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B → K ∗µ+µ−: Optimized Binned Observables

• Until recently all the information on the 4-body angular distribution B → K∗(→ Kπ)µ+µ−

was provided in bins of lepton pair invariant mass (q2).

• The analysis of this information provided by LHCb, Belle, ATLAS and finally also CMS, led
us to the identification of the most prominent and persistent anomaly: the observable P ′

5.
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Unbinned optimized observables
The unbinned definitions of the observables: [Capdevila et al. 2504.00949]

P2(q
2) =

1

8

[J6s + J̄6s ]

[J2s + J̄2s ]
, P ′

4(q
2) =

1

N ′ [J4 + J̄4] , P ′
5(q

2) =
1

2N ′ [J5 + J̄5]

with N ′ =
√
−(J2s + J̄2s)(J2c + J̄2c)
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We have checked that binning the MC samplings used recover our binned observables predictions.
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Unbinned observables: Amplitude parametrizations

⇒ Amplitude parametrizations:
[R. Aaij et al. 2312.09115, N. Gubernari at al., 2011.09813, 2206.03797 ]

• Model for local and non-local contributions:

AL,R
λ = Nλ

{
[(C9 ± C ′

9)∓ (C10 ± C ′
10)]Fλ(q

2) +
2mbmB

q2

[
(C7 ± C ′

7)FT
λ (q2)− 16π2mB

mb
Hλ(q

2)

]}

λ =⊥, ∥, 0. F (T )
λ Form factors and Hλ non-local correlator ”charm-loop”.

z-expansion + (B(B → K∗J/ψ) and B(B → K∗ψ(2S)) constraints.

Two hypotheses are considered for the data included in the fit:
(i) q2 < 0, where theory constraints coming from the light-cone OPE are included;
(ii) q2 > 0, where these constraints are excluded.

[R. Aaij at al. 2405.17347, C. Cornella et al. 2001.04470]
• Dispersive approach based on a resonance model + data from B → K∗µ+µ−

⇒ A new model-independent moments method: Observable parametrization.
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[A. Mauri, Santiago de Compostela, CKM 2023]
5 / 30



Conditions to test a theoretical parametrization:
Counting d.o.f.

2nA − nsym = nc − nrel = ndof

• Massless case: 8 d.o.f. (nc = 11 coefficients, nsym = 4, nA = 6: AL,R
⊥,∥,0)

• There are 3 relations (2 trivial and one non-trivial between observables)
• There are 8 conditions.

• Massive case: 10 d.o.f. (nc = 11 coefficients, nsym = 4, nA = 7: AL,R
⊥,∥,0, At)

• There is only 1 relation (non-trivial between observables)
• There are 10 conditions.

• Massive case+scalar: 12 d.o.f. (nc = 12 coefficients, nsym = 4, nA = 8: AL,R
⊥,∥,0, At , AS)

• There is no relation (non-trivial relation between observables is broken)
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Conditions to test a theoretical parametrization: I

To define these conditions (for
the P-wave) is instrumental to
use a set of three complex
2-component vectors defined:

n∥ =

(
AL
∥

AR∗
∥

)
, n⊥ =

(
AL
⊥

−AR∗
⊥

)

n0 =

(
AL
0

AR∗
0

)
,

Two more for S-wave.

THEORY EXPERIMENT

Cond.1 : |n⊥|2 =
2

β2
J2s +

1

β2
J3

Cond.2 : |n∥|2 =
2

β2
J2s −

1

β2
J3

Cond.3(Re and Im) : n†∥n⊥ =
1

2β
J6s+i

1

β2
J9

Cond.4(Re and Im) : n†∥n0 =

√
2

β2
J4+i

1

β
√
2
J7

Cond.5(Re and Im) : n†⊥n0 =
1

β
√
2
J5+i

√
2

β2
J8

and two massive ones (Condition 6 and 7)
7 / 30



Conditions to test a theoretical parametrization: II
Fit to data using only q2 > 0 points + lattice
(“Fit I”). This fit reproduces very well the
binned data and we will take it as the “data”,
i.e., the RHS of the eqs of conditions,

...in blue.
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Fit to data using the points at q2 < 0 + lattice
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the ”theory”,i.e., the LHS of the conditions,

...in red.
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A new model-independent unbinned
method based on the method of moments
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The method of moments

“Why don’t you just use the moments ¿‘ - Danny / Kostas , annually

Using moments to extract angular observables is not new:
• Beaujean, Chrzaszcz, van Dyk, Serra: [PRD 91 (2015) 114012]

• Highlights the benefits of moments over fitting
• No fits! (my dream since 2011)
• Treats the observables independently - no issues of coverage/bias in awkward corners of

the parameter space
• Good for small samples

• LHCb - B0 → K ∗0µ+µ−, 3 fb−1: [JHEP 02 (2016) 104]

• LHCb - Λb → Λµ+µ−: [JHEP 09 (2018) 146]

• LHCb - B0 → K+π−µ+µ− at high mKπ: [JHEP 12 (2016) 065]

These have all been binned in q2.
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A proposal

We want to get around binning in q2:

• Improve precision on the q2 dependence of the angular observables

• Get more physics out

Want to keep the observables:
• Observables are model-independent

• Re-interpret in perpetuity after new theory insights
• Average with other experimental data

• There are q2-dependent analyses for the WCs, FFs etc
[PRL 132 (2024) 131801][JHEP 09 (2024) 026]

• Based on theory-motivated q2 models [EPJC 78 (2018) 435] [JHEP 09 (2022) 133]

• There is a proposal for an unbinned amplitude analysis [JHEP 06 (2015) 084]
• Still some model-dependence - what amplitudes do you choose to fit? What is their q2

dependence?
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https://link.springer.com/article/10.1007/JHEP09(2022)133
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“Unbinned” moments

Calculate the moments continuously in q2 with a knn regressor:
• The knn calculates the rate-normalised, moments of the data for a sampled q2 point

• Take the nearest k events to the sampled point
• Sum their angular functions, divide by k → Mi → Si :

Mi (q
2) =

1

k

∑

k

fi (Ωj) Si (q
2) = CiMi (q

2)

• “Unbinned” numerical function of q2- really a “continuous” binning

• Now we have a numeric estimation of the moments at any point in q2- a continuous
numeric function

• We can apply some filtering algorithm to smooth the distribution - i.e. Gaussian
Process Regression or Savitzky-Golay filter

12 / 30



P-wave observables
Pseudo-experiment with 130,000 P-wave events - estimate of LHCb 50 fb−1 (upgrade I)
• Here neglect bkg and acceptance - would treat as per [PRD 91 (2015) 114012]
• We use the second order moments to calculate the variances and covariances
• Combine extracted Si , S

s
2 and Sc

2 for the optimised P
(′)
i observables
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Asymmetry observables
Readily measure the angular asymmetries with a sign flip in the moment definition:

MA
i (q

2) =
1

k

∑

k

Bfi (Ωj) B =

{
1 if B0

−1 if B0
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Tuning the options

• You have to choose the number of neighbours
• Too few and the uncertainty bands become

enormous - poor aesthetics
• Too many and you lose the q2 resolution to

describe the true distribution (right lower)

• Choice of subsequent smoothing
• Choose algorithm that does not introduce biases
• Try to keep minimal to reduce q2 correlations

• Different points in q2 are not independent
• You must evaluate the correlations in q2

• Large k - small uncertainty at one q2 point but
correlations at large q2 separation

• Small k - large uncertainty at one q2 points but
close points are independent
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Massive leptons

Previous angular observable analyses assumed mµ = 0 (+ no scalar/tensor amplitudes):

• Implies S s
1 = 3S s

2 , S
c
1 = −Sc

2

• Interference and time-like amplitudes

suppressed by
4m2

ℓ

q2

• Turns out to be a poor approximation -
differences can be significant up to
q2 ∼ 4GeV2

• S s
1 , S

s
2 , S

c
1 , S

c
2 are a combination of

Ms
1 , M

s
2 , M

c
1 , M

c
2

• Sum of moments per event then knn,
rather than sum knn outputs of
moments
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Illustrative examples of testing data (theory)
From the definitions of:

P4 =
Re(n†0n∥ + CP)√

(|n∥|2 + CP)(|n0|2 + CP)
, P6 =

Im(n†0n∥ + CP)√
(|n∥|2 + CP)(|n0|2 + CP)

,

⇒ |P4 + iP6|2 ≤ 1 or |P ′
4 + iβP ′

6|2 ≤ 1− P1.

• New geometrical bounds:

|P2| ≤
1

2β

√
1− 4P2

3 , |P ′
4| ≤

√
1− P1 − β2P ′2

6 , |P ′
5| ≤

1

β

√
1 + P1 − P ′2

8

|P3| ≤
1

2

√
1− 4β2P2

2 , |P ′
6| ≤

1

β

√
1− P1 − P ′2

4 , |P ′
8| ≤

√
1 + P1 − β2P ′2

5

⇒
{

Amplitude parametrization: • Fulfilled in SM and NP. Self-consistency test.
Observable parametrization: • Test on validity of an experimental unbinned analysis
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Illustrative examples of testing data
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Figure: Bounds on optimised observables using the amplitude parametrization in the two cases q2 > 0
(experiment-red) and q2 < 0 (theory-blue).

... P2 saturates bound around 2 GeV2 and P ′
4 around 8 GeV2.
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Zero-crossing point of Pi observables
• Assuming NP ”only in C9” in agreement with the dominant scenario.

[M. Algueró et al., 2304.07330]

-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0

1
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6

Figure: Plot of exact position of the zero of
P2 and P ′

4,5 versus CNP
9 . The dashed line

corresponds to the approximate expression.

• NLO SM prediction zero-crossing points:

q20 |P2 = 3.60± 0.40

q20 |P′
4

= 1.57± 0.25,

q20 |P′
5

= 2.16± 0.29,

[P ′
4(q

2
0)

2 + P ′
5(q

2
0)

2] = 1− η(q20) with

η(q20) = [P2
1 + P1(P

′
4
2 − P ′

5
2
)] for P2(q0) = 0

• Zero of P1 and P ′
5 coincide to good accuracy in

the SM and diverge with CNP
9 ̸= 0.
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• The known non-trivial relation J2c = f (Ji ) in terms of observables:
[U. Egede et al. 1005.0571, N. Serra and J.M, 1402.6855]

P2 = −PCP
2 +

1

2k̄1

[
(P̄ ′

4P̄
′
5 + δ1) +

1

β

√
η + δ2 + δ3P̄1 + δ4P̄2

1

]
with δi ≃ 0

with η = (−1 + P1 + P ′
4
2
)(−1− P1 + β2P ′

5
2
)

The simplified version (PCP
i ,P

(′)
3,6,8 → 0) ⇒ P2 =

1
2 [P

′
4P

′
5 +

1
β

√
η] is very precise.
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W = P2
1+P ′2

4 +β2(4P2
2−4P2P

′
4P

′
5+P ′2

5 )+P1(P
′2
4 −β2P ′2

5 ) = 1
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Examples of testing data in presence of scalar

The previous bounds become:

|P ′
5 + ωr | ≤

1

β

√
1 + P1 − P ′2

8

and

|P ′
6 + ωi | ≤

1

β

√
1− P1 − P ′2

4

−10.00

−5.00

0.00
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10.00

10
4
×
ω
r
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×
ω
i
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with ωr ,i = + 1
N

√
2 mℓ

β
√

q2
[Re/Im(AL

∥A
∗
S + AR∗

∥ AS) + CP] ∼ O(10−4)

⇒ P2 =
1

2

[
P ′
4P

′
5 +

1

β

√
η

]
+∆ with ∆ =

ωr

2

(
P ′
4 − βP ′

5

√
−1 + P1 + P ′

4
2

−1− P1 + β2P ′
5
2

)

The bounds and relation remain robust even in presence of a scalar due to B(Bs → µµ) .
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Observable zero

Continuous observables are well-suited to finding the zeroes of the observables (use Si
rather than Pi )

P2 :
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Observable zero

Continuous observables are well-suited to finding the zeroes of the observables (use Si
rather than Pi )

P ′
5 :
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Observable bounds

We can calculate the bounds of the observables from the observables derived from the
moments:
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• Note these are single toys
• The moments are independently obtained with no prior knowledge of the bounds
• The bounds may be violated locally due to statistical uncertainty
• For an analysis one evaluates how much a bound may be violated for a given data set
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Adding mKπ

We don’t have to limit ourselves to q2!
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Pseudo-experiment generated with BW in
mKπ, factorising with Ω and q2.

• We can study the observables,
completely model-independently, as a
function of mKπ

• We can even study q2 and mKπ

together
• Are the angular observables really
constant across mKπ?

• If not, does that have implications for
their interpretation?
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Tackling the S-wave

The S-wave adds some complexity, as is its wont:

• The knn moments are normalised by ΓP + ΓS - such observables are denoted S̃i :
• Multiply P-wave observables by 1

1−2S̃c
1a+

2
3 S̃

c
2a

to recover ΓP normalisation, Si

• Assuming mµ = 0 we can directly extract S̃c
2a in the usual manner

• L ↔ R interference and AT suppressed by factors like
4m2

ℓ

q2

• Can relate some observables:

S s
1 = 3S s

2 , Sc
1 = −Sc

2 Sc
6 = 0 S̃c

1a − S̃c
2a

• We get the q2 and mKπ dependence of the S-wave amplitudes directly from the data!
• Is our usual parametrisation of the S-wave mKπ lineshape (LASS) really accurate?
• Is the S-wave really the same from low to high mKπ?
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Tackling the S-wave
If mµ ̸= 0 (at low q2) we have to work a bit harder:

• There are terms like

S s
1 sin

2 θK + Sc
1 cos

2 θK + S̃c
1a, (S s

1 sin
2 θK + Sc

1 cos
2 θK + S̃c

2a)(2 cos
2 θℓ − 1)

• S s
1 , S

c
1 and S̃c

1a are degenerate, as are S s
2 , S

c
2 and S̃c

2a
• You cannot extract the complete angular basis from the angles alone

• There is no unique solution to turn moments into observables

One is confronted by two options:
1. Make approximations that have negligible bias compared to the statistical precision

• You do not necessarily have to fully assume leptons are massless. Pick a relation that is
the least egregious but still removes the degeneracy

2. Add mKπ into the moments calculation
• Introduces some model dependence
• You can validate your model at high q2 though
• Allows you to get the complete basis of observables at very low q2 (q2 < 1GeV2)
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Tackling the S-wave
If you choose to incorporate mKπ:

Mi (q
2) =

1

k

∑

k

fi (Ωj) → Mi (q
2) =

1

k

∑

k

fi (Ωj)|fP,S(m
j
Kπ|q2j )|2

where fP,S(mKπ|q2) is your mKπ lineshape for the P- or S-wave and
∫ mmax

Kπ

mmin
Kπ

|fP(mKπ|q2)|2dmKπ = 1

∫ mmax
Kπ

mmin
Kπ

|fS(mKπ|q2)|2dmKπ
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Final points and outlook

• This can be done with other modes
• B+ → K+µ+µ− is a candidate with only one partial wave to contend with
• Similarly B+ → π+µ+µ− with a small sample size
• Potentially a route in for B0

s → K∗0µ+µ− angular analyses - to be studied

• The acid test is the precision on the WCs
• Work ongoing to incorporate the results of such an unbinned moments analysis into a

WC fit
• Sample the curves at a large number of points and assess the correlations between them
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The End
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