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1. GKP Setup



‣ GKP described moduli stabilization in Type IIB Flux Compactifications 
‣ The 10D metric takes the form 

 
 

‣ To stabilize CS moduli, turn on non-trivial 5-form flux 

‣ and non-trivial ISD 3-form flux

Gidding-Kachru-Polchinski Mechanism

<latexit sha1_base64="nAlTfQiLyOmQ91e4y0qrupoM+48="></latexit>

ds210 = e2A(y)ωµωdx
µdxω + e→2A(y)gCY

ij (y)dyidyj

Warp factor CY metric
<latexit sha1_base64="vc5N/Cq670LGZUB4Ho0sMX9w3J4="></latexit>

F̃5 = (1 + ω) dε → dx0 → dx1 → dx2 → dx3

<latexit sha1_base64="t6DYU6DXMv/s90PZ0gIL0L5dpE0=">AAACHXicbVDNSgMxGMz6W+vfqnjyEiyCF8uuSvUiFAXtsYL9gXZZstlsG5psliQrlKXPIl71ObyJV/ExfAOzbQ/WOpBkmJkPvkyQMKq043xZC4tLyyurhbXi+sbm1ra9s9tUIpWYNLBgQrYDpAijMWloqhlpJ5IgHjDSCgY3ud96JFJRET/oYUI8jnoxjShG2ki+vX/nn8EreGvuE9jVKIU1Q3275JSdMeA8caekBKao+/Z3NxQ45STWmCGlOq6TaC9DUlPMyKjYTRVJEB6gHukYGiNOlJeN1x/BI6OEMBLSnFjDsfp7IgsCblKBYCFUQ25eNWMjrnLZRDjS/TkvF//zOqmOLr2MxkmqSYwne0Qpg1rAvCoYUkmwZkNDEJbUfAXiPpIIa1No0XTk/m1knjRPy26lXLk/L1Wvp20VwAE4BMfABRegCmqgDhoAgww8gxfwaj1Zb9a79TGJLljTmT0wA+vzBy/Fn1Q=</latexit>

G3 = F3 → ωH3
<latexit sha1_base64="4wdimcKoNwa2jr80nrVNgJL/yTs=">AAACHHicbVDLSgMxFM34rPU1PnZugkVwVWZUqhuh6EKXFewD2mHIZDJtaDIZkoxQh/6KuNXvcCduBT/DPzAz7cJaD4R7OOdcuDlBwqjSjvNlLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkCKMxqSpqWakk0iCeMBIOxhe5377gUhFRXyvRwnxOOrHNKIYaSP59n5PaST9GrzxT+ElpMX07YpTdQrAeeJOSQVM0fDt714ocMpJrDFDSnVdJ9FehqSmmJFxuZcqkiA8RH3SNTRGnCgvK64fwyOjhDAS0rxYw0L9vZEFATepQLAQqhE3U83YiKtcNhGO9GDOy8X/vG6qowsvo3GSahLjyR1RyqAWMG8KhlQSrNnIEIQlNV+BeIAkwtr0WTYduX8bmSetk6pbq9buzir1q2lbJXAADsExcME5qINb0ABNgMEjeAYv4NV6st6sd+tjEl2wpjt7YAbW5w+JPZ+S</latexit>

ω6G3 = iG3
<latexit sha1_base64="jKHkqzD2YoXvZen/Lq3lHXiagro=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsKthWmQ8lkMm1oJhmSO0op/Qpxq9/hTtz6BX6Gf2CmnYW1Hgg5nHMu3HvCVHADrvvllFZW19Y3ypuVre2d3b3q/kHHqExT1qZKKH0fEsMEl6wNHAS7TzUjSShYNxxd5373gWnDlbyDccqChAwkjzklYCW/p/lgCERr9div1ty6OwNeJl5BaqhAq1/97kWKZgmTQAUxxvfcFIIJ0cCpYNNKLzMsJXREBsy3VJKEmWAyW3mKT6wS4Vhp+yTgmfp7YhKGiU2FSkTYjBP7mwWbJCaXbSQhMFzycvE/z88gvgwmXKYZMEnne8SZwKBwXg+OuGYUxNgSQjW3p2A6JJpQsCVWbEfe30aWSees7jXqjdvzWvOqaKuMjtAxOkUeukBNdINaqI0oUugZvaBX58l5c96dj3m05BQzh2gBzucP+JueCQ==</latexit>→



‣ The 5-form flux and the warp factor are related by 
 
 
 
Here,                                      describes local D3 brane sources (e.g. O-
planes) 

‣ Imposing F-flatness gives the equations

Gidding-Kachru-Polchinski Mechanism

<latexit sha1_base64="+4FfrpVy2yDJGQ1n0W1jWKRWVuY=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1QdeOygn1AO5ZMJtOG5jEmGaEM/Qxxq9/hTtz6AX6Gf2CmnYW1Hgg5nHMu3HuCmFFtXPfLKSwtr6yuFddLG5tb2zvl3b2WlonCpIklk6oTIE0YFaRpqGGkEyuCeMBIOxhdZ377kShNpbgz45j4HA0EjShGxko+uU9PLycXPcTiIeqXK27VnQIuEi8nFZCj0S9/90KJE06EwQxp3fXc2PgpUoZiRialXqJJjPAIDUjXUoE40X46XXoCj6wSwkgq+4SBU/X3RBoE3KYCyUKox9z+es5GXGeyjXBkhgteJv7ndRMTnfspFXFiiMCzPaKEQSNhVhAMqSLYsLElCCtqT4F4iBTCxtZYsh15fxtZJK2Tqler1m5PK/WrvK0iOACH4Bh44AzUwQ1ogCbA4AE8gxfw6jw5b8678zGLFpx8Zh/Mwfn8AY0pnkc=</latexit>

e4A = ω <latexit sha1_base64="jKHkqzD2YoXvZen/Lq3lHXiagro=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsKthWmQ8lkMm1oJhmSO0op/Qpxq9/hTtz6BX6Gf2CmnYW1Hgg5nHMu3HvCVHADrvvllFZW19Y3ypuVre2d3b3q/kHHqExT1qZKKH0fEsMEl6wNHAS7TzUjSShYNxxd5373gWnDlbyDccqChAwkjzklYCW/p/lgCERr9div1ty6OwNeJl5BaqhAq1/97kWKZgmTQAUxxvfcFIIJ0cCpYNNKLzMsJXREBsy3VJKEmWAyW3mKT6wS4Vhp+yTgmfp7YhKGiU2FSkTYjBP7mwWbJCaXbSQhMFzycvE/z88gvgwmXKYZMEnne8SZwKBwXg+OuGYUxNgSQjW3p2A6JJpQsCVWbEfe30aWSees7jXqjdvzWvOqaKuMjtAxOkUeukBNdINaqI0oUugZvaBX58l5c96dj3m05BQzh2gBzucP+JueCQ==</latexit>→

<latexit sha1_base64="PFeXYO7kEUshtXvF1wh61lwTwn4="></latexit>

→↑̃2
(
e→4A

)
=

Gijk
˜̄Gijk

12Imω
+ 2ε2

10T3ϑ̃
loc
3

<latexit sha1_base64="ML8+v8F8d6N8E9ZUJXB1ymNeg88="></latexit>

ω̃loc3 =
∑

i

Ni
1→
g̃
ε6(y ↑ yi)



Singular Bulk Problem and Warping



Road Map
Find

<latexit sha1_base64="n4vULlYegeqD54M12xAy2hGD0Ng=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLYjcsK9iFpLJPJpB06yYSZG7GEfoW41e9wJ279Aj/DP3DSdmGtB4Y5nHMu3Hv8RHANtv1lFVZW19Y3ipulre2d3b3y/kFby1RR1qJSSNX1iWaCx6wFHATrJoqRyBes448aud95YEpzGd/COGFeRAYxDzklYCR3cN8D9ghZ427SL1fsqj0FXibOnFTQHM1++bsXSJpGLAYqiNauYyfgZUQBp4JNSr1Us4TQERkw19CYREx72XTlCT4xSoBDqcyLAU/V3xOZ70cm5UsRYD2OzK8XbBLpXDaRiMBwycvF/zw3hfDSy3icpMBiOtsjTAUGifN6cMAVoyDGhhCquDkF0yFRhIIpsWQ6cv42skzaZ1WnVq3dnFfqV/O2iugIHaNT5KALVEfXqIlaiCKJntELerWerDfr3fqYRQvWfOYQLcD6/AGx3J3e</latexit>

gCY

Find <latexit sha1_base64="ohgt73dDQjmq8at/+czZvfi6e7E=">AAACDnicbVDLSgMxFM34rPVVdekmWAQXUmasVJdFQV1WsA9ohyGTybSheQxJRiil/yBu9TvciVt/wc/wD8y0s7DWAyGHc86Fe0+YMKqN6345S8srq2vrhY3i5tb2zm5pb7+lZaowaWLJpOqESBNGBWkaahjpJIogHjLSDofXmd9+JEpTKR7MKCE+R31BY4qRsVLnJqiewtugGpTKbsWdAi4SLydlkKMRlL57kcQpJ8JghrTuem5i/DFShmJGJsVeqkmC8BD1SddSgTjR/ni67wQeWyWCsVT2CQOn6u+JcRhymwoli6AecfvrORtxnck2wpEZLHiZ+J/XTU186Y+pSFJDBJ7tEacMGgmzbmBEFcGGjSxBWFF7CsQDpBA2tsGi7cj728giaZ1VvFqldn9erl/lbRXAITgCJ8ADF6AO7kADNAEGDDyDF/DqPDlvzrvzMYsuOfnMAZiD8/kDILqbQw==</latexit>

F3, G3

: Find Ricci-flat metric (solve MA-equation)

(calculate periods, solve F-term EoM) 

Find (2,1)-forms that are harmonic w.r.t. 
<latexit sha1_base64="n4vULlYegeqD54M12xAy2hGD0Ng=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLYjcsK9iFpLJPJpB06yYSZG7GEfoW41e9wJ279Aj/DP3DSdmGtB4Y5nHMu3Hv8RHANtv1lFVZW19Y3ipulre2d3b3y/kFby1RR1qJSSNX1iWaCx6wFHATrJoqRyBes448aud95YEpzGd/COGFeRAYxDzklYCR3cN8D9ghZ427SL1fsqj0FXibOnFTQHM1++bsXSJpGLAYqiNauYyfgZUQBp4JNSr1Us4TQERkw19CYREx72XTlCT4xSoBDqcyLAU/V3xOZ70cm5UsRYD2OzK8XbBLpXDaRiMBwycvF/zw3hfDSy3icpMBiOtsjTAUGifN6cMAVoyDGhhCquDkF0yFRhIIpsWQ6cv42skzaZ1WnVq3dnFfqV/O2iugIHaNT5KALVEfXqIlaiCKJntELerWerDfr3fqYRQvWfOYQLcD6/AGx3J3e</latexit>

gCY

(solve a set of coupled 1st order PDEs that involve the CY metric) 

Solve the Laplace eqn with source for the warp factor (involves the CY metric,  
the harmonic forms, flux quanta,  
point in CS moduli space):

<latexit sha1_base64="PFeXYO7kEUshtXvF1wh61lwTwn4="></latexit>
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e→4A

)
=

Gijk
˜̄Gijk

12Imω
+ 2ε2

10T3ϑ̃
loc
3

<latexit sha1_base64="92U2QJxxe3GRE7+znrAua9x5W0E="></latexit>

DiW =

∫

X
Di! →G3 = Di”

T ω (F3 ↑ εH3)



2. Intro to NNs

…

…

…



‣ NNs parameterize maps                             as 
compositions of affine maps                           
and component-wise non-linear functions 

‣ The NN is trained to approximate the desired 
function by updating the parameters of the 
affine maps. Typically linear methods 
(gradient descent) are used to find a 
optimum in parameter space 

‣ The Universal Approximation Theorem 
ensures that any function (with mild 
assumptions) can be written that way in the 
infinite parameter limit

Neural Networks
<latexit sha1_base64="BGT4KrzdVhZYcYE/cVZbe7atcK8=">AAACQHicbVA9T8MwFHT4LOWrwMhiUSExVQlCUDFVsDAWRGmlJkSO64CFY0f2C6KK8lf4MYgVdv4BG+rKhFM6AOVJlk9396R3F6WCG3DdN2dmdm5+YbGyVF1eWV1br21sXhmVaco6VAmlexExTHDJOsBBsF6qGUkiwbrR3Wmpd++ZNlzJSximLEjIjeQxpwQsFdaa8bGfELiNoiS/KK5zGfrAHiDnsih8UP9qKoOiCGt1t+GOB08DbwLqaDLtsDbyB4pmCZNABTGm77kpBDnRwKlgRdXPDEsJvSM3rG+hJAkzQT5OWOBdywxwrLR9EvCY/bmR2xutK1JigM0wsb/5JZPElLS1lIGmtJL8T+tnEDcDW0aaAZP0+444ExgULtvEA64ZBTG0gFDNbRRMb4kmFGznVduR97eRaXC13/AOGwfnB/XWyaStCtpGO2gPeegItdAZaqMOougRPaMX9Oo8Oe/OhzP6ts44k50t9Guczy9STLLd</latexit>

f : nin ! nout

<latexit sha1_base64="cC/fp16cZ23RIzMrE8xma0XCggQ=">AAACPHicbZC7SgNBFIZn4y3GW9TSZjAIVmFXgopV0MYyirlAdl1mJ5NkcC7LzKwQln0RH0Zs9Q3s7cTCxtrZJIUxOTDMz/efA+f8UcyoNq777hSWlldW14rrpY3Nre2d8u5eS8tEYdLEkknViZAmjArSNNQw0okVQTxipB09XOV++5EoTaW4M6OYBBwNBO1TjIxFYbnmazrgKExpduFzZIZRxNPb7D4VOcp8IxfQsFxxq+644LzwpqICptUIy99+T+KEE2EwQ1p3PTc2QYqUoZiRrOQnmsQIP6AB6VopECc6SMfXZfDIkh7sS2WfMHBM/06kdjnbFUnWg3rE7a9nbMR1jm1Lfsmcl8NFXjcx/fMgpSJODBF4skc/YdBImCcJe1QRbNjICoQVtadAPEQKYWPzLtmMvP+JzIvWSdU7rdZuapX65TStIjgAh+AYeOAM1ME1aIAmwOAJvIBX8OY8Ox/Op/M1aS0405l9MFPOzy9fqLDd</latexit>

�i :
ni ! ni

<latexit sha1_base64="2MqIsn3eUvm7/RVuKpVjsgk6/p4=">AAACOXicbZDLSsNAFIYnXmu9RV26GSyCG0siRcVV0Y3LKvYCTQ2T6aQdOpkJMxOhhDyHDyNu9RlcuhN34gs4abuwxgPD/Hz/OXDOH8SMKu04b9bC4tLyympprby+sbm1be/stpRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0VXutx+IVFTwOz2OSS9CA05DipE2yLfd0E9pduFFSA+DIEpvs/uUG3TsZpmnRYFnmW9XnKozKVgU7kxUwKwavv3l9QVOIsI1ZkipruvEupciqSlmJCt7iSIxwiM0IF0jOYqI6qWT0zJ4aEgfhkKaxzWc0N8TqVnOdAWC9aEaR+ZXczaKVI5NS35Jwcvhf1430eF5L6U8TjTheLpHmDCoBcxjhH0qCdZsbATCkppTIB4iibA2YZdNRu7fRIqidVJ1T6u1m1qlfjlLqwT2wQE4Ai44A3VwDRqgCTB4BM/gBbxaT9a79WF9TlsXrNnMHpgr6/sH78ivFg==</latexit>

fi :
ni�1 ! ni

<latexit sha1_base64="yS3eflEHwFyd/dhNR3n2QzsKem0="></latexit>

zout↵ = �out(W
�,out
↵ �1(W

�,in
� zin� + bin� ) + bout↵ )

[Cybenko `89; …; Kidger, Lyons `19]

…

…

…



‣ In the perhaps best-known applications, NNs are trained in a supervised 
fashion: They get a bunch of images together with labels that describe the 
images, and they learn from this combination to distinguish cats and dogs 

‣ For PDE’s we proposed three methods to use NN: 
• Neural PDE: You obtain an approximate solution on a coarse set of points using classical 

techniques (finite elements, Donaldson’s algorithm) and then train NNs to regress/
interpolate these solutions 

• Physics-Informed NN (PINN): Let the NN be the function that enters in the PDE. Take 
derivatives of the NN, insert it in the PDE, and update its weights until the PDE is satisfied 

• Neural operators: Like above, but in addition to the independent variables w.r.t. which 
derivatives are taken, also supply parameters (like CY moduli) which the NN learns to 
regress on

NNs for PDEs



3. CY Point Sampling



‣ We want a uniform sample of points on the CY (w.r.t. some known metric) 

‣ To obtain points on such CYs, a (too naive) approach would be to take D-K random 
points in the toric ambient space and solve the equations for the remaining K 

‣ This is too naive, since we will not know how the points will be distributed after 
restriction to the Calabi-Yau 

‣ Instead, we use a theorem by Shiffman and Zelditch which allows us to find points 
whose distribution follows a measure that can be constructed from an FS metric

Finding points on the CY

[Shiffman,Zelditch `98]



‣ Find a basis of Kähler cone generators 

‣ Calculate a basis of sections                                  in terms of the toric 
coordinates 

‣ Define maps        from the toric coordinates into                          (nef 
divisors in toric varieties are base point free) 

‣ One can endow                        with an FS metric obtained from the Kähler  
 

potential                                             ,       hermitian (we take              )

Sampling points

<latexit sha1_base64="u0SK0dUziDOv+lEEaZ8qS+WuAys=">AAACGXicbVDLSsNAFJ3UV62vVJduBovgopREiroRim5cSQX7gDaEyWTSDp1kwsxELaH+iLjV73Anbl35Gf6BkzYLaz0wzOGcc+He48WMSmVZX0ZhaXllda24XtrY3NreMcu7bckTgUkLc8ZF10OSMBqRlqKKkW4sCAo9Rjre6DLzO3dESMqjWzWOiROiQUQDipHSkmuWH1xafaTndrXPfK5k9do1K1bNmgIuEjsnFZCj6ZrffZ/jJCSRwgxJ2bOtWDkpEopiRialfiJJjPAIDUhP0wiFRDrpdPUJPNSKDwMu9IsUnKq/J1LPC3XK48yHchzqX87ZKJSZrCMhUsMFLxP/83qJCs6clEZxokiEZ3sECYOKw6wm6FNBsGJjTRAWVJ8C8RAJhJUus6Q7sv82skjaxzX7pFa/qVcaF3lbRbAPDsARsMEpaIAr0AQtgME9eAYv4NV4Mt6Md+NjFi0Y+cwemIPx+QN+Yp+4</latexit>

xi, i = 1, . . . , N
<latexit sha1_base64="tjBpXPxNov0ZgMSfDE9ZusJi9tY="></latexit>

H
0(J (↵)

,A)

<latexit sha1_base64="tjBpXPxNov0ZgMSfDE9ZusJi9tY="></latexit>

H
0(J (↵)

,A)
<latexit sha1_base64="JaEu3kvP1P9wxsWR8/bybaZFffk="></latexit>

K
(↵) = log

r↵X

i,j=0

s̄
(↵)
ī

H
īj
s
(↵)
j

<latexit sha1_base64="TRYpkoUx1isQZCb/tP2mfPwnpF4="></latexit>

J (↵) =
X

i

c(↵)i Di , ↵ = 1, . . . , h1,1(A)

<latexit sha1_base64="ok1QCojGSA6jpzgvbewmpUwMIzM=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN122YB/QDiWTybShSWZIMkIp/QBxq9/hTtz6GX6Gf2CmnYW1Hgg5nHMu3HuChDNtXPfLKWxsbm3vFHdLe/sHh0fl45OOjlNFaJvEPFa9AGvKmaRtwwynvURRLAJOu8HkPvO7j1RpFssHM02oL/BIsogRbKzUagzLFbfqLoDWiZeTCuRoDsvfgzAmqaDSEI617ntuYvwZVoYRTuelQappgskEj2jfUokF1f5ssegcXVglRFGs7JMGLdTfE7MgEDYVxDxEeirsr1dsLHQm24jAZrzmZeJ/Xj810a0/YzJJDZVkuUeUcmRilJWCQqYoMXxqCSaK2VMQGWOFibHVlWxH3t9G1knnqupdV2utWqV+l7dVhDM4h0vw4Abq0IAmtIEAhWd4gVfnyXlz3p2PZbTg5DOnsALn8wdKPJlG</latexit>

H
<latexit sha1_base64="aZgVF/E1vbtIohv+IDhLZxorqp0=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6KbLCvYB7VAymbQNTSZjkhHK0M8Qt/od7sStH+Bn+Adm2llY64WQwznnwrkniDnTxnW/nMLK6tr6RnGztLW9s7tX3j9oaZkoQptEcqk6AdaUs4g2DTOcdmJFsQg4bQfj20xvP1KlmYzuzSSmvsDDiA0YwcZSfv26J7AZBYFIvWm/XHGr7mzQMvByUIF8Gv3ydy+UJBE0MoRjrbueGxs/xcowwum01Es0jTEZ4yHtWhhhQbWfzkJP0YllQjSQyr7IoBn7eyO1oawrkDxEeiLsrxdkLHRGW0t2wZKWkf9p3cQMrvyURXFiaETmOQYJR0airCAUMkWJ4RMLMFHMnoLICCtMjK2xZDvy/jayDFpnVe+ien53Xqnd5G0V4QiO4RQ8uIQa1KEBTSDwAM/wAq/Ok/PmvDsfc2vByXcOYWGczx+wUp5b</latexit>

H =

<latexit sha1_base64="bw5501UWcO/1zDxU371iVbeezCQ=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gGdsWQymTY0jzHJCGXoZ4hb/Q534tYP8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697uPRGkqxZ2ZJCTgaChoTDEyVgr81ojeZz5iyQhNB9WaW3dngMvEK0gNFGgNqt9+JHHKiTCYIa37npuYIEPKUMzItOKnmiQIj9GQ9C0ViBMdZLOlp/DEKhGMpbJPGDhTf09kYchtKpQsgnrC7a8XbMR1LtsIR2a05OXif14/NfFlkFGRpIYIPN8jThk0EuYFwYgqgg2bWIKwovYUiEdIIWxsjRXbkfe3kWXSOat75/XGbaPWvCraKoMjcAxOgQcuQBPcgBZoAwwewDN4Aa/Ok/PmvDsf82jJKWYOwQKczx81bZ6r</latexit>

�↵



‣ Construct random sections                               with 

‣ By a theorem due to Shiffman and Zelditch, the zeros of such sections are distributed 
w.r.t. the Fubini-Study measure on  

‣ Restrict points to the CY by intersecting D-K random sections with the K equations 
defining the CY 

‣ The points obtained this way are then distributed w.r.t. the measure 
 
 

‣ An improved point sampling that leads to a better distribution of points was proposed 
by Keller and Lukic. Instead of fixing the matrix     , one constructs a family of metrics 
such that the new points are distributed in previously under-sampled regions

Sampling points - Random points with known distribution

[Shiffman,Zelditch `98; Douglas,Karp,Lukic,Reinbacher `06; 
Braun,Brelidze,Douglas,Ovrut `08]

<latexit sha1_base64="tjBpXPxNov0ZgMSfDE9ZusJi9tY="></latexit>

H
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a(↵)j ⇠ N (0, 1)

[Keller,Lukic `09]

<latexit sha1_base64="nN2qSbBVyuHfPIGZJ2Z17Me2N1E=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN122YB/QDiWTybShyWRIMkIp/QBxq9/hTtz6GX6Gf2CmnYW1Hgg5nHMu3HuChDNtXPfLKWxsbm3vFHdLe/sHh0fl45OOlqkitE0kl6oXYE05i2nbMMNpL1EUi4DTbjC5z/zuI1WayfjBTBPqCzyKWcQINlZqNYblilt1F0DrxMtJBXI0h+XvQShJKmhsCMda9z03Mf4MK8MIp/PSINU0wWSCR7RvaYwF1f5ssegcXVglRJFU9sUGLdTfE7MgEDYVSB4iPRX21ys2FjqTbURgM17zMvE/r5+a6NafsThJDY3Jco8o5chIlJWCQqYoMXxqCSaK2VMQGWOFibHVlWxH3t9G1knnqurVqrXWdaV+l7dVhDM4h0vw4Abq0IAmtIEAhWd4gVfnyXlz3p2PZbTg5DOnsALn8wdK4JlI</latexit>

H



‣ While we know the measure now, we introduced two complications 
• The CY is written in terms of xa and not in terms of  
• There are more sections than toric coordinates       relations among sections 

‣ This requires some computational algebraic geometry (find the primary decomposition of 
the defining ideal of the non-CICY toric variety or identifying a primitive basis for a certain 
kernel of a matrix over the integers) 

‣ To illustrate the improved point sampling, we sample from the cubic in       
 
 
The Eisenstein series have been chosen such that 

‣ We then map the points in       into the fundamental domain by numerically inverting the 
Weierstrass     function

Sampling points - Random points with known distribution
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ω = i
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<latexit sha1_base64="y9TnBdf+awURh+ijFM+cDGdSw/c="></latexit>

z22z0 → 4z31 + g2z1z
2
0 + g3z

3
0 = 0

<latexit sha1_base64="aRr9lX+9YFJcJy/QBs4hoL5oEro="></latexit>

z0 = 1 , z1 = x = ω(w), z2 = y = ω→(w)
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Sampling points - Random points with known distribution
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Cubic, 20k points, sampled with 1 and 11 regions



4. Putting together all ingredients



‣ We want to think of the metric as a map 
 

‣ Several conceivable ways to approximate the metric (most boost from FS metric) 
 
 
 
 
 

‣ For some approximations, we need to impose conditions on top of the MA 
equation, e.g. that the metric is Kahler, that the Kahler class is not changed, and/
or that it is well-defined on patch transitions

1.) Approximating the CY Metric

<latexit sha1_base64="dXNfreJAoWj44INrGwxkot8Nt6w="></latexit>

MK ⇥MCS ⇥X
f�! {Hermitian d⇥ d matrix}



‣ Total loss 

‣ Monge-Ampere loss 

‣ Kähler loss 

‣ Transition loss 

‣ Ricci loss (redundant since equivalent to MA loss) 

‣ Kähler class loss 

1.) Approximating the CY Metric

<latexit sha1_base64="FMDbS5gh8lqlC/9aj2J5ymVsuJg="></latexit>

cijk = @kgij̄ � @igkj̄,



‣ For CYs, the     NN usually works best 
‣ By construction, the NN is Kähler and well-defined at transitions 
‣ However, we still need to ensure that    is a section of    , ie, has weight 0 
‣ Instead of inputting the CY coordinates, we can input ratios of sections, 

which automatically ensure the correct transformation of    . This is 
known as feature engineering 

‣ We will use the simplest example (one-parameter quintic) since the 
project already has a lot of moving pieces. Want to generalize to CYs 
with orientifolds after

1.) Approximating the CY Metric
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ω
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ω
[Berglund,Butbaia,Hubsch,Jejjala,Mayorga Pena,Mishra,Tan `22]



1.) Approximating the CY Metric

Fermat Quintic, 50k points, trained for a few minutes
[Larfors,Lukas,FR,Schneider `22]



‣ The solution of the Picard-Fuchs System for the quintic is well-known 

‣ We expand the periods up to order 50 and search for solutions to the F-
flatness constraints for up to 2 flux quanta 
 
 
 

‣ We find a solution close to the conifold (         )

2.) Finding the fluxes

[Candelas,De La Ossa,Green,Parkes `91]
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ω = 1
<latexit sha1_base64="Q0qHcbE25Ji8M6AO49Q6Ou6hPVM="></latexit>

F3 = (3, 2,→3,→1) , H3 = (1, 2, 1, 0) ↑ Nflux = 8 , ω = 1.035→ 0.017i , ε = →0.333 + 3.598i



‣ Close to the conifold singularity, numerical precision suffers 
‣ To estimate the impact, we compute the Euler number 

• The Euler number comes out only within 15% of the true value, both when using the 
CY metric and the pullback of the FS metric (so the latter does not involve a NN) 

• In contrast, away from the conifold, the Euler number is correct within the 1% range 

‣ Since the error clearly comes from the numerical integration, we 
checked with improved point sampling, which reduces the error from 
15% to 2%!

2.) Finding the fluxes



3.) Approximating the Harmonic (2,1)-forms
‣ A procedure to obtain a harmonic basis of (2,1)-forms for the FS metric 

has been worked out previously: 
• The (2,1)-forms can be constructed from variations of the (3,0)-forms 

 
 
 
 
 

• The extrinsic curvature can be computed from pullbacks and metric derivatives 

[Candelas,De La Ossa `91]
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(2,1)-forms,
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I = 1, . . . , h21 (3,0)-form Extrinsic  
curvature

CS deformation of  
defining polynomials

<latexit sha1_base64="WXQoDojugLNLrUH0xDHT5tR+GS0="></latexit>
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3.) Approximating the Harmonic (2,1)-forms
‣ We then learn a correction           s.t.                                is harmonic wrt 

the CY metric 
‣ We impose                         : 

 
 

‣ Thus the loss of the second NN is determined from derivatives of the 
metric NN
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m̃µ
a = mµ

a +!mµ
a

<latexit sha1_base64="ezgZlHlVBtBh+5pwVSYQioYQcsU=">AAACGXicbVC7TsMwFHV4lvJKYWSxqJCYqgShwlgBA2OR6ENqQ+Q4TmvVdiLbAVVR+RHECt/BhliZ+Az+AKfNQClHsnx0zrnSvSdIGFXacb6speWV1bX10kZ5c2t7Z9eu7LVVnEpMWjhmsewGSBFGBWlpqhnpJpIgHjDSCUaXud+5J1LRWNzqcUI8jgaCRhQjbSTfrvSvCNMI8rs+T/3sEU18u+rUnCngInELUgUFmr793Q9jnHIiNGZIqZ7rJNrLkNQUMzIp91NFEoRHaEB6hgrEifKy6eoTeGSUEEaxNE9oOFV/T2RBwE0qiFkI1ZibX83ZiKtcNhGO9HDBy8X/vF6qo3MvoyJJNRF4tkeUMqhjmNcEQyoJ1mxsCMKSmlMgHiKJsDZllk1H7t9GFkn7pObWa/Wb02rjomirBA7AITgGLjgDDXANmqAFMHgAz+AFvFpP1pv1bn3MoktWMbMP5mB9/gC0saB2</latexit>

!mµ
a

<latexit sha1_base64="qs2p3uxlMkvnQmEmwleENlZLs0A=">AAACL3icbVDLSgMxFM34rPU16tJNsIiuyoxIdSMU3eiugn1AZxjuZNI2NPMgyQhl6Cf4MeJWv0PciFuX/oGZdhBrvRBycs65l9zjJ5xJZVlvxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nevqdCsji6U6OEuiH0I9ZjBJSmPPPI8UE4CQjFgDtkwLybi58nSFVQlmdWrKo1KTwP7AJUUFENz/xygpikIY0U4SBl17YS5Wb5ZMLpuOykkiZAhtCnXQ0jCKl0s8lCY3yomQD3YqFPpPCE/d2R+X6oXX7MAyxHob7ljAyhzGltCUEN5rSc/E/rpqp37mYsSlJFIzL9Ry/lWMU4Dw8HTFCi+EgDIILpVTAZgACidMRlnZH9N5F50Dqp2rVq7fa0Ur8s0iqhfXSAjpGNzlAdXaMGaiKCHtATekYvxqPxarwbH1PrglH07KGZMj6/AVZJqY4=</latexit>

ω̄εI = ω → εI = 0
<latexit sha1_base64="LSBcqp9tJXXBVum1arbkXYiSHho="></latexit>

ω̄εI = 0 →↑ ω[m̄uX
ω

n̄u] I = 0 ,

<latexit sha1_base64="Pujk/kSJcLKiG6phKnTybIoOqxU="></latexit>

ω → εI = 0 ↑↓ ϑ[ωεϑ]ϑ̄,I =
1

3

(
ϑωεϑϑ̄,I + ϑϑωεϑ̄,I + ϑεϑωϑ̄,I

)
= 0

<latexit sha1_base64="NZhsFG/CVyg2V8bp3GPhEr6QCds="></latexit>

ωωεϑϑ̄,I = εϑ
(
!ωεµg

µ̄µgϖϑ̄X
ϖ

µ̄ aq
a
I

)



3.) Approximating the Harmonic (2,1)-forms

Close-to-singular Quintic, 100k points, standard point sampling



‣ This is still work in progress 

‣ We will set up a NN that learns the solution A to the Laplace Equation 
 

‣ For now, we will have to put in the source term by hand (since the one-
parameter quintic does not have an orientifold involution), or accept that 
the solution is only correct within the order of the source term.

4.) Approximating the Warp Factor

<latexit sha1_base64="PFeXYO7kEUshtXvF1wh61lwTwn4="></latexit>

→↑̃2
(
e→4A

)
=

Gijk
˜̄Gijk

12Imω
+ 2ε2

10T3ϑ̃
loc
3



‣ Want to study more realistic setups that allow orientifold involution 
‣ For CICYs in projective spaces, orientifolds have been classified 
‣ For numerical control over the metric, want small 
‣ For moduli stabilization (solve the PF equation, find harmonic forms), 

want small 
‣ The manifolds with the smallest      and       are larger codimension, 

which means that their mirror is a CI in toric varieties    

Outlook

[Carta,Moritz,Westphal `20]
<latexit sha1_base64="apHgflwSUChJrQGaxc1Nh2cG/LI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Y8lkMm1sMhmSjFCG/oK41e9wJ279Bz/DPzDTdmGtB0IO55wL954g4Uwb1/1yCiura+sbxc3S1vbO7l55/6ClZaoIbRLJpeoEWFPOYto0zHDaSRTFIuC0HYyuc7/9SJVmMr4z44T6Ag9iFjGCjZVaw/vM8yb9csWtulOgZeLNSQXmaPTL371QklTQ2BCOte56bmL8DCvDCKeTUi/VNMFkhAe0a2mMBdV+Nt12gk6sEqJIKvtig6bq74ksCIRNBZKHSI+F/fWCjYXOZRsR2AyXvFz8z+umJrr0MxYnqaExme0RpRwZifJmUMgUJYaPLcFEMXsKIkOsMDG2v5LtyPvbyDJpnVW9WrV2e16pX83bKsIRHMMpeHABdbiBBjSBwAM8wwu8Ok/Om/PufMyiBWc+cwgLcD5/AA5Lm1I=</latexit>

h11

<latexit sha1_base64="8m87aBhtkWZPrZhSkKEMl5GQ6sM=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclZki1WXRjcsK9gHtWDKZtI1NMkOSEcrQXxC3+h3uxK3/4Gf4B2baWVjrgZDDOefCvSeIOdPGdb+cldW19Y3NwlZxe2d3b790cNjSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxhfZ377kSrNInlnJjH1BR5KNmAEGyu1Rvdp1Zv2S2W34s6AlomXkzLkaPRL370wIomg0hCOte56bmz8FCvDCKfTYi/RNMZkjIe0a6nEgmo/nW07RadWCdEgUvZJg2bq74k0CIRNBREPkZ4I++sFGwudyTYisBkteZn4n9dNzODST5mME0Mlme8xSDgyEcqaQSFTlBg+sQQTxewpiIywwsTY/oq2I+9vI8ukVa14tUrt9rxcv8rbKsAxnMAZeHABdbiBBjSBwAM8wwu8Ok/Om/PufMyjK04+cwQLcD5/AA/wm1M=</latexit>

h21

<latexit sha1_base64="apHgflwSUChJrQGaxc1Nh2cG/LI=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Y8lkMm1sMhmSjFCG/oK41e9wJ279Bz/DPzDTdmGtB0IO55wL954g4Uwb1/1yCiura+sbxc3S1vbO7l55/6ClZaoIbRLJpeoEWFPOYto0zHDaSRTFIuC0HYyuc7/9SJVmMr4z44T6Ag9iFjGCjZVaw/vM8yb9csWtulOgZeLNSQXmaPTL371QklTQ2BCOte56bmL8DCvDCKeTUi/VNMFkhAe0a2mMBdV+Nt12gk6sEqJIKvtig6bq74ksCIRNBZKHSI+F/fWCjYXOZRsR2AyXvFz8z+umJrr0MxYnqaExme0RpRwZifJmUMgUJYaPLcFEMXsKIkOsMDG2v5LtyPvbyDJpnVW9WrV2e16pX83bKsIRHMMpeHABdbiBBjSBwAM8wwu8Ok/Om/PufMyiBWc+cwgLcD5/AA5Lm1I=</latexit>

h11
<latexit sha1_base64="8m87aBhtkWZPrZhSkKEMl5GQ6sM=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclZki1WXRjcsK9gHtWDKZtI1NMkOSEcrQXxC3+h3uxK3/4Gf4B2baWVjrgZDDOefCvSeIOdPGdb+cldW19Y3NwlZxe2d3b790cNjSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxhfZ377kSrNInlnJjH1BR5KNmAEGyu1Rvdp1Zv2S2W34s6AlomXkzLkaPRL370wIomg0hCOte56bmz8FCvDCKfTYi/RNMZkjIe0a6nEgmo/nW07RadWCdEgUvZJg2bq74k0CIRNBREPkZ4I++sFGwudyTYisBkteZn4n9dNzODST5mME0Mlme8xSDgyEcqaQSFTlBg+sQQTxewpiIywwsTY/oq2I+9vI8ukVa14tUrt9rxcv8rbKsAxnMAZeHABdbiBBjSBwAM8wwu8Ok/Om/PufMyjK04+cwQLcD5/AA/wm1M=</latexit>

h21



Conclusions
1 GKP

2 Results

‣ Approximate CY metric with a NN 
‣ Using the CY metric, approximate correction to harmonic (2,1)-forms by a NN 
‣ Using the CY metric and harmonic forms, approximate solution to the warp factor with a NN 
‣ Stabilize near conifold      CY nearly singular      improve point sampling for better numerics  

‣ CY metric approximation gains multiple orders of magnitude 
‣ Accuracy to harmonic (2,1)-form approximation shows improvement by 60% 
‣ Result for warp factor pending      stay tuned 
‣ Looking for good, more realistic models

<latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→ <latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→

<latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→
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<latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→ <latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→

<latexit sha1_base64="GzaBSLvg0zG0KfnfpYSRRgjKr7w=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsq9gHToWQymTY0jyHJKGXoV4hb/Q534tYv8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697sPRGkqxb2ZJCTgaChoTDEyVvL7d3Q4Mkgp+Tio1ty6OwNcJl5BaqBAa1D97kcSp5wIgxnS2vfcxAQZUoZiRqaVfqpJgvAYDYlvqUCc6CCbrTyFJ1aJYCyVfcLAmfp7IgtDblOhZBHUE25/vWAjrnPZRjgyoyUvF//z/NTEl0FGRZIaIvB8jzhl0EiY1wMjqgg2bGIJworaUyAeIYWwsSVWbEfe30aWSees7jXqjdvzWvOqaKsMjsAxOAUeuABNcANaoA0wkOAZvIBX58l5c96dj3m05BQzh2ABzucPwxud6Q==</latexit>→ Thank you!


