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What's in this talk?

Definition of the non-local form factors (Nico)

Methods to calculate non-local form factors
= light-cone OPE (Nico)

Anomalous cuts (Simon)
Calculation of rescattering effects (Simon)

Parametrizations and unitarity bounds in presence of
subthreshold and anomalous cuts (Nico)




Introduction



B — K™+ ¢~ decay amplitude

calculate decay amplitudes precisely to probe the SM
b - sutu~ anomalies: NP or underestimated QCD uncertainties?

A(B > KOpte) = Fu Fr

perturbative objects, small uncertainties



B —» KW¢*¢~ decay amplitude 2

calculate decay amplitudes precisely to probe the SM
b - sutu~ anomalies: NP or underestimated QCD uncertainties?

A(B > KOpte) = Fu Fr

local hadronic matrix elements (MEs)

7= (K™

093%,[B)  073%= (5T b)

leading hadronic contributions

non-perturbative QCD objects
= calculate with lattice QCD (or LCSR)

moderate uncertainties (3% — 15% )




B — K™+ ¢~ decay amplitude
calculate decay amplitudes precisely to probe the SM

b - sutu~ anomalies: NP or underestimated QCD uncertainties?

H,

A(B > KOpte) = Fu Fr "

Y

non-local hadronic MEs

7= (K OIT{i5m o), 0 0} ) o
0i,=(Tb)(cTc) . e

015

<

subleading (?) hadronic contributions

non-perturbative QCD objects
= very hard to calculate

large uncertainties



Methods to calculate non-local FFs

Parametrize hadronic matrix elements in terms of form factors (FFs)

H,(k,q) = H;, (q%)

Non-perturbative techniques are needed to compute non-local FFs

lattice QCD = please wait one more hour

QCD factorization:

factorize hard and soft contributions

= double expansion in 1/m;, and 1/E

valid for g% < 7 GeV?

How to calculate power corrections? How extend to A, decays?

s the perturbative treatment of the charm loop reliable close to threshold?

light-cone operator product expansion (LCOPE) = see next slide



Light-cone OPE for non-local FFs

1. Calculate the non-local FFs 7, using a LCOPE at negative g°
Hy(q%) = (@) Fr(g®) + C(a*)V,(q7) + -

2. Extract H; at g% = m?,, from B = K] /i) measurements
A J/p

3. Interpolate these two results to obtain theoretical predictions
in the region = compare with experimental data

Need a parametrization to interpolate H; = see end of this talk

<4

light-cone OPE q° =0 q* =My



Rescattering effects 5

Missing contributions?
Ciuchini et al. 2022 (also way before) claim that B = DDy — K™+ £~ rescattering might
have a sizable contribution = 0(20%) at amplitude level

LCOPE contains (implicitly) rescattering effects
partonic calculation does not yield large contribution (LP OPE and NLO «a)

H,(g%) = C(q2)F(q?) + C(q®)V,(g%) + -

C, is complex valued for any g2 value due to branch cut in p? = M3 as expected

Large quark-hadron duality violation?

Slow convergence of the LCOPE?

Alternative approach = directly calculate rescattering effects using hadronic methods



Anomalous thresholds



Triangle loops in non-local B — K*)y* form factors

@ Triangle loop contributions to non-local form factors:
b s

@ Start with u-quark loop and 7= intermediate states:
o CKM-suppressed ~ \* compared to c-quark loop ~ )2
e Input (Form factors, branching ratios, polarization fractions ...) well known
o Sizable energy gap to next state mw
— cf. various Dg)) Df;)) for hadronization of charm loop within close proximity

@ Build dispersive framework
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Analytic structure of form factors

@ Fundamental principles: analyticity (causality) and unitarity (probability conservation)
@ Start with analyticity: amplitudes are analytic in all kinematic invariants
o Meson masses (g + k)* = Mg, k* = MZ |
< only defined on-shell
e Photon virtuality g2

< can define analytic continuation for arbitrary g2 in the complex plane
@ Singularities in g?
o Poles: (infinitely) narrow states
G =M M) ]
e Thresholds: branch points of v* — {#*7—, DD, ...} cuts
e {4M,%,4Mg, .

Nico Gubernari, Simon Mutke Progress with Non-local Form Factors April 09, 2025



Dispersion relations

@ Next up: unitarity of the S-matrix implies unitarity relation (set t = ¢?)

disc My (1) = lim [M,-,(t+ i) — Mi(t — is)] - izn:M?nM;n

Im ¢

< summing over intermediate states n € {z=*=~,DD,...}

@ Amplitudes are analytic with branch cuts along real axis
< starting at thresholds & = {4MZ,4M3, ...}

Ret

@ Know discontinuity along cuts from unitarity relation

@ Reconstruct from discontinuity via dispersion relation:

M/f(t e o0 , diSCM,‘f(f’)
Mit) = o 7{ vt 27”/im R

< using Cauchy’s theorem
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Form factor dispersion relation

@ Unitarity relation for B — K™)~* form factor with intermediate 7
disc N(t) = 2ito(t)° T(t) FY* (1)
< pion vector form factor FY(t), B — K*)zx P-wave amplitude T (t)

@ Form factor dispersion relation
oo / /\3 / Vi (41
I'I(t):l/ Clt,tmr(z‘) T(t) FZ7(t)
™ Jam2

v—t
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Form factor dispersion relation

@ Unitarity relation for B — K™)~* form factor with intermediate 7
disc N(t) = 2ito(t)° T(t) FY* (1)
< pion vector form factor FY(t), B — K*)zx P-wave amplitude T (t)

@ Form factor dispersion relation
oo / /\3 / Vi (41
I'I(t):l/ Clt,tmr(z‘) T(t) FZ7(t)
™ Jam2

t—t
@ Consider left-hand cut from crossed-channel K(*)-exchange in T (t)
— leads to triangle topology

@ Simple Born amplitude violates unitarity (Watson’s theorem)

— need to include wr-rescattering

< unitarize via Muskhelishvili-Omnes representation
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Analytic structure of form factors

@ Kinematic invariants
o Meson masses (q + k)* = M, k* = M2 )
— only defined on-shell
e Photon virtuality g2
— can define analytic continuation for arbitrary g2 in the complex plane
@ Singularities in ¢?
o Poles: (infinitely) narrow states
2 _ p2 2
=@ =My My o) i
o Normal thresholds: branch points of v* — {#*7~, DD, ...} cuts
< g% = {4M2,4M3, .. }
o Anomalous thresholds: anomalous branch points
— kinematic singularity of the triangle diagram
< position depends on left-hand-cut structure of B — K7 amplitude
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Dispersion relations with anomalous thresholds

@ Need to modify dispersion relation in presence of additional singularities! fm ¢

— anomalous threshold leading to additional cuts ’\
1 .

, disc M (1) /1 Oty discan Mir(t)
Mi(t) = 2r '/tmr dt * o 27i d

vt Xaﬁ ’_,Jf Ret

— with integration contour t, = X finr + (1 — X) tanom

@ Three cases:

(1) tanom on normal cut )

(@) 3)
— analytic continuation of normal discontinuity
(2) tanom ON negative real axis

— integration deformed along real axis

(8) tanom in complex plane

— integration deformed into complex plane
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Anomalous thresholds: where do they come from?

@ Landau equations: singularities of general loop integral

@ Triangle diagram:

aikf —mE)=0 S k=0

— “Leading singularity” < all Feynman parameters «; # 0
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Anomalous thresholds: where do they come from?

@ Landau equations: singularities of general loop integral

@ Triangle diagram:

— “Leading singularity” < all Feynman parameters «; # 0

o Normal thresholds: e.g., oy = 0 = p3 = (M & m3)?2
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Anomalous thresholds: where do they come from?

@ Landau equations: singularities of general loop integral

@ Triangle diagram:

— “Leading singularity” < all Feynman parameters «; # 0

o Normal thresholds: e.g., oy = 0 = p3 = (M & m3)?2

@ Anomalous threshold: all o; # 0

2 2 2 2 2
g o M2+ _ it _ (’”1*”72)(’”1*’"3) 1 2 2
2 TP 2m? 2m? 2m? \/’\ PR, me, mE) (5,
— can be complex-valued

‘—)pSZfiE

m, m)
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Anomalous thresholds: when do they matter?

@ Anomalous threshold:

o+ mE  pipg  (mE-mp)(mE-m) 1
s 2mg 2m? 2m? i2m$\/)\(p1,m$,m2))\(p3,m$,m§)

m? + m2
b =P o
1

@ For sufficiently small p2, p2, t;. lie on the second sheet

@ But p? = M2 large: anomalous threshold moves onto first sheet for
msp} + meps — (me + ms) (mf + memsz) > 0

< condition simplifies to Mz + M2, > 2(M2 + M.,) (fulfilled!)
@ Anomalous term in form factor dispersion relation

[eS) / /\3 / Vi (g1 4M72r / N3 A; / Vi
ey =1 [ ar Lo T FE@) 1 gy Lox(t) dise T(t) FY (1)
™ 4M12r t—t T t—t

ty

Ennorm(r) Enanom(t)
— how important is the anomalous part? Examine anomalous fraction |[12"°™(¢)/MN""™(¢)]
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Anomalous fractions for B® — K*)0 ~*

ty /GeV2 = 18.6 (case 1) 0.5 — 4.2i (case 3)

Abs NG™(E)/NGe™ (t)in %
~
S

25 0 0 0
tin Gev? tin Gev? tin Gev? tin Gev?

SM, Hoferichter, Kubis 2024

A=0 A= A=1

@ All parameters fixed from data! One ambiguity left due to lack of Dalitz plot data (blue and orange curve)
@ Anomalous contributions can be > 10% away from thresholds, resonances

@ Hierarchy between cases 1,2,3? Or between helicities? — only have case 3 in c-loops
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Comparison: D* form factors

@ Study different scenario with same analytic structure: D* form factors at low g2

2 2 2
—% = —0.0012GeV? on first sheet
D

— anomalous threshold at s =

< small scale due to Mp« = Mp + M,

1
800
B £ e00

62 00 02 o4 o6 08 10 02 00 02 04 06 08 10 62 00 02 04 06 08 10
4%in Gev? 4% in Gev? 4%in Gev?

Abs FPom(@2)IFZ™(?) in %

SM et al., in progress
e For Fg(qz) the anomalous part dominates completely — indication for hierarchy between helicities
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Towards the charm loops

@ Expect impact of anomalous thresholds to be qualitatively similar

@ All anomalous threshold in lower complex plane (case 3)

@ Cannot assess size yet, but could expect similar hierarchy between helicities
o Difficulties:

@ More intermediate states in close proximity: DD, DD*, D*D*, . ..
o Phenomenology of form factors and amplitudes less well understood
o Need more precise data (branching ratios, polarization fractions, Dalitz plots, . . .)

for B — D{D™) and B — K(*)D((:))Dg;‘))
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The need of a (bounded parametrization)

FFs are functions of g?

FFs are known in a finite number of isolated ¢ points

light-cone OPE q* =0 q* = mjy,

Interpolate or extrapolate FF using a parametrization

(00}

H(q?) % ) ay gu(a?)

n=0

the functions g,,(q?) are conveniently chosen, fit (a few) the a,,

What's the best parametrization? How to estimate the truncation error?



Analytic properties of local FFs
Study FF analytic structure to find a suitable parametrization. Example B — K local FFs
Im q° A

O OO

Re g*

FFs are analytic except for branch cuts (i.e. lines of discontinuity) starting at
s. = (mg + my)?, process threshold

sr = (mp, + mn)2 < s, subthreshold branch cut

Obtain a constrain on the FFs using unitarity (see [Okubo 1971])

fw |p(a)Fg)N> < x

S+
calculate y perturbatively, ¢ known function

138



Traditional approach: BGL 19

Perform the conformal mapping Im q*
O QOu—)>
VSt —q% =[5
2(q%?) = = Vo Re g?
VSt —q% +4[5;
expand FFs for |z] < 1 as
1 ° Im z
F(z) = z a,z" Z Map
( ) ¢(Z) - n
n=0
obtain a bound on the coefficients
co o >
J g HF @I <y = za%<)( Re z
S+ n=0
Problem! series is divergent due to the branch cut in sy




Problems with BGL 20

Having a branch cut invalidate the expansion for |z| < 1

1
F(z) #——= ) a,z"™ forsome |[z]|<1

¢(z) o

same issue appears for FFsin B » D™ Ay — A, ...

It is crucial to address this issue to accurately estimate uncertainties in b-hadron decays

Issue discussed in the literature, but solutions are unsatisfactory:
they do not allow a rigorous estimate of the truncation error (see next slides)

Find a way to recover the unitarity bound:

co

Za%<)(

n=0

Essential to estimate truncation error! (we can only fit a finite number of a,,)



Our approach: GG 21

. 2
Just a reminder: sy = (mp + mg)? , sy = (mp, +my) Im g?2

Modify the conformal mapping (s, = sr) O Om——)>

Jsr =4 - 5 e
VSt —q* ++/sp

expand FFs for |Z] < 1 (no singularities now!) as

2(q%) =

oo Z map
1
F(2)=——= ) bys"
() ¢(Z) - n

n=0
however
j $IFGIP<x 3 ) bi<x
S+

Integral must over the whole circle!



Our derivation of the unitarity bouna

Start from
j (") F(a7)1* < x
S+
add on both sides
S+
ae= | 16(4F ()
ST
Estimate Ay using large g scaling behaviour (for B —» K FFs % < 1%)
Obtain the unitarity bound
f | F P<xy+Ay = Zb,%<)(+A)(
T n=0

New parametrization for FFs that allows to calculate the truncation error!

22



Problems with cut modelling and polynomials 23

Model the branch cut and subtract it
jf'(z) = :F(Z) — Tcut(Z)
expand F(z)

Problem: F.u:(2) is not known
= cannot rely on exact numerical
cancellation of singularities

Imz

Re z

Expand in polynomials orthogonal
on the blue arc

o1 o
F2) =5 (2),2 b, 2

|, (2)]| = o forn - o and
some Z in the unit disk




Anomalous branch cuts

Non-local FFs may present have anomalous branch cuts that extend into the complex plane
Example B —» DD; —» K£* £~ rescattering

s. = (mg + my)? sr = (2mp)? sp, = 24.1 — 3.5i
Apply the same procedure as for the subthreshold branch cuts, but:
* Zmap is very hard to obtain (existence guaranteed by the Riemann Mapping Theorem)

* Ay calculation extremely challenging

24



Summary and conclusions



Summary and conclusions 25

Contributions from anomalous thresholds can make up = 10% of (light-quark-loop-induced) non-local FFs
Precise data needed (branching ratios, polarization fractions, Dalitz plots,...) to quantify this for charm loops

The traditional (BGL) parametrization neglect subthreshold branch cuts, leading to systematic effects
(polynomial expansion and non-orthogonal bounds do not fully resolve the issue)

We propose a new easy to implement parametrization to solve the issue

Our parametrization can account for both subthreshold and anomalous cuts



Thank you!



Backup slides



Impact of branch cuts in a Taylor expansion

ﬂest(z) =Z+ Z2 + 005\/ 0.7 —z

)

| Truncation order in z

] w12

of m 16
1 m 20

W 24

W 28

W 32

2

Re[ftest(

-1.0 -0.5 0.0 0.5 1.0

-
e

Even if the branch cut is suppressed it generates divergent coefficients. Hence:

z b X x
n=0



Schwarz—Christoffel formula

Map the unit disk to the domain Q

g(z)—A+Cj ¢ 1_[ (1——}()?_




Schwarz—Christoffel formula at work

/Q@ ]




Ay calculation

Approximate FFs using their large \( g% \) scaling behaviour calculated in perturbative QCD
E.g.forB - K

2
S
FL(@)I? =K (q_g>
According to [Becher/Hill 2005] K~1

Even assuming K~100

Ay 1[5
_XE_j 6(07)F(q7)]? = 0.005
X xl

l.e. smaller than the uncertainty ony

S+—Sr

This is due to the fact that « 1 and that y is an inclusive quantity while Ay is exclusive

Sr



Polynomial parametrization

polynomial parametrization (Z polynomials)

7,(2) = > Bupn(2) D IBal2 <1
n=0 n=0
Im Z
|p,(2)| = o for n - oo some z in the unit disk
O >

Re Z




Muskhelishvili-Omnés representation

@ Unitarize B — K™ xr P-waves by including == rescattering (to fulfill Watson’s theorem)
disc T(t) = 2i T(t)sin5(t) e " = 2i T(t) o (t) 1 (1)

— 7 elastic scattering phase shift 6(t) (I = 1,L = 1), t{ (t) = sin §(t) €°D /o (1)

< via Muskhelishvili-Omneés representation

— dominated by p resonance

™91 = ()

{r oo at’ TBOM(t')sin 5(t) r/1 dx Oty disc TBOM () o (1) ] (1)

e 1 -0 7o b ox Q) — 1)
: t dat’ st
TOMES () _an(), o) = e |- [ 990
mJam2 't —t

} = |9t ??
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Anomalous thresholds for B — (P, V) ~*: list of processes

milins vy

t/ GeV2 = 18.6 —57.8 0.5—4.2j 4 —859.3 0.7 —4.8i 0.2 —4.9j
BI[B — K* ] Br[B — K*)x] BI[B — pr] BI[B — =, ww] Br[B — pr]
Br[B — Kn] Br[B — K*nr] Br[B — 3] Br[B — pm) Br[B — wnm]

@ tp = 4M2 = 0.08 GeV?
2 012
Yo' ~ 860 GeV?

™

@ Large energy scales in limit Mg — oo, Mz — 0: £ ~ —
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Example: anomalous contribution to the longitudinal B® — K*0* FF

x1074 x10~4
51 —— Abs To(t)
21 . —— 10 x Abs Mgn°m(t)
i !
;
> | >
g ! 8
£ <
= 9 S
c_, c
g 3
iy —— Re Mo(t) <
—— 10 x Re M3m(t)
-1 0 1 2 3 -1 0 1 2 3
%1074 tin Gev? tin Gev?
60
£
- £ 50
5 =
[ £ 4
8 § 40
£ =4
= = 30
° £
cC 53
2,201
E =
—— Im To(t) 2 101
_s | —— 10 x Im Mgrem(¢) <
o]
T o i 2 E T % 1 ; ;
tin Gev? tin Gev?

SM, Hoferichter, Kubis 2024
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