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con fondi PNRR, il Soggetto attuatore è tenuto ad avviare tutte le azioni di comunicazione necessarie 
a dare evidenza del sostegno finanziario ricevuto. 

3. UTILIZZO DELL’EMBLEMA DELL’UE E DEL LOGO ITALIA 
DOMANI  

Il MUR garantisce una coerenza grafica, stilistica e lessicale con Italia Domani, il portale del Piano 
Nazionale di Ripresa e Resilienza. Alla luce di quanto esposto, al fine di garantire agli interventi 
realizzati con il PNRR un’immagine omogenea e riconoscibile, si forniscono, di seguito, istruzioni 
pratiche e sintetiche sul corretto uso dei loghi e dei format grafici, che restano a disposizione dei 
Soggetti attuatori a vario titolo coinvolti. A partire dal momento in cui il progetto viene finanziato 
dal PNRR, il Soggetto attuatore è tenuto ad avviare tutte le azioni di comunicazione necessarie per 
dare evidenza del sostegno finanziario ricevuto. Al fine di agevolare l’applicazione di tale obbligo, è 
stato predisposto un logo firma, che deve essere presente in ogni documento e che garantisce una 
visibilità unitaria a tutte le iniziative che rientrano nel PNRR. Il logo firma è composto dai seguenti 
elementi: 

• l’emblema dell’Unione europea, con il nome Unione europea per esteso; 

• il logo del Ministero dell’università e della ricerca; 

• il logo del Governo Italia Domani.  

 

Il logo firma deve essere: 

• sempre a colori, tranne casi giustificati di monocromia; 
• in posizione di primo piano, sempre chiaramente visibile; 
• di proporzioni adeguate rispetto alle dimensioni del materiale/ documento utilizzato; 
• in un sito web, deve essere visibile all’interno dell’area di visualizzazione del dispositivo 

digitale, senza che l’utente debba scorrere la pagina verso il basso. 

Inoltre: 

• quando si ridimensiona, deve rimanere in proporzione e non deve essere distorto; 
• deve essere evitata la pixelatura o sfocatura risultante dall’uso di un formato non corretto e/o 

di una risoluzione insufficiente. 
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FIG. 4. The results of the |Vcb| determination described in
the text with other previous determinations. The top section
shows the results of the analysis presented in this manuscript.
The middle section shows the results in Ref. [3], where we have
updated the fit with beyond zero-recoil lattice data. The bot-
tom section shows the HVLAV [29] world average of |Vcb|, the
|Vcb| determinations from inclusive decays [27, 28], and |Vcb|
determination from CKM unitarity. The BGL and CLN labels
indicate the form factor paramterization used to determine
|Vcb|. The lattice QCD inputs are MILC [19], HPQCD [20],
JLQCD [21]. Numbers in parentheses show goodness-of-fit
p-values for the corresponding fits.
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So much confusion about |Vcb |

Do we understand why they differ so much?

Should we average them?

|Vcb | = 41.0(7) × 10−3

normalisation 

from HFLAV 

total rate!
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Recent burst of 
activity: new 
exp analyses, 
new lattice and 
perturbative 
calculations. 
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FIG. 4. ⇢̄-⌘̄ planes with the SM global fit results in various configurations. The black contours display the 68% and 95%
probability regions selected by the given global fit. The 95% probability regions selected are also shown for each constraint
considered. Top-Left: full SM fit; Top-Right: fit using as inputs the “tree-only” constraints; Bottom-Left: fit using as inputs
only the angle measurements; Bottom-Right: fit using as inputs only the side measurements and the mixing parameter "K in
the kaon system.

fit configuration ⇢̄ ⌘̄

full SM fit 0.161(10) 0.347(10)

tree-only fit ±0.158(26) ±0.362(27)

angle-only fit 0.156(17) 0.334(12)

no-angles fit 0.157(17) 0.337(12)

TABLE IX. Results for the ⇢̄ and ⌘̄ values as extracted from the various fit configurations. The Universal Unitarity Triangle
(UUT) fit includes the three angles inputs and the semileptonic ratio |Vub/Vcb| [91].

1. By fitting the “tree-only” constraints, i.e. processes for which a contribution from new physics is with the
highest probability absent, we test the possibility that all the sources of CP violation come from physics beyond
the SM. The results shown in the top-right panel, which have a two-fold sign ambiguity in the ⇢̄-⌘̄ values, show
that the SM alone contributes to the largest part of the observed CP violation at low energy;

2. We analysed the results that can be obtained by using only the information coming from the measured angles,
“angle-only” fit, bottom-left panel;

3. We analysed the results that can be obtained from the triangle sides fit and ", “sides+ "K” fit, bottom-right
panel.

The importance of |Vcb|
An important CKM unitarity test is the 
Unitarity Triangle (UT) formed by

Vcb plays an important role in UT

and in the prediction of FCNC:
⇥ |VtbVts|2 � |Vcb|2

h
1 +O(�2)

i

"K ⇡ x|Vcb|4 + ...

where it often dominates the 
theoretical uncertainty.
Vub/Vcb constrains directly the UT

Our ability to determine precisely Vcb is crucial for indirect NP searches

1 +
VudV*ub

VcdV*cb
+

VtdV*tb
VcdV*cb

= 0



INCLUSIVE DECAYS:  THE OPE

Simple idea: inclusive decays do not depend on final state, long distance dynamics 
of the B meson factorizes. An OPE allows us to express it in terms of B meson 
matrix elements of local operators.

The Wilson coefficients are perturbative, matrix elements of local ops 
parameterize non-pert physics: double series in 

Lowest order: decay of a free b,  linear  absent. Depends on  , two 
parameters at , 2 more at  ...  Many higher order effects have 
been computed.

αs, Λ /mb

Λ/mb mb,c
O(Λ2/m2

b) O(Λ3/m3
b)

b

d, u

c

l

v

X
d,u

B



INCLUSIVE SEMILEPTONIC B DECAYS

  Inclusive observables are double series in 𝛬/mb and αs

Mi =M (0)
i +

↵s

⇡
M (1)

i +
⇣↵s

⇡

⌘2
M (2)

i +
⇣
M (⇡,0)

i +
↵s

⇡
M (⇡,1)

i

⌘ µ2
⇡

m2
b

+
⇣
M (G,0)

i +
↵s

⇡
M (G,1)

i

⌘ µ2
G

m2
b

+M (D,0)
i

⇢3D
m3

b

+M (LS,0)
i

⇢3LS

m3
b

+ ...

Global shape parameters (first moments of the distributions, with various lower 
cuts on El) tell us about mb, mc and the B structure, total rate about |Vcb|

 
OPE parameters describe universal properties of the B meson and of the quarks: 
they are useful in many applications (rare decays, inclusive Vub...) 

Reliability of the method depends on our control of higher order effects.  
Quark-hadron duality violation would manifest itself as inconsistency in the fit.



3LOOP CALCULATIONS
Fael, Schoenwald, Steinhauser, 2011.11655, 2011.13654, 2205.03410

3loop and 2loop charm mass effects in relation between kinetic and  b massMS

mkin
b (1GeV) = [4163 + 259αs

+ 78α2
s

+ 26α3
s ] MeV = (4526 ± 15) MeV

3loop correction to total semileptonic width

Γsl = Γ0 f(ρ)[0.9255 − 0.1162αs
− 0.0350α2

s
− 0.0097α3

s ]
in the kin scheme with  and , μ = 1GeV mc(3GeV) = 0.987 GeV μαs

= mkin
b

Γsl = Γ0 f(ρ)[0.9255 − 0.1140αs
− 0.0011α2

s
+ 0.0103α3

s ]
in the kin scheme with  and , 
3loop correction tends to lower  and therefore pushes slightly up (~0.5%)

μ = 1GeV mc(2GeV) = 1.091 GeV μαs
= mkin

b /2
Γsl |Vcb |

Using FLAG  one gets mb(mb) = 4.198(12)GeV mkin
b (1GeV) = 4.565(19) GeV

2

(a) (b)

(c) (d)

(e) (f)

FIG. 1. Sample Feynman diagrams which contribute to the
forward scattering amplitude of a bottom quark at LO (a),
NLO (b), NNLO (c) and N3LO (d-f). Straight, curly and
dashed lines represent quarks, gluons and leptons, respec-
tively. The weak interaction mediated by the W boson is
shown as a blob.

compute for the first time ↵3 corrections to �q by spec-
ifying the colour factors of our b ! c`⌫̄ result to QED
and taking the limit mc ! 0. This allows for the deter-
mination of the third-order coe�cient with an accuracy
of 15%.

II. CALCULATION

We apply the optical theorem and consider the forward
scattering amplitude of a bottom quark where at leading
order the two-loop diagram in Fig. 1(a) has to be consid-
ered. It has a neutrino, a lepton and a charm quark as
internal particles. The weak interaction is shown as an
e↵ective vertex. Our aim is to consider QCD corrections
up to third order which adds up to three more loops.
Some sample Feynman diagrams are shown in Fig. 1(b-
f).

The structure of the Feynman diagrams allows the in-
tegration of the massless neutrino-lepton loop which es-
sentially leads to an e↵ective propagator raised to an ✏-
dependent power, where d = 4� 2✏ is the space-time di-
mension. The remaining diagram is at most of four-loop
order.

From the technical point of view there are two basic
ingredients which are crucial to realize our calculation.
First, we perform an expansion in the di↵erence between
the bottom and charm quark mass. It has been shown
in Ref. [27] that the expansion converges quite fast for
the physical values of mc and mb. Second, we apply the
so-called method of regions [44, 45] and exploit the simi-
larities to the calculation of the three-loop corrections to

the kinetic mass [46].
The method of regions [44, 45] leads to two possible

scalings for each loop momentum kµ

• |kµ| ⇠ mb (h, hard)

• |kµ| ⇠ � ·mb (u, ultra-soft)

with � = 1 �mc/mb. We choose the notion “ultra-soft”
for the second scaling to stress the analogy to the cal-
culation of the relation between the pole and the kinetic
mass of a heavy quark, see [46, 47]. Note that the mo-
mentum which flows through the neutrino-lepton loop,
`, has to be ultra-soft since the Feynman diagram has
no imaginary part if ` is hard since the corresponding
on-shell integral has no cut.
Let us next consider the remaining (up to three) mo-

mentum integrations which can be interpreted as a four-
point amplitude with forward-scattering kinematics and
two external momenta: ` and the on-shell momentum
p2 = m2

b . This is in close analogy to the scattering ampli-
tude of a heavy quark and an external current considered
in Ref. [46]. In fact, at each loop order each momentum
can either scale as hard or ultra-soft:

O(↵s) h, u

O(↵2
s) hh, hu, uu

O(↵3
s) hhh, hhu, huu, uuu

Note that all regions where at least one of the loop mo-
menta scales ultra-soft leads to the same integral families
as in Ref. [46, 47]. The pure-hard regions were absent
in [46, 47]; they lead to (massive) on-shell integrals.
At this point there is the crucial observation that the

integrands in the hard regions do not depend on the loop
momentum `. On the other hand, the ultra-soft integrals
still depend on `. However, for each individual integral
the dependence of the final result on ` is of the form

(�2p · `+ 2�)↵ (2)

with known exponent ↵. This means that it is always
possible to perform in a first step the ` integration which
is of the form

Z
dd`

`µ1`µ2 · · ·

(�2p · `+ 2�)↵(�`2)�
. (3)

A closed formula for such tensor integrals with arbitrary
tensor rank and arbitrary exponents ↵ and � can easily
be obtained from the formula provided in Appendix A
of Ref. [45]. We thus remain with the loop integrations
given in the above table. Similar to Eq. (3) we can in-
tegrate all one-loop hard or ultra-soft loops which leaves
us with pure hard or pure ultra-soft contributions up to
three loops.
A particular challenge of our calculation is the high

expansion depth in �. We perform an expansion of all
diagrams up to �12. This leads to huge intermediate ex-
pressions of the order of 100 GB. Furthermore, for some
of the scalar integrals individual propagators are raised



RESIDUAL UNCERTAINTY on Γsl
3

FIG. 1. Scale dependence of �sl at fixed values of the inputs and µkin = 1GeV. Dashed (solid) lines represent the two (three)
loop calculation. In the left plot (µb-dependence) the blue (red) curves are at µc = 3(2)GeV; in the right plot (µc-dependence)
the blue(red) curves µb = mkin

b (mkin
b /2).

uncertainty of 0.6% in �sl and consequently of 0.3% in |Vcb| for our new default scenario, corresponding to µ = 1GeV,
µc = 2GeV and µb = mkin

b /2 ' 2.3GeV.

Beside the purely perturbative contributions, there are various other sources of uncertainty in the calculation of the
semileptonic width [25], but the work done in the last few years has been fruitful. After the O(↵s/m2

b) corrections
[26, 27], the O(↵s⇢3D/m3

b) corrections to �sl have been recently computed in Ref. [20] (the O(↵s⇢3LS) corrections to �sl

follow from the O(↵sµ2
G/m

2
b) and are tiny). They are expressed in terms of mb in the on-shell scheme and of mc(mb).

After converting their result to the kinetic scheme and changing the scale of mc, we find that this new correction,
together with all the terms of the same order generated by the change of scheme, enhances the coe�cient of ⇢3D by
8 to 18%, depending on the various scales. However, the O(↵s⇢3D) terms, after the conversion to the kinetic scheme,
generate new O(µ3↵2

s) and O(µ3↵3
s) contributions that tend to compensate their e↵ect. The resulting final shift on

|Vcb| is +0.05% with µc = 3GeV, µb = mkin
b and +0.1% for µc = 2GeV, µb = mkin

b /2, and we choose to neglect it in
the following.

After the O(↵s⇢3D) contribution, the main residual uncertainty in �sl is related to higher power corrections. The
Wilson coe�cients of the O(1/m4

b , 1/m
5) contributions have been computed [28], but little is known about the

corresponding 27 matrix elements. The Lowest Lying State Approximation (LLSA) [28] has been employed to estimate
them and to guide the extension [5] of Ref. [4] to O(1/m4

b , 1/m
5). In the LLSA, the O(1/m4

b , 1/m
5) contributions

increase the width by about 1%, but there is an important interplay with the semileptonic fit: as shown in Ref. [5], the
O(1/m4

b , 1/m
5) corrections to the moments and their uncertainties modify the results of the fit in a subtle way and the

final change in �sl is about +0.5%, a result stable under changes of the LLSA assumptions [5]. We therefore expect
the O(1/m4

b , 1/m
5) corrections to decrease |Vcb| by 0.25% with respect to the default fit. Although the uncertainty

attached to this value is mostly included in the theoretical uncertainty of the 2014 fit results, we may consider an
additional 0.2%. Further uncertainties stem from unknown O(↵s⇢3LS/m

3
b), O(↵2

s/m
2
b), and O(↵2

s⇢
3
D/m3

b) corrections,
but they are all likely to be at or below the 0.1% level, and of course quark-hadron duality has to break down at some
point. Combining all the discussed sources of uncertainties in a conservative way, we estimate the total remaining
uncertainty in �sl to be 1.2%.

In the end, using the inputs of the 2014 default fit and setting µc = 2GeV, µb = mkin
b /2 for the central value, we

obtain

|Vcb|2014 = 42.48(44)th(33)exp(25)� 10! 3 = 42.48(60) 10! 3 (6)

where the uncertainty due to �sl has been reduced by a factor 2 with respect to Ref. [4].

UPDATING THE SEMILEPTONIC FIT

Despite ongoing analyses of the q2 and MX -moments at Belle and Belle II [29, 30], no new experimental result on
the semileptonic moments has been published since the 2014 fit [4]. On the other hand, new lattice determinations

Similar reduction in  dependence. Purely perturbative uncertainty 
(max spread), central values at . 

 effects in the width are known. Additional uncertainty from 
higher power corrections, soft charm effects of , duality violation. 

Conservatively: 1.2% overall theory uncertainty in  (a ~50% reduction)


Interplay with fit to semileptonic moments, known only to  

μkin ±0.7 %
μc = 2GeV, μαs

= mb/2

O(αs/m2
b , αs/m3

b)
O(αs/m3

bmc)

Γsl

O(α2
s , αsΛ2/m2

b)

Bordone, Capdevila, PG, 2107.00604

2loop
3loop

μc = 2GeV

μc = 3GeV

μαs
= mb /2

2loop
3loop

μαs
= mb



HIGHER ORDER CORRECTIONS TO MOMENTS

complete  corrections to triple differential                                                   
Aquila, Ridolfi, PG, Trott, Czarnecki, Jezabek, Kuhn, … 

complete  corrections to leptonic, hadronic (partly numerical),  moments 
at arbitrary cuts                                                                                                   
Biswas, Melnikov, Czarnecki, Pak, PG, Fael, Herren

 corrections to width, leptonic, hadronic,  moments without cuts                          
Fael, Schoenwald, Steinhauser

power corrections of  and  to triple differential,  
and  for moments                                                                                             
Manohar, Wise, Blok, Koyrakh, Shifman, Vainshtein, Grimm, Kapustin, Mannel, Turzcyk, Uraltsev, Milutin, Vos, Finauri

complete  corrections to triple differential,  only to 
width and  moments                                                                                                          
Alberti, Healey, Nandi, PG, Becher, Lunghi, Mannel, Moreno, Pivovarov 

O(αs)

O(α2
s ) q2

O(α3
s ) q2

O(Λ2/m2
b) O(Λ3/m3

b) O(Λ4/m4
b)

O(Λ5/m5)

O(αsΛ2/m2
b) O(αsΛ3/m3

b)
q2



QED CORRECTIONS
b c b

!
ø" !

(a) (b) (c)

(d) (e) (f)

Figure 1: Sample Feynman diagrams which contribute to the forward scattering ampli-
tude of a bottom quark at LO (a), NLO (b), NNLO (c) and N3LO (d-f). Straight, curly
and dashed lines represent quarks, gluons and leptons, respectively. The weak interaction
mediated by theW boson is shown as a black dot.

(for sample Feynman diagrams see Fig. 1). Moments without cuts are simply obtained
by multiplying the forward scattering amplitude by the weight function (q2)i (q áv)j or
(p! áv)i for the Qi,j and L i , respectively. The leading order prediction is obtained from
the two-loop diagram in Fig. 1(a) where the internal lines correspond to the neutrino,
the charged lepton and the charm quark. The weak interaction is shown as an e! ective
vertex. To compute QCD corrections up toO(! 3

s) we have to add up to three more loops
(see Fig. 1(b) to (f)).

An exact computation of Þve-loop diagrams with two mass scales (mb and mc) is out
of range using current methods. We obtain Þnite charm mass e! ects by performing
an asymptotic expansion in the parameter" = 1 ! mc/m b " 1, i.e. we expand the
Feynman diagrams around the equal mass limitmc # mb, which we realize with the
method of regions [22, 23]. We call this approach the" -expansion. The opposite limit
# = mc/m b " 1 (the #-expansion) was adopted in [7] for the evaluation of the width to
O(! 2

s).

It has been shown that the" -expansion converges quite fast for the physical values of quark
masses" # 0.7 [16, 19, 24]. Moreover compared to an expansion around the opposite limit
(# # 0.3), the " -expansion o! ers two crucial advantages:

1. The number of regions to be calculated is considerably smaller.

2. The "-expansion yields a factorization of the multi-loop integrals which allows us
to integrate at least two loop momenta without applying integration-by-part (IBP)
relations. A computation up to O(! n

s ) becomes an-loop problem, even if we start
with ( n + 2)-loop Feynman diagrams.
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whereM
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and

d$3andd$4encodethethree-andfour-bodyphasespace.Thefactor|M
0|2
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e-levelcontrib

ution,

which
reads:

|M
0|2

=128G2
F|V

cb|páp!pcápe,

(21)

wherep,pc,pe,p!are
themomenta

oftheb-andc-quarksandchargedleptonandneutrin
o,respective

ly.
In

thefollowing,wereviewthestepsofourcalculation.

4
Virtu

alcorre
ctions

Theamplitu
desforvirtu

alcorre
ctionsare

oforder%e,hence,theycontrib
ute

to
thedecayrate

atthis
by

interfe
rencewith

thetre
e-levelcontrib

ution.Wedecomposethesomeofalltheseinterfe
renceterm

sas

|M
virtu

al|2
=|MUV virtu

al|2
+|MIR

virtu
al|2

+|MÞnite virtu
al|2

,

(22)

where,bymeansofdirectcalculation,weÞnd

|MUV virtu
al|2

=|M
0|2 16'&2

!

("
Q2

b"Q2
c"Q2

e+2QbQc+2QbQe"8QcQe)
"

,

(23)

|MIR
virtu

al|2
=|M

0|2
8&2

!

Q2
bJb+Q2

cJc+Q2
eJe+2QbQcI1

bc+2QbQeI1
be+2QcQeI1

ce

"

,

(24)

7

In the presence of photons, OPE valid only for total 
width and moments that do not resolve charged 
lepton or hadron properties ( ).  Expect 
mass singularities and  corrections.  

Leading logs  can be easily computed for 
simple observables using structure function 
approach, for ex the lepton energy spectrum

                                            

Eℓ, q2, EX . . .
O(αΛ/mb)

α ln me/mb

(
dΓ
dy )

(1)

=
α
2π

ln
m2

b

m2
ℓ !

1

y

dx
x

P(0)
ℓℓ (

y
x ) (

dΓ
dx )

(0)

P(0)
ℓℓ (z) =

[

1 + z2

1 − z ]
+

!"! !"# !"$ !"% !"&
!"!

!"#

!"$

!"%

!"&

'"!

'"#

'"$

!

"!
!"

Electron energy spectrum

Bigi, Bordone, Haisch, Piccione PG
2309.02849



Leading contributions
1. Collinear logs: captured by splitting functions

!
! e

"
log2

!
m2

b

m2
e

"

2. Threshold e! ects or Coulomb terms

!
4"! e

9

3. Wilson Coe" cient
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#
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QED

also at subleading power!

M. Bordone

∼
αe

π
log

m2
b
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e

discontinuity at threshold

∼
αe

π [
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M2
Z

μ2
−

11
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∼
2
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COMPLETE  EFFECTS IN LEPTONIC SPECTRUMO(α)

Typical measurements are completely inclusive, , but QED radiation is subtracted by 
experiments using PHOTOS (soft-collinear photon radiation to MC final states). 

Small but non-negligible differences with PHOTOS in BaBar leptonic moments hep-ex/0403030 

B → Xcℓν(γ)

Ecut ! BRBaBar
incl ! BRLL

incl ! BRNLL
incl ! BR!

incl ! BR
1/m 2

b
incl ! BRincl "

0.6 ! 1.26% ! 1.92% ! 1.95% ! 0.54% ! 0.50% ! 0.45% +0 .34

0.8 ! 1.87% ! 2.88% ! 2.91% ! 1.36% ! 1.29% ! 1.22% +0 .30

1.0 ! 2.66% ! 4.03% ! 4.04% ! 2.38% ! 2.26% ! 2.15% +0 .25

1.2 ! 3.56% ! 5.43% ! 5.41% ! 3.65% ! 3.43% ! 3.27% +0 .14

1.5 ! 5.22% ! 8.41% ! 8.26% ! 6.37% ! 5.73% ! 5.39% ! 0.09

Table 2 . Relative size of the QED corrections toBRincl (Ecut ). The values of Ecut are given in
units of GeV. The entries in the column ! BRBaBar

incl are the corrections obtained by BaBar in [44],
while the numbers for ! BRLL

incl , ! BRNLL
incl and ! BR!

incl successively include the LL, NLL and complete

O(#) corrections to the b " ce$ branching ratio. The ! BR1/m 2
b

incl numbers include all partonic QED
e! ects as well as the LL QED corrections to theO(! 2

QCD /m 2
b) power corrections. The entries in

the column ! BRincl represent our best predictions and include besides all partonic QED e! ects
the power-suppressed LL QED corrections up toO(! 3

QCD /m 3
b)

!
see (5.2)

"
. The relative shifts in

standard deviations (" ) that we obtain when using our best QED calculation to correct the BaBar
measurements are given in the last column. See main text for additional details.

reduction would be larger by around0.4% if the constant ! 11/ 6 had been included inAEW

and not in f (y)
!
cf. (5.1) and (5.2)

"
. As a result when using our best QED calculation to

correct the BaBar measurements we obtainBRincl (Ecut ) values that are on average larger
by about 0.2" than the QED corrected values forBRincl (Ecut ) given in [44].

The absolute shift of the QED corrections to%1(Ecut ), %2(Ecut ) and %3(Ecut ) is shown
in the three panels in Figure 7. In order to not spoil the strong cancellations between
the quantum corrections to the numerator and the denominator that enter the normalised
central moments [7, 47] we perform a double-series expansion in# and ! QCD /m b when cal-
culating the ratios (4.23). In this expansion we keep all the terms up to the order indicated
by the superscript following the notation introduced in (5.2). We add that we have veriÞed
that the expanded and unexpanded results of the central moments are numerically quite
close together. The black curves correspond to the QED corrections estimated by BaBar
in [44] with the help of PHOTOS, while the red (green) lines represent our LL

!
full O(#)

"

predictions. The grey bands represent the systematic uncertainties that are associated to
the experimental subtraction procedure of QED corrections performed in [44], while the
black error bars correspond to the total uncertainties of the BaBar measurements. From all
three plots it is evident that the LL QED corrections describe the BaBar corrections pretty
well and that the numerical impact of the non-LL O(#) corrections is notably smaller in
the case of%1(Ecut ), %2(Ecut ) and %3(Ecut ) than for BRincl (Ecut ). Still the inclusion of the
term #/ &

!
" f (1) (y) ! 11/ 6

"
in the calculation of the central moments in general improves

the agreement between the BaBar and our QED corrections. Also notice that in the case
of %2(Ecut ) the di! erences between the BaBar numbers and our best QED predictions are
within the systematic uncertainty band of the PHOTOS bremsstrahlungs corrections, while
this is not the case for%1(Ecut ) and %3(Ecut ). Given that the systematic uncertainties as-

Ð 21 Ð

~0.2% reduction in Vcb
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Figure 7 . Comparison of the absolute shift of the QED corrections to ! 1(Ecut ), ! 2(Ecut )
and ! 3(Ecut ) as a function of the lower cut Ecut on the electron energy. The colour coding re-
sembles that used in Figure6.

sociated to the subtraction of QED e! ects are always a subdominant component in the
total experimental uncertainties, our absolute shifts ! ! 1(Ecut ), ! ! 2(Ecut ) and ! ! 3(Ecut )
are, however, always fully compatible with the combined errors quoted by BaBar.

Ð 22 Ð

The black curve corresponds to the correction obtained by BaBar 
using PHOTOS, while the red (green) curve corresponds to our QED 
prediction including the LL terms (all QED corrections). The grey 
band represents the systematic uncertainty on the PHOTOS 
bremsstrahlungs corrections that BaBar quotes, while the black error 
bars correspond to the total uncertainties of the QED corrected BaBar 
results. 



A GLOBAL FIT
Finauri, PG update of 2310.20324 

Includes all leptonic, hadronic, and  moments measured by BaBar, Belle, Belle II, 
Cleo, CDF, Delphi

Up to  for  moments, up to  for moments 
(complete  calculation by Fael and Herren 2403.03976 to be implemented)

Subtracts QED effects beyond those computed by PHOTOS (only BaBar BR and lept moments) 

Employs  and  (FLAG)

q2

O(α2
s ), O(αs /m2

b), O(1/m3
b) MX, Eℓ O(α2

s ), O(αs /m3
b) q2

O(α2
s )

δVcb ∼ − 0.2 %

mb(mb) = 4.203(11)GeV mc(3GeV) = 0.989(10)GeV

χ2
min /dof = 0.59

consistent with analysis of  moments only using RPI by Bernlochner et al, 2205.10274   q2

�
�-�; ���'�9�<�£�;�9 �l�����	���
���
���������m
m�0�-�2

b mc(2 ���'�� ) µ2
! µ2

G ! 3
D ! 3

LS ���� c"# 103|Vcb|
4.572 1.090 0.430 0.282 0.161 ! 0.091 10.61 41.83
0.012 0.010 0.040 0.048 0.018 0.089 0.15 0.47

1 0.389 ! 0.229 0.561 ! 0.025 ! 0.181 ! 0.062 ! 0.422
1 0.019 ! 0.238 ! 0.030 0.083 0.033 0.076

1 ! 0.097 0.536 0.262 0.142 0.334
1 ! 0.261 0.006 0.006 ! 0.260

1 ! 0.019 0.022 0.139
1 ! 0.011 0.067

1 0.697
1

�8�'�!�$�,�'�& �! �6�8�'�$�-�9�-�3�2 �3�(1.1�¦ �3�2|Vcb| �l! 2/ �&�3�(= �‡.�Œ�Ž�m
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!
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D
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X ) �)�;
�
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comparison of different datasets
Finauri, PG update of 2310.20324

Theory correlations are no longer an issue
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SOME TENSION IN HIGHER  MOMENTSq2

Figure 1 : The q2 spectrum computed in the on-shell scheme at di! erent orders in the
perturbative expansion (dashed LO and solid for NLO) and in the heavy quark expansion
with LP, NLP (up to O(1/m 2

b)) and NNLP (up to O(1/m 3
b)) respectively in black, blue and

green. We used the inputsmb = 4 .8 GeV, ! = 0 .073, µ2
! = 0 .3 GeV2, µ2

G = 0 .35 GeV2,
! 3

D = 0 .1 GeV3, ! 3
LS = ! 0.15 GeV3 and " s(mb) = 0 .219.

2.1 The moments

We deÞne theq2 moments as

M n(q2
cut ) = m2n

b

! öq2
max

öq2
cut

döq2 d!
döq2 öq2n , (2.32)

and the normalized moments as

"q2n#=
M n(q2

cut )
M 0(q2

cut )
. (2.33)

In the above ratios we always re-expand the moments in" s and 1/m b. We study the Þrst
three central moments,

Q1 = "q2#, Q2 = "(q2 ! " q2#)2#, Q3 = "(q2 ! " q2#)3#, (2.34)

for di! erent values ofq2
cut . We start with the results in the on-shell scheme. After expanding

in " s and in 1/m b and neglecting higher order terms, each momentQi can be expressed as

Qi = ÷Q(0,0)
i +

"
µ2

G

2m2
b

!
! 3

LS

2m3
b

#
÷Q(G,0)

i +
! 3

D

2m3
b

÷Q(D, 0)
i

+
" s(µs)CF

#

"
÷Q(0,1)

i +
"

µ2
G

2m2
b

!
! 3

LS

2m3
b

#
÷Q(G,1)

i +
! 3

D

2m3
b

÷Q(D, 1)
i

#

+
" 2

sCF

#2 $0

$
÷Q(0,2)

i +
1
2

ln
µs

mb

÷Q(0,1)
i

%
, (2.35)

where the µ2
! terms have dropped out. Again, the renormalization scale ofµ2

G, ! 3
D and

! 3
LS is set equal tomb. Table 1 presents the results of the various contributions in (2.35)

Ð 7 Ð

Highly correlated data and theoretical predictions:  we include only 5 Belle II and 4 Belle 
points for each moment and employ an ansatz for theory correlations

Schwanda, PG 1307.4551

Finauri, PG
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HIGHER POWER CORRECTIONS
Proliferation of non-pert parameters  starting 1/m4: 9 at dim 7, 18 at dim 8

Lowest Lying State Saturation 
Approx (LLSA) truncating    

Mannel,Turczyk,Uraltsev
 1009.4622

!B |O1O2|B " =
!

n

!B |O1|n"! n|O2|B "

see also Heinonen,Mannel 1407.4384

and relating higher dimensional to lower dimensional matrix elements, e.g.

 excitation energy to P-wave states. LLSA might set the scale of effect, but large 
corrections to LLSA have been found in some cases 1206.2296 
ϵ

! 3
D = " µ2

! ! 3
LS = ! " µ2

G " " 0.4GeV

In principle relevant: HQE contains O(1/mn
b1/mk

c )

We use LLSA as loose constraint or priors (60% gaussian uncertainty, dimensional 
estimate for vanishing matrix elements) in a fit including higher powers. 

|Vcb | = 42.00(53) × 10−3 Update of 1606.06174
Bordone, Capdevila, PG, 2107.00604still without

 moments!q2



CONVERGENCE OF THE OPE
G. Finauri 2501.09090

new calculation of  
effects partially corrects 

previous results

1/m4,5
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Figure 1: First (left), second central (middle) and third central (right) moments in the lepton
energy (top), hadronic invariant mass (middle) and q2 (bottom). All moments computed with
three di! erent a lower cutsE! cut on the lepton energy. The moments are displayed as functions of
the order at which the HQE is truncated. Uncertainties are obtained by gaussian error propagation
from the inputs.
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Figure 2: First (left), second central (middle) and third central (right) q2 moments with three
di! erent lower cuts in q2. The moments are displayed as functions of the order at which the HQE
is truncated. Uncertainties are obtained by gaussian error propagation from the inputs.

for the full expressions of the moments. In this section we investigate the behaviour of the
expansion in! for each order of the HQE separately.

The phase space integral exhibits an infrared sensitivity to the charm mass, Þrst at
order O(" 3) through a purely logarithmic term ln ! [43]. In particular, at order O(" 5),
terms proportional to 1/ ! arise, often called Òintrinsic charmÓ contributions [29,30,44]. It
is argued in the literature that terms of the formO(! 5

QCD / (m2
cm3

b)) could indeed provide
the bulk of the dimensions 8 contribution, and even be counted formally asO(! 4

QCD /m 4
b),

in light of the actual charm mass valuemc !
!

! QCD mb. It was shown in [30] that these
contributions for the third central q2 moment were anomalously large (at least twice the
leading power term), but almost completely cancel against the rest ofO(" 5) terms. We
conÞrm this qualitative observation, but with the absolute magnitude of the intrinsic charm
contributions strongly depending on the input values for the LLSA.

To better understand, and test, the quality of the! expansion, we plot the result of
expanding each term in the OPE separately in! up to a given order. Notice that due to
the presence of logarithms of! this is not a Taylor expansion, and we will treat ln! asO(1)
constants. In particular in Figure 3 we show the third central momentsL3, H3 and Q3 at
E! cut = 1 GeV where each column stands for the isolatedO(" k) term of the OPE. The
x-axes show the order at which the series in! is truncated, starting at ! 0 for the terms up
to O(" 4), and at ! ! 1 for the terms O(" 5). The last point of each plot, at ! " , stands for the
unexpanded full expression, where we also indicate the uncertainty. To further understand
the impact of each point on the total prediction, we display at the end of the row on the right
the result for the full OPE prediction, which includes the full! dependence and up toO(" 5)
corrections. As previously anticipated, the third central moments are rather unstable, and
the ! expansion is almost never a good approximation, unless at least terms up toO(! 6)
are included. The case of the third centralq2 moment stands out as particularly unstable
(as already noticed in Figures 1Ð2) where the simple leading power term if expanded up to

18

we don’t really know the higher
order matrix elements…

these plots use the LLSA
Moreover  terms can

mimic higher orders in the
current fits 

We’re working on a new fit 

O(1/m3
b)



PROSPECTS

Experiment: new and more precise measurement of moments and BR at Belle II, with 
correlations between different kinds of moments and new observables ( , quantities 
computable on the lattice with optimal uncertainty), improved QED treatment (at least 
with/without PHOTOS), clarify Belle II vs Belle discrepancy in  moments

Theory:  analytic calculation of  corrections to moments,  to lept and 
hadr moments, QED effects in -moments…

Interplay with lattice calculations: in the mid term look for complementarity with exp 
data, and new directions in parameters space (lattice as virtual lab: new observables, V, A, S, 
P currents,…)

AFB

q2

O(α2
s ) O(αsρ3

D /m3
b)

q2



INCLUSIVE DECAYS ON THE LATTICE
Inclusive processes impractical to treat directly on the lattice.  Vacuum current 
correlators computed in euclidean space-time are related to hadrons or  
decay via analyticity. In our case the correlators have to be computed in the B meson, 
but analytic continuation more complicated: two cuts, decay occurs only on a portion 
of the physical cut.

While the lattice calculation of the spectral density of hadronic correlators is an ill-
posed problem, the spectral density is accessible after smearing, as provided by 
phase-space integration Hansen, Meyer, Robaina, Hansen, Lupo, Tantalo, Bailas, Hashimoto, Ishikawa

e+e− → τ

¥ What about hadronic tensor W(! , q)?

¥ Elastic channel:

¥ Inelastic thesholds:

Quantum Mechanics in a Box

!19

!

C(! )

M

Physical In a box

!

C(! )

M

W. Jay @Snowmass workshop

needs smearing!
spectral function



A PRACTICAL APPROACH
4-point functions on the lattice are related to the hadronic tensor in euclidean

Hashimoto, PG 2005.13730 

tsrc t1 t2 tsnk

J  
µ J!

BB

Fig. 4 Valence quark propagators and their truncations. The thin line connecting the

sourcetsrc and sink tsnk time slices represents the spectator strange quark propagator. A

smearing is introduced for the initialB meson interpolating operator attsrc and tsnk. The

solid thick lines are the initial b and dashed line denotes the Þnalc quark. The currentsJ  
µ

and J! are inserted att1 and t2, respectively.

see [24Ð26] for instance.) So far, in the literature, the moments ofhadron energy and invari-

ant mass as well as the lepton energy have been considered; our proposal is to analyze the

inverse moments (12) and (13) at su! ciently small ! , instead, to extract |Vcb| or |Vub|. To

actually extract the moments from the experimental data is beyond the scope of this work.

The structure functions Ti have been calculated within the heavy quark expansion

approach. At the tree-level, the explicit form is given in the appendixof [23]. One-loop

or even two-loop calculations have also been carried out [27Ð29], but they only concern the

di" erential decay rates (or the imaginary part of the structure functions), and one needs to

perform the contour integral to relate them to the unphysical kinematical region.

4 Lattice calculation strategy

In this section, we describe the method to extractTi Õs from a four-point function calcu-

lated on the lattice. Although we take theB ! D(! )"# channel to be speciÞc, the extension

to other related channels is straightforward.

We consider the four-point function of the form

CSJJS
µ! (tsnk, t1, t2, tsrc) =

!

x

"
PS(x, tsnk) ÷J  

µ(q, t1) ÷J! (q, t2)PS  (0, tsrc)
#

, (14)

where PS is a smeared pseudo-scalar density operator to create/annihilatethe initial B

meson at rest. The inserted currents÷Jµ are either vector or axial-vectorb ! c current

and assumed to carry the spatial momentum projection
$

x 1
eiqáx 1J (x1, t1). Thus, the mass

dimension of ÷Jµ is zero. The quark-line diagram representing (14) is shown in Figure 4.

10

∼ ⟨B |J†
μ(x, t)Jν(0,0) |B⟩

The necessary smearing is provided by phase space integration over the hadronic energy, which is 
cut by a  function: sigmoid  can be used to replace kinematic .  Larger number of 
polynomials needed for small  The kernel must be reconstructed by taking  

θ 1/(1 + ex/σ) θ(x)
σ σ → 0

3

are deÞned in the range 0 ! x ! 1. Their Þrst
few terms are T!

0 (x) = 1, T !
1 (x) = 2 x " 1, T !

2 (x) =
8x2 " 8x + 1, and others can be obtained recursively
by T !

j +1 (x) = (4 x " 2)T !
j (x) " T !

j " 1(x). Each term

of #! µ |T !
j (e" öH )|! ! $/ #! µ |! ! $ can be constructed from

CJJ
µ ! (t + 2 t0)/C JJ

µ ! (2t0) = #! µ |e" öHt |! ! $/ #! µ |! ! $.
The coe! cients c!

j in (12) are obtained by an integral

c!
j =

2
"

! "

0
d#K

"
" ln

1 + cos#
2

#
cos(j #), (13)

according to the general formula of the Chebyshev ap-
proximation. The Chebyshev approximation is the best
in the sense that its maximum deviation in x %[0, 1] is
minimized among all possible polynomials of orderN .

The integral kernel K ($, q) is chosen as

K (l )
# ($) = e2$ t 0 ("

$
q2)2" l (mB s " $)l

&## (mB s "
$

q2 " $) (14)

for l = 0, 1, or 2 corresponding to X (l ) , (5)Ð(7). An ap-
proximate Heaviside step function## (x) is introduced to
realize the upper limit of the $-integral. In order to sta-
bilize the Chebyshev approximation, we smear the step
function in a small width %. For an explicit form, we
chose## (x) = 1 / (1+exp( " x/ %)). The extra factor e2$ t 0

in (14) cancels the short time evolutione" öHt 0 in |! µ (q)$.
Figure 1 demonstrates how wellK ( l )

# ($) is approxi-
mated with certain orders of the polynomials, i.e. N = 5,
10 and 20. An example forl = 0 is shown. Here we take
three representative values of%: %= 0.2, 0.1 and 0.05 in
the lattice unit. The comparison is made for parameters
that roughly correspond to our lattice simulation setup:
the inverse lattice spacing 1/a ' 3.61 GeV, amB s ' 1.0,
t0/a = 1. The momentum insertion q is assumed to be
zero. The kernel function is well approximated with rel-
atively low orders of the polynomials, such asN = 10,
when su! ciently smeared,e.g. %= 0.2. For smaller %Õs,
the function exhibits a sharp change near the thresh-
old $ = 1 .0, and the Chebyshev approximation becomes
poorer. For better approximation, one needs higher or-
der polynomials, like N = 20. Eventually we have to
take the limit of %( 0, and the error due to Þnite order
of polynomials has to be estimated. For the other cases,
l = 1 and 2, the polynomial approximations are better
than those for l = 0.

We perform a pilot study of the method described
above using a lattice data computed on an ensemble with
2+1 ßavors of M¬obius domain-wall fermions (the ensem-
ble ÒM-ud3-saÓ in [17], which has 1/a = 3.610(9) GeV).
For the charm and bottom quarks only in the valence
sector, the same lattice formulation is used. The charm
quark mass mc is tuned to its physical value and the
Ds and D !

s meson masses are 1.98 and 2.12 GeV, respec-
tively. The bottom quark mass is taken as 2.44mc, which
is substantially smaller than the physical b quark mass.
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FIG. 1. Approximation of the weight function K ( l =0)
! (! ) with

the Chebyshev polynomials of e! " . For each value of the
smearing width " (= 0.2 (top), 0.1 (middle), 0.05 (bottom)),
the approximations with the polynomial order N = 5 (dot-
ted), 10 (dot-dashed), 20 (dashed) are plotted as well as the
true curve (solid curve).

The correspondingBs meson mass is 3.45 GeV. In this
setup, the maximum possible spatial momentum in the
Bs ( Ds&ø' decay is (m2

B s
" m2

D s
)/ 2mB s ' 1.1 GeV. The

lattice volume is L 3 & L t = 483 & 96, and we calculate
the forward-scattering matrix elements with spatial mo-
menta q at (0,0,0), (0,0,1), (0,0,2) and (0,0,3) in units of
2" /La . The number of lattice conÞgurations averaged is
100, and the measurement is performed with four di" er-
ent source time-slices.

For a Þxed spatial momentumq, we compute a four-
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the Chebyshev polynomials of e! " . For each value of the
smearing width " (= 0.2 (top), 0.1 (middle), 0.05 (bottom)),
the approximations with the polynomial order N = 5 (dot-
ted), 10 (dot-dashed), 20 (dashed) are plotted as well as the
true curve (solid curve).

realize the upper limit of the ! -integral. In order to sta-
bilize the Chebyshev approximation, we smear the step
function over a small width " . For an explicit form, we
chose#! (x) = 1 / (1+exp( ! x/ " )). The extra factor e2" t 0

in (14) cancels the short time evolutione! öHt 0 in |$µ (q)".

Fig. 1 demonstrates how wellK ( l )
! (! ) is approximated

with certain orders of the polynomials, i.e. N = 5, 10
and 20. An example for l = 0 is shown. Here we take
three representative values of" : 0.2, 0.1 and 0.05 in lat-
tice units. The comparison is made for parameters that

roughly correspond to our lattice setup: the inverse lat-
tice spacing 1/a # 3.61 GeV, amB s # 1.0, t0/a = 1.
The momentum insertion q is set to zero. The kernel
function is well approximated with relatively low orders
of the polynomials, such asN = 10, when su! ciently
smeared,e.g. " = 0.2. For smaller " Õs, the function ex-
hibits a more rapid change near the threshold! = 1 .0,
and one needs higher orders, likeN = 20. Eventually we
have to take the limit " $ 0, and the error due to Þnite
N has to be estimated. Forl = 1 and 2 the polynomial
approximations are better than those for l = 0.

We perform a pilot study of the method described
above using lattice data computed on an ensemble with
2+1 ßavors of M¬obius domain-wall fermions (the ensem-
ble ÒM-ud3-saÓ in [21], which has 1/a = 3.610(9) GeV).
For the charm and bottom quarks in the valence sec-
tor, the same lattice formulation is used. The charm
quark mass mc is tuned to its physical value and the
Ds and D "

s meson masses are 1.98 and 2.12 GeV, respec-
tively. The bottom quark mass is taken as 2.44mc, which
is substantially smaller than the physical b quark mass.
The correspondingBs meson mass is 3.45 GeV. In this
setup, the maximum possible spatial momentum in the
Bs $ Ds%ø& decay is (m2

B s
! m2

D s
)/ 2mB s # 1.16 GeV.

The lattice volume is L 3 %L t = 483 %96, and we calcu-
late the forward-scattering matrix elements with spatial
momenta q of (0,0,0), (0,0,1), (0,0,2) and (0,0,3) in units
of 2' /La . The number of lattice conÞgurations averaged
is 100, and the measurement is performed with four dif-
ferent source time-slices.

For a Þxed spatial momentumq, we compute a four-
point function to extract CJJ

µ# (t; q) (more details of the
lattice calculation are presented in [9]). We perform the
! -integral (4) using the representation (12). Matrix ele-
ments of the shifted Chebyshev polynomials are obtained
from CJJ

µ# (t + 2 t0; q)/C JJ
µ# (2t0; q) at various tÕs (andt0 =

1) by a Þt with constraints |&$µ |T "
j (e! öH )|$#"/ &$µ |$#"| <

1, which is a necessary condition for the Chebyshev poly-
nomials.

First, we inspect how well the Chebyshev approxima-
tion works by comparing the results for øX (2) obtained
with the polynomial order N = 5, 10, 15 at various val-
ues of" , the width of the smearing. Fig. 2 shows that the
dependence on" is mild and the limit of " = 0 is already
reached at around " = 0 .05. The dependence onN is
not signiÞcant, which indicates that the approximation
is already saturated at N # 10. This is crucial because
the error of the lattice data is too large to constrain the
matrix elements &$µ |T "

j (e! öH )|$#"/ &$µ |$#" at j # 10 or
larger. The results for øX (0) and øX (1) show the similar
tendency. We take" = 0 .05 in the following analysis; the
results are within statistical error even if we extrapolate
to " = 0.

The lattice results for øX =
! 2

l =0
øX (l ) are compared

with the OPE predictions in Fig. 3 as a function of q2.
Here, the results for di" erent polarizations, i.e. longi-
tudinal ( ' : µ, & = 0 and 3) and perpendicular (( : µ,

lim
σ→0

lim
V→∞

lim
a→0

Xσ

Two methods based on
Chebyshev polynomials and 
Hansen-Lupo-Tantalo (HLT)
Important:

!
d3x

eiq⋅x

2MB
⟨B |J†

μ(x, t)Jν(0,0) |B⟩ ∼
!

∞

0
dωWμνe−tω

dΓ ∼ LμνWμν, Wμν ∼ !
X

⟨B |J†
μ |X⟩⟨X |Jν |B⟩

smearing kernel  f(ω) = !
n

ane−naω



 INCLUSIVE SEMILEPTONIC DECAYSD(s)

FIG. 3: Inclusive laboratory frame electron spectra obtained from data, shown as points with
statistical uncertainties. The vertical dashed lines indicate the PID momentum cuto! at 200 MeV.
Extrapolated spectra are shown as solid curves. The dashed curve in the D +

s spectrum plot is the
expected contribution from ! + ! e+ " eø" ! from leptonic D +

s ! ! + " ! decay.

TABLE IV: Summary of semileptonic branching fractions. Here Btrunc is the partial branching
fraction above 200 MeV,B(e+ X ) is the extrapolated full branching fraction, and B(Xe+ " e) is the
semileptonic branching fraction after ! ! e correction (for D + and D +

s ). First uncertainties are
statistical and the second are systematic due to uncertainties in B(D + ! ! + " µ) [27], B(D +

s !
! + " ! ) [25, 26], andB(! + ! e+ " eø" ! ) [17].

Tag mode Btrunc (e+ X ) (%) B (e+ X ) (%) B (Xe+ " e) (%)
øD 0 ! K + #! 5.958± 0.084 6.460± 0.091 6.460± 0.091
D ! ! K + #! #! 14.863± 0.092 16.147± 0.100 16.129± 0.100± 0.000

D !
s ! $#! 7.002± 0.361 7.525± 0.387 6.522± 0.387± 0.079

of secondary electrons is expected to be large inD +
s , so we have included the expected

spectrum component in the extrapolation. The expected branching fractions of these
secondary electrons from the leptonic decays ofD + and D +

s are subtracted from the
fully inclusive branching fraction results to obtain inclusive semileptonic decay branch-
ing fractions. The branching fraction forD +

s ! ! + " ! decay is taken from Refs. [25, 26],
B(D +

s ! ! + " ! ) = (5 .62 ± 0.41 ± 0.16)%. The size of the expected secondary electron
contribution from the unobserved leptonic decayD + ! ! + " ! is based on the known branch-
ing fraction of D + ! µ+ " µ decay [27] scaled by the standard model decay rate ratio [17]
! (D + ! ! + " ! )/ ! (D + ! µ+ " µ) = 2 .67. We take the uncertainty in the! ! e correction as
a part of our systematic uncertainty. Branching fraction resultsare summarized in Table IV
with all above-mentioned e" ciency and cuto# corrections.

The laboratory frame electron momentum spectra shown in Fig. 3 are given in tabular
form in Table V.
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FIG. 8: Momentum spectrum Þt used to determine the
D +

s semielectronic decay yield below 200 MeV/c. The
black points are sums of the Þnal measured
D +

s ! Xe+ ! e yields (black circles) for the three data
sets from Fig. 7, and the solid blue line is result of the
Þt described in the text.

TABLE VI: B (D +
s ! Xe+ ! e) determined from data.

The ÒCombinedÓ row shows the results of summing
together the yields from the three data sets and Þtting
to the summed distribution. Shown uncertainties are
only statistical.

Sample B
!
D +

s ! Xe+ ! e
"

Ecm = 4 .178 GeV (6.38 ± 0.16) %
Ecm = 4 .189" 4.219 GeV (5.96 ± 0.23) %
Ecm = 4 .225" 4.230 GeV (6.38 ± 0.40) %

Combined (6.30 ± 0.13) %

we perform the matrix inversion and reperform the
analysis with the new inverted matrix. All variations
produce a negligible change in our Þnal result, which
indicates a negligible systematic uncertainty from the
statistical uncertainty of the MC samples as well as
the stability of the algorithm for inverting our e ! ciency
matrices.

B. Tracking

Simulation of our tracking e! ciency is studied with
a control sample of radiative Bhabha events. Tracking
e! ciencies as a function of momentum are measured in
each data set, as well as in MC samples produced with the
BabayagaNLO package [28]. The ratios of the measured
e! ciencies in data and MC samples are weighted by
the predicted momentum distribution from signal MC
simulation and the number of single-tag events in each
data set to determine the systematic uncertainty. This
results in a relative systematic uncertainty of 0.7%.

In addition, we investigate the systematic uncertainty
in the individual tracking e ! ciency matrix entries. As

we assign a systematic uncertainty for the total tracking
e! ciency, we probe the uncertainty in the individual
entries by keeping the sum of a row of the matrix
constant while varying the individual entries. The
speciÞc variation is as follows:

¥ (Atrk )i,i ! 1 " 1.5 (Atrk )i,i ! 1

¥ (Atrk )i,i +1 " 1.25 (Atrk )i,i +1

¥ (Atrk )i,i decreases to keep the sum of the column
constant.

This variation is chosen as a conservative estimation of
the uncertainties from FSR and detector resolution. We
see negligible change when we perform such a variation,
so we only assign the previously stated uncertainty for
tracking.

C. PID

Similar to our procedure in assessing the systematic
uncertainty in our tracking e ! ciencies, we measuree ID
e! ciencies as a function of momentum and track angle
in radiative Bhabha control samples for each data set.

We also probe the accuracy of the pion-faking-electron
rates from MC simulation via a control sample of pions
collected in each data sample through the decay chains
D " + ! " + D 0, D 0 ! K ! " + , K ! " + " + " ! . To determine
the total uncertainty from PID rates, we simultaneously
vary the e ID e! ciencies and the pion-faking-electron
rates using the central values of the measured data-to-
MC e! ciency ratios and reperform our analysis. This
yields a 0.8% change in the Þnal branching fraction,
which we assign as the relative systematic uncertainty
due to PID.

As our sensitivity to kaon-faking-electron rates is small
due to the relatively few number of kaons, the systematic
uncertainty in kaon-faking-electron rates is neglected.

D. Tag Bias

We follow the procedure laid out in [38], which assigns
a fraction of 1# btag as the systematic uncertainty based
on the particles in the Þnal state of the single-tagD !

s
decay. The speciÞc guidelines for variation of detector-
response parameters are as follows: 1.0% per kaon for
tracking, 0.5% per pion for tracking, and 0.5% per kaon
or pion for PID. For D !

s ! K + K ! " ! , with two kaons
and one pion, the quadrature sum is 2.9%. With btag
from Table IV (including the contribution from D +

s !
#+ ! ! ! e+ ! e! ! ! ! ), taking 2.9% of 1 # btag yields a
0.03% relative systematic uncertainty. We additionally
propagate the uncertainties in the branching fractions

Ds
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ensemble L/a a [fm] L [fm] ZV ZA

B48 48 0.07948(11) 3.82 0.706354(54) 0.74296(19)
B64 64 0.07948(11) 5.09 0.706354(54) 0.74296(19)
B96 96 0.07948(11) 7.64 0.706406(52) 0.74261(19)

C80 80 0.06819(14) 5.46 0.725440(33) 0.75814(13)

D96 96 0.056850(90) 5.46 0.744132(31) 0.77367(10)

E112 112 0.04892(11) 5.48 0.758238(18) 0.78548(9)

TABLE I. ETMC gauge ensembles used in this work. We give the values of the lattice spacing a, of the spatial lattice extent
L , and of the vector and axial renormalization constants ZV and ZA . The temporal extent of the lattice is always T = 2 L .

P(tsnk )

J µ  
øcg (t) J !

øcg(0)

P   (tsrc )

c

g = { s, d}

c

s

FIG. 2. Quark-connected Wick contraction contributing to
Cµ !

øcg in the øcs and øcd channels.

the asymptotic behavior for 0 ! t ! T of C(t),

C(t) =
RP

2mD s

e! m D s t + á á á, (70)

where the dots represent exponentially suppressed con-
tributions, we extract the mass of the Ds meson at Þnite
lattice spacing and the residueRP .

The four-point correlators from which we extract the am-
putated correlators öY(i ) (t, ! 2) are given by

Cµ! (tsnk , t, t src , ! 2) = a9
!

x snk ,x src ,x

eim D s ! áx "

T#0|P(xsnk )J  
µ (x)J! (0)P   (xsrc )|0$,

(71)

where x = ( t, x ), xsnk = ( tsnk , x snk ) and xsrc =
(tsrc , x src ), and Jµ (x) is the lattice discretized version
of the weak current (see below).

By integrating out the quark Þelds, the correlator Cµ!
øfg

gets decomposed into the gauge-invariant contributions
corresponding to the di! erent fermionic Wick contrac-
tions. The contractions corresponding to the quark-
connected diagram shown in Figure 2 contribute to both

P(tsnk )

J µ  
øus (t) J !

øus (0)

P   (tsrc )

c

s s

u

FIG. 3. Quark-connected Wick contraction contributing to
Cµ !

øus .

P(tsnk ) J µ  
øcs (t)

c

s

J !
øcs(0) P   (tsrc )

s

c

FIG. 4. The weak-annihilation contribution to Cµ !
øcs .

the dominating øcschannel and to the Cabibbo suppressed
øcd channel. The quark-connected contraction shown in
Figure 3 contributes to the Cabibbo suppressed øus chan-
nel. The quark-disconnected contraction shown in Fig-
ure 4 contributes only to the dominating øcs channel. In
the following, as commonly done within the phenomeno-
logical literature on the subject, we shall call this contri-
bution the Òweak-annihilationÓ diagram.

In our mixed-action setup the quark-connected contrac-
tions of Figures 2 and 3 have been computed by employ-
ing the so-called OS discretization of the weak current,
i.e.

J OS,µ
øfg (x) = ø! f (x)" µ (ZV %ZA " 5)! g(x) , r f = r g ,

(72)

while the weak-annihilation diagram of Figure 4 has been
computed by employing the so-called TM discretization

ETMC configurations
O(a) and clover improved
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ensemble L/a a [fm] L [fm] ZV ZA
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L , and of the vector and axial renormalization constants ZV and ZA . The temporal extent of the lattice is always T = 2 L .
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the asymptotic behavior for 0 ! t ! T of C(t),

C(t) =
RP

2mD s

e! m D s t + á á á, (70)

where the dots represent exponentially suppressed con-
tributions, we extract the mass of the Ds meson at Þnite
lattice spacing and the residueRP .

The four-point correlators from which we extract the am-
putated correlators öY(i ) (t, ! 2) are given by

Cµ! (tsnk , t, t src , ! 2) = a9
!

x snk ,x src ,x

eim D s ! áx "

T#0|P(xsnk )J  
µ (x)J! (0)P   (xsrc )|0$,

(71)

where x = ( t, x ), xsnk = ( tsnk , x snk ) and xsrc =
(tsrc , x src ), and Jµ (x) is the lattice discretized version
of the weak current (see below).

By integrating out the quark Þelds, the correlator Cµ!
øfg

gets decomposed into the gauge-invariant contributions
corresponding to the di! erent fermionic Wick contrac-
tions. The contractions corresponding to the quark-
connected diagram shown in Figure 2 contribute to both
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FIG. 4. The weak-annihilation contribution to Cµ !
øcs .

the dominating øcschannel and to the Cabibbo suppressed
øcd channel. The quark-connected contraction shown in
Figure 3 contributes to the Cabibbo suppressed øus chan-
nel. The quark-disconnected contraction shown in Fig-
ure 4 contributes only to the dominating øcs channel. In
the following, as commonly done within the phenomeno-
logical literature on the subject, we shall call this contri-
bution the Òweak-annihilationÓ diagram.

In our mixed-action setup the quark-connected contrac-
tions of Figures 2 and 3 have been computed by employ-
ing the so-called OS discretization of the weak current,
i.e.

J OS,µ
øfg (x) = ø! f (x)" µ (ZV %ZA " 5)! g(x) , r f = r g ,

(72)

while the weak-annihilation diagram of Figure 4 has been
computed by employing the so-called TM discretization
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ensemble L/a a [fm] L [fm] ZV ZA

B48 48 0.07948(11) 3.82 0.706354(54) 0.74296(19)
B64 64 0.07948(11) 5.09 0.706354(54) 0.74296(19)
B96 96 0.07948(11) 7.64 0.706406(52) 0.74261(19)

C80 80 0.06819(14) 5.46 0.725440(33) 0.75814(13)

D96 96 0.056850(90) 5.46 0.744132(31) 0.77367(10)

E112 112 0.04892(11) 5.48 0.758238(18) 0.78548(9)

TABLE I. ETMC gauge ensembles used in this work. We give the values of the lattice spacing a, of the spatial lattice extent
L , and of the vector and axial renormalization constants ZV and ZA . The temporal extent of the lattice is always T = 2 L .
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the asymptotic behavior for 0 ! t ! T of C(t),

C(t) =
RP

2mD s

e! m D s t + á á á, (70)
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tributions, we extract the mass of the Ds meson at Þnite
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nel. The quark-disconnected contraction shown in Fig-
ure 4 contributes only to the dominating øcs channel. In
the following, as commonly done within the phenomeno-
logical literature on the subject, we shall call this contri-
bution the Òweak-annihilationÓ diagram.

In our mixed-action setup the quark-connected contrac-
tions of Figures 2 and 3 have been computed by employ-
ing the so-called OS discretization of the weak current,
i.e.

J OS,µ
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negligible at present
c̄s

 negligibleDs → Dℓν
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A. The quark-connected contribution

In the numerical calculation it is convenient to separate
the quark-connected contribution to ! øcs from the weak-
annihilation contribution. When this is done one has
to take into account, though, that the lightest possible
hadronic statePøss appearing in the quark-connected con-
tribution is not the neutral pion but the unphysical ! øss
meson (which is lighter than a two-kaon state). Indeed,
while in the case of the weak-annihilation contribution
there are no strange propagators between the two weak
currents (see Figure 4), and a single neutral pion can be
generated from the sea, this cannot happen in the case
of the quark-connected contribution (see Figure 2). We
have extracted the mass of the! øss meson from the quark-
connected contribution to the correlator

C(t) =
!

x

T!0|øs" 5s(t, x ) øs" 5s(0)|0" (95)

obtaining r øss! conn # 0.35 and, consequently,
|! |max

øss! conn # 0.44 (see Eq. (18)). By using this in-
formation, and the fact that |! |max

øsd > |! |max
øss! conn (see

next section), to be able to cover the full phase space
we have then computed the quark-connected Wick
contraction of the correlators Cµ!

øcs (tsnk , t, t src , ! 2) for the
10 values of|! | given in Table II.

In order to provide information concerning the quality
of the HLT stability analyses that we have performed
to extract the quark-connected contribution to ! øcs, we
show in Figure 10 the pull variable P(p)

HLT (! , #), deÞned
in Eq. (94), for the three di" erent quark-connected con-
tributions d! (p)

øcs (#; a, L)/d ! 2 (that at this stage depend
upon the lattice spacing and the volume), for all gauge
ensembles, for all of the values of# and ! that we con-
sidered, and for both smearing kernels. As it can be seen,
in all cases we have|P (p)

HLT (! , #)| < 3 and only in very
few cases|P (p)

HLT (! , #)| > 2. This means that, at the
level of two standard deviations, our results are in the
statistically dominated regime.

In order to estimate the FSE systematic errors# (p)
L (! , #)

we used the three ensembles B48, B64 and B96 at the
coarsest simulated value of the lattice spacing (see Ta-
ble I). While the ensembles C80, D96 and E112 (with
lattice spacingsaC , aD and aE ) have been generated at
the same reference physical volumeL " # 5.5 fm, the vol-
ume of the B48 ensemble isL # 3.8 fm, that of the B64
ensemble isL # 5.1 fm and that of the B96 ensemble is
L # 7.6 fm. In Figure 11 we illustrate the procedure that
we use to quote our results at the coarsest value of the lat-
tice spacing (aB # 0.08 fm) and to estimate the FSE sys-
tematic errors. The top-panel shows the stability analy-
ses from which we extract the results on the B48 (red),
on the B64 (green) and on the B96 (blue) ensembles. We
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FIG. 11. Top-panel : stability analyses of the quark-connected
contribution d! (0)

øcs (! ; aB , L )/d ! 2 on the B48, B64 and B96
ensembles that have the same lattice spacing (aB ) but di " er-
ent physical volumes. The data correspond to |! | = 0 .38
and ! mD s = 100 MeV. The dashed vertical lines corre-
spond to the g( p)

! points. Bottom-panel : interpolation of
the results d! (0)

øcs (! ; aB , L )/d ! 2, extracted from the stabil-
ity analyses shown in the top-panel, at the reference volume
L ! ! 5.5 fm. The red point is the result of the linear interpo-
lation and the larger error bar takes into account our estimate
of the FSE systematic error.

then perform both linear and quadratic interpolations of
these results. From the Þts shown in the bottom-panel of
Figure 11 we obtain d! (p) (#; aB , L " )/d ! 2, by taking the
central value from the linear Þt and by adding in quadra-
ture to the error of the linear interpolation a systematic
error estimated from the spread between the linear and
the quadratic interpolation, according to Eq. (92). We
then estimate the FSE systematic errors on our results
d! (p)

"
#

#
/d ! 2 by using again Eq. (92) with

P(p)
FSE (! , #) =

d! ( p )
"

# ;aB ,L !

#

d! 2 $
d! ( p )

"
# ;aB ,7.6 fm

#

d! 2

# (p)
stat (! , #; aB , L " ) ø!

, (96)

where d! (p)
"
#; aB , 7.6 fm

#
/d ! 2 is the B96 result. By

relying upon the separation of ultraviolet and infrared
physics in a local quantum Þeld theory setup, we use the
same estimate of# (p)

L (! , #) for all the simulated values
of the lattice spacing. We show the values of the pull
variable P(p)

FSE (! , #) for the quark-connected øcs contribu-
tion to the decay rate in Figure 12. As it can be seen,
in all cases we have|P (p)

FSE (! , #)| < 2 and in most of the
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FIG. 12. Pull variable P ( p)
FSE (! , ! ) of Eq. (96) for the con-

nected contribution d! ( p)
øcs (! )/d ! 2 to the di " erential decay

rate.
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FIG. 13. Continuum extrapolation of the quark-connected
d! (0)

øcs (! ; L ! )/d ! 2 contribution to the decay rate. The data
correspond to |! | = 0 .33, to ! mD s = 100 MeV and to the
sigmoid smearing kernel. The di" erent four dashed lines cor-
respond to the di" erent Þts that we combine by using the
Bayesian Model Average procedure discussed in the text. The
histogram shows the distribution of the weighted bootstrap
samples, the horizontal red dashed lines are the 16% and 84%
percentiles while the red band is the statistical error. The red
point is the continuum result with the larger error bar taking
into account our estimate of the systematic error associated
with FSE.

cases|P (p)
FSE (! , ! )| < 1. This means that the FSE sys-

tematic errors on our results are much smaller than the
corresponding statistical errors.

In Figure 13 we show an example of the continuum ex-
trapolation of our results d! (p)

!
! ; a, L!

"
/d ! 2. We have

four points (see Table I) and we perform four di" erent

[0,1] (1,2] (2,3]
0
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FIG. 14. Aggregated information concerning the quality
of all our continuum extrapolations of the quark-connected
contribution d! ( p)

øcs (! ; L ! )/d ! 2 (all values of p, ! , ! and for
the two smearing kernels). The blue histogram corresponds
to the variable Pa variable deÞned in Eq. (100). The orange
histogram corresponds to the reduced" 2 of the dominant con-
tinuum extrapolation Þt. The green histogram corresponds to
the number of free parameters (Nparams ) of the dominant con-
tinuum extrapolation Þt.

extrapolations: a constant Þt of the two Þner points (cor-
responding to aE and aD ); a Þt linear in a2 of the three
Þner points (corresponding toaE and aD and aC ); a Þt
linear in a2 and a Þt quadratic in a2 of all points. The
di" erent Þts are combined by employing the Bayesian
Model Average [42] (see also Ref. [18]) that we are now
going to explain.

Given N di" erent Þts, the central value of the extrapo-
lated result is given by

øx =
N#

k=1

wk xk , (97)

wherexk are the extrapolated results of each separate Þt.
The weights wk are such that

wk ! exp
$

" (" 2
k + 2N k

params " N k
points )/ 2

%
,

N#

k=1

wk = 1 , (98)

where " 2
k , N k

params , N k
points are the " 2-variable, the num-

ber of parameters and the number of points of the di" er-
ent Þts. The total error is estimated by using

# 2
tot =

N#

k=1

wk # 2
k +

N#

k=1

wk (xk " øx)2 , (99)

where the Þrst sum is the weighted average of the square
of the errors # k on xk coming from the di" erent Þts.
The second sum, the weighted sum of the square of the
spread between each Þt and the central value, provides an
estimate for the systematic error. We employ the same

Continuum extrapolation

Finite volume effects



KERNEL RECONSTRUCTION

0 1 2 3 4 5 6 7 8
E [GeV]

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

0.0016

K
er

ne
l

f g =cs, B64, Z1, q2 = 0.01 [GeV]2, ! = 118 [MeV]

Target
Approximated

0 1 2 3 4 5 6 7 8
E [GeV]

0.00000

0.00002

0.00004

0.00006

0.00008

0.00010

K
er

ne
l

f g =cs, B64, Z0, q2 = 0.01 [GeV]2, ! = 118 [MeV]

Target
Approximated

using the HTL method

16

! 0.050

! 0.025

0.000

0.025

0.050

!"
(0

)
!

(!
m

ax
!

!
0
;N

,!
)

0.0 0.5 1.0 1.5 2.0 2.5
! 0

0.0

0.2

0.4

0.6

0.8

"
(0

)
!

(!
m

ax
!

!
0
;N

,!
) exact kernel

N = 43, ! = 0
N = 43, ! = 1

N = 43, ! = 2 !

" max = 1 ! |! |

" min =
!

r 2
øss ! conn + ! 2

" th

FIG. 9. The plots of this Þgure have been obtained by using
the same data of Figure 8. The top-panel shows the di! erence
between the approximated and the exact kernels for N = 43
and for the three norms ! = 0, ! = 1 and ! = 2 ! . The
coe" cients that deÞne the approximations in the plot are as-
sociated with the points in correspondence of the red vertical
dashed line in Figure 8 and, therefore, to di! erent approxima-
tions at Þxed d( p) (N ; ! ) ! 0.08. The vertical dashed red and
black lines correspond to the lightest state in the spectrum,

" min =
!

r 2
øss ! conn + " 2, and to the parameter " th , respec-

tively. The error in the approximation of the kernel in the
gray area, " 0 < " th , is irrelevant for the physical result. The
vertical dotted green line corresponds to " max . The bottom-
panel shows the direct comparison between the approximated
and exact kernels.

on the di! erential decay rate. Conversely, by reducing
d(p) (N ; ! ) the statistical errors rapidly increase. In the
top panel we show the data corresponding to! = 0 and
to increasingly larger values ofN . As it can be seen, for
su" ciently small values of d(p) (N ; ! ) and for N > 13
the results for the di! erential decay rate become inde-
pendent uponN within the statistical errors. This means
that by using N = 43 on this ensemble, the systematic
error associated with the N !" # limit is totally irrele-
vant w.r.t the statistical errors of our results. This fact is
corroborated by the results shown in the bottom-panel,
that correspond to N = 43 and to di ! erent values of the
norm parameter ! . As it can be seen, there is no signiÞ-
cant dependence upon the choice of the norm parameter
and this is another evidence that, within the statistical
errors, the onset of theN !" # limit has been reached.

In order to quote the central value, the statistical er-
ror and to estimate the residual systematic error on the
di! erential decay rate we search for a plateau-region in
which the results do not show any signiÞcant dependence
upon d(p) (N ; ! ). The absence of such a plateau-region
would prevent us from quoting a result but, in the case
of our data, a plateau-region is clearly visible for all con-

tributions, all ßavor channels, all considered values of"
and of ! . In the case shown in Figure 8, we extracted
our estimate of the physical di! erential decay rate, i.e.
the # !" 0 and N !" # result, from the red dataset, cor-
responding to ! = 0 and N = 43, that clearly exhibits
a plateau on the left of the vertical red line. For any
point in the plateau-region the systematic error on the
di! erential decay rate can safely be neglected w.r.t. the
corresponding statistical error. Nevertheless, in order to
quantify a possible residual systematic error, we select
two points. The Þrst point, whose coe" cients are de-
noted by g(p)

! , is selected at the beginning of the plateau-
region (the red vertical line in Figure 8). We then select
a second point, whose coe" cients are denoted byg(p)

!! ,
corresponding to the condition

A(p)
"

!
g(p)

!!

"

B (p)
!
g(p)

!!

" =
1
10

A(p)
"

!
g(p)

!

"

B (p)
!
g(p)

!

" , (90)

and therefore to a (ten times) better reconstruction of
the smearing kernel (the black vertical line in Figure 8).
From these two points we obtain a conservative estimate
of the residual systematic error associated with our re-
sults as we are now going to explain.

Let us consider a given quantity O for which we have
di! erent determinations Oi that we expect to di! er by
an amount comparable to the systematic error. In order
to obtain a data-driven estimate of this systematic error
we consider the pull variables

P ij
sys =

Oi $ Oj

# ij
, (91)

where # ij is a conservative estimate of the error of the
di! erenceOi $ Oj (depending upon the observable we
consider either the error of one of the terms or the sum
in quadrature of the errors of the two terms). We then
estimate the systematic error by using the formula

# sys = max
ij

#

|Oi $ Oj | erf
$

P ij
sys%
2

%&

. (92)

The error-function weights the di! erence with a (rough)
estimate of the probability that the observed value is not
due to a ßuctuation. To ensure a reliable estimate of the
systematic error, the observablesOi must have di! erent
sensitivities to the given systematic error. For example,
in the case of FSE we considered the determinations of
our observables obtained on signiÞcantly di! erent physi-
cal volumes.

In the case of the HLT stability analysis we estimate both
the statistical errors and the central values of our results
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procedure to extrapolate our results to the ! !" 0 limit
(see below).

Aggregated information concerning the quality of all our
continuum extrapolations is provided in Figure 14. The
Þgure shows three histograms, collecting the information
on the values of three Òquality variablesÓ coming from
the continuum extrapolations of all our results for the
quark-connected contribution d! (p)

øcs (! ; L ! )/d ! 2, i.e. for
each value ofp, ! , ! and for the two smearing kernels.
The blue bars correspond to the pull variable

Pa =
|øx # x(aE )|

" tot
, (100)

where øx again represents the result of the combined con-
tinuum extrapolation, " tot its error while x(aE ) is the
result at the Þner value of the lattice spacing (that in
our case is the one obtained on the E112 ensemble). Fig-
ure 14 shows thatPa $ 1 in more than 95% of the cases
and that we never observePa > 2. This means that
(almost) all our continuum extrapolated results are com-
patible with the points at the Þnest lattice spacing within
one standard deviation. The orange bars correspond to
the reduced" 2 of the dominant (larger weight) Þt enter-
ing the weighted average of Eq. (97). The Figure shows
that in more than 90% of the cases the dominant Þt has
" 2/ d.o.f $ 1. The green bars correspond to theNparams
variable of the dominant Þt. We have Nparams = 1 in
the case of the constant Þt,Nparams = 2 in the case of
the linear Þts and Nparams = 3 for the quadratic Þts.
The Þgure shows that in more than 80% of the cases the
dominant Þt is the constant one of the two Þner points,
i.e. the one providing the larger statistical error on the
continuum extrapolated result. In summary, Figure 14
provides evidence that our continuum extrapolations are
rather ßat, i.e. that we observe rather small cuto# e#ects
within our estimates of the statistical and HLT system-
atic errors, and makes us very conÞdent on the quality
of our continuum extrapolations.

After having performed the continuum extrapolations
the error of the continuum results (that already takes
into account our estimates of the HLT and continuum-
extrapolation systematic uncertainties) is added in
quadrature to our estimates of the FSE systematic er-
rors. This allows us to neglect the dependence upon
the volume of our results and, therefore, we call them
d! (p) (! )/d ! 2.

The last step of the analysis consists in performing the
necessary! !" 0 extrapolations. To this end, we use
the asymptotic formulae of Eq. (63) and consider the
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FIG. 15. ! !" 0 extrapolation of the connected d! ( p)
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contribution to the di " erential decay rate. The data corre-
spond to |! | = 0 .05. The blue and orange solid lines are the
separate Þts of the results obtained by using respectively the
sigmoid and the error-function smearing kernels. The red line
is the combined Þt of both datasets. The red point is the ex-
trapolated result and the error includes our estimate of the
systematic error associated with the extrapolation.
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FIG. 4. Comparison between the experimental results from
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for the decay rate (left-panel) and for the Þrst (middle-panel)
and second (right-panel) lepton moment.

sults by the CLEO and BES-III collaborations are:

M CLEO
1 = 0 .456(11) GeV, (11)

M BES ! III
1 = 0 .439(9) GeV, (12)

M average
1 = 0 .446(7) GeV, (13)

for M 1, and

M CLEO
2 = 0 .239(12) GeV2, (14)

M BES ! III
2 = 0 .222(5) GeV2, (15)

M average
2 = 0 .2245(46) GeV2, (16)

for M 2. We have obtained these results by repeating also
in the case of the BES-III data the analysis performed in
Ref. [44] in the case of the CLEO results. Like for the
decay rate, the agreement of our theoretical predictions
of Eq. (7) with the experimental results is excellent, as
the middle- and right-panel of Figure 4 show.

A complementary analysis that can be carried out is to
convert the comparison between lattice and experiments
into a determination of the CKM matrix elements. In
principle, the relations in Eq. (7) about M 1 and M 2, af-
ter setting the left-hand side respectively to M average

1 or
M average

2 , can be solved for the ratio|Vcd|2/ |Vcs|2. How-
ever, since for bothl = 1 , 2 the ! M l, øcs/ ! øcs contribution
alone (which is CKM-independent) already agrees with
the experimental result M average

l within uncertainties
(see Table I), there is essentially no remaining ÒroomÓ for
extracting |Vcd|2/ |Vcs|2 at better than the 100%-level of
precision. In other words, the measured moments are en-
tirely saturated, within errors, by the CKM-independent
part of the theoretical predictions. This also implies
that, currently, the comparison between lattice and ex-
periments for these two observables remains essentially
una" ected by moderate variations in the CKM param-
eters. Therefore, since this is the very Þrst time that
lattice QCD confronts experiments on these quantities,
the observed agreement is remarkable.

Error budget:  
dominant uncertainty

is statistical 

6.4% total uncertainty

Analogously we compute the moments
  M1 = ⟨Eℓ⟩, M2 = ⟨E2

ℓ⟩

4

0.000 0.001 0.002 0.003 0.004 0.005 0.006

a2 [fm2]

0.25

0.30

0.35

0.40

1 ø !
d!

(0
)

øcs
(!

)
d!

2

| ! | = 0 .28, ! = 100 MeV /m D s

0 25 50 75 100 125 150 175 200

! mD s [MeV]

0.25

0.30

0.35

0.40

0.45

1 ø !
d!

(0
)

øcs

d!
2

| ! | = 0 .28

sigmoid kernel error-function kernel

FIG. 2. Examples of continuum ( a !" 0), and ! !" 0 ex-
trapolations of ø! ! 1d! (0) /d ! 2 in the øcs channel at |! | = 0 .28.
Top: data at four lattice spacings (black points) for ! mD s =
100 MeV and the continuum-extrapolated value (red). Bot-
tom: the red point represents the result of the ! !" 0 extrap-
olation based on a joint Þt of the continuum limit results ob-
tained using the so-called ÒsigmoidÓ (blue points) and Òerror-
functionÓ (orange points) representations of " ! (x), deÞned at
the beginning of Section VII of the companion paper [1]. For
details on the procedures used to perform the two limits, see
Sec. VIII-A of Ref. [1].

using the Wilson-Clover Twisted-Mass discretization for
fermionic Þelds [41Ð43], at four values of the lattice spac-
ing (a ! 0.049 fm) and three values of the physical vol-
ume (L " 7.6 fm).

In the companion paper [1] we provide a detailed descrip-
tion of all the steps of the numerical calculation, includ-
ing a thorough discussion of the speciÞc implementation
of the HLT algorithm. Here, before discussing the phe-
nomenological implications of our results, we illustrate in
Figure 2 the quality of the data we use for the contin-
uum and ! #$ 0 extrapolations of ø! ! 1d! (0) /d ! 2 in the
dominant øc s channel at |! | = 0 .28. The top panel shows
results for ! = 100 MeV/m D s at four values of the lattice
spacings (black points) and the continuum-extrapolated
value (red point), obtained by combining multiple Þts
using the Bayesian Model Average approach in Ref. [1].
The bottom panel demonstrates the! #$ 0 limit for two
di" erent deÞnitions of the kernel# ! (x) (blue and orange
points), which coincide as! #$ 0. The red point is the
result of a combined! #$ 0 Þt guided by the theoretical
asymptotic formulae derived in Ref. [1].

øfg øcs øcd

1014 # ! øfg [GeV] 8.53(55) 12.60(93)

! M 1, øfg / ! øcs [GeV] 0.453(24) 0.731(61)

! M 2, øfg / ! øcs [GeV2] 0.223(11) 0.416(43)

TABLE I. Our Þnal determinations of the decay rate and
the Þrst two lepton-energy moments for the two dominating
channels.

RESULTS

The total decay rate ! is obtained by adding the integrals
over ! 2 of the di" erential decay rates obtained in the dif-
ferent ßavour channels. In the companion paper [1] we
have computed the! øus contribution to the total rate and
shown that, at the present level of accuracy, it is negligi-
ble w.r.t. the statistical uncertainties of the dominating
! øcs and ! øcd contributions. We have also discussed how
to interpolate and integrate the results for the øcs and øcd
ßavor channels that are shown in Figure 3 together with
the associated error-budgets. The calculation of the Þrst
two leptonic moments is carried out in a similar way.

Our Þnal results are reported in Table I and, by using
the PDG [34] values|Vcs|PDG = 0 .975(6) and|Vcd|PDG =
0.221(4), we get

! = |Vcs|2 ! øcs + |Vcd|2 ! øcd = 8 .72(56)%10! 14 GeV ,

M 1 =
! M 1, øcs

! øcs
+ |Vcd |2

|Vcs |2
! M 1, øcd

! øcs

1 + |Vcd |2

|Vcs |2
! øcd
! øcs

= 0 .456(22) GeV,

M 2 =
! M 2, øcs

! øcs
+ |Vcd |2

|Vcs |2
! M 2, øcd

! øcs

1 + |Vcd |2

|Vcs |2
! øcd
! øcs

= 0 .227(10) GeV2 . (7)

Our results can be compared with experimental measure-
ments from the CLEO [32] and BES-III [33] collabora-
tions, as well as their combined average [34]:

! CLEO = 8 .56(55)%10! 14 GeV, (8)

! BES ! III = 8 .27(22)%10! 14 GeV, (9)

! average = 8 .31(20)%10! 14 GeV, (10)

which are in excellent agreement with our theoretical pre-
diction in Eq. (7), as shown in the left panel of Figure 4.
For the Þrst two leptonic moments, the experimental re-
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tion, and with the HLT-reconstruction ( " HLT ), respectively.
The dominant source of error is statistical.

6 8 10 12

! [GeV]

! 10! 14

CLEO BES-III CLEO+BES-III This work

0.40 0.45 0.50

M 1 [GeV]
0.20 0.25 0.30

M 2 [GeV2]

FIG. 4. Comparison between the experimental results from
Refs. [32Ð34, 44] and our theoretical prediction (red points),
for the decay rate (left-panel) and for the Þrst (middle-panel)
and second (right-panel) lepton moment.

sults by the CLEO and BES-III collaborations are:

M CLEO
1 = 0 .456(11) GeV, (11)

M BES ! III
1 = 0 .439(9) GeV, (12)

M average
1 = 0 .446(7) GeV, (13)

for M 1, and

M CLEO
2 = 0 .239(12) GeV2, (14)

M BES ! III
2 = 0 .222(5) GeV2, (15)

M average
2 = 0 .2245(46) GeV2, (16)

for M 2. We have obtained these results by repeating also
in the case of the BES-III data the analysis performed in
Ref. [44] in the case of the CLEO results. Like for the
decay rate, the agreement of our theoretical predictions
of Eq. (7) with the experimental results is excellent, as
the middle- and right-panel of Figure 4 show.

A complementary analysis that can be carried out is to
convert the comparison between lattice and experiments
into a determination of the CKM matrix elements. In
principle, the relations in Eq. (7) about M 1 and M 2, af-
ter setting the left-hand side respectively to M average

1 or
M average

2 , can be solved for the ratio|Vcd|2/ |Vcs|2. How-
ever, since for bothl = 1 , 2 the ! M l, øcs/ ! øcs contribution
alone (which is CKM-independent) already agrees with
the experimental result M average

l within uncertainties
(see Table I), there is essentially no remaining ÒroomÓ for
extracting |Vcd|2/ |Vcs|2 at better than the 100%-level of
precision. In other words, the measured moments are en-
tirely saturated, within errors, by the CKM-independent
part of the theoretical predictions. This also implies
that, currently, the comparison between lattice and ex-
periments for these two observables remains essentially
una" ected by moderate variations in the CKM param-
eters. Therefore, since this is the very Þrst time that
lattice QCD confronts experiments on these quantities,
the observed agreement is remarkable.

6

As for the total decay rate in Eq. (7), we have solved
Eq. (7) by setting its left-hand side to ! average while Þxing
|Vcd| to |Vcd|PDG . This allows us to extract |Vcs|, for
which we obtain

|Vcs| = 0 .951 (35) , (17)

in very good agreement with |Vcs|PDG = 0 .975(6). The
determination of |Vcs| obtained this way is largely in-
dependent on the speciÞc value of|Vcd| used. Varying
|Vcd|2 even by 50% relative to its PDG value changes
|Vcs| by less than 0.5! . The current accuracy of our |Vcs|
determination is at the level of ! 3.5%, which has not
yet reached the precision found in exclusive semileptonic
decays. The larger uncertainties stem from both the lat-
tice computation (mainly statistical errors, see Figure 3)
and, to a slightly smaller extent, experimental measure-
ments. Both of them can [45] (and will) be signiÞcantly
improved in the coming years: the 1% precision goal in
isospin symmetric QCD is well within reach.

We conclude this section with another interesting obser-
vation. In the øcd channel, we can compare our (fully in-
clusive) result ! øcd = 0 .62(5)" 10! 14 GeV with the sum of
the available exclusive-channel measurements, to check
for potentially missing contributions. Measurements of
the branching fractions exist for D +

s #$ K 0e+ " e and
D +

s #$ K " 0e+ " e [46, 47], yielding! K 0 + K ! 0

øcd = 0 .722(66)"
10! 14 GeV. This result is compatible, at the 1.2! level,
with our inclusive result, indicating that at the current
level of accuracy, theK 0 and K " 0 contributions saturate
the inclusive rate ! øcd.

CONCLUSIONS

In this letter, and the companion paper [1], we presented
Standard Model predictions for the inclusive semileptonic
decay rate of theDs meson and its Þrst two lepton-energy
moments. Our ab-initio approach starts from the SM La-
grangian, includes the dominant higher-order electroweak
corrections, and treats QCD non-perturbatively on the
lattice, without any uncontrolled approximation. By
combining recent formal advances to deal with the large
number of hadronic Þnal states involved [21] and state-
of-the-art spectral-reconstruction techniques [18], we suc-
cessfully computed these observables by taking into ac-
cout all sources of systematic errors2. Furthermore, for

2 See also Ref. [48], appeared after the completion of this work, for
a study at Þxed lattice spacing and unphysical pion mass of the
same process.

the Þrst time in the case of inclusive semileptonic decays,
we performed a comparison between Þrst-principles lat-
tice QCD predictions and experimental results.

By using the PDG [34] values of the CKM matrix ele-
ments, our Þnal results for ! , M 1, and M 2 in Eq. (7)
are in very good agreement with experiments. At the
same time, we observe that at the current level of the-
oretical and experimental accuracy, this channel is not
sensitive to moderate variations of|Vcd|. Therefore, we
used our theoretical predictions and|Vcd|PDG to obtain a
determination of |Vcs| with O(3%) total accuracy, in per-
fect agreement with the current PDG determination. In
fact, at present, the inclusive Ds #$ X #ø" ! channel is not
competitive with more precise exclusive determinations
of |Vcs|. On the other hand, since our theoretical error is
dominated by the statistical uncertainty and the exper-
imental errors can likely be reduced [45], the situation
will certainly improve in the future.

As an extension of the present study, one obvious choice
would be to carry out a similar analysis for B mesons.
Indeed, the results presented in this letter and in the com-
panion paper [1] demonstrate that inclusive semileptonic
decays of heavy mesons can now be studied on the lat-
tice from Þrst-principles at a phenomenologically relevant
level of accuracy. We are going to exploit the implications
of this exciting new perspective in a future work [49].
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Using CKM elements by PDG
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almost independent of |Vcd |
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Figure 23 : Di! erential decay rate
!

q2 øX (q2) constituting the integrand in ( 2.9). We
retain the decomposition into longitudinal and transverse components of the channelsV  

µ Vµ

and A 
µAµ after performing the inÞnite-volume limit and the smearing to zero limit.

!
|Vcs |2 ! 1013

øX V V
! (q2) 0.495(16)

øX V V
" (q2) 0.0162(87)

øX AA
! (q2) 0.245(16)

øX AA
" (q2) 0.130(10)
total 0.886(27)

Table 5 : Results of theq2 integral for " / |Vcs|2 = G2
F / (24! 3)

" q2
max

0 dq2
!

q2 øX (q2), in GeV,
for individual channels. Statistical and systematic errors are added in quadrature. The
renormalization constant ZV is multiplied for the integrated values.

For the inclusive decay rate, we obtain" / |Vcs|2 = 0 .886(27)! 10# 13 GeV, where the
statistical and systematic errors are added in quadrature. This result is obtained from a
single lattice ensemble, and the continuum and chiral extrapolations are yet to be per-
formed. It is also important to mention that the disconnected diagrams are not included
in our calculation, and Þnal states including" and " $ may a! ect the Þnal results. Another
potential issue is that the # meson is stable for our simulation parameters; the Þnite-volume
e! ects may therefore behave di! erently once the# " K øK decays are possible. Given these
caveats, though, a comparison with the experimental data from the BESIII collaboration
[46], " = 0 .827(22)! 10# 13 GeV, indicates that the result for |Vcs| determined from this in-
clusive decay rate is in the expected region. We expect that both experimental and lattice
uncertainties will improve in the near future.
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For the inclusive decay rate, we obtain" / |Vcs|2 = 0 .886(27)! 10# 13 GeV, where the
statistical and systematic errors are added in quadrature. This result is obtained from a
single lattice ensemble, and the continuum and chiral extrapolations are yet to be per-
formed. It is also important to mention that the disconnected diagrams are not included
in our calculation, and Þnal states including" and " $ may a! ect the Þnal results. Another
potential issue is that the # meson is stable for our simulation parameters; the Þnite-volume
e! ects may therefore behave di! erently once the# " K øK decays are possible. Given these
caveats, though, a comparison with the experimental data from the BESIII collaboration
[46], " = 0 .827(22)! 10# 13 GeV, indicates that the result for |Vcs| determined from this in-
clusive decay rate is in the expected region. We expect that both experimental and lattice
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First results at the physical b mass

Relativistic heavy quark
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Bs decays,
domain wall fermions,
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~5% statistical uncertainty

 on total width

possibly better to compare
 with partial width at low ⃗q2

Figure 11 . Estimate of øX (q2) with the two di ! erent strategies for 10 di! erent q2 with N = 9 and
q2

max = 5 .86GeV2.
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channel øX (2)
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as it is the one responsible for the largest contribution. The plot is shown
in Fig. 15. We can see that for smallq2 the value of øX (q) is stable, which implies that
statistical and systematic errors are well balanced. For largerq2 the situation is more
delicate: this can be understood in terms of the reduced phase space in! , as shown for
example in Fig. 10. A Þrst attempt at mitigating the induced systematic e! ect could
be to identify the region where the two Backus-Gilbert approaches with di! erent bases are
consistent, to identify (where possible) a plateau, and to estimate a value inside such region.
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SUMMARY AND OUTLOOK

Inclusive  appears OK:  moments consistent with leptonic and hadronic 
ones, perturbation theory generally OK; higher powers look small. Unlikely to go 
below 1% on 

Full-fledged calculations of inclusive semileptonic meson decays on the 
lattice are now a reality. Final precision for Vcb to be seen, but you can 
count they will soon contribute.  

New ETMC and KEK-Southampton-CERN results for  inclusive 
semileptonic decays encouraging: they provide a direct validation of the 
method on experimental data. We need to move to b physics, including 

 if possible

b → c q2

Vcb

Ds

b → u





The advantage of q2 moments
Mannel, KKV, JHEP 1806 (2018) 115; Fael, Mannel, KKV, JHEP 02 (2019) 177

¥ Standard lepton energyand hadronic massmoments are not RPI quantities

¥ New q2 moments are RPI!

Reparametrization invariant quantities:
¥ Setting up the HQE: momentum ofb quark: pb = mbv + k, expand ink ! iD

¥ Choice ofv not unique: Reparametrization invariance (RPI)

vµ " vµ + ! vµ

! RP vµ = ! vµ and ! RP iDµ = # mb! vµ

- links di! erent orders in 1/ mb " reduction of parameters
- up to 1/ m4

b: 8 parameters (previous 13)

¥ q2 moments enable (?) a full extraction up to 1/ m4
b

Keri Vos (Maastricht) Inclusive 2023 15 / 25

q2 moments only analysis

Bernlochner, Welsch, Fael, Olschewsky, Persson, van Tonder, KKV [2205.10274]

|Vcb|q
2

incl = (41 .69± 0.63) ! 10! 3

¥ Higher order coe! cients important to check convergence of the HQE

r 4
E = (0 .02 ± 0.34) á10! 1GeV4 r 4

G = ( ! 0.21 ± 0.69)GeV4

¥ Inputs for B " Xu!" Next, B lifetimes andB " Xs!! KKV, Huber, Lenz, Rusov, et al.

¥ [What is next?] Additional 0.23 uncertainty due to missing higher orders

Keri Vos (Maastricht) Inclusive 2023 18 / 25

Important consistency check
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