψjklm is a spectral neural network and α
ij
ν dzν = ι∗(ZjdZi − ZidZj) for canonical

inclusion ι : X → A into ambient space A.
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1. Mirror P̃5[3, 3]: Consider analytic family Xψ given by the intersection of two cubics:

x3
0 + x3

1 + x3
2 − 3ψx3x4x5 = 0, (7)

x3
3 + x3

4 + x3
5 − 3ψx0x1x2 = 0

The Weil–Petersson metric, computed using various techniques, is shown below:

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
0.00

0.25

0.50

0.75

1.00

1.25G √
√

√

Analytic period

Special Geometry

Harmonic representative

Non-harmonic representative

Harmonic representative (non-global)

1.24 1.26

0.24

0.26

0.24 0.26
1.04

1.06

1.08

Figure 3. Weil‐Petersson metric in the one‐parameter family P̃5[3, 3].

2. Tian–Yau manifold: Consider family Xϵ ⊂ P3 × P3 given by Z3 quotient of the variety defined
by the following equations:

1
3

3∑

i=0
x3

i = 1
3

3∑

i=0
y3

i =
3∑

i=0
xiyi + ϵ

3∑

i=2
xiyi = 0 (8)

This manifold has h1,1 = 6 and h2,1 = 9. The Yukawa couplings of form QQcλ are shown in Fig. 4.
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Figure 4. Unnormalized and normalized Yukawa couplings of form QQcλ in the Tian–Yau quotient.

The couplings exhibit hierarchies near the conifold points along the Im(ϵ) = 0 slice.
(=2=(� (EPEFM�=EY 2IXVMGW� =YOE[EW ERH (YVZEXYVI

cymyc is a Python library for numerically studying Calabi–Yau manifolds using modern numerical
techniques, including machine‐learning. A minimal usage example for solving (1) is:

R BKTQ`i D�t
k 7`QK +vKv+X+�H�#Bnv�m BKTQ`i .rQ`FZmBMiB+- _B++B6H�iJ2i`B+
j F2v 4 D�tX`�M/QKXF2vUyV
9 F2v- nFR- nFk 4 D�tX`�M/QKXbTHBiUF2vV
8

e +v 4 .rQ`FZmBMiB+UyXyV
d Tib 4 +vXb�KTH2nTQBMibU
3 F2v 4 nFR- K�tnTib 4 BMiUR28VV
N K2i`B+ 4 _B++B6H�iJ2i`B+U

Ry F2v 4 nFk-
RR +v 4 +v-
Rk it 4 QTi�tX�/�KrUR2@9VV
Rj K2i`B+X7BiUTibV
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We can train on various quintics, one with 
generic parameters, the Fermat quintic as well 
as its toric version. 
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where                      denotes a basis for                     . This expression is accessible as it is quasi-
topological, since it only depends on the cohomology classes of the respective matter fields. The relevant 
coupling, however, is the kinetically normalised coupling

Upon compactification on a Calabi-Yau threefold      the 4D spectrum of left chiral superfields is in one-to-
one correspondence with                   , where         is a holomorphic vector bundle with a given structure 
group                . The corresponding unnormalised trilinear couplings enter the superpotential weighted by a 
factor
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The simplest case is when the vector bundle is taken to be the holomorphic tangent bundle      . In this 
case the structure group       breaks the symmetry to its commutant    . Additionally one has the 
isomorphism                                            . The number of chiral generators in this case is given by 
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Ngen :=
1

2
|�| = |h1,1�h2,1|

In the standard embedding the metric          becomes: 
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And matches the Weil-Petersson metric (up to a conformal factor). For the standard embedding we can 
distinguish three different avenues to derive the kinetic normalisations.
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SU(3)
<latexit sha1_base64="XFYRv89vj9wIU0ysCu6/4QA32YY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9Ov9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/JFY19</latexit>

E6
<latexit sha1_base64="RhDfVtUdYcIg2uOkHByXncsDJE0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLkEIpSZHqRii66bJCH4E2DZPptB06eTAzEUrIxl9x40IRt36GO//GaZuFth64cDjnXu69x4sYFdI0v7XcxubW9k5+t7C3f3B4pB+fdEQYc0zaOGQhtz0kCKMBaUsqGbEjTpDvMdL1pvdzv/tIuKBh0JKziDg+Ggd0RDGSSnL1s8bAMuxyy7VLt41BYlTLVik17JKrF82KuQBcJ1ZGiiBD09W/+sMQxz4JJGZIiJ5lRtJJEJcUM5IW+rEgEcJTNCY9RQPkE+EkiwdSeKmUIRyFXFUg4UL9PZEgX4iZ76lOH8mJWPXm4n9eL5ajGyehQRRLEuDlolHMoAzhPA04pJxgyWaKIMypuhXiCeIIS5VZQYVgrb68TjrVilWr1B6uivW7LI48OAcXwAAWuAZ10ABN0AYYpOAZvII37Ul70d61j2VrTstmTsEfaJ8/YIKTtw==</latexit>

H
1(X,TX) = H

(2,1)(X)

<latexit sha1_base64="FyPGfFeQTWROOmQBKeq30OHExlU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BD3qMYB6QXULvZDYZMvtgZlYIy/6GFw+KePVnvPk3TpI9aGJBQ1HVTXeXnwiutG1/W6W19Y3NrfJ2ZWd3b/+genjUUXEqKWvTWMSy56NigkesrbkWrJdIhqEvWNef3M787hOTisfRo54mzAtxFPGAU9RGcu8GGbo+yszP80G1ZtftOcgqcQpSgwKtQfXLHcY0DVmkqUCl+o6daC9DqTkVLK+4qWIJ0gmOWN/QCEOmvGx+c07OjDIkQSxNRZrM1d8TGYZKTUPfdIaox2rZm4n/ef1UB9dexqMk1Syii0VBKoiOySwAMuSSUS2mhiCV3NxK6BglUm1iqpgQnOWXV0nnou406o2Hy1rzpoijDCdwCufgwBU04R5a0AYKCTzDK7xZqfVivVsfi9aSVcwcwx9Ynz9WoZHn</latexit>

Gab̄
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II. Special geometry computations

Thorough knowledge of periods enables computation of Weil-Petersson metric and Yukawa couplings. This 
technology is only available for Calabi-Yau manifolds with one complex structure parameters. To account 
for complex structure deformations we write                                          . Locally, we interpret this 
construction as a fibration of      over a base       in the vicinity of a reference point         .


The Weil--Petersson metric on the complex structure moduli space can be directly obtained as
<latexit sha1_base64="7rdJtaF9ifO3nHMmmoGvHcYS0SY="></latexit>

Gab̄ =

✓
@⌦t

@ta
,
@⌦t

@tb

◆ ����
t0

� 1
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✓
⌦,

@⌦t

@ta
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t0

·
✓
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@tb

◆����
t0

.

The problem is then reduced to the calculation of various integrals over    , numerically computed via Monte 
Carlo integration in local coordinates

<latexit sha1_base64="vR/a8aB9MoUU7crStMdBzci4jeU=">AAACD3icbVDJSgNBEO1xjXGLevTSGJQEQpgJEr0Egl48RjALZKOnp5M06Z4Zu2uEMOQPvPgrXjwo4tWrN//GznLQxAcFj/eqqKrnhoJrsO1va2V1bX1jM7GV3N7Z3dtPHRzWdBApyqo0EIFquEQzwX1WBQ6CNULFiHQFq7vD64lff2BK88C/g1HI2pL0fd7jlICRuqkzKGWg4+RawgtA56Ajszncuo+Ih2Vp0IkLOWecaWS7qbSdt6fAy8SZkzSao9JNfbW8gEaS+UAF0brp2CG0Y6KAU8HGyVakWUjokPRZ01CfSKbb8fSfMT41iod7gTLlA56qvydiIrUeSdd0SgIDvehNxP+8ZgS9y3bM/TAC5tPZol4kMAR4Eg72uGIUxMgQQhU3t2I6IIpQMBEmTQjO4svLpFbIO8V88fY8Xb6ax5FAx+gEZZCDLlAZ3aAKqiKKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr8AWzlmmM=</latexit>

t = (t1, . . . , tm), m = h2,1(X)
<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X
<latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B
<latexit sha1_base64="CUIO2UmsDbbj8ls7+8ICuhoTcac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwemjaY=</latexit>

t0

<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

Thorough knowledge of periods enables computation of Weil-Petersson metric and Yukawa couplings. This 
technology is only available for Calabi-Yau manifolds with few complex structure parameters. 

I. Period computations (only available in a few examples)   



3. Yukawa couplings

Having the harmonic representatives and a harmonic projection                                                   , the Weil- 
Petersson metric can be computed as follows 

The Kodaira-Spencer map                                             is given by

Here,            denotes the interior product with  

<latexit sha1_base64="e7knGWOAVe49HdRxnC8xKqYOXxk="></latexit>

⇢

✓
@

@t

◆
=

⇢
@fij(zj , t)

@t

@

@zi

��

<latexit sha1_base64="/nDidSyO98AerLfGCUuGRmDoKIA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURqaKbUjddVugj0MQwmU7aoZNJmJkIJXTnxl9x40IRt/6CO//G6WOhrQcGDufcy51zgoRRqSzr28itrK6tb+Q3C1vbO7t75v5BW8apwKSFYxYLJ0CSMMpJS1HFiJMIgqKAkU4wvJ34nQciJI15U40S4kWoz2lIMVJa8s1jVwzia9j0M+VbY1iDroph/d4uOTdN3znzzaJVtqaAy8SekyKYo+GbX24vxmlEuMIMSdm1rUR5GRKKYkbGBTeVJEF4iPqkqylHEZFeNs0xhqda6cEwFvpxBafq740MRVKOokBPRkgN5KI3Ef/zuqkKr7yM8iRVhOPZoTBlUGedlAJ7VBCs2EgThAXVf4V4gATCSldX0CXYi5GXSfu8bFfKlbuLYrU2ryMPjsAJKAEbXIIqqIMGaAEMHsEzeAVvxpPxYrwbH7PRnDHfOQR/YHz+AJJ1lzY=</latexit>

⇢ : Tt0B ! H
1(X;TX)

<latexit sha1_base64="rqqDdlFpOdYLWG0Z/dBL/cKPtUI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIVNFN0U2XFfoINDFMppN26OTBzEQpoZ/hxl9x40IRt935N07aLLT1wMDhnHu5c44XMyqkYXxrhZXVtfWN4mZpa3tnd0/fP+iIKOGYtHHEIm55SBBGQ9KWVDJixZygwGOk643uMr/7SLigUdiS45g4ARqE1KcYSSW5+pkdIDnEiKWNyTVsPMQV6wa2XOsU2pwOhhJxHj3leia7etmoGjPAZWLmpAxyNF19avcjnAQklJghIXqmEUsnRVxSzMikZCeCxAiP0ID0FA1RQISTzoJN4IlS+tCPuHqhhDP190aKAiHGgacmsxhi0cvE/7xeIv0rJ6VhnEgS4vkhP2FQRjBrCfYpJ1iysSIIc6r+CvEQcYSl6rKkSjAXIy+TznnVrFVr9xfl+m1eRxEcgWNQASa4BHXQAE3QBhg8g1fwDj60F+1N+9S+5qMFLd85BH+gTX8A3+Geaw==</latexit>

H : Hp(X;TX) ! H
p(X;TX)

<latexit sha1_base64="l/sGxdK0MQ7/3cnzzs41wLA4vRY=">AAACA3icbVDJSgNBEO1xjXGLetNLYxDiJcyIRI9BL96MYBbIDKGnU5M06VnorhHCEPDir3jxoIhXf8Kbf2NnOWjig4LHe1VU1fMTKTTa9re1tLyyurae28hvbm3v7Bb29hs6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD67HfvMBlBZxdI/DBLyQ9SIRCM7QSJ3CoXsbQo+5EgIsUZd3Y6SuEr0+nnYKRbtsT0AXiTMjRTJDrVP4crsxT0OIkEumdduxE/QyplBwCaO8m2pIGB+wHrQNjVgI2ssmP4zoiVG6NIiVqQjpRP09kbFQ62Hom86QYV/Pe2PxP6+dYnDpZSJKUoSITxcFqaQY03EgtCsUcJRDQxhXwtxKeZ8pxtHEljchOPMvL5LGWdmplCt358Xq1SyOHDkix6REHHJBquSG1EidcPJInskrebOerBfr3fqYti5Zs5kD8gfW5w/x85cX</latexit>

⌦ (·) <latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦

III. Explicit harmonic representative computations
Recall that    is covered by an atlas           . On overlaps                ,  we can use the transition functions           


 and write  

<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X
<latexit sha1_base64="tRvtVPiuS0hVbyucbSmyv17hnS0=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtpQtlsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca3878zhNVmiXywUxSGgo8lCxmBBsrPQY58vsMBdN+tebW3TnQKvEKUoMCrX71KxgkJBNUGsKx1j3PTU2YY2UY4XRaCTJNU0zGeEh7lkosqA7z+cFTdGaVAYoTZUsaNFd/T+RYaD0Rke0U2Iz0sjcT//N6mYmvw5zJNDNUksWiOOPIJGj2PRowRYnhE0swUczeisgIK0yMzahiQ/CWX14l7Yu616g37i9rzZsijjKcwCmcgwdX0IQ7aIEPBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fB0qP7A==</latexit>

{Ui}
<latexit sha1_base64="YmoP4e/p/P2Z5JBwtdo20rL2DDM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQthsN+3azWbZ3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5seRMG9f9dkpr6xubW+Xtys7u3v5B9fCorbNcEeqTjGeqG2NNORPUN8xw2pWK4jTmtBOPbmd+54kqzTLxYMaShikeCJYwgo2VAj9iKCBYIj96jKo1t+7OgVaJV5AaFGhF1a+gn5E8pcIQjrXuea404QQrwwin00qQayoxGeEB7VkqcEp1OJnfPEVnVumjJFO2hEFz9ffEBKdaj9PYdqbYDPWyNxP/83q5Sa7DCRMyN1SQxaIk58hkaBYA6jNFieFjSzBRzN6KyBArTIyNqWJD8JZfXiXti7rXqDfuL2vNmyKOMpzAKZyDB1fQhDtogQ8EJDzDK7w5ufPivDsfi9aSU8wcwx84nz8BO5EI</latexit>

Ui \ Uj
<latexit sha1_base64="FckM1fnkElcwoBttf3/r4F3SeCc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoiUkU3RTcuK9gHNCFMppN22skkzEyEGrJy46+4caGIW7/BnX/jtM1CWw8MHM65lzvn+DGjUlnWt1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbR9JwignDUUVI+1YEBT6jLT84fXYb90TIWnE79QoJm6IepwGFCOlJc/cD7yUDjLnOL3InEv44A2gE6JYqkhz6pllq2JNAOeJnZMyyFH3zC+nG+EkJFxhhqTs2Fas3BQJRTEjWclJJIkRHqIe6WjKUUikm05iZPBQK10YREI/ruBE/b2RolDKUejryRCpvpz1xuJ/XidRwbmbUh4ninA8PRQkDOqQ405glwqCFRtpgrCg+q8Q95FAWOnmSroEezbyPGmeVOxqpXp7Wq5d5XUUwR44AEfABmegBm5AHTQABo/gGbyCN+PJeDHejY/paMHId3bBHxifP40FmI4=</latexit>

fij : zj 7! zi
<latexit sha1_base64="p2lvIMG6vpgfzjMAKqUZ/v0Zpn0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEquCl6MVjBfsBbQib7abddrOJu5tCDf0dXjwo4tUf481/47bNQVsfDDzem2Fmnh9zprRtf1srq2vrG5u5rfz2zu7efuHgsKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3g79ZsjKhWLxIMex9QNcU+wgBGsjeQGXsoGk9KTN7jWZ16haJftGdAycTJShAw1r/DV6UYkCanQhGOl2o4dazfFUjPC6STfSRSNMRniHm0bKnBIlZvOjp6gU6N0URBJU0Kjmfp7IsWhUuPQN50h1n216E3F/7x2ooMrN2UiTjQVZL4oSDjSEZomgLpMUqL52BBMJDO3ItLHEhNtcsqbEJzFl5dJ47zsVMqV+4ti9SaLIwfHcAIlcOASqnAHNagDgUd4hld4s0bWi/VufcxbV6xs5gj+wPr8AV5/kdo=</latexit>

fij(zj ; t)

<latexit sha1_base64="ssPwj8XiOOBDVn8kMRDZ1HlXsrc="></latexit>

Gab̄ =

Z

Xt

⌦(H⇢(@/@ta)) ^ ⌦(H⇢(@/@tb))



Calabi-Yau metrics (results) Calabi-Yau metrics (results) 3.1. Machine learning harmonic one forms

Construct                     representatives via the Kodaira-Spencer map 

with the Ansatz 

And then use a spectral network to work out the harmonic completion

The “man with a hammer” approach
<latexit sha1_base64="H7jALerBtA4g+YB6/kdnxI5qJCI=">AAACIHicbVDLSgMxFM34tr5GXboJFqFuyoxI60YQ3bisYKvQqeVOmukEMw+SO0IZ+ilu/BU3LhTRnX6NaTugVg8EDufcm+QcP5VCo+N8WDOzc/MLi0vLpZXVtfUNe3OrpZNMMd5kiUzUtQ+aSxHzJgqU/DpVHCJf8iv/9mzkX91xpUUSX+Ig5Z0I+rEIBAM0Uteue41Q3MCxp8KEepIHWPECBSz3UlAoQNLhN8UbGHpK9EPc79plp+qMQf8StyBlUqDRtd+9XsKyiMfIJGjddp0UO/noZib5sORlmqfAbqHP24bGEHHdyccBh3TPKD0aJMqcGOlY/bmRQ6T1IPLNZAQY6mlvJP7ntTMMjjq5iNMMecwmDwWZSZrQUVu0JxRnKAeGAFPC/JWyEEw/aDotmRLc6ch/Seug6taqtYvD8slpUccS2SG7pEJcUicn5Jw0SJMwck8eyTN5sR6sJ+vVepuMzljFzjb5BevzC4Umo9k=</latexit>

�a = ⇢

✓
@

@ta

◆
<latexit sha1_base64="Gyu3QXQ1EE/Gq+kAyTHj3jkEM0c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkSPVY9NJjBdsG2lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz485U9q2v63c2vrG5lZ+u7Czu7d/UDw8aqsokYS2SMQj6fpYUc4EbWmmOXVjSXHoc9rxx7czv/NEpWKRuNeTmHohHgoWMIK1kdzGg1N2L9rn/WLJrthzoFXiZKQEGZr94ldvEJEkpEITjpXqOnasvRRLzQin00IvUTTGZIyHtGuowCFVXjq/d4rOjDJAQSRNCY3m6u+JFIdKTULfdIZYj9SyNxP/87qJDq69lIk40VSQxaIg4UhHaPY8GjBJieYTQzCRzNyKyAhLTLSJqGBCcJZfXiXtasWpVWp3l6X6TRZHHk7gFMrgwBXUoQFNaAEBDs/wCm/Wo/VivVsfi9aclc0cwx9Ynz9JDI7X</latexit>

H
1(X,V )

<latexit sha1_base64="ARx8N/OxSkKicdG4BN7IOj38P3U="></latexit>

saNN =
X

ijkl

 a,NN
ijkl

↵ij
⌫ zkzl

|z|4 gµ⌫̄ · @

@zµ
2 �(TX) .

where 
<latexit sha1_base64="GeS9cDUPtgC/aIpKmcDmB6OObhA="></latexit>

↵ij
⌫ dz⌫ = ı⇤(zidzj � zjdzi)

One neural network per form representative, outputs of the network are the coefficients 
<latexit sha1_base64="TEQBrdFL/rOtT34AwSrMrvTXGfk=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgQkoiUl0W3bgqFewDmhgm00k7dvJg5kYsIeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r3HizmTYJrfWmFhcWl5pbhaWlvf2NzSt3daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXvDy7HfvqdCsii8gVFMnQD3Q+YzgkFJrr5nx5K5Kbsb8uw2xcc20AdI6/Uss129bFbMCYx5YuWkjHI0XP3L7kUkCWgIhGMpu5YZg5NiAYxwmpXsRNIYkyHu066iIQ6odNLJD5lxqJSe4UdCVQjGRP09keJAylHgqc4Aw0DOemPxP6+bgH/upCyME6AhmS7yE25AZIwDMXpMUAJ8pAgmgqlbDTLAAhNQsZVUCNbsy/OkdVKxqpXq9Wm5dpHHUUT76AAdIQudoRq6Qg3URAQ9omf0it60J+1Fe9c+pq0FLZ/ZRX+gff4A5gOYVw==</latexit>

 a,NN
ijkl

The idea is to minimise the loss 

<latexit sha1_base64="uuYFtKRGQ0AXHyjzVNDhkDI9cvY="></latexit>

L = (⌘a,�⌘a) = |@TX⌘a|2
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P5[3, 3]
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The Tian - Yau manifold 

<latexit sha1_base64="ZePSrDqtO69tmoPyTB2644w7+6A="></latexit>

1

3

3X

a=0

x3
a =

1

3

3X

a=0

y3a =
3X

a=0

xaya + ✏
3X

a=2

xaya = 0

Calabi-Yau Manifolds 
Some Examples: Calabi-Yaus constructed hypersufaces in projective 
spaces  

-K3 (Fermat Quartic): 

-Fermat Quintic  

-Dwork  

-Tian Yau 

-Schoen 

Calabi–Yau manifolds: Case studies

K3 : z41 + z42 + z43 + z44 = 0 ⇢ P3 ,

Fermat quintic : z51 + z52 + z53 + z54 + z55 = 0 ⇢ P4 ,

Dwork family : z51 + z52 + z53 + z54 + z55 � 5 z1z2z3z4z5 = 0 ⇢ P4 ,  5 6= 1 .

Tian–Yau :


P3 3 0 1
P3 0 3 1

�14, 23

�=�18

()

8
<

:

↵ijk zi zj zk = 0 ,
�ijkwiwjwk = 0 ,
� ij ziwj = 0 .

A freely acting Z3 quotient of the Tian–Yau yields a Calabi–Yau manifold with
� = �6 [G. Tian and S. Yau; B. R. Greene, K. H. Kirklin, P. J. Miron and G. G. Ross,
1986-1987]
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Calabi–Yau manifolds: Case studies

Tian–Yau :


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�=�18
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8
<

:

↵ijk zi zj zk = 0 ,
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Schoen :

2

4
P1 1 1
P2 3 0
P2 0 3

3

5
19,19

�=0

'

2

66664

P1 0 0 0 0 1 1
P2 1 1 0 0 1 0
P2 1 1 0 0 1 0
P2 0 0 1 1 0 1
P2 0 0 1 1 0 1

3

77775

19,19

�=0

.

There is a freely acting          involution 

with 

<latexit sha1_base64="/TmHUG5ohdVLrfk/+NxYorcS2TU="></latexit>

(x0, x1, x2, x3) 7! (x0, !
�1
3 x1, !3x2, !3x3)

<latexit sha1_base64="r9m5+GionI17sxHp9vKo42Ov4j4="></latexit>

(y0, y1, y2, y3) 7! (y0, !3y1, !
�1
3 y2, !

�1
3 y3)

Modding out this symmetry breaks the         further down to                (suitable choice of discrete Wilson line)
<latexit sha1_base64="XFYRv89vj9wIU0ysCu6/4QA32YY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9Ov9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/JFY19</latexit>

E6

Quotient trinification model
<latexit sha1_base64="t63f0akpHc5aE/Lfbz5pGhmqJTA=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCVRqS6LblxWsA9oQplMJ+3QSSbMTIQS8hVu/BU3LhRxK+78GydtFG09MHA499w79x4vYlQqy/o0CguLS8srxdXS2vrG5pa5vdOSPBaYNDFnXHQ8JAmjIWkqqhjpRIKgwGOk7Y2usnr7jghJeXirxhFxAzQIqU8xUlrqmccVJ0Bq6PmJnR45XFuzScm3eJpq9Ycf9syyVbUmgPPEzkkZ5Gj0zA+nz3EckFBhhqTs2lak3AQJRTEjacmJJYkQHqEB6WoaooBIN5mclcIDrfShz4V+oYIT9XdHggIpx4GnndmKcraWif/VurHyL9yEhlGsSIinH/kxg4rDLCPYp4JgxcaaICyo3hXiIRIIK51kSYdgz548T1onVbtWrd2cleuXeRxFsAf2QQXY4BzUwTVogCbA4B48gmfwYjwYT8ar8Ta1Foy8Zxf8gfH+BcB7n8I=</latexit>

(1,3,3)

<latexit sha1_base64="xgr1DNfN+AVF4hNMnEJz79uWAyw=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIFaQkKtVl0Y3LCvYCbSiT6aQdOrkwMxFKyN6Nr+LGhSJufQF3vo2TNgtt+8PAx3/OYc753YgzqSzrx1hZXVvf2CxsFbd3dvf2zYPDlgxjQWiThDwUHRdLyllAm4opTjuRoNh3OW2749us3n6kQrIweFCTiDo+HgbMYwQrbfXNUqXnYzVyveQiPVuCdnraN8tW1ZoKLYKdQxlyNfrmd28QktingSIcS9m1rUg5CRaKEU7TYi+WNMJkjIe0qzHAPpVOMr0lRSfaGSAvFPoFCk3dvxMJ9qWc+K7uzFaU87XMXFbrxsq7dhIWRLGiAZl95MUcqRBlwaABE5QoPtGAiWB6V0RGWGCidHxFHYI9f/IitM6rdq1au78s12/yOApwDCWogA1XUIc7aEATCDzBC7zBu/FsvBofxuesdcXIZ47gn4yvX1HOmpw=</latexit>

(3,3,1)

<latexit sha1_base64="2r9f1HmEGXuDLbJCKHzyh9BLQpk=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARKkhJVGqXRTcuK9gLNKFMppN26CQTZiZCCXkVN76KGxeKdCe+jJM2grY9MPDx/+cw5/xexKhUlvVlFNbWNza3itulnd29/QPz8KgteSwwaWHOuOh6SBJGQ9JSVDHSjQRBgcdIxxvfZX7niQhJefioJhFxAzQMqU8xUlrqm/WKw7WfjSdOgNTI85OrNL34ZVvjqobzvlm2qtas4DLYOZRBXs2+OXUGHMcBCRVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnsYQBUS6yezCFJ5pZQB9LvQLFZypfycSFEg5CTzdme0oF71MXOX1YuXX3YSGUaxIiOcf+TGDisMsLjiggmDFJhoQFlTvCvEICYSVDrWkQ7AXT16G9mXVrlVrD9flxm0eRxGcgFNQATa4AQ1wD5qgBTB4Bq/gHXwYL8ab8WlM560FI585Bv/K+P4BZGmk6A==</latexit>

(3,1,3)

9 states                   denoted by 

7 states                   denoted by 

7 states                   denoted by 

<latexit sha1_base64="fmGf1CPi/dv5MkU164oU0i1QKV8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM8ZMNqza27OdAq8QpSgwKtYfVrEMYkFVQawrHWfc9NjJ9hZRjhdFYZpJommEzwiPYtlVhQ7Wf5wjN0ZpUQRbGyTxqUq78nMiy0norAJgU2Y73szcX/vH5qoms/YzJJDZVk8VGUcmRiNL8ehUxRYvjUEkwUs7siMsYKE2M7qtgSvOWTV0nnou416o37y1rzpqijDCdwCufgwRU04Q5a0AYCAp7hFd4c5bw4787HIlpyiplj+APn8we/QZBk</latexit>

�i

<latexit sha1_base64="Qx3Y7Rsdeyy3ZFh7Vhg8aNeLm3Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48tWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSfbPP++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lTxeVL1atda8rNRv8jiKcAKncA4eXEEd7qABLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMouI28</latexit>

Qi

<latexit sha1_base64="a0Rn0vNMzbUI4Q4IxSzbyKuu0zU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST28zvPFKlmRT3ZhpTP8IjwUJGsLHSQ19aM8umzdmADcoVt+rOgVaJl5MK5GgMyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+9QydWWWIQqnsEwbN1d+JFEdaT6PATkbYjPWyl4n/eb3EhNd+ykScGCrIYlGYcGQkyipAQ6YoMXxqCSaK2VsRGWOFibFFlWwJ3vKXV0n7ourVqrXmZaV+k9dRhBM4hXPw4ArqcAcNaAEBBc/wCm/Ok/PivDsfi9GCk2eO4Q+czx8LbpLi</latexit>

Qi

Parent         model 
<latexit sha1_base64="XFYRv89vj9wIU0ysCu6/4QA32YY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9Ov9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/JFY19</latexit>

E6

23        -plets
<latexit sha1_base64="jalUPcII9t1KxP4I/Iq1w5rZkHw=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaZI67LoxmUF+4DpUDJppg3NJENyRyhDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJoIbcN1vZ2Nza3tnt7RX3j84PDqunJx2jUo1ZR2qhNL9kBgmuGQd4CBYP9GMxKFgvXB6l/u9J6YNV/IRZgkLYjKWPOKUgJX8QUxgEkZZvTkfVqpuzV0ArxOvIFVUoD2sfA1GiqYxk0AFMcb33ASCjGjgVLB5eZAalhA6JWPmWypJzEyQLSLP8aVVRjhS2j4JeKH+3shIbMwsDu1kHtGsern4n+enEN0EGZdJCkzS5UdRKjAonN+PR1wzCmJmCaGa26yYTogmFGxLZVuCt3ryOunWa16j1ni4rrZuizpK6BxdoCvkoSZqoXvURh1EkULP6BW9OeC8OO/Ox3J0wyl2ztAfOJ8/EoCRIg==</latexit>

27

<latexit sha1_base64="gax+2tWw682vOt4yQTUFsn2r7E0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsK9oFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllFZW19Y3ypuVre2d3b3q/kFHJUYS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XByk/vdRyoVS8S9nqY0iPFIsIgRrK3k+zHW4zDMHmaD80G15tbdOdBf4hWkBgVag+qnP0yIianQhGOl+p6b6iDDUjPC6aziG0VTTCZ4RPuWChxTFWTzzDN0YpUhihJpn9Borv7cyHCs1DQO7WSeUS17ufif1zc6ugoyJlKjqSCLQ5HhSCcoLwANmaRE86klmEhmsyIyxhITbWuq2BK85S//JZ2zuteoN+4uas3roo4yHMExnIIHl9CEW2hBGwik8AQv8OoY59l5c94XoyWn2DmEX3A+vgH89ZGr</latexit>Z3

<latexit sha1_base64="gZTjlJCYNv05kXqprZLxSuwDWWc=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwiruJRBshaGMZwTwguy6zk5tkyMzuMjMrhCWFjb9iY6GIrR9h5984eRSaeODC4Zx7ufeeIOZMadv+tjIrq2vrG9nN3Nb2zu5efv+gqaJEUmjQiEeyHRAFnIXQ0ExzaMcSiAg4tILh9cRvPYBULArv9CgGT5B+yHqMEm0kP19wIwF94lcu4T4tuzHDqSsFZuPTytjPF+2SPQVeJs6cFNEcdT//5XYjmggINeVEqY5jx9pLidSMchjn3ERBTOiQ9KFjaEgEKC+dPjHGx0bp4l4kTYUaT9XfEykRSo1EYDoF0QO16E3E/7xOonsXXsrCONEQ0tmiXsKxjvAkEdxlEqjmI0MIlczciumASEK1yS1nQnAWX14mzXLJqZaqt2fF2tU8jiwqoCN0ghx0jmroBtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoD6/MHc1uXWA==</latexit>

!3 = e2⇡i/3

<latexit sha1_base64="GkxTykWh6oDzEkO6deUh7gO8r3U=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRmKCF9IKQY9ELx4xWiCBSrbLFjZst83u1oQ0/AgvHjTGq7/Hm//GBXpQ8CWTvLw3k5l5fsyZ0rb9beXW1jc2t/LbhZ3dvf2D4uFRS0WJJNQlEY9kx8eKciaoq5nmtBNLikOf07Y/vpn57ScqFYvEg57E1AvxULCAEayN1L53y9Xzx2q/WLIr9hxolTgZKUGGZr/41RtEJAmp0IRjpbqOHWsvxVIzwum00EsUjTEZ4yHtGipwSJWXzs+dojOjDFAQSVNCo7n6eyLFoVKT0DedIdYjtezNxP+8bqKDKy9lIk40FWSxKEg40hGa/Y4GTFKi+cQQTCQztyIywhITbRIqmBCc5ZdXSeui4tQr9btaqXGdxZGHEziFMjhwCQ24hSa4QGAMz/AKb1ZsvVjv1seiNWdlM8fwB9bnD7mGjog=</latexit>

SU(3)3
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Tian-Yau pencil becomes singular at four points in the real         axis <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="xX6H15FnfbeTQm5dEHFsBc/HlMA=">AAACI3icbZBLSwMxEMez9VXra9Wjl2ARPLR1t0oVT0UvHivYB3RryabZGppNliQrlGW/ixe/ihcPSvHiwe9i+jjU1oGBf34zw2T+fsSo0o7zbWVWVtfWN7Kbua3tnd09e/+goUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPbsf15jORigr+oIcR6YSoz2lAMdIGde1rj0SKMsGhR00mRbfgFWDRTYpp+dG8zs7TCSjP4zH10q6dd0rOJOCycGciD2ZR69ojrydwHBKuMUNKtV0n0p0ESU0xI2nOixWJEB6gPmkbyVFIVCeZ3JjCE0N6MBDSJNdwQucnEhQqNQx90xki/aQWa2P4X60d6+Cqk1AexZpwPF0UxAxqAceGwR6VBGs2NAJhSc1fIX5CEmFtbM0ZE9zFk5dFo1xyK6XK/UW+ejOzIwuOwDE4BS64BFVwB2qgDjB4AW/gA3xar9a7NbK+pq0ZazZzCP6E9fML3uegFQ==</latexit>

✏ 2 {�1, �1�2�1/3, �2, �1�21/3}

Berglund, Butbaia, Hübsch, Jejjala, MP, Mishra, Tan’24
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Tian-Yau pencil becomes singular at four points in the real         axis <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="xX6H15FnfbeTQm5dEHFsBc/HlMA=">AAACI3icbZBLSwMxEMez9VXra9Wjl2ARPLR1t0oVT0UvHivYB3RryabZGppNliQrlGW/ixe/ihcPSvHiwe9i+jjU1oGBf34zw2T+fsSo0o7zbWVWVtfWN7Kbua3tnd09e/+goUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPbsf15jORigr+oIcR6YSoz2lAMdIGde1rj0SKMsGhR00mRbfgFWDRTYpp+dG8zs7TCSjP4zH10q6dd0rOJOCycGciD2ZR69ojrydwHBKuMUNKtV0n0p0ESU0xI2nOixWJEB6gPmkbyVFIVCeZ3JjCE0N6MBDSJNdwQucnEhQqNQx90xki/aQWa2P4X60d6+Cqk1AexZpwPF0UxAxqAceGwR6VBGs2NAJhSc1fIX5CEmFtbM0ZE9zFk5dFo1xyK6XK/UW+ejOzIwuOwDE4BS64BFVwB2qgDjB4AW/gA3xar9a7NbK+pq0ZazZzCP6E9fML3uegFQ==</latexit>

✏ 2 {�1, �1�2�1/3, �2, �1�21/3}

Berglund, Butbaia, Hübsch, Jejjala, MP, Mishra, Tan’24
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Tian-Yau pencil becomes singular at four points in the real         axis <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="xX6H15FnfbeTQm5dEHFsBc/HlMA=">AAACI3icbZBLSwMxEMez9VXra9Wjl2ARPLR1t0oVT0UvHivYB3RryabZGppNliQrlGW/ixe/ihcPSvHiwe9i+jjU1oGBf34zw2T+fsSo0o7zbWVWVtfWN7Kbua3tnd09e/+goUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPbsf15jORigr+oIcR6YSoz2lAMdIGde1rj0SKMsGhR00mRbfgFWDRTYpp+dG8zs7TCSjP4zH10q6dd0rOJOCycGciD2ZR69ojrydwHBKuMUNKtV0n0p0ESU0xI2nOixWJEB6gPmkbyVFIVCeZ3JjCE0N6MBDSJNdwQucnEhQqNQx90xki/aQWa2P4X60d6+Cqk1AexZpwPF0UxAxqAceGwR6VBGs2NAJhSc1fIX5CEmFtbM0ZE9zFk5dFo1xyK6XK/UW+ejOzIwuOwDE4BS64BFVwB2qgDjB4AW/gA3xar9a7NbK+pq0ZazZzCP6E9fML3uegFQ==</latexit>

✏ 2 {�1, �1�2�1/3, �2, �1�21/3}

Berglund, Butbaia, Hübsch, Jejjala, MP, Mishra, Tan’24
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Calabi–Yau Metrics, Yukawas, and Curvature

https://github.com/Justin-Tan/cymyc
arXiv:2410.19728

cymetric

Douglas, Lakshminarasimhan, Qi’20
Douglas’21

Douglas, Platt, Qi’24

MLgeometry

Larfors, Lukas, Ruehle, Schneider’21,’22

Larfors’24

cyjax Gerdes, Krippendorf’22
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- Neural networks are good approximations for flat Calabi-Yau metrics, specially when Kählericity can be built in 
(spectral networks). 


- So far applicable to CICYs only but extendable to Toric Calabi-Yaus, as well as non-standard embeddings. 


- Ideally we would like an analytic expressions for the metric, is that possible?


-  Go beyond the standard embedding


- Extensions to Spin7 or G2 manifolds?


- Moduli dependence of Yukawas, are there generic patterns? Connections to the Swampland program?


-  Fully quantum corrected metrics?


Grazie!

Heyes et. al. ongoing work

Constantin et. al.’24

Frasier-Taliente, Harvey, Kim’24
Casas, Ibañez, Marchesano’24



Calabi-Yau metrics (results) Calabi-Yau metrics (results) 5. Final Remarks


