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Thermal noise in the GW Detectors: Hands on



• The thermal noise is present in every macroscopic system at the 
thermodinamic equilibrium with the environment.

• The internal energy of the system is shared among all its degrees of freedom
or equivalently among all the natural vibrational modes, with an average
energy kbT (equipartition theorem).

• The motion of oscillating systems like pendula, springs, elastic bodies is
always affected by the thermal noise. 

• Its manifestation is in the random fluctuations of the macroscopic 
observable characterizing the system, limiting its sensitivity.



Thermal noise of the Test Masses and 
their suspension in the interferometer



• The thermal noise intensity is strictly related to the dissipative 
processes present in system 

• The Levin* equation enhances this aspect giving also a 
method for evaluating the thermal noise of a system.

(*) PRD, 57, 2, 1998 Y. Levin, ‘Internal thermal noise in the LIGO test masses: A direct approach’



• The TM displacement is read with the light having a 
gaussian beam profile with the power: 

So the mirror face displacement at the ITF output is given by 
the weighted amplitude:

Interferometer readout

x(t) = ∫𝑆𝑆 𝑃𝑃 𝑟𝑟 𝑢𝑢 𝑟𝑟 𝑑𝑑2𝑟𝑟

𝑃𝑃 𝑟𝑟 =
2𝑃𝑃𝑜𝑜
𝜋𝜋𝜎𝜎2

𝑒𝑒
−2𝑟𝑟2
𝜎𝜎2



The motion of the TM and its suspension can be 
seen as the result of a collection of harmonic
oscillators each having a different frequency and 
mass depending on the readout coordinate. 



Thermal noise in the sensitivity curve
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𝑋𝑋𝑡𝑡𝑜𝑜𝑡𝑡2 = 𝑋𝑋𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝2 + 𝑋𝑋𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟𝑜𝑜𝑟𝑟
2 + 𝑋𝑋𝑣𝑣𝑚𝑚𝑜𝑜𝑣𝑣2

ℎ𝑝𝑝𝑒𝑒𝑒𝑒𝑚𝑚𝑣𝑣(𝜔𝜔) = 2
𝛿𝛿 𝐿𝐿
𝐿𝐿

= 2
𝑋𝑋𝑡𝑡𝑜𝑜𝑡𝑡2

𝐿𝐿



How can we estimate the TN
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𝑋𝑋𝑡𝑡𝑡𝑝𝑝𝑟𝑟𝑚𝑚2 =
4𝑘𝑘𝑏𝑏𝑇𝑇
𝜔𝜔

�
𝑝𝑝

𝜔𝜔𝑝𝑝2𝜑𝜑𝑝𝑝
𝑚𝑚𝑝𝑝

1
𝜔𝜔𝑝𝑝2 − 𝜔𝜔2 2 + 𝜔𝜔𝑝𝑝2𝜑𝜑𝑝𝑝 2

1
2
𝑚𝑚𝑚𝑚𝜔𝜔𝑚𝑚2 𝑥𝑥𝑝𝑝

𝑝𝑝𝑒𝑒2 = 𝐸𝐸𝑝𝑝 = 1
2
𝑘𝑘𝑏𝑏𝑇𝑇

Test masses (modal expansion)
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• Equipartition Energy Theorem:
• Thermal Energy kbT same for each mode;
• Mainly visible those modes coupled with 
gaussian beam (look at 𝑥𝑥𝑝𝑝

𝑝𝑝𝑒𝑒);

Equivalent Mass of the mode n

𝜑𝜑𝑚𝑚 loss of mode n

Equivalent coordinate of the mode n



Estimation of the modes and effective masses
FEM
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Dissipation Sources: Coating, HCBs (Ears and anchors)
Magnets

Wires for pendulum



The equivalent parameters
Pendulum (theory):
Meq=Mmirror

xeq=xmirror
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TM :
The 
asymmetric
modes

 

Equivalent masses are infinitenot visible

But…
• Issues:
Beam centering
Shape defects, mounting defect

Hovewer…
Their TN does not matter



AdV TM
Modal Shapes

Symmetric Modes along
optical axys

N Name  Freq from FEM   Equivalent Mass

3 Drum    7805 Hz  25 kg
13 Longitudinal 10100 Hz  78.2 kg
20 Barrel  12900 Hz  17.8 kg
33 DrumII  14835 Hz  9.2 kg 
34 Longitudinal II 15008 Hz  54.8 kg

𝑥𝑥𝑝𝑝
𝑝𝑝𝑒𝑒 =

𝑘𝑘𝑏𝑏𝑇𝑇
𝑚𝑚𝑚𝑚𝜔𝜔𝑚𝑚2



A look on the output noise curve
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Levin Equation

18𝑊𝑊𝑝𝑝𝑚𝑚𝑑𝑑𝑑𝑑 = 2𝜋𝜋𝑓𝑓 𝜙𝜙 𝐸𝐸𝑑𝑑𝑡𝑡𝑟𝑟𝑠𝑠𝑚𝑚𝑝𝑝



How to calculate the strain energies



So applying on the mirror face an 
oscillatory pressure

𝑊𝑊𝑝𝑝𝑚𝑚𝑑𝑑𝑑𝑑 = 𝜔𝜔 𝜙𝜙 𝐸𝐸𝑑𝑑𝑡𝑡𝑟𝑟𝑠𝑠𝑚𝑚𝑝𝑝

𝑃𝑃 𝑟𝑟,𝜔𝜔 =
2𝐹𝐹𝑜𝑜
𝜋𝜋𝜎𝜎2

𝑒𝑒
−2𝑟𝑟2
𝜎𝜎2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜔𝜔𝜔𝜔

and a frequency ω we have

Estrain is the energy of elastic deformation at a moment when the test mass is 
maximally contracted or extended under the action of the oscillatory 
pressure. 



𝑆𝑆𝑋𝑋𝐹𝐹𝐹𝐹𝐹𝐹 𝜔𝜔

=
4 𝑘𝑘𝑏𝑏𝑇𝑇
𝜔𝜔 𝐹𝐹𝑜𝑜2

2 𝜙𝜙𝑤𝑤𝑚𝑚𝑟𝑟𝑝𝑝𝑑𝑑𝐸𝐸𝑤𝑤𝑚𝑚𝑟𝑟𝑝𝑝𝑑𝑑 𝜔𝜔 + 𝜙𝜙𝑣𝑣𝑠𝑠𝑙𝑙𝑝𝑝𝑟𝑟𝑑𝑑𝐸𝐸𝑣𝑣𝑠𝑠𝑙𝑙𝑝𝑝𝑟𝑟𝑑𝑑 𝜔𝜔 + 𝜙𝜙𝐹𝐹𝑠𝑠𝑟𝑟𝑚𝑚𝑜𝑜𝐸𝐸𝑀𝑀𝑀𝑀𝑟𝑟𝑀𝑀𝑐𝑐 𝜔𝜔 + 𝜙𝜙𝑆𝑆𝑚𝑚𝑣𝑣𝑚𝑚𝑆𝑆𝑠𝑠
𝑝𝑝𝑠𝑠𝑟𝑟𝑡𝑡𝑑𝑑

𝐸𝐸𝑆𝑆𝑚𝑚𝑣𝑣𝑚𝑚𝑆𝑆𝑠𝑠
𝑝𝑝𝑠𝑠𝑟𝑟𝑡𝑡𝑑𝑑

𝜔𝜔 + 𝜙𝜙𝐹𝐹𝑠𝑠𝑟𝑟𝑚𝑚𝑜𝑜
𝐶𝐶𝑠𝑠𝑏𝑏𝑣𝑣𝑝𝑝

𝐸𝐸𝐹𝐹𝑠𝑠𝑟𝑟𝑚𝑚𝑜𝑜
𝐶𝐶𝑠𝑠𝑏𝑏𝑣𝑣𝑝𝑝

𝜔𝜔 …

Suspension Thermal
(Levin Formula)

Strain energies 𝐸𝐸𝑚𝑚 𝜔𝜔  from the FEM applying 
a unitary gaussian force on the suspended 
mirror face, spanning from 10 to 1000Hz

Gaussian waist similar to the interferometer 
beams(for AdV – O3).

In the FEM:
IN:       4.87 cm
END:   5.8 cm



How can I estimate the losses?
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NE
Freq=7795.1823 Hz
Q=18.2 106

NI
Freq=7805.3233 Hz
Q=12.5 106

WI
Freq=7806.00 Hz
Q=2.5 106

WE
Freq=7810.87 Hz
Q=16.4 106

TCS=1386117000  9 Dec 2023 00:29 (Range 45 Mpc)

Lorentian widths (HWA)

𝑋𝑋𝑚𝑚2 =
4𝑘𝑘𝑏𝑏𝑇𝑇
𝜔𝜔

𝜔𝜔𝑚𝑚
2𝜑𝜑𝑚𝑚
𝑀𝑀𝑚𝑚

1

𝜔𝜔𝑚𝑚
2 − 𝜔𝜔2 2 + 𝜔𝜔𝑚𝑚

2𝜑𝜑𝑚𝑚
2 Δ𝜔𝜔𝑚𝑚 = 𝜔𝜔𝑚𝑚𝜑𝜑

𝑄𝑄𝑚𝑚 =
𝜔𝜔𝑚𝑚

Δ𝜔𝜔𝑚𝑚
= 𝜑𝜑𝑚𝑚−1

=2

𝑥𝑥𝑝𝑝
𝑝𝑝𝑒𝑒 =

𝑘𝑘𝑏𝑏𝑇𝑇
𝑚𝑚𝑚𝑚𝜔𝜔𝑚𝑚2
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Ring downs 𝑥𝑥 𝜔𝜔 = 𝑥𝑥𝑜𝑜 exp −
𝜔𝜔
𝜏𝜏

𝑄𝑄 =
𝜔𝜔𝑜𝑜𝜏𝜏

2



FEM Model (for nonhomogeneous losses)
Dissipation Sources: Coating, HCBs (Ears and anchors)
magnets

Calculation of the 
modal strain 
energies for Q 
calculations

Fo = 1

Calculation of the Mirror Thermal Noise with 
Levin Method

𝑄𝑄𝑚𝑚 = 1/∅𝑚𝑚



Thermal noise computation:
payload analytical models in Gwinc

𝜔𝜔1

𝜔𝜔2

𝜔𝜔−

𝜔𝜔𝑜𝑜

𝜔𝜔+

OldVirgo/Kagra Payload
Triple mode system

ET-AdV Payload
Double mode system

Double Pendulum (theory in Virgo Note VIR-015C-09)



q3q2

q1

M3M2

M1

A Virgo-like last stage suspension is a 
cascade of three pendula.  To the first 
pendulum (the marionette) the mirror and 
the recoil mass are hung as branches. 

Equivalent to a branched 
combination of three harmonic 
oscillators [*]. This is true for 
horizontal and vertical degrees of 
freedom.

M1marionette
M2mirror
M3recoil mass

The mirror last stage suspension as a branched system

[*] Bernardini A., Majorana E. ,Puppo P. ,Rapagnani P. , Ricci F., Testi G. "Suspension last stages for the 
mirrors of the Virgo interferometric gravitational wave antenna." Rev. Sci. Instr. 70, no. 8 (1999): 3463.

M1

M2

M3

13/12/2024



Suspension thermal of the Triple pendulum
L1=1125mm Maraging (Qmario=50000)
L2=700 mm  Silica
L3=700 mm  Silica (opt)

m1=185 kg
m2=105 kg
m3=105 kg



From the Payload Scheme, we build a Dynamical Model with masses, momenta of inertia 
and control strategy (including locking of the ITF)

Thermal Noise check: Pendulum
modes of the payload must not
spoil sensitivity 



STN in Gwinc cfr with FEM

let’s have a look on the example



Our example Parameters
Marionetta Mirror

Mass (kg) 220 220

Wire Diam (mm) 6.5 2.3

Wire Length (m) 1.0 1.2

Wire Material Sapphire Sapphire

Structural Loss Angle 3 10-9 3 10-9

Temperature (K) 20 20





Files

Input files 
from FEM

Configuration File

Matlab Script File



Result



References
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