
Andrew Taylor

Lectures :
1) Particle acceleration up to ultra high 

energies

2) GRBs (an example of relativistic shocks)

3) Cosmic ray propagation in extragalactic 
radiation fields

4) Cosmic ray propagation in extragalactic 
magnetic fields
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Lecture 1 Plan:

1) An intro to the world of non-thermal particles 
(ie. “Cosmic Rays”)

2) Shocks- what are they? What do they do to the 
gas passing through them?

3) Cosmic Ray Acceleration at Shocks
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The World of Non-Thermal Particles
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Thermal Particles

Thought experiment- imagine an ensemble of particles all with 
the same energy bouncing around in a box…..
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Elastic CollisionsIn the com frame:

<latexit sha1_base64="fb0yfVSEEXpGnXHhIK/mhAX+c8A=">AAAB9HicbVBNS8NAEJ3Urxq/qh69BIvgqSSi6LHoxWMF+wFNKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6LrfVmltfWNzq7xt7+zu7R9UDo9aOskUZU2aiER1QqKZ4JI1kaNgnVQxEoeCtcPR3cxvj5nSPJGPOElZEJOB5BGnBI0U+GGU2z4OGRJ72qtU3Zo7h7NKvIJUoUCjV/ny+wnNYiaRCqJ113NTDHKikFPBprafaZYSOiID1jVUkpjpIJ8fPXXOjNJ3okSZkujM1d8TOYm1nsSh6YwJDvWyNxP/87oZRjdBzmWaIZN0sSjKhIOJM0vA6XPFKIqJIYQqbm516JAoQtHkZJsQvOWXV0nrouZd1dyHy2r9toijDCdwCufgwTXU4R4a0AQKT/AMr/Bmja0X6936WLSWrGLmGP7A+vwBDxORog==</latexit>

ω

<latexit sha1_base64="86S0g6hjW1dABmHn4VsK40sqzME="></latexit>

p→
1 =

1

2

[(
cosω sin ω
→sinω cos ω

)
(p1 → p2) + (p1 + p2)

]

<latexit sha1_base64="5tl+8FAWFoFAsxmuxW+8BNpnzjA="></latexit>

p→
2 =

1

2

[(
cosω sin ω
→sinω cos ω

)
(p2 → p1) + (p1 + p2)

]

Just because collisions are elastic, doesn’t mean 
particle energy individually is conserved!
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Elastic Collisions
px and py of each particle start off correlated, and through scattering become 
decorrelated, appreciated by looking at phase space distribution
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each scattering px and py are individually 
randomised  

<latexit sha1_base64="KsaSn2FGnNTKZ+f/g9RnsFQ4eIo=">AAACDHicbZDLSsNAFIYnXmu8VV26GSyCIJSkKLoRim5cVrAXaGOZTCbt0EkyzEzEEPIAbnwVNy4UcesDuPNtnKRZaOsPAx//OYcz53c5o1JZ1rexsLi0vLJaWTPXNza3tqs7ux0ZxQKTNo5YJHoukoTRkLQVVYz0uCAocBnpupOrvN69J0LSKLxVCSdOgEYh9SlGSlvDam3g+qnp8bu0kV14fJg+ZDke55gUaGa6y6pbheA82CXUQKnWsPo18CIcByRUmCEp+7bFlZMioShmJDMHsSQc4Qkakb7GEAVEOmlxTAYPteNBPxL6hQoW7u+JFAVSJoGrOwOkxnK2lpv/1fqx8s+dlIY8ViTE00V+zKCKYJ4M9KggWLFEA8KC6r9CPEYCYaXzM3UI9uzJ89Bp1O3TunVzUmtelnFUwD44AEfABmegCa5BC7QBBo/gGbyCN+PJeDHejY9p64JRzuyBPzI+fwCeGJtY</latexit>

dp2 = dp2
x + dp2

y
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Origin of Thermalised Particle 
Distribution Function

E1 E2 E3 E4 E5 E6

100 100 100 100 100 100

101 99 100 100 100 100

101 99 100 100 99 101

100 99 101 100 99 101

100 98 101 100 99 102

99 99 101 100 99 102

Ensemble of particles exchanging energies:
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Relaxing to a Thermal Distribution
Ensemble of particles exchanging energies:
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Microscopic Particles Thermalising 
off Macroscopic Objects

Another thought experiment- imagine an ensemble of thermalized 
macro particles (blue) with a cold set of micro particles injected (red)…..
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Green’s Function for Stochastic 
Acceleration
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Shocks…….a Surprise!
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Collisional Shock- Conservation 
Conditions

upstreamdownstream
<latexit sha1_base64="rEVX4VdM8S2rCyja6FK6SZWBcCw=">AAACAHicbZDLSsNAFIYnXmu8RV24cDNYhApSElF0WXTjsoK9QBPCZDpph05mwsxEKCEbX8WNC0Xc+hjufBsnbRfa+sPAx3/O4cz5o5RRpV3321paXlldW69s2Jtb2zu7zt5+W4lMYtLCggnZjZAijHLS0lQz0k0lQUnESCca3Zb1ziORigr+oMcpCRI04DSmGGljhc6hH8W5XUvD3CvOfDkUJZzaRehU3bo7EVwEbwZVMFMzdL78vsBZQrjGDCnV89xUBzmSmmJGCtvPFEkRHqEB6RnkKCEqyCcHFPDEOH0YC2ke13Di/p7IUaLUOIlMZ4L0UM3XSvO/Wi/T8XWQU55mmnA8XRRnDGoByzRgn0qCNRsbQFhS81eIh0girE1mtgnBmz95Edrnde+y7t5fVBs3szgq4AgcgxrwwBVogDvQBC2AQQGewSt4s56sF+vd+pi2LlmzmQPwR9bnDwoAlWc=</latexit>

(p1, ⇢1)
<latexit sha1_base64="0r7nip1zAvYRVaP383yBKWTSw7w=">AAACAHicbZDLSsNAFIYn9VbjLerChZtgESpISYqiy6IblxXsBZoQJtNJO3QyE2YmQgnZ+CpuXCji1sdw59s4abPQ1h8GPv5zDmfOHyaUSOU430ZlZXVtfaO6aW5t7+zuWfsHXclTgXAHccpFP4QSU8JwRxFFcT8RGMYhxb1wclvUe49YSMLZg5om2I/hiJGIIKi0FVhHXhhlZj0JsmZ+7okxL+DMzAOr5jScmexlcEuogVLtwPryhhylMWYKUSjlwHUS5WdQKIIozk0vlTiBaAJHeKCRwRhLP5sdkNun2hnaERf6MWXP3N8TGYylnMah7oyhGsvFWmH+VxukKrr2M8KSVGGG5ouilNqK20Ua9pAIjBSdaoBIEP1XG42hgEjpzEwdgrt48jJ0mw33suHcX9RaN2UcVXAMTkAduOAKtMAdaIMOQCAHz+AVvBlPxovxbnzMWytGOXMI/sj4/AENGZVp</latexit>

(p2, ⇢2)

<latexit sha1_base64="j7pURxy54m9pOg9Mz7C8yGWlX3o=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBbBU0mKoseiF48V7Ac0oWy2m3bpZhN2N4US8je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Vde2//4PCodnzSVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wvV/4vRmVisXiSc8T6kd4LFjICNZG8rwgzOzZMGvmdj6s1Z2GUwCtE7ckdSjRHta+vFFM0ogKTThWauA6ifYzLDUjnOa2lyqaYDLFYzowVOCIKj8rbs7RhVFGKIylKaFRof6eyHCk1DwKTGeE9UStegvxP2+Q6vDWz5hIUk0FWS4KU450jBYBoBGTlGg+NwQTycytiEywxESbmGwTgrv68jrpNhvudcN5vKq37so4qnAG53AJLtxACx6gDR0gkMAzvMKblVov1rv1sWytWOXMKfyB9fkDNzqRJQ==</latexit>v2
<latexit sha1_base64="lVIQkpXBg+9TtTxHZZ57A0UyPzM=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiSi6LLoxmUF+4AmlMl00g6dTMI8CiXkN9y4UMStP+POv3HaZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9Hkbu53p1QqlopHPctomOCRYDEjWFspCKI4d6eD3C/cYlCrew1vAfSX+CWpQ4nWoPYZDFNiEio04Vipvu9lOsyx1IxwWriBUTTDZIJHtG+pwAlVYb64uUBnVhmiOJW2hEYL9edEjhOlZklkOxOsx2rVm4v/eX2j45swZyIzmgqyXBQbjnSK5gGgIZOUaD6zBBPJ7K2IjLHERNuYXBuCv/ryX9K5aPhXDe/hst68LeOowgmcwjn4cA1NuIcWtIFABk/wAq+OcZ6dN+d92Vpxyplj+AXn4xs1s5Ek</latexit>v1

Number Flux:

Momentum Flux:

Energy Flux:

⇢1v1 = ⇢2v2

p1 + ⇢1v
2
1 = p2 + ⇢2v

2
2

<latexit sha1_base64="D7yMdoEJ/Wn7uaYjHka07fH+UMs="></latexit>

�

� � 1
p1v1 +

1

2
⇢1v

3
1 =

�

� � 1
p2v2 +

1

2
⇢2v

3
2

12

viewed in shock frame
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Collisional Shock- Cold Shock Case
Momentum Flux:

Energy Flux:

<latexit sha1_base64="hAtLZsLOmUYQF/3mOppxaGZbvdM=">AAACGXicbZBLS8NAEMc3Pmt8RT16WSyCIJQkKHoRil48VrAPaGLYbDft0s2D3U2hhHwNL34VLx4U8agnv42bNAdtHdjhz29mmJ2/nzAqpGl+a0vLK6tr67UNfXNre2fX2NvviDjlmLRxzGLe85EgjEakLalkpJdwgkKfka4/vinq3QnhgsbRvZwmxA3RMKIBxUgq5Bmm4weZ7vBR7GVWPinSQ2bnV4mn8umM2wW3S67nnlE3G2YZcFFYlaiDKlqe8ekMYpyGJJKYISH6lplIN0NcUsxIrjupIAnCYzQkfSUjFBLhZuVlOTxWZACDmKsXSVjS3xMZCoWYhr7qDJEciflaAf+r9VMZXLoZjZJUkgjPFgUpgzKGhU1wQDnBkk2VQJhT9VeIR4gjLJWZujLBmj95UXTshnXeMO/O6s3ryo4aOARH4ARY4AI0wS1ogTbA4BE8g1fwpj1pL9q79jFrXdKqmQPwJ7SvH2MDoIg=</latexit>

⇢1v
2
1 = p2 + ⇢2v

2
2

<latexit sha1_base64="fKloiuAHFUrM/GfyDG8K2GntQUQ="></latexit>

p2

⇢1v2
1

=

✓
1� v2

v1

◆

<latexit sha1_base64="yBIlWyzC7qHLinWIEMEqxTrHxB0="></latexit>

1

2
⇢1v

3
1 =

✓
�

� � 1

◆
p2v2 +

1

2
⇢2v

3
2

<latexit sha1_base64="Sq3hvQLnDNPYzBi9JtKXu2jSB9I="></latexit>

2�

� � 1

p2v2

⇢1v3
1

=

 
1�

✓
v2

v1

◆2
!

=

✓
1� v2

v1

◆✓
1+

v2

v1

◆
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14

PAUSE

Why not have a go at solving this

<latexit sha1_base64="3r30jFevr1LSK/ppnild1e5DaOg="></latexit>

v2

v1

✓
1� v2

v1

◆
=

✓
� � 1

2�

◆ 
1�

✓
v2

v1

◆2
!
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Collisional Shock- Cold Shock Case

So what are collisional shocks good for?
Stimulating the unstimulated degrees of freedom in the 
system where energy can be stored

<latexit sha1_base64="3r30jFevr1LSK/ppnild1e5DaOg="></latexit>

v2

v1

✓
1� v2

v1

◆
=

✓
� � 1

2�

◆ 
1�

✓
v2

v1

◆2
!

<latexit sha1_base64="W77PM4jqbfrAnMqJ1IRDB+XDfkA="></latexit>✓
v2

v1
� 1

◆✓
v2

v1
�

✓
� � 1

� + 1

◆◆
= 0
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Collisional Shock- Partition of 
Momentum and Energy

Downstream Momentum Partition:

Downstream Energy Partition:

p2 =
3

4
⇢1v

2
1

�

� � 1
p2v2 =

15

16


1

2
⇢1v

3
1

�
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Collision Time

<latexit sha1_base64="v2dsooQgOnCip+eWzV7EijUVn2U=">AAACDXicbVDLSsNAFJ34rPEVdelmsAquSiKKboSiG5cV+oImhMl00g6dTMLMRChDfsCNv+LGhSJu3bvzb5y2WWjrgQuHc+7l3nuijFGpXPfbWlpeWV1br2zYm1vbO7vO3n5bprnApIVTlopuhCRhlJOWooqRbiYISiJGOtHoduJ3HoiQNOVNNc5IkKABpzHFSBkpdI79KNa2uvZjgbD2Cs1DTQpf0kGCQt0sIC7sInSqbs2dAi4SryRVUKIROl9+P8V5QrjCDEnZ89xMBRoJRTEjhe3nkmQIj9CA9AzlKCEy0NNvCnhilD6MU2GKKzhVf09olEg5TiLTmSA1lPPeRPzP6+Uqvgo05VmuCMezRXHOoErhJBrYp4JgxcaGICyouRXiITK5KBOgbULw5l9eJO2zmndRc+/Pq/WbMo4KOARH4BR44BLUwR1ogBbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD4Lem9Y=</latexit>

t =
1

ne�Tc

<latexit sha1_base64="PsE4ehCS2n1T+x8H4SA96F2eFlM="></latexit>

⇡
✓
1 cm�3

ne

◆
Myr
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Energy Exchange at Shocks

Collisional Shock Collisionless Shock
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Collisionless Shock- the Injection 
Problem
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E1, µ1 E0
1, µ0

1

E0
1, µ0

2E2, µ2

E2 = E1

✓
1+ �µ1

1+ �µ2

◆

upstreamdownstream

<latexit sha1_base64="LnXkjzV+p6ZHys62JUykWaSvPvk="></latexit>

E2 = �2E1(1� �µ1)(1+ �µ0
2)

<latexit sha1_base64="Lqh4ZXQk3PgRkQbWgFQzCNaniYI=">AAACEXicbZDLSsNAFIYn9VbjLerSzWARu7EkouhGKLpxWcFeoAllMp20Q2cmYWYilJBXcOOruHGhiFt37nwbp20W2vrDwMd/zuHM+cOEUaVd99sqLS2vrK6V1+2Nza3tHWd3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLqZ1NsPRCoai3s9TkjA0UDQiGKkjdVzqn4YZbbP0+MrP5IIZwZP/JBolGfeDIyT23nPqbg1dyq4CF4BFVCo0XO+/H6MU06Exgwp1fXcRAcZkppiRnLbTxVJEB6hAekaFIgTFWTTi3J4ZJw+jGJpntBw6v6eyBBXasxD08mRHqr52sT8r9ZNdXQZZFQkqSYCzxZFKYM6hpN4YJ9KgjUbG0BYUvNXiIfIBKNNiLYJwZs/eRFapzXvvObenVXq10UcZXAADkEVeOAC1MEtaIAmwOARPINX8GY9WS/Wu/Uxay1Zxcw++CPr8wexOZzw</latexit>

µ0 =
µ� �

1� �µ
<latexit sha1_base64="MkecF3eKmJFyvhtVN9eWiBWAwzg="></latexit>

E2 = �2E1(1� �µ1)

✓
1+ �

✓
µ2 � �

1� �µ2

◆◆

Particle Acceleration at Collisionless 
Shocks
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(energy	gain) (advection	
downstream)

Energy Number

Fermi Shock Acceleration

SNRs have vsh~103 km s-1 

so β~10-2

�E

E
=

4v

3c
=

4

3
�

�N

N
= �4v

3c
= �4

3
�

E1 =

✓
1+

4

3
�

◆
E0 N1 =

✓
1� 4

3
�

◆
N0

En =

✓
1+

4

3
�

◆n

E0

So	n~1/β crossings are needed 
before the particle population is 
significantly altered

Nn =

✓
1� 4

3
�

◆n

N0

21



Andrew Taylor

Energy Number

Fermi Shock Acceleration

β~10-2

22
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23

PAUSE

Why not have a go at determining the resultant spectrum
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Fermi Shock Acceleration
So,

�N

�E
=

N0

E0

✓
1� 4�/3

1+ 4�/3

◆n

⇡ N0

E0
(1+ 4�/3)�2n

⇡ N0E0E
�2

The	flat	spectrum,	with	dN/dE	~	E-2,	is	produced	when	
the	
acceleration	time	and	the	escape	time	are	equal	(and	
have	the	same	energy	dependence)	
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Diffusive Shock Acceleration 
(Fermi First Order)
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upstreamdownstream

Fermi (First Order) 
Acceleration Time

<latexit sha1_base64="KncUquh7v4PCduoZf27NC0xw3To="></latexit>

ωf

ωt
= →↑x · [→(Dxx↑xf) + vf ] +Q

Diffusion Advection Source term

[viewed in shock rest frame]

26

Spatial Transport Equation (Continuity Equation)
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Fermi (First Order) 
Acceleration Time

upstreamdownstream

tacc = E
�tcycle
�Ecycle

Transport of particles in each 
region is dictated by competition 
between diffusion and advection

tdi↵ =
R2

Dxx
tadv =

R

vadv

Balancing these timescales

tresid =
Dxx

(c�sh)2 27
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Fermi (First Order) 
Acceleration Time

tacc = E
�tcycle
�Ecycle

tresid =
Dxx

(c�sh)2

�tcycle =
Dxx

(c2�sh)

However, during the time it takes advection to dominate over 
diffusion, the particle will have crossed the shock   times1/�

28
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Fermi (First Order) 
Acceleration Time

tacc = E
�tcycle
�Ecycle

�tcycle =
Dxx

(c2�sh)

�Ecycle = E�sh

E1, µ1 E0
1, µ0

1

E0
1, µ0

2E2, µ2

E2 = E1

✓
1+ �µ1

1+ �µ2

◆

tacc =
Dxx

(c�sh)2
=

tscat
�2
sh
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The Need for Efficient Accelerators
….what means efficient?

30
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Particle Acceleration in AGN

tacc = ⌘
Rlar

c�2

Rlar =
�

⌘
RMaximum energy

(Hillas criterion)

tesc. =
R2

⌘cRlar

AM Hillas (1984)

R lar (E, B ) =
!

E
10 EeV

" !
1 mG

B

"
10 pc
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AM Hillas (1984)

The Hillas Criterion (Implicitly Assumes 
Accelerator is Efficient)

! ! 1 assumed in above plot
32
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The End of the Accelerated Spectra: 
Cutoffs
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!"#$%&'()*#"+,-.#$)/01"$%.+)%+)
2.3(+$13)4-"&(

34

<latexit sha1_base64="gqI67YpMuOd6Ta/My3KyLHKWrS8="></latexit>

! f
! t

= ! p á
!
(D pp ! p f ) +

p
3

(! áv ) "
p

"loss (p)
f
"

"
f

"esc (p)
+

Q
p2

<latexit sha1_base64="LjAOVRlz0vr5fYO6+suX1Dxc0b8="></latexit>

! f
! t

+ ! p áJp =
Q
p2



Andrew Taylor

!"#$%&'()*#"+,-.#$)/01"$%.+

! Cut-offs arise naturally in the general solution of the 
transport equation for particles

Acceleration Radiative 
Losses

Escape Source term

! f
! t

= ! p á
!
(D pp ! p f ) "

p
"loss (p)

f
"

"
f

"esc (p)
+

Q
p2
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21$3.44)56"-(

! !"#$%&'()*+,*(--$'$%(#.+"*("/*-++'."0*/$,."$1*#2$*3('4$*+,*#2$*
-4#5+,,*+,*#2$*&%.6(%)*&(%#.-'$17

! !"*#2$*,+''+8."09*/$6+"1#%(#.+"1*,+%*#2.1*%$14'#*8.''*:$*12+8"*
,+%*#2$*-(1$*+,*1#+-2(1#.-*(--$'$%(#.+"*1-$"(%.+1;*<+8$3$%9*."*
%$('.#)9*#2.1*%$14'#*.1*6+%$*0$"$%('9*2+'/."0*('1+*,+%*12+-=*
(--$'$%(#.+"*1-$"(%.+1;*

>1$$*?-2'.-=$.11$%*$#*(';*@ABC9*D.%(=(123.'.*$#*(';*EFFG9*?#(8(%H*$#*
(';*EFFBI

dN
dE e

! E! !
e e! (E e / E max ) ! e ! e = 2 ! q ! r
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7)5%8-'()2",( 3)09:;).+'<)(,&"-(

! Bohm diffusion (!"# ) + only escape results in simple 
exponential cutoff.

! Some simplifications to the transport equation:

Steady state No losses Delta injection

! f
! t

= ! p á
!
(D pp ! p f ) "

p
"loss (p)

f
"

"
f

"esc (p)
+

Q
p2
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7)5%8-'()2",()=>>?3)09:;).+'<)(,&"-(

! Rearranging the terms (and explicitly stating the 
dependences from p of the parameters):

Cutoff comes from 
balancing 1st and 3rd term

Recall generally, ! e = 2 ! q ! r

q = 1, r = 0, ! ! e = 1

f ! Ae ! p / p !

! esc (p) ! p! 1

(Note- energy losses for the   case will not alter this result)r = 0

1
p2

!
! p

!
p2D 0

p
p0

! f
! p

"
!

f
"esc (p)

= #(p),

! 2 f
! p2 +

3
p

! f
! p

!
!

1
D 0"0

"
f = #(p)
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Particle Acceleration with Cooling

! T U Bcrit
hc

(m ec2)2 = ( 2" / 3)#

t cool =
9

8!"
h

Ee

U B crit .

U B

<latexit sha1_base64="uD8WX7e4EvgDQ8F8S2A0sBNhtpc="></latexit>

t cool =
m e

(4/ 3)! e! T U B
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Particle Acceleration with Cooling

t cool =
9

8!"

!
m e

Esync
!

"
t lar

t cool =
9

8!"
h

Ee

U B crit .

U B

Esync
! = ! 2

e

!
B

B crit

"
m e

t lar =
2! Ee

eBc
= ! e

!
B crit

B

"
h

m e

!

"

#
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PAUSE

Try using relations 1-3 from previous slide to obtain the above result

t cool =
9

8!"

!
m e

Esync
!

"
t lar
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Particle Acceleration with Cooling

tacc = ⌘
Rlar

c�2
t cool =

9
8!"

!
m e

Esync
!

"
t lar

Esync
! !

9
4

! ! 1 " 2 m e

#

Maximum synchrotron energy tells us how efficient accelerator is!

Where is   ?
<latexit sha1_base64="/MhWEHAzGT2XtzqXXX1Od3xAV/M=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAIrkoiii6LIrisYB/QxDCZTtqhM5MwMxFCiBt/xY0LRdz6F+78G6cxC209MHA4517unBMmlEjlOF9GbWFxaXmlvmqurW9sblnbO10ZpwLhDoppLPohlJgSjjuKKIr7icCQhRT3wsnl1O/dYyFJzG9VlmCfwREnEUFQaSmw9rwwys2rIPdGkDFY3OUy46gwi8BqOE2nhD1P3Io0QIV2YH16wxilDHOFKJRy4DqJ8nMoFEEUF6aXSpxANIEjPNCUQ4aln5cJCvtQK0M7ioV+XNml+nsjh0zKjIV6kkE1lrPeVPzPG6QqOvdzwpNUYZ2rPBSl1FaxPa3DHhKBkaKZJhAJov9qozEUECldmqlLcGcjz5PucdM9bTo3J43WRVVHHeyDA3AEXHAGWuAatEEHIPAAnsALeDUejWfjzXj/Ga0Z1c4u+APj4xtnYpbd</latexit>

Esync
!
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Synchroton Cutoff for AGN?
Evidence of a candidate source (Cen A) 
operating as an efficient accelerator? !"#$%

Hardcastle et al. (1103.1744) 

~2 kpc

! < 104



5(+$"1#1,)67,)8++(#)9($:)
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B eq = 60 µG

<latexit sha1_base64="okSyTArW6hCrWEUP7gDbbVS/lSg=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSyCq5JIUTdCqQtdVrAPaEKYTCft0JkkzkyEEiP4K25cKOLW33Dn3zhts9DWAxcO59zLvfcECaNS2fa3sbC4tLyyWloz1zc2t7atnd2WjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPh5dhv3xMhaRzdqlFCPI76EQ0pRkpLvrXvBmFm1v2M3OUXp/ajy1N4Zea+VbYr9gRwnjgFKYMCDd/6cnsxTjmJFGZIyq5jJ8rLkFAUM5KbbipJgvAQ9UlX0whxIr1scn8Oj7TSg2EsdEUKTtTfExniUo54oDs5UgM5643F/7xuqsJzL6NRkioS4emiMGVQxXAcBuxRQbBiI00QFlTfCvEACYSVjszUITizL8+T1knFqVaqN9VyrV7EUQIH4BAcAwecgRq4Bg3QBBg8gGfwCt6MJ+PFeDc+pq0LRjGzB/7A+PwBOhaU8w==</latexit>

U B ! 10 eV cm ! 3

<latexit sha1_base64="vCB0Ev41Xr3WBM3a3hH8kcAFI70=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4vgxpJoQZelblxWMG2hiWEynbRDJw9mJmIJ6dqNv+LGhSJu/QF3/o3TNgttPXDhcM693HuPnzAqpGl+a6WV1bX1jfKmvrW9s7tn7B+0RZxyTGwcs5h3fSQIoxGxJZWMdBNOUOgz0vFHV1O/c0+4oHF0K8cJcUM0iGhAMZJK8oyK4weZbntZM3dQkvD4AVomnJD2BId32el5rueeUTVr5gxwmVgFqYICLc/4cvoxTkMSScyQED3LTKSbIS4pZiTXnVSQBOERGpCeohEKiXCz2S85PFZKHwYxVxVJOFN/T2QoFGIc+qozRHIoFr2p+J/XS2Vw6WY0SlJJIjxfFKQMyhhOg4F9ygmWbKwIwpyqWyEeIo6wVPHpKgRr8eVl0j6rWfVa/aZebTSLOMrgCFTACbDABWiAa9ACNsDgETyDV/CmPWkv2rv2MW8tacXMIfgD7fMHVz2Z+A==</latexit>

U IR ! 10 eV cm ! 3

<latexit sha1_base64="4dIDhvyr/wW2Ipixz6FBhb3m9wQ=">AAACDHicbVC9TsMwGHTKXwl/BUYWiwqJhSqBSjBWsMBWEGkrNaFyXKe16iSW7SCqKN1ZeBUWBhBi5QHYeBvcNgO0nGTpdHefPn/nc0alsqxvo7CwuLS8Ulw119Y3NrdK2zsNGScCEwfHLBYtH0nCaEQcRRUjLS4ICn1Gmv7gYuw374mQNI5u1ZATL0S9iAYUI6WlTqns+kFqOp306iZzEecifoC2BUekMcLhXXp0kpmZTlkVawI4T+yclEGOeqf05XZjnIQkUpghKdu2xZWXIqEoZiQz3UQSjvAA9Uhb0wiFRHrp5JgMHmilC4NY6BcpOFF/T6QolHIY+joZItWXs95Y/M9rJyo481Ia8USRCE8XBQmDKobjZmCXCoIVG2qCsKD6rxD3kUBY6f5MXYI9e/I8aRxX7Gqlel0t187zOopgD+yDQ2CDU1ADl6AOHIDBI3gGr+DNeDJejHfjYxotGPnMLvgD4/MHD0eaWw==</latexit>

!"#$%&'(($&)$*+#,$"-"$./00123!4#$5678($&)$*+#,$"94 $.:;1<2 3
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Synchrotron cooling
dominates

Cooling time 
becomes shorter 
than advection time

Electrons accelerated 
to 0.1 PeV energies

45

! n
! t

= !" p á
!

p
"acc (p)

n !
p

"loss (p)
n

"
!

n
"esc (p)

+ Q

<latexit sha1_base64="QzGOMqGpGhwQrNxsERSuTqkZuOQ="></latexit>

100

101

102

103

104

105

106

107

108

109 1010 1011 1012 1013 1014

103 104 105 106 107 108 109

tim
e 

sc
al

e 
[y

r]

Electron Energy [eV]

Electron Lorentz factor �ae

advection (�`=0.5): tadv
acceleration (�¡=100): tacc

synchrotron (B=30 ! G): tsyn
IC cooling: tIC,starlight

IC cooling: tIC,CMB
IC cooling: tIC,dust
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10-12

10-10

10-8

10-6

10-4

10-2

100

100 101 102 103 104 105 106 107 108 109

E
ed

N
/d

E
e

Ee [mec2]

!"#$$%&'(&)*+,+-.&/(&01234-.&+5&13(.$=*)67&3$

! 104
!

108

! max
e

" 2 !
20µG

B

"

! =
1

! max
e

2 (B / B crit )"

electrons
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Conclusions

! !"#$%&'()&*(+, -+../$)-*"$+/0"-.+''()(+,&'-(,*#$&.*(+,)

! 1+, 2*"#$%&'-3&$*(.'#-3$+4/.*(+,-()-3+))(5'#-(,-,+, 2.+''()(+,&'-)6)*#%)-(,-7"(."-
8$##-#,#$06-()-&9&('&5'#-(,-*"#-8+$%-+8-&-.+,9#$0(,0-8'+7

! :)*$+3"6)(.&'-)"+.;)-&$#-&-3$(%#-#<&%3'#-+8-)/."-)6)*#%)-

! !+-&..#'#$&*#-3&$*(.'#-/3-*+-/'*$&-"(0"-#,#$0(#)-$#=/($#)-8&)*->(#?-%('4'6-$#'&*(9()*(.-
+$-$#'&*(9()*(.@-)"+.;)-

! A,#-*#''*&'#-)(0,-*"&*-&-)"+.;-.&,-&..#'#$&*#-/3-*+-/'*$&-"(0"-#,#$0(#)-7+/'4-5#-
*"&*-(*-3$+4/.#)-)6,."$+*$+,-#%())(+,-5#6+,4-B#C-#,#$0(#)?
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HESS Detected Extension on ~2kpc scale

HESS Preliminary

!"# $%&'()*+,-(

!"# $%&.()*+,-(

/0( /1( /2( /$( %( $( 2( 1(

/0(

/1(

/2(

/$(

%(

$(

2(

109 M !

3"'45(

6758(

9'":;/<7=>(?>#7"=(

@:''"A/<7=>(?>#7"=(

B>C(

!"#$$%&'(&)*+,+-.&/(&01234-,$+5&13(.$
=*)67&>$*??&9)&@$)A@*BC3$
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Collisional Shock -  Enthalpy

wrel . =
!

! ! 1
p + "

= wnonrel . + !

<latexit sha1_base64="iWcYqdiB3pSXLzqJkgPiv+Do3yU=">AAACDXicbVC7TsMwFHV4lvAKMLJYFCSmKkEgWJAqWBiLRB9SE0WO67RWbSeyHVAV5QdY+BUWBhBiZWfjb3DbDNBypCsdnXOvfe+JUkaVdt1va2FxaXlltbJmr29sbm07O7stlWQSkyZOWCI7EVKEUUGammpGOqkkiEeMtKPh9dhv3xOpaCLu9CglAUd9QWOKkTZS6Bz6UZzbfh9xji79WCKcP4S5SASUhNWKIieFXYRO1a25E8B54pWkCko0QufL7yU440RozJBSXc9NdZAjqSlm5kU/UyRFeIj6pGuoQJyoIJ9cU8Ajo/RgnEhTQsOJ+nsiR1ypEY9MJ0d6oGa9sfif1810fBHkVKSZJgJPP4ozBnUCx9HAHpUEazYyBGFJza4QD5CJRJsAbROCN3vyPGmd1Lyzmnt7Wq1flXFUwD44AMfAA+egDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzuyBP7A+fwCGVJva</latexit>

! =
wnonrel .

e
<latexit sha1_base64="El+xt6+70AZySoDk8I9pcxqBpPo=">AAAB/nicbVDLSgMxFL1TX3V8jYorN8EiCEKZEUU3QtGNywr2AZ2hZNJMG5p5kGSEEgb8FTcuFHHrd7jzb0wfC209cOFwzr3JvSfMOJPKdb+t0tLyyupaed3e2Nza3nF295oyzQWhDZLyVLRDLClnCW0opjhtZ4LiOOS0FQ5vx37rkQrJ0uRBjTIaxLifsIgRrIzUdQ78MNL2tR8JTDQ9zQpNC7voOhW36k6AFok3IxWYod51vvxeSvKYJopwLGXHczMVaCwUI9y86OeSZpgMcZ92DE1wTGWgJ+sX6NgoPRSlwlSi0ET9PaFxLOUoDk1njNVAzntj8T+vk6voKtAsyXJFEzL9KMo5UikaZ4F6TFCi+MgQTAQzuyIywCYJZRKzTQje/MmLpHlW9S6q7v15pXYzi6MMh3AEJ+DBJdTgDurQAAIanuEV3qwn68V6tz6mrSVrNrMPf2B9/gCPnpU7</latexit>

=
e + p

e

e =
p

! ! 1

wnonrel . =
!

! ! 1
p

#$
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56"-()E#%D%+

For ! (x) = ! ! f ! e! x / x !

For f ! e! (x / x ! ) 2

For ! (x) = ! ! (x / x ! )2

! (x) = ! ! (x / x ! )" 2

f ! const.

! á(D xx ! f ) "
f

! (x)
= " (r )

Consider the steady-state case of diffusion (constant 
diffusion coefficient) of particles into an absorbing medium

#%
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Stochastic Acceleration 
(Fermi Second Order)

#&
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Stochastic Acceleration/Propagation

D xx D pp ! ! 2
scat p2

! scat

! scat
! scat

! scat

! scat

! scat

#'
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E"+C.3)G"'H,
x

t

f (x , t ) !
e! x 2 / (2t )

[! / (t / 2)]1/ 2

! (t + 1) = t !

! (t + 1) =
! !

0
x t e" x dx

<latexit sha1_base64="9b9ZNdJSc/BGBOdYxs53zbvrnTQ="></latexit>

f (x , t ) =
! (t + 1)

[! ([t ! x ]/ 2 + 1)! ([x + t ]/ 2 + 1)](2t )

To be returned to in a later lecture….. 
no harm at having a go at deriving 
this from above

#!
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! E
E

! !

Spatial spread:

Momentum spread:

dN
dx

! e! x 2 / 4D xx t

dN
dp

! e! (ln p )2 / 4(D pp / p 2 ) t

dN
dx

! e! x 2 / 4c 2 t scat t

dN

dp
/ e�(lnp)2/4(t/tacc)

<latexit sha1_base64="ss2Xc8VNeQP6cBYu5ll/cZeOeO0=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4qokouhGKduGygn1AE8JkOmmHTiZhZiItIeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nSBiVyra/jYXFpeWV1dKaub6xubVt7ew2ZZwKTBo4ZrFoB0gSRjlpKKoYaSeCoChgpBUMbsZ+64EISWN+r0YJ8SLU4zSkGCkt+da+G4SZ6dYIUwgO4RWs+dlwmJ9gM/etsl2xJ4DzxClIGRSo+9aX241xGhGuMENSdhw7UV6GhKKYkdx0U0kShAeoRzqachQR6WWTH3J4pJUuDGOhiys4UX9PZCiSchQFujNCqi9nvbH4n9dJVXjpZZQnqSIcTxeFKYMqhuNAYJcKghUbaYKwoPpWiPtIIKx0bKYOwZl9eZ40TyvOecW+OytXr4s4SuAAHIJj4IALUAW3oA4aAINH8AxewZvxZLwY78bHtHXBKGb2wB8Ynz/ThJZb</latexit>

! x = D xx / c

<latexit sha1_base64="q7KICuWhXwJeOs1I/3hSxqLggNs=">AAACDHicbVDLSgMxFM3UVx1fVZdugkVwVWaKohuhqAuXFewDOuOQSTNtaGYmJBmhhPkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzcE3JGpXKcb6u0tLyyulZetzc2t7Z3Krt7bZlmApMWTlkquiGShNGEtBRVjHS5ICgOGemEo6uJ33kgQtI0uVNjTvwYDRIaUYyUkYJK1QsjbatAI4zzCy8SCGt+r+t5rq8DzXme27lJOTVnCrhI3IJUQYFmUPny+inOYpIozJCUPdfhytdIKIoZyW0vk4QjPEID0jM0QTGRvp4ek8Mjo/RhlArzEgWn6u8JjWIpx3FokjFSQznvTcT/vF6monNf04RniiR4tijKGFQpnDQD+1QQrNjYEIQFNX+FeIhMIcr0Z5sS3PmTF0m7XnNPa87tSbVxWdRRBgfgEBwDF5yBBrgBTdACGDyCZ/AK3qwn68V6tz5m0ZJVzOyDP7A+fwBLWZvH</latexit>

t acc =
p2

D pp

##
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Momentum Continuity Equation 
(Boltzman Equation)

Acceleration Radiative 
Losses

Escape Source term

! f
! t

= ! p á
!
(D pp ! p f ) "

p
"loss (p)

f
"

"
f

"esc (p)
+

Q
p2

Where f is the phase space density:
<latexit sha1_base64="gh6O+wEHgGgyhgCnIK2V/PY6DP8=">AAACCnicbVC7TsMwFHXKq4RXgJHFUCExVQkPwYJUwcKEikQfUlMqx3Faq44T2Q6iijKz8CssDCDEyhew8Te4aQZoOdLVPTrnXtn3eDGjUtn2t1Gam19YXCovmyura+sb1uZWU0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre8HLst+6JkDTit2oUk26I+pwGFCOlpZ6163pBagbnbiAQTv3rLPXv0qPsAeYtzsysZ1Xsqp0DzhKnIBVQoN6zvlw/wklIuMIMSdlx7Fh1UyQUxYxkpptIEiM8RH3S0ZSjkMhump+SwX2t+DCIhC6uYK7+3khRKOUo9PRkiNRATntj8T+vk6jgrJtSHieKcDx5KEgYVBEc5wJ9KghWbKQJwoLqv0I8QDoUpdMzdQjO9MmzpHlYdU6q9s1xpXZRxFEGO2APHAAHnIIauAJ10AAYPIJn8ArejCfjxXg3PiajJaPY2QZ/YHz+ALjMmkg=</latexit>

f =
dN

d3xd 3p
#(
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Stochastic Particle Acceleration- 
Random Walk Result (Momentum)

Steady state No losses Delta injection

! f
! t

= ! p á
!
(D pp ! p f ) "

p
"loss (p)

f
"

"
f

"esc (p)
+

Q
p2

!"# f = p! !

D pp ! pq

$%& q = 2

! 2 f
! p2 +

(2 + q)
p

! f
! p

!
4"acc

"esc

f
p2 = #(p)

! 2 ! 3! !
4"acc

"esc
= 0

'(()*+%,

#)
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#*

PAUSE

Why not have a go at solving this

! 2 ! 3! !
4"acc

"esc
= 0
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Particle Acceleration- When Are E!"#

Type Spectra Expected?

! 2 ! 3! !
4"acc

"esc
= 0

! =
3
2

±
!

4"acc

"esc
+

9
4

" 1/ 2

! acc

! esc
= 1

f =
dN
d3p

= p! 4

#"
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Fermi (Second Order) Acceleration Time

t acc = E
! t scat

! Escat

! Escat = E! 2
scat

t acc =
t scat

! 2
scat

($


