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% Factorization 1n Massless QCD

* The Parton Model Factorization

* Collinear Factorization: Time-Like Vs Space-Like
% Catan1’s Generalization to All Perturbative Orders
* Explicit Perturbative Results

* Squared Amplitudes & Cross Sections: Comments

* Summary
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QCD FACTORIZATION IN THE SOFT LIMIT Bassetto, Ciafaloni, Marchesini

Loop expansion

M (pl, ...,pn) SN /AR (pl, ...,pn) + Z /A (pl, ...,pn)

=1
For a single soft gluon \ ‘ / . . \ I /

NYYVVWN\ == Singular Current X ————

/N /N

<Cl ‘ ﬂ(o)(Q9pla X 9pm)> = &3 //tg E'M(Q) J;: (O)(Q) ‘ %(O)(pl, .. ,pm)> —|—/

Power suppressed contributions

quantitatively,

where the current |

" TODIMOP, ....py)) = Y Ti MOy, ... p,)) =0
=1
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SOFT FACTORIZATION TO ALL PERTURBATIVE ORDERS

Leading power contribution

M (/ls,h) | ~ Lm()d (ln”/l) + .-

A—0 A
Set of hard particles
v
| ﬂ/(,s, h)) =~ J(s;h)| /%\(h»
Set of soft particles Reduced amplitude

Loop expansion: J(s: h) = JO(s; h) + Z] D(s; h)
=1

Berends-Giele, Campbell-Glover (9710255), Catani-Grazzini (9908523), Bern-Chalmers (9503236), Bern-Del Duca-Kilgore-Schmidt
(9810409, 9903516), Catani-Grazzini (0007142), Bierenbaum-Czakon-Mitov (1107.4384), Feige-Schwartz (1403.6472), Catani-Colferai-Torrini
(1908.01616), Del Duca-Duhr-Haindl-Liu (2206.01584), Catani-Cieri-Colferai-Coradeschi (2210.09397), Zhu (2009.08919), Catani-Cieri
(2108.13309), Czakon-Eschment-Schellenberger (2211.06465), Li-Zhu (1309.4391), Duhr-Gehrmann (1309.4393), Dixon-Herrmann-Yan-Zhu
(1912.09370), Chen-Luo-Yang-Zhu (2309.03832), Herzog-Ma-Mistlberger-Suresh (2309.07874), Chen-Liu (2411.08795)
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QCD FACTORIZATION IN THE COLLINEAR LIMIT

Sudakov parametrization /vn2 =0
N ki, n* . B
pl'=x;p' + k' x12n-~ iec={1,...,m)
i P
where the on-shell vector p*=0 p Pi / P1 /p 1
PR R SERIEILNN Y Y
p T pl o n : ° ° o

Pm

Singular splitting amplitude

X
Boost invariant quantities:  Z; : k”i ;= k” — 7 Z

ZZi: Zk

23
|
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COLLINEAR FACTORIZATION: TIME-LIKE SPLITTING PROCESSES Altarelli and Parisi
Tree-level factorization
0 — Cn(0) .~ 0)/ =~
%( )(pla '°°9pm’ ’pn)> T Spal...am(pl’ 9pm9p) | %( )(papm+19 9pn)> T e

Example: 1 — 2 splitting

83/45

gsho
Sp;?i,z > O clc ”(Pl)ﬁ/(Pz)”(P) SP;?Z—D = clcz M(Pl)%(*(P)V(Pz)

S12 512

To all perturbative orders

\ /%(c h>> ~ Sp(c p) \ /%(p, h>> |

Set of collinear particles Sp(c;p) = Z Sp(’)(c D)
1=0

Campbell-Glover (9710255), Catani-Grazzini (9908523), Catani-Grazzini (9810389), Bern-Del Duca-Kilgore-Schmidt (9810409,
9903516), Kosower-Uwer (9903515), Catani-de Florian-Rodrigo (1112.4405), Sborlini-de Florian-Rodrigo (1310.6841), Del Duca-
Frizzo-Maltoni (9909464), Birthwright-Glover-Khoze-Marquard (0503063, 0505219), Del Duca-Duhr-Haindl-Lazopoulos
(1912.06425, 2007.05345), Catani-de Florian-Rodrigo (0312067), Badger-Buciuni-Peraro (1507.05070), Czakon-Sapeta (2204.11801),
Bern-Dixon-Kosower (0404293), Badger-Glover (0405236), Duhr-Gehrmann-Jaquier (1411.3587), Guan-Herzog-Ma-Mistlberger-
Suresh (2408.03019)
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WHAT |IF THE COLLINEAR FACTORIZATION BECOME PROCESS DEPENDENT?

Several questions come to our mind such as

* At which point does 1t become process dependent ?
Amplitude level?
Squared amplitude level?
Partonic cross section level?

* Why should we care at all?

* Does 1t affect the way we make theoretical predictions for colliders?

How do we make theoretical predictions for collider observables?

Prasanna K. Dhani - REF 2025, Milan - Generalization of collinear factorization in perturbative QCD
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THE PARTON MODEL FACTORIZATION

Sherpa: A typical collider event AQCD

Q

d0h1h2—>X = 2 deldxzfilhl(xb ﬂ%)]j-/hz(xz, ﬂ%)d@j—w +0
L,

Proved only for sufficiently inclusive observables such as Drell-Yan like processes!
Collins, Soper, Sterman
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COLLINEAR FACTORIZATION: SPACE-LIKE SPLITTING PROCESSES Catani-de Florian-Rodrigo (1112.4405)

Space-Like: collinear partons are 1n both physical 1nitial and final states

Factorization 1s not exact:

| M (c, h)) ~ Sp(c; p; @ | (D, h))

Dependence on hard non-collinear partons

And the loop expansion

Sp(e; ps 1) = Spe; p) + ), Sp(es i )
=1

Forshaw-Kyrieleis-Seymour (0604094, 0808.1269), Collins-Qiu (0705.2141), Keates-Seymour (0902.0477), Rogers-Mulders
(1001.2977), Echevarria-Idilbi-Scimemi (1111.4996, 1211.1947), Rogers (1304.4251), Feige-Schwartz (1403.6472), Rothstein-Stewart
(1601.04695), Schwartz-Yan-Zhu (1703.08572), Dixon-Herrmann-Yan-Zhu (1912.09370), Becher-Neubert-Shao (2107.01212), Henn-
Ma-Xu-Yan-Zhang-Zhu (2406.14604), Becher-Hager-Jaskiewicz-Neubert-Schwienbacher (2408.10308), Duhr-Venkata-Zhang

(2507.05355), Becher-Hager-Jaskiewicz-Neubert-Schwienbacher (2509.07082)
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SPACE-LIKE COLLINEAR FACTORIZATION: AN EXPLICIT EXAMPLE Catani-de Florian-Rodrigo (1112.4405)

Double collinear splitting ( p — p; + p, ) at 1-loop

Time-like splitting process: momentum fractions z, and z, are both positive

1 1 1
o(p, Py P) = ——(Cpp+ G, — C) fle;2) f(“;) =— R —el—el -0 —1]

€
Space-like splitting process: one of the momentum fractions 1s negative, say z,

AL P (Pj +P2)2
O(P1:P2iP3s - D) = + — ) T, T, fle;2,—i05p)
J=3
= ?(pl, Py D) + 10/(py, py; {i, s Pp)
2 n
) 1 0/(P1>D2s D3 - P) = ——T5 - T;s1gn(sp) | fi(€: 2)
Or(P1> P2 P) = — ; (Cia+ G = C) frles ) AobEe s e ]:23 ! S
Color conservation: Z T,=—-(T+1,)
j=3
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SPACE-LIKE COLLINEAR FACTORIZATION: AN EXPLICIT EXAMPLE Catani-de Florian-Rodrigo (1112.4405)

Double collinear splitting ( p — p; + p, ) at 2-loops

Space-like splitting No DIS

" s /
AD ~ il p 2, TE T T O(-) sign(s,) O(—s)y

»1/ =12 k3
Non- ' .
on-abelian 7 ] I

S:= 81~ 21 2 1 1 7
Jp kp ©142 <
i 0 +—1In :
Sik S12 2¢2 € 1 -z

\

Real and positive

X In
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ALL ORDER GENERALIZATION PROPOSED BY STEFANO CATANI Cieri-PKD-Rodrigo (2402.14749)

d((’ OV’JGY"_S

M(S l/l) m jCS h) M Cl‘v ) anymj(ng

(\(‘@«2-

ca“ h) 5{0(@@& ,‘{”3 > V\ (&arA laara)

NE\/ havo\
MMA MWB g ) S’{’(@@A (%ar;( ) 5#(@’&3 &re ) M (ﬁbg%&y&M)

PR S e M
)Hﬂ{/\%, ( \] vgtb(@@ @@3 Fark 1%#%,\43\@\ )

S/c It .
At ot Vo), & S (@t 1) (e ot ) VA (in e
2 KVC L___——————————/\

S\a (uﬂA \\qyg)gﬁ-’@:‘ PN
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MULTI-DIRECTIONAL COLLINEAR LIMIT

Time-like

| M (cy, c, 1)) = Sp(cas Pa) SP(cp; D) | M(Da> P 1))

Factorizable

Space-like

Non-factorizable

/

| M (cy,cp,h)) = Sp(cy. cpipy.Ppih) | M(Py,Pg, 1))

\

SpV(cy, cgipas P h) = SpV(cy: py) SPV ey Pp)

Hard degrees of freedom

Cieri-PKD-Rodrigo (2402.14749)

CA{ Sp EA
cB{

Ca

Cp
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SOFT-COLLINEAR LIMIT Cieri-PKD-Rodrigo (2402.14749)

Y EJ
‘ TL }h

Sr ¢4
PB

Time-like

| M (s, ¢, b)) = Sp(c; B) J(s; s h) | AL(, 1) CA{

| A(s, cqs cps 1)) =2 Sp(ca; Pa) SP(cp; Pp) | J(S5 D Pgs ) M (P> P, 1))

\ Factorizable CB {
Space-like

| M (s, c,h)) ~ Sp(c.p:s:h) | AP, h))
| (s C c,h)) ~Sp(s C c;p:h)| AP, h))

“ m
| M (s, cp, cps ) = Sp(Cy, CpiPus Ppi s ) | M(Pps Pps D)) { Sp Ol SL }h
K A

\)

Non-factorizable / j \

Hard degrees of freedom

Sp(ch, cgs Bas i 53 ) = Sp V(e py) SP e ) JOss s Pigs )
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SOFT-COLLINEAR LIMIT: ILLUSTRATIVE EXAMPLES Cieri-PKD-Rodrigo (2402.14749)

Single soft gluon current at one-loop
L1+ o)1 —e)
(47)2—<T(1 — 2¢)

&= crT(1 — (1 +¢), ¢ =

TV =~ & ﬁ: Ny TTY Pl P e@) | (<2 g = 07 (=2p; g~ 0)
/S i,jEh | pica Pj-9q (=2p; - p;—10)~° | o
go® P4 - - Catani-Grazzini (0007142)
We find
Space-like collinear limit Non-abelian /Depends on the color of non-collinear parton
4 "\ Cr-sin(ze) p, - : -
1 - - - r p; - €q) —f 74
SPra'(q C c;psh) = J(q C es pyh) = I C ¢;p) = — 4T Ty —— ) €< )
\ ~ ;[TaT.Ti c P14 n-pi
Factorization breaking contribution Time-like collinear limit pobTe

Can we find an example where the factorization breaking terms contribute at the squared amplitude level?
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SOFT-COLLINEAR LIMIT: ILLUSTRATIVE EXAMPLES Cieri-PKD-Rodrigo (2402.14749)

Double soft gluon current at one-loop Zhu (2009.08919), Czakon-Eschment-Schellenberger (2211.06465)

Aspgéalaz(ql, d> C C,ﬁ, h) — gsféhbdfdsz <T{9T26Fala2(q1, qz) TngcFazal(QZ’ q1)> 81051(q1)82az(q2)

Neglected lower order effects

where Real contribution!

ime | [ i 4 2\ 700 , -
Fooq1,92) = cre™ (2q, - q5) 277 ) Jg g, T 17(-0+) + O(€)
€ /
i falbd fazcd

A i@ 2 C €:P) = = & C, (T VT (@1 4) + TTT 00 (0. qJ)ﬂ“ (gDey™(n)

To our knowledge, this 1s the first instance where a FB term 7> at 0(e") is identified which contributes at
the level of squared amplitude!
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MULTI-DIRECTIONAL COLLINEAR LIMIT: ILLUSTRATIVE EXAMPLES Duhr-Venkata-Zhang (2507.05355)

Double spacelike collinear limits from multi-Regge kinematics

Claude Duhr,! Aniruddha Venkata,! and Chi Zhang (5K5#)?

! Bethe Center for Theoretical Physics, Universitit Bonn, D-53115, Germany
(Dated: July 9, 2025)

We study scattering amplitudes and form factors in planar N' = 4 Super Yang-Mills theory in the
limit where two pairs of gluons become collinear. We find that, when the virtualities of both collinear
pairs are spacelike, the collinear factorisation of the amplitude involves a generalised splitting am-
plitude that correlates the two collinear directions, confirming a recent proposal in the literature.
Remarkably, we find that our generalised splitting amplitude agrees with the Bern-Dixon-Smirnov
(BDS) subtracted six-point amplitude in multi-Regge kinematics. The latter can be explicitly eval-
uated using integrability to all orders in the coupling. We also present compelling evidence for the
universality of the generalised splitting amplitude, by showing that the same function governs the
double spacelike collinear limit of scattering amplitudes with up to 8 particles and 3 loops and form
factors with up to 6 particles and 2 loops.

See the talk by Aniruddha Venkata on Friday
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COMMENTS AT THE SQUARED AMPLITUDE LEVEL

| M|~ (M, h)|Sp (c; p: h}Sp(c; p:h) | A(p,h))

Purely imaginary contributions drops away

* Factorization breaking effects for double collinear splitting processes at 1-loop 1s purely imaginary, and
hence gets cancelled. Catani-de Florian-Rodrigo (1112.4405)

* Factorization breaking effects for IR pole parts of double collinear splitting processes at 2-loops gets
cancelled for tree level amplitudes generated 1n pure QCD.

Catani-de Florian-Rodrigo (1112.4405), Forshaw-Seymour-Siodmok(1206.6363), Dixon-Herrmann-Yan-Zhu (1912.09370)

* Factorization breaking effects for double collinear splitting processes up to 2-loops gets cancelled 1n
N =4 SYM theory. Henn-Ma-Xu-Yan-Zhang-Zhu (2406.14604)

Dedicated studies are required beyond this point!

Prasanna K. Dhani - REF 2025, Milan - Generalization of collinear factorization in perturbative QCD
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COMMENTS AT THE CROSS SECTION LEVEL

* Factorization breaking effects are observed in mostly for non-inclusive (4 non-global such as gap-
between-jets) observables. Still conclusive statements are yet to be made!

Bacchetta-Bomhof-Mulders-Pijlman (0406099, 0505268, 0601171), Forshaw-Kyrieleis-Seymour (0604094,
0808.1269), Collins-Qiu (0705.2141), Gaunt (1405.2080), Zeng (1507.01652)

* Super-leading logarithms 1n gap-between-jets are one of the implications of factorization breaking.

Forshaw-Kyrieleis-Seymour (0604094, 0808.1269), Becher-Neubert-Shao-Stillger (2107.01212, 2307.06359),
Boer-Hager-Neubert-Stillger-Xu (2405.05305)

* Recently, 1t has been found a contribution at 3-loops that has the required form to turn the double super
leading logarithms to single-logarithmic evolution.
Becher-Hager-Jaskiewicz-Neubert-Schwienbacher (2408.10308, 2509.07082)
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COMMENTS AT THE CROSS SECTION LEVEL

* Factorization breaking effects are observed in mostly for non-inclusive (4 non-global such as gap-
between-jets) observables. Still conclusive statements are yet to be made!

Bacchetta-Bomhof-Mulders-Pijlman (0406099, 0505268, 0601171), Forshaw-Kyrieleis-Seymour (0604094,
0808.1269), Collins-Qiu (0705.2141), Gaunt (1405.2080), Zeng (1507.01652)

* Super-leading logarithms 1n gap-between-jets are one of the implications of factorization breaking.

Forshaw-Kyrieleis-Seymour (0604094, 0808.1269), Becher-Neubert-Shao-Stillger (2107.01212, 2307.06359),
Boer-Hager-Neubert-Stillger-Xu (2405.05305)

* Recently, 1t has been found a contribution at 3-loops that has the required form to turn the double super
leading logarithms to single-logarithmic evolution.
Becher-Hager-Jaskiewicz-Neubert-Schwienbacher (2408.10308, 2509.07082)

Collinear factorization breaking doesn’t necessarily imply PDF factorization breaking!!!
See the next talk by Dominik Schwienbacher
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COMMENTS AT THE CROSS SECTION LEVEL

* Factorization breaking effects are observed in mostly for non-inclusive (4 non-global such as gap-
between-jets) observables. Still conclusive statements are yet to be made!

Bacchetta-Bomhof-Mulders-Pijlman (0406099, 0505268, 0601171), Forshaw-Kyrieleis-Seymour (0604094,
0808.1269), Collins-Qiu (0705.2141), Gaunt (1405.2080), Zeng (1507.01652)

* Super-leading logarithms 1n gap-between-jets are one of the implications of factorization breaking.

Forshaw-Kyrieleis-Seymour (0604094, 0808.1269), Becher-Neubert-Shao-Stillger (2107.01212, 2307.06359),
Boer-Hager-Neubert-Stillger-Xu (2405.05305)

* Recently, 1t has been found a contribution at 3-loops that has the required form to turn the double super
leading logarithms to single-logarithmic evolution.
Becher-Hager-Jaskiewicz-Neubert-Schwienbacher (2408.10308, 2509.07082)

Collinear factorization breaking doesn’t necessarily imply PDF factorization breaking!!!
See the next talk by Dominik Schwienbacher

Thank You Very Much!
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