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1. Simulations
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Simulation of shower 
development (i)
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Proton shower of low 
energy (knee region)

Realistic simulation with CORSIKA
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Simulation of shower 
development (ii)



Simulation of air shower tracks (i)
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Particles of an iron shower
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Particles of an proton shower
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Particles of a gamma-ray shower
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Time structure of shower disk
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Time structure of shower disk
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Particles produced early 
in shower development 
(high energy)

Particles produced late 
in shower development 
(low energy)

Curvature of shower front 
sensitive to early muons



2. Fundamentals
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Cross section, interaction rate, interaction length
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Definition of cross section

Interaction rate
Flux of particles 
on single target

Beam
Target

(Units: 1 barn = 10-28 m2 
          1 mb = 10-27 cm2)s =

1
F

dNint

dt

dNint

dtdV
=

rtarget

hmtargeti
s F

Interaction length (g/cm2)

lint =
hmtargeti

s
dF
dX

=� s
hmtargeti

F =� 1
lint

F

dX = rtarget dl

F =
dNbeam

dA dt



Molecular atmosphere of Earth
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Indirect Detection of Cosmic Rays  

⊡ Table 
Parameters of air that are of relevance to air shower physics. The values are given for the
US standard atmosphere (National Aeronautics and Space Administration ) relative to
sea level

Altitude Vertical depth Local density Molière
Electron
Cherenkov Cherenkov

(km) (g/cm) (− g/cm) unit (m) threshold (MeV) angle (○)
  . × − . ×   .
 . . × − . ×   .
 . . × − . ×   .
  .   .
  .   .
  .   .
  .   .
.  .   .
.  .   .
 , .   .

GeV. #e stable and relatively long-lived secondary hadrons (baryons, charged pions, and
kaons) form the hadronic shower component.#is hadronic shower core feeds all other shower
components. High-energy photons from the decay of π are the dominant source for the elec-
tromagnetic shower component. #e decay of charged pions and kaons gives rise to the muonic
shower component. In addition, up to % of the low-energy muons are produced by the em.
shower component. Conversely, muon interaction and decay lead again to em. particles.

In the early years of cosmic ray physics, shower properties were calculated solving cascade
equations, see Rossi and Greisen (), for example. Now it is common to simulate air showers
in much more detail with the Monte Carlo method. Commonly used simulation packages are
AIRES (Sciutto , ), CORSIKA (Heck et al. ), CONEX (Bergmann et al. ), COS-
MOS (Kasahara et al.), and SENECA (Drescher and Farrar ).#e latter three combine the
numerical solution of cascade equations with Monte Carlo simulation techniques to increase
the simulation speed. In addition to being a very e*cient method to handle the large number
of secondary particles in a shower, the Monte Carlo method allows the correct treatment of
shower-to-shower +uctuations.

In > Fig.  the particle tracks of photon-, proton-, and iron-induced air showers of  eV
are shown. To illustrate the di,erences between the showers the electromagnetic, muonic, and
hadronic components are shown separately. #e em. component of showers is rather inde-
pendent of the primary particle type, and the number of muons and hadrons can be used for
estimating the type/mass of the primary particle.

In the following we will give an overview of analytic results describing shower properties
that are used to derive information on the energy and mass or particle type of the primary
particle. Up-to-date predictions from Monte Carlo simulations will be shown in > Sect. .
Additional information on the physics of air showers can be found in text books (Gaisser ;
Stanev ; Grieder ) and recent review articles (Anchordoqui et al. ; Engel et al.
).

(B. Keilhauer)

lint =
hmairi
sint

=
24160mb g/cm2

sint



The Earth’s atmosphere
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Fig. B.3 Relation between
vertical depth or column
density and altitude in the
real atmosphere, after Cole
and Kantor (1978)
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Table B.7 COSPAR international reference atmosphere: 30◦N annual mean (after Barnett and
Chandra, 1990)
Pressure scale Geometric Geopotential
heighta Pressure [mb] heightb [m] heightc [m] Temperature [K]

17.50 2.544·10−5 119,656 11,7361 370.1
17.25 3.266·10−5 116,732 11,4545 324.8
17.00 4.194·10−5 114,192 11,2096 287.2
16.75 5.385·10−5 111,965 109,948 256.9
16.50 6.914·10−5 109,982 108,034 233.7
16.25 8.878·10−5 108,161 106,275 218.1
16.00 1.140·10−4 106,471 104,642 207.5
15.75 1.464·10−4 104,861 103,085 199.6
15.50 1.880·10−4 103,319 101,594 194.1
15.25 2.413·10−4 101,823 100,146 189.9
15.00 3.099·10−4 100,364 98,734 187.0
14.75 3.979·10−4 98,931 97,345 185.0
14.50 5.109·10−4 97,518 95,976 183.7
14.25 6.560·10−4 96,118 94,619 182.8
14.00 8.423·10−4 94,727 93,269 182.5
13.75 1.082·10−3 93,340 91,924 182.5
13.50 1.389·10−3 91,953 90,577 183.3
13.25 1.783·10−3 90,562 89,226 185.2
13.00 2.290·10−3 89,158 87,862 187.9
12.75 2.940·10−3 87,733 86,477 191.2
12.50 3.775·10−3 86,284 85,068 194.8

Z
rair dl = X

Atmospheric slant depth 
(integral taken along shower axis)
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⊡ Table 
Parameters of air that are of relevance to air shower physics. The values are given for the
US standard atmosphere (National Aeronautics and Space Administration ) relative to
sea level

Altitude Vertical depth Local density Molière
Electron
Cherenkov Cherenkov

(km) (g/cm) (− g/cm) unit (m) threshold (MeV) angle (○)
  . × − . ×   .
 . . × − . ×   .
 . . × − . ×   .
  .   .
  .   .
  .   .
  .   .
.  .   .
.  .   .
 , .   .

GeV. #e stable and relatively long-lived secondary hadrons (baryons, charged pions, and
kaons) form the hadronic shower component.#is hadronic shower core feeds all other shower
components. High-energy photons from the decay of π are the dominant source for the elec-
tromagnetic shower component. #e decay of charged pions and kaons gives rise to the muonic
shower component. In addition, up to % of the low-energy muons are produced by the em.
shower component. Conversely, muon interaction and decay lead again to em. particles.

In the early years of cosmic ray physics, shower properties were calculated solving cascade
equations, see Rossi and Greisen (), for example. Now it is common to simulate air showers
in much more detail with the Monte Carlo method. Commonly used simulation packages are
AIRES (Sciutto , ), CORSIKA (Heck et al. ), CONEX (Bergmann et al. ), COS-
MOS (Kasahara et al.), and SENECA (Drescher and Farrar ).#e latter three combine the
numerical solution of cascade equations with Monte Carlo simulation techniques to increase
the simulation speed. In addition to being a very e*cient method to handle the large number
of secondary particles in a shower, the Monte Carlo method allows the correct treatment of
shower-to-shower +uctuations.

In > Fig.  the particle tracks of photon-, proton-, and iron-induced air showers of  eV
are shown. To illustrate the di,erences between the showers the electromagnetic, muonic, and
hadronic components are shown separately. #e em. component of showers is rather inde-
pendent of the primary particle type, and the number of muons and hadrons can be used for
estimating the type/mass of the primary particle.

In the following we will give an overview of analytic results describing shower properties
that are used to derive information on the energy and mass or particle type of the primary
particle. Up-to-date predictions from Monte Carlo simulations will be shown in > Sect. .
Additional information on the physics of air showers can be found in text books (Gaisser ;
Stanev ; Grieder ) and recent review articles (Anchordoqui et al. ; Engel et al.
).
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⊡ Table 
Parameters of air that are of relevance to air shower physics. The values are given for the
US standard atmosphere (National Aeronautics and Space Administration ) relative to
sea level

Altitude Vertical depth Local density Molière
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Cherenkov Cherenkov

(km) (g/cm) (− g/cm) unit (m) threshold (MeV) angle (○)
  . × − . ×   .
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  .   .
  .   .
  .   .
  .   .
.  .   .
.  .   .
 , .   .
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kaons) form the hadronic shower component.#is hadronic shower core feeds all other shower
components. High-energy photons from the decay of π are the dominant source for the elec-
tromagnetic shower component. #e decay of charged pions and kaons gives rise to the muonic
shower component. In addition, up to % of the low-energy muons are produced by the em.
shower component. Conversely, muon interaction and decay lead again to em. particles.

In the early years of cosmic ray physics, shower properties were calculated solving cascade
equations, see Rossi and Greisen (), for example. Now it is common to simulate air showers
in much more detail with the Monte Carlo method. Commonly used simulation packages are
AIRES (Sciutto , ), CORSIKA (Heck et al. ), CONEX (Bergmann et al. ), COS-
MOS (Kasahara et al.), and SENECA (Drescher and Farrar ).#e latter three combine the
numerical solution of cascade equations with Monte Carlo simulation techniques to increase
the simulation speed. In addition to being a very e*cient method to handle the large number
of secondary particles in a shower, the Monte Carlo method allows the correct treatment of
shower-to-shower +uctuations.

In > Fig.  the particle tracks of photon-, proton-, and iron-induced air showers of  eV
are shown. To illustrate the di,erences between the showers the electromagnetic, muonic, and
hadronic components are shown separately. #e em. component of showers is rather inde-
pendent of the primary particle type, and the number of muons and hadrons can be used for
estimating the type/mass of the primary particle.

In the following we will give an overview of analytic results describing shower properties
that are used to derive information on the energy and mass or particle type of the primary
particle. Up-to-date predictions from Monte Carlo simulations will be shown in > Sect. .
Additional information on the physics of air showers can be found in text books (Gaisser ;
Stanev ; Grieder ) and recent review articles (Anchordoqui et al. ; Engel et al.
).
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Fig. B.6 Atmospheric
column density X1 in curved
atmosphere encountered by a
cosmic ray incident under
zenith angle θ1 ≤ π/2 to
reach point P1 at altitude h.
Also shown is the situation
for point P2 at θ > π/2 and
column density X2, a
situation that may arise when
h is large

RE is the radius of the Earth, h the altitude of observation in the atmosphere, and hs

is the appropriate scale height of the atmosphere.
For θ = π/2, i.e., for horizontal direction we get

Ch(x,
π

2
) = (πx/2)1/2 , (B.12)

which is about equal to 40. In other words, the column density or atmospheric
thickness is approximately 40 times larger than for vertical incidence (θ = 0◦).
Figure B.7 displays the atmospheric column density as a function of zenith angle as
is obtained with the Chapman function.

Fig. B.7 Relation between
zenith angle and atmospheric
thickness or column density
at sea level for the “curved”
Earth, as described by the
Chapman function
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The Earth’s atmosphere in numbers
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A.7 Earth’s atmosphere

In the altitude range important for the production of secondary cosmic rays
and shower detection the molecular composition of air is 78.1% N2, 20.9%
O2, and 0.93% Ar by volume. In Tables A.1, A.2 some characteristic param-
eters are given for the US standard atmosphere [201], measured relative to
sea level.

Table A.1 Atmospheric parameters of relevance to particle interactions
and cascading.

altitude vertical depth local density Molière
(km) (g/cm2) (10´3 g/cm3) unit (m)

40 3 3.8 ˆ 10´3 2.4 ˆ 104

30 11.8 1.8 ˆ 10´2 5.1 ˆ 103

20 55.8 8.8 ˆ 10´2 1.0 ˆ 103

15 123 0.19 478
10 269 0.42 223
5 550 0.74 126
3 715 0.91 102

1.5 862 1.06 88
0.5 974 1.17 79
0 1032 1.23 76

Table A.2 Atmospheric parameters of relevance to Cherenkov light
production by electrons.

altitude vertical depth Cherenkov Cherenkov
(km) (g/cm2) threshold (MeV) angle (˝)

40 3 386 0.076
30 11.8 176 0.17
20 55.8 80 0.36
15 123 54 0.54
10 269 37 0.79
5 550 28 1.05
3 715 25 1.17

1.5 862 23 1.26
0.5 974 22 1.33
0 1032 21 1.36
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5.8 Meson fluxes 131

In reality the temperature and hence the scale height decrease with in-
creasing altitude until the tropopause (12-16 km). At sea level h0 – 8.4 km,
and for 40 † Xv † 200 g{cm2, where production of secondary particles
peaks, h0 – 6.4 km. A useful parametrization5 of the relation between
altitude and vertical depth (due to M. Shibata) is

hvpkmq “

$
&

%

47.05 ´ 6.9 ln Xv ` 0.299 ln2 Xv

10 , Xv † 25 g{cm2

45.5 ´ 6.34 ln Xv, 25 † Xv † 230 g{cm2

44.34 ´ 11.861pXvq0.19, Xv ° 230 g{cm2.
(5.59)

The density and atmospheric depth is tabulated as function of height for
the US standard atmosphere [201] in Appendix A.7.

For ✓ § 65˝ the second term in Eq. 5.53 can be neglected, and Eq. 5.54
can be evaluated to obtain

⇢ “ ´dXv

dh
“ Xv

h0
– X cos ✓

h0
, (5.60)

with h0 evaluated at the appropriate atmospheric depth. Then from Eq. 5.3,

1

d⇡
“ m⇡c2h0

E c ⌧⇡ X cos ✓
“ m⇡c2

E X cos ✓

1

c ⌧⇡

RT

Mg
” ✏⇡

E X cos ✓
. (5.61)

Decay or interaction dominates depending on whether 1{d⇡ or 1{�⇡ is
larger in Eq. 5.52. This in turn depends on the relative size of ✏⇡{ cos ✓
and E (assuming X « �⇡), and similarly for other particles. Since most
particle interactions occur in the first few interaction lengths, we summarize
the decay constants for various particles using the high altitude value of
h0 – 6.4 km in Table 5.3.

5.8 Meson fluxes

In the limit that E " ✏⇡, decay can be neglected. Then the scaling limit
solution of Eq. 5.52, subject to the boundary condition ⇧pE, 0q “ 0, is

⇧pE, Xq “ NpE, 0q ZN⇡

1 ´ ZNN

⇤⇡

⇤⇡ ´ ⇤N

´
e´X{⇤⇡ ´ e´X{⇤N

¯
. (5.62)

5 Warning: when a parametrization like this is used in a Monte Carlo simulation, care must be
taken to avoid the program getting hung up (due to round-o↵ errors) when converting back
and forth between h and X in the vicinity of one of the boundaries in Eq. 5.59. Such
conversion between altitude and depth is necessary in an atmosphere of varying density
because decay lengths are in terms of distance and interaction lengths in terms of column
density.

Compact parametrization of depth-altitude relation (US Standard Atmosphere)

130 Cascade equations

The equation for kaons has the same form. The decay length is obtained
from Eq. 5.3.

5.7 The atmosphere

The relation between altitude and depth is shown in Figure 5.1. X is the
slant depth along the trajectory of a high energy particle entering the atmo-
sphere with zenith angle ✓ as seen from the ground. The cascade of particles
develops along the direction of the vector ~X, and ✓˚ is the local zenith angle
at a point along the trajectory at altitude h. In general, ✓˚ † ✓ because of
the curvature of the Earth. For angles not too large (✓ † 65˝), the flat Earth
approximation can be used, and the distance to the point at h is ` “ h{ cos ✓.

In general, the relation between vertical altitude phq and distance up the
trajectory p`q is (for `{R‘ ! 1q

h – ` cos ✓ ` 1

2

`2

R‘
sin2 ✓, (5.53)

where R‘ is the radius of the Earth. The corresponding slant depth is

X “
ª 8

`
⇢

„
h “ ` cos ✓ ` 1

2

`2

R‘
sin2 ✓

⇢
d`. (5.54)

The pressure at vertical depth Xv in the atmosphere is P “ gXv, where
g is the gravitational constant. The density is ⇢ “ ´dXv{dh. Thus

gXv

´dXv{dh
“ P

⇢
“ RT

M
, (5.55)

where the last step follows from the ideal gas law. For dry air with 78.09%
nitrogen, 20.95% oxygen and 0.93% argon, M “ 0.028964 kg/mol. Rewriting
Eq. 5.55 as

d lnpXvq
dh

“ ´Mg

RT
(5.56)

leads to an exponential solution for an isothermal atmosphere

Xv “ X0e
´h{h0 , (5.57)

with a scale height

h0 “ RT

Mg
“ 29.62 m{K ˆ T. (5.58)

For example, for a typical temperature in the lower stratosphere of 220 K,
the scale height is « 6.5 km. At sea level the total vertical atmospheric depth
is X0 – 1030 g/cm2.
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In reality the temperature and hence the scale height decrease with in-
creasing altitude until the tropopause (12-16 km). At sea level h0 – 8.4 km,
and for 40 † Xv † 200 g{cm2, where production of secondary particles
peaks, h0 – 6.4 km. A useful parametrization5 of the relation between
altitude and vertical depth (due to M. Shibata) is

hvpkmq “

$
&

%

47.05 ´ 6.9 ln Xv ` 0.299 ln2 Xv

10 , Xv † 25 g{cm2

45.5 ´ 6.34 ln Xv, 25 † Xv † 230 g{cm2

44.34 ´ 11.861pXvq0.19, Xv ° 230 g{cm2.
(5.59)

The density and atmospheric depth is tabulated as function of height for
the US standard atmosphere [201] in Appendix A.7.

For ✓ § 65˝ the second term in Eq. 5.53 can be neglected, and Eq. 5.54
can be evaluated to obtain

⇢ “ ´dXv

dh
“ Xv

h0
– X cos ✓

h0
, (5.60)

with h0 evaluated at the appropriate atmospheric depth. Then from Eq. 5.3,

1

d⇡
“ m⇡c2h0

E c ⌧⇡ X cos ✓
“ m⇡c2

E X cos ✓

1

c ⌧⇡

RT

Mg
” ✏⇡

E X cos ✓
. (5.61)

Decay or interaction dominates depending on whether 1{d⇡ or 1{�⇡ is
larger in Eq. 5.52. This in turn depends on the relative size of ✏⇡{ cos ✓
and E (assuming X « �⇡), and similarly for other particles. Since most
particle interactions occur in the first few interaction lengths, we summarize
the decay constants for various particles using the high altitude value of
h0 – 6.4 km in Table 5.3.

5.8 Meson fluxes

In the limit that E " ✏⇡, decay can be neglected. Then the scaling limit
solution of Eq. 5.52, subject to the boundary condition ⇧pE, 0q “ 0, is

⇧pE, Xq “ NpE, 0q ZN⇡

1 ´ ZNN

⇤⇡

⇤⇡ ´ ⇤N

´
e´X{⇤⇡ ´ e´X{⇤N

¯
. (5.62)

5 Warning: when a parametrization like this is used in a Monte Carlo simulation, care must be
taken to avoid the program getting hung up (due to round-o↵ errors) when converting back
and forth between h and X in the vicinity of one of the boundaries in Eq. 5.59. Such
conversion between altitude and depth is necessary in an atmosphere of varying density
because decay lengths are in terms of distance and interaction lengths in terms of column
density.
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Qualitative approach: Heitler model
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Fig. 14 Differential cross-sections of the bremsstrahlung (upper panel) and pair production (bot-
tom panel) processes in hydrogen. The cross-sections are normalised to one radiation length. The
energies of primary electrons and gamma-ray ε0 (in units of mec2) are indicated at the curves

energies ε ≥ εcr. At lower energies electrons dissipate their energy by ionization
rather than producing more high energy gamma-ray which would support further
development of the electron–photon shower.

In Fig. 13 the bremsstrahlung total cross-sections are shown calculated for 3 dif-
ferent values of minimum energy of emitted gamma-ray: εth = 2, εcr and εe/2. It is
seen from Fig. 13 that while for εth = 2 the pair-production cross-section is an order
of magnitude smaller compared to the bremsstrahlung cross-section, for εth = εe/2
the cross-sections of two processes become almost identical at ε ≥ 100.

The differential cross-sections of bremsstrahlung and pair production are pre-
sented in Fig. 14. The pair-production cross-section obviously is a symmetric function
around the point x = εe/ε0 = 0.5. The bremsstrahlung differential cross-section has
a 1/εγ type singularity at εγ → 0, but because of the hard spectrum of bremsstrahlung
photons the energy losses of electrons contribute mainly to high energy γ-rays. Thus
bremsstrahlung should be treated as an essentially catastrophic process. Neverthe-
less, it is convenient to introduce the so-called average energy loss-rate,

dspair

du
= 4aemr2

e Z(Z +1)
⇢

u2 +(1�u)2 +
2
3

u(1�u)
�

ln(183Z�1/3)� 1
9

u(1�u)
�

spair,tot =
Z dspair

du
du = 4aemr2

e Z(Z +1)


7
9

ln(183Z�1/3)� 1
54

�

(Aharonian)

u = Ee/Eg

High-energy limit

spair,tot ⇠ 520mb

QED

Eg/me
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energies ε ≥ εcr. At lower energies electrons dissipate their energy by ionization
rather than producing more high energy gamma-ray which would support further
development of the electron–photon shower.

In Fig. 13 the bremsstrahlung total cross-sections are shown calculated for 3 dif-
ferent values of minimum energy of emitted gamma-ray: εth = 2, εcr and εe/2. It is
seen from Fig. 13 that while for εth = 2 the pair-production cross-section is an order
of magnitude smaller compared to the bremsstrahlung cross-section, for εth = εe/2
the cross-sections of two processes become almost identical at ε ≥ 100.

The differential cross-sections of bremsstrahlung and pair production are pre-
sented in Fig. 14. The pair-production cross-section obviously is a symmetric function
around the point x = εe/ε0 = 0.5. The bremsstrahlung differential cross-section has
a 1/εγ type singularity at εγ → 0, but because of the hard spectrum of bremsstrahlung
photons the energy losses of electrons contribute mainly to high energy γ-rays. Thus
bremsstrahlung should be treated as an essentially catastrophic process. Neverthe-
less, it is convenient to introduce the so-called average energy loss-rate,

dsbrem

dv
= 4aemr2

e Z(Z +1)
1
v
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1+(1� v2)� 2

3
(1� v)

�
ln(183Z�1/3)+

1
9
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(Aharonian)

QED
n = Eg/Ee

Ee/me

Cross section divergent (infrared catastrophe)
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27.1. Notation

Table 27.1: Summary of variables used in this section.
The kinematic variables β and γ have their usual meanings.

Symbol Definition Units or Value

α Fine structure constant 1/137.035 999 11(46)
(e2/4πε0!c)

M Incident particle mass MeV/c2

E Incident part. energy γMc2 MeV
T Kinetic energy MeV

mec2 Electron mass × c2 0.510 998 918(44) MeV
re Classical electron radius 2.817 940 325(28) fm

e2/4πε0mec2

NA Avogadro’s number 6.022 1415(10) × 1023 mol−1

ze Charge of incident particle
Z Atomic number of absorber
A Atomic mass of absorber g mol−1

K/A 4πNAr2
emec2/A 0.307 075 MeV g−1 cm2

for A = 1 g mol−1

I Mean excitation energy eV (Nota bene! )
δ(βγ) Density effect correction to ionization energy loss
!ωp Plasma energy 28.816

√
ρ〈Z/A〉 eV(a)

(
√

4πNer3
e mec2/α)

Nc Electron density (units of re)−3

wj Weight fraction of the jth element in a compound or mixture
nj ∝ number of jth kind of atoms in a compound or mixture
— 4αr2

eNA/A (716.408 g cm−2)−1 for A = 1 g mol−1

X0 Radiation length g cm−2

Ec Critical energy for electrons MeV
Eµc Critical energy for muons GeV
Es Scale energy

√
4π/α mec2 21.2052 MeV

RM Molière radius g cm−2

(a) For ρ in g cm−3.
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27.2. Electronic energy loss by heavy particles
[1–22, 24–30, 82]

Moderately relativistic charged particles other than electrons
lose energy in matter primarily by ionization and atomic
excitation. The mean rate of energy loss (or stopping power) is
given by the Bethe-Bloch equation,

−dE

dx
= Kz2 Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
.

(27.1)
Here Tmax is the maximum kinetic energy which can be imparted
to a free electron in a single collision, and the other variables are
defined in Table 27.1. With K as defined in Table 27.1 and A in
g mol−1, the units are MeV g−1cm2.

In this form, the Bethe-Bloch equation describes the energy
loss of pions in a material such as copper to about 1% accuracy
for energies between about 6 MeV and 6 GeV (momenta between
about 40 MeV/c and 6 GeV/c). At lower energies various
corrections discussed in Sec. 27.2.1 must be made. At higher
energies, radiative effects begin to be important. These limits
of validity depend on both the effective atomic number of the
absorber and the mass of the slowing particle.

The function as computed for muons on copper is shown by
the solid curve in Fig. 27.1, and for pions on other materials
in Fig. 27.3. A minor dependence on M at the highest energies
is introduced through Tmax, but for all practical purposes in
high-energy physics dE/dx in a given material is a function
only of β. Except in hydrogen, particles of the same velocity
have similar rates of energy loss in different materials; there is a
slow decrease in the rate of energy loss with increasing Z. The
qualitative difference in stopping power behavior at high energies
between a gas (He) and the other materials shown in Fig. 27.3 is
due to the density-effect correction, δ(βγ), discussed below. The
stopping power functions are characterized by broad minima
whose position drops from βγ = 3.5 to 3.0 as Z goes from 7 to
100. The values of minimum ionization as a function of atomic
number are shown in Fig. 27.2.

In practical cases, most relativistic particles (e.g., cosmic-ray
muons) have mean energy loss rates close to the minimum, and
are said to be minimum ionizing particles, or mip’s.

As discussed below, the most probable energy loss in a
detector is considerably below the mean given by the Bethe-
Bloch equation.
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Figure 27.2: Stopping power at minimum ionization for
the chemical elements. The straight line is fitted for Z > 6.
A simple functional dependence on Z is not to be expected,
since 〈−dE/dx〉 also depends on other variables.
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muons in higher-Z absorbers. See Fig. 27.21.

Eq. (27.1) may be integrated to find the total (or partial)
“continuous slowing-down approximation” (CSDA) range R for
a particle which loses energy only through ionization and atomic
excitation. Since dE/dx depends only on β, R/M is a function
of E/M or pc/M . In practice, range is a useful concept only for
low-energy hadrons (R <∼ λI , where λI is the nuclear interaction
length), and for muons below a few hundred GeV (above which
radiative effects dominate). R/M as a function of βγ = p/Mc is
shown for a variety of materials in Fig. 27.4.

The mass scaling of dE/dx and range is valid for the electronic
losses described by the Bethe-Bloch equation, but not for
radiative losses, relevant only for muons and pions.

For a particle with mass M and momentum Mβγc, Tmax is
given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.2)

In older references [4,5] the “low-energy” approximation
Tmax = 2mec2 β2γ2, valid for 2γme/M % 1, is often implicit.
For a pion in copper, the error thus introduced into dE/dx is
greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum
transfer to the electron can exceed 1 GeV/c, where hadronic
structure effects significantly modify the cross sections. This
problem has been investigated by J.D. Jackson [6], who
concluded that for hadrons (but not for large nuclei) corrections
to dE/dx are negligible below energies where radiative effects
dominate. While the cross section for rare hard collisions is
modified, the average stopping power, dominated by many softer
collisions, is almost unchanged.

“The determination of the mean excitation energy is the
principal non-trivial task in the evaluation of the Bethe
stopping-power formula” [7]. Recommended values have varied
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Eq. (27.1) may be integrated to find the total (or partial)
“continuous slowing-down approximation” (CSDA) range R for
a particle which loses energy only through ionization and atomic
excitation. Since dE/dx depends only on β, R/M is a function
of E/M or pc/M . In practice, range is a useful concept only for
low-energy hadrons (R <∼ λI , where λI is the nuclear interaction
length), and for muons below a few hundred GeV (above which
radiative effects dominate). R/M as a function of βγ = p/Mc is
shown for a variety of materials in Fig. 27.4.

The mass scaling of dE/dx and range is valid for the electronic
losses described by the Bethe-Bloch equation, but not for
radiative losses, relevant only for muons and pions.

For a particle with mass M and momentum Mβγc, Tmax is
given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.2)

In older references [4,5] the “low-energy” approximation
Tmax = 2mec2 β2γ2, valid for 2γme/M % 1, is often implicit.
For a pion in copper, the error thus introduced into dE/dx is
greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum
transfer to the electron can exceed 1 GeV/c, where hadronic
structure effects significantly modify the cross sections. This
problem has been investigated by J.D. Jackson [6], who
concluded that for hadrons (but not for large nuclei) corrections
to dE/dx are negligible below energies where radiative effects
dominate. While the cross section for rare hard collisions is
modified, the average stopping power, dominated by many softer
collisions, is almost unchanged.

“The determination of the mean excitation energy is the
principal non-trivial task in the evaluation of the Bethe
stopping-power formula” [7]. Recommended values have varied
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3.7. WECHSELWIRKUNGEN DER SEKUNDÄRTEILCHEN 63

Abbildung 3.15: Energieverlust durch Ionisation und Bremsstrahlung für Elektronen
als Funktion der Energie. Die beiden Anteile (gestrichelte Linien) kreuzen sich bei
der kritischen Energie. Zum Vergleich ist auch der Energieverlust durch Ionisation
für Protonen angegeben.

Der Energieverlust von hochenergetischen Myonen kann annähernd durch eine
lineare Energieabhängigkeit beschrieben werden (Abb. 3.16):

−dE

dx
= a + bE (3.39)

Dabei ist a der Energieverlust durch Ionisation (im Sättigungsbereich) und bE der
Bremsstrahlungsbeitrag. Die kritische Energie ergibt sich dann aus a = bEµ

k oder

Eµ
k =

a

b
(3.40)

Durch Integration über den Energieverlust (3.39) läßt sich mit (3.33) die energie-
abhängige Reichweite der Myonen mit Anfangsenergie E0 bestimmen:

R(E0) =
1

b
ln(1 + E0/E

µ
k ) (3.41)

Zum Beipiel spielt die Reichweite der Myonen eine wichtige Rolle für die Abschir-
mung von kosmischer Strahlung in Untergrundexperimenten (Abb.3.17).

3.7.3 Wechselwirkungen von Photonen

Für die Beschreibung von elektromagnetischen Schauern genügt es, folgende Wech-
selwirkungen von Photonen mit Materie zu betrachten (Abb. 3.18):

• Photoeffekt: Das Photon überträgt seine gesamte Energie auf ein Hüllenelek-
tron.

dE
dX

=−α(E)− E
X0

Radiation energy loss: bremsstrahlung

Z
v

dsbrem

dv
dv = 4aemr2

e Z(Z +1)


ln(183Z�1/3)+
1
18

�
=

hmtargeti
X0

Critical energy Ec defined as 
energy at which both losses are equal

X0 ⇠ 36g/cm2

Ec = a X0 ⇠ 85MeV

Radiation length X0
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Fig. 14 Differential cross-sections of the bremsstrahlung (upper panel) and pair production (bot-
tom panel) processes in hydrogen. The cross-sections are normalised to one radiation length. The
energies of primary electrons and gamma-ray ε0 (in units of mec2) are indicated at the curves

energies ε ≥ εcr. At lower energies electrons dissipate their energy by ionization
rather than producing more high energy gamma-ray which would support further
development of the electron–photon shower.

In Fig. 13 the bremsstrahlung total cross-sections are shown calculated for 3 dif-
ferent values of minimum energy of emitted gamma-ray: εth = 2, εcr and εe/2. It is
seen from Fig. 13 that while for εth = 2 the pair-production cross-section is an order
of magnitude smaller compared to the bremsstrahlung cross-section, for εth = εe/2
the cross-sections of two processes become almost identical at ε ≥ 100.

The differential cross-sections of bremsstrahlung and pair production are pre-
sented in Fig. 14. The pair-production cross-section obviously is a symmetric function
around the point x = εe/ε0 = 0.5. The bremsstrahlung differential cross-section has
a 1/εγ type singularity at εγ → 0, but because of the hard spectrum of bremsstrahlung
photons the energy losses of electrons contribute mainly to high energy γ-rays. Thus
bremsstrahlung should be treated as an essentially catastrophic process. Neverthe-
less, it is convenient to introduce the so-called average energy loss-rate,

(Aharonian)

u = Ee/Eg

High-energy limit spair,tot ⇠ 520mb

QED

Eg/me

lpair =
hmairi
spair,tot

=
9
7

X0



Cascade equations
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dE
dX

=�a� E
X0

Energy loss 
of electron:

Ec = a X0 ⇠ 85MeVCritical energy:

Cascade equations

(Rossi & Greisen, Rev. Mod. Phys. 13 (1940) 240)

+
Z •

E

sg
hmairi

Fg(Ẽ)Pg!e(Ẽ,E)dẼ + a∂Fe(E)
∂E

dFe(E)
dX

=� se

hmairi
Fe(E)+

Z •

E

se

hmairi
Fe(Ẽ)Pe!e(Ẽ,E)dẼ

Xmax ⇡ X0 ln
✓

E0

Ec

◆
Nmax ⇡ 0.31p

ln(E0/Ec)�0.33
E0

Ec

X0 ⇠ 36g/cm2Radiation length:

Bruno Rossi



Shower age and Greisen formula
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(Greisen 1956, see also Lipari PRD 2009)

s =
3X

X +2Xmax
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Energy spectrum particles

Longitudinal profile

Kenneth Greisen



Mean longitudinal shower profile
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Calculation with cascade Eqs. 

Photons 
• Pair production 
• Compton scattering 

Electrons 
• Bremsstrahlung 
• Moller scattering 

Positrons 
• Bremsstrahlung 
• Bhabha scattering

(Bergmann et al.,  Astropart.Phys. 26 (2007) 420)



Energy spectra of secondary particles
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Photons

Electrons

Positrons

e–

e+

Number of photons divergent, 
energy threshold applied in calculation

• Typical energy of electrons 
and positrons Ec ~ 80 MeV 

• Electron excess of 20 - 30% 

• Pair production symmetric 

• Excess of electrons in target



Lateral distribution of shower particles
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4. Hadronic Showers
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Expectation from simulations
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Competing processes of interaction and decay
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Interaction length

Decay length

lp ⇡ lK ⇡ 120g/cm2

(Fedynitch 2017)

lint =
hmairi
sint

=
24160mb g/cm2

sint

ldec = r ldec ⇡ ctr E
m
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Hadron-induced showers
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Qualitative approach: Heitler-Matthews model

Primary particle proton

π0 decay immediately

π± initiate new cascades 

Assumptions:  

• cascade stops at 

• each hadron produces one muon 

Epart = Edec

Nµ =
(

E0

Edec

)α

α =
lnnch

lnntot
≈ 0.82 . . .0.95

(Matthews, Astropart.Phys. 22, 2005)
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Superposition model
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Proton-induced shower

Nµ =
(

E0

Edec

)α

Assumption: nucleus of mass A and energy E0 corresponds 
                        to A nucleons (protons) of energy En = E0/A

Xmax ∼ λeff ln(E0)

XA
max ∼ λeff ln(E0/A)

NA
µ = A

(
E0

AEdec

)α
= A1−αNµ

α≈ 0.9

Nucleus

Ei = E0/A

Target

Nmax ⇠ E0/Ec

NA
max ⇠ A

✓
E0

AEc

◆
= Nmax



Superposition model: correct prediction of mean values

56
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39

24

iron nucleus

Depth X

Number of 
nucleons without  
interaction

56

42

39

24
56 protons

iron

npart =
σFe−air

σp−air

Glauber approximation (unitarity)

Superposition and semi-superposition models 
applicable to inclusive (averaged) observables

(J. Engel et al. PRD D46, 1992)
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Used in Sibyll interaction model

Jonathan ≠ Ralph



Electromagnetic energy and energy transfer
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At high energy:  model dependence of correction to obtain total energy small

(RE, Pierog, Heck, ARNPS 2011)
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Muons as tracers of the hadronic core

40

The correlation between Einv and Nµ has been studied simulating show-
ers with the CORSIKA [21] code. The results of the simulations for di↵erent
primary masses and for the most recent hadronic interaction models EPOS
LHC [22], QGSJetII-04 [23] and Sibyll2.3c [24] tuned with LHC data and the
older models EPOS 1.99 [25], QGSJetII-03 [26], QGSJet01 [27], are shown in
figure 1. The simulations refer to primaries of energy 3⇥ 1018 eV with a zenith
angle of 60�, and Nµ is obtained by counting all muons with energy greater
than 100 MeV that reach ground level at the altitude of the Observatory. In
spite of the very large spread in the predictions of Nµ and Einv, the correlation
between them is good, and is similar for all models and primaries considered.
This suggests that it is possible to obtain a robust estimation of Einv from the
measurements of Nµ using the Auger inclined showers.

Other quantitative predictions of the values of Einv using Monte Carlo sim-
ulations are shown in figure 2. The results are presented showing the ra-
tio of the invisible energy to the total primary energy as a function of Ecal.
The simulations were performed using the CORSIKA [21] code for the mod-
els EPOS 1.99 [25] and QGSJetII-03 [26] and with the AIRES [28] code for
QGSJet01 [27] (left panel). For the models tuned with the LHC data EPOS
LHC [22], QGSJetII-04 [23], and Sibyll2.3c [24] we used the CONEX code [29]
(right panel).
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Figure 2: Average invisible energy fraction as a function of the calorimetric
energy calculated with Monte Carlo simulations using the hadronic interaction
models tuned with LHC data (right panel) and the older models developed when
the LHC data were not available (left panel). The predictions for proton and
iron primaries are shown with solid and dashed lines, respectively.

From the figure one can see the large di↵erences in the values of Einv for
di↵erent primary masses and how, for a given primary mass, the spread between
the predictions from di↵erent models is significantly reduced after the tuning
with LHC data. Then one may argue that a precise estimation of Einv can
be obtained using the post-LHC models and the primary mass composition
estimated from the Xmax measurements [17]. However, even after the updates
with LHC data, the models still fail to describe several properties of the shower
development related to muons [30], and this can introduce unpredictable biases
in the Einv estimation. Thus the strategy followed in this paper is to estimate
the invisible energy using the correlations that exist between Einv and shower

6

simpler than the analysis used for vertical events.
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Figure 9: Auger data-driven estimation of the invisible energy compared with
the parameterisations for protons, iron and mixed composition reported in [6]
and the one in use by Telescope Array [40].

A preliminary data-driven estimation of Einv has already been in use by
Auger for several years [11, 12]. Before 2013, we used a parameterisation fully
based on simulations assuming a mixed composition of proton and iron pri-
maries [6] that is shown in figure 9 and compared with the Einv estimate ob-
tained in this paper from the analysis of inclined events and extrapolated to low
energies. In the same figure, we also show the parameterisations obtained in [6]
for proton and iron primaries and that in use by the Telescope Array Collabora-
tion that assumes a proton composition [40]. The systematic uncertainty in our
estimation is depicted with a shaded band. From the figure one can evaluate the
impact of the data-driven estimation of Einv on the energy scale of the Observa-
tory. Using the two simulations we would introduce a bias in the energy scale of
�4% and �6%, which is significant considering that the systematic uncertainty
in the energy scale introduced by the Einv estimate presented in this paper is
about 1.5%.

The invisible energy parameterisation as a function of Ecal obtained using
the Auger data can also be used in other experiments employing the fluorescence
technique. Note that in this case the uncertainty in Einv remains the one de-
termined in this paper only if the relative calibration factor between the energy
scales of the second experiment and Auger is known and taken into account in
the calculation of Einv. Otherwise, a correct estimation of the uncertainty in
Einv needs to take into account the uncertainties in the energy scales of both
experiments.

18

(Auger, PRD 2019)
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Most recent model predictions
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Effect of air density (number of generations)
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Mean depth of shower maximum
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(RE, Pierog, Heck, ARNPS 2011)
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Different slopes for em. and hadronic showers

43(RE, Pierog, Heck, ARNPS 2011)
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Profiles shifted in depthSimulated shower profiles

Depth of first interaction X1 and Xmax strongly correlated, use Xmax for analysis

But there are shower-to-shower 
fluctuations of profile shape
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Universality Muon Distributions
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(Cazon, Epiphany Conference 2022)



Muon production at large lateral distance

Energy distribution of last interaction 
that produced a detected muon

Muons in UHE Air Showers

air shower cascade: energy of last interaction before decay to µ

hadron + air → π/K + X
↘

µ+ νµ
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(Maris et al. ICRC 2009)

Typically 8-10 
interactions

Ep±,dec ⇠ 30GeV
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Importance of hadronic interactions at different energiesSensitivity of Air Showers to Interactions
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Global shower properties and the shower maximum are sensitive to
the highest energy interactions

Muons in air showers are sensitive to the hadronic cascade over all
energies
→ Large problem in predicting the overall muon number is small

problem on the level of individual interactions
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Sensitivity of Air Showers to Interactions
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Muons:  8 – 12 generations,
majority of muons produced  
in ~30 GeV interactions

Shower particles produced in 100 
interactions of highest energyElectrons

Muons

Electrons/photons: 
high-energy interactions

Muons/hadrons: 
low-energy interactionsLow-energy 

interactions

(Ulrich APS 2010) 47


