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Classically, QCD is conformal invariant
= LL evolution of light-ray QCD operator invariant under SL(2, R)
= LO BFKL is invariant under SL(2, C)

Why Conformal invariance is useful

o At higher order in PT, the N'=4 SYM theory gives the most complicated
part: Maximal Trascendentality (MT)

» The MT part of 3-loop DGLAP kernel is exactly the 3-loop result in A’'=4 SYM

» The same is true for the NLO Pomeron intercept
we expect to be true for the NNLO intercept as well.

o Another example: QCD at the Wilson-Fisher point
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The Wilson-Fisher point
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The Wilson-Fisher point
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Atfter the calculation we can analytically continue the result to Ny outside the
conformal window
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High-energy expansion in color dipoles at the NLO

...................

The high-energy operator expansion is
TG00 = [dada 1.2, TH O3 011)

3722

+ /dzzld2z2d2z3 Iﬁl]jo(zl, 22,23, %, y)[tr{ 0;71 U;"}tr{ un UT"} — N tr{ 0;71 UZZ"}]

oo

U, = [oop; +x1,—oop1 +x1] = Pexp {ig/ dxt A+(x+,xL)}

—0o0
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Leading order diagrams
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Non linear evolution equation: Balitsky-Kovchegov equation

Uy) =1 Nictr{mxuﬁ*(m}

asN, d*z (x —y)?
212 | (x—2)*(y —2)

~

{002 + Uy — Uy — Ul U (20) }

d ~
%u(xay) -

o LLA for DIS in pQCD = BFKL
» (LLA: oy < 1, a4n ~ 1): describes proliferation of gluons.

o LLA for DIS in semi-classical-QCD = BK egn
» background field method: describes recombination process.

Alternative approach: JIMWLK evolution equation
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Conformal invariance of the BK equation

Formally, a light-like Wilson line U(x, ) = U,
o0
U(x1) = [oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+,n)}
is invariant under inversion (with respect to the point with x~ = 0).
Indeed,

(x*,x,)? = —x} = after the inversion x; — x, /x3 and x* — x*/x3 =

[ xT xtox, X\ X1
[cop1+x1, —oop1+x1] — Pexp {lg/ d7A+(x7;—2)} = [oop1+—, —oop1+—-]
—oo X 1 X ot ot

=The dipole kernel is invariant under the inversion V(x,) = U(x, /x})

o "d?z x—v)? ; .
= %%mv VIVTEV.V]} — NV, VY

d .
—Tr{V,V!} =
dn {VaVyl

G. A. Chirilli (Univ f Salento) Conformal BK equation REF25 - 16 Oct 2025 8/33



Conformal properties of light-like Wilson lines

Wilson lines are invariant under the (Mdbius) SL(2,C) group

5. = %(Kl +iKY), S = %(D+ iM'?), 8, = %(Pl iP?)
S = %(Kl —iK?), So= %(D M), §, = %(Pl +iP?)
form SL(2,C) algebra
[So,8x] = £8+,  [S4,5-] =28,
[So,8+] =48+, [S4,8]=25.

Momentum operator P, angular momentum operator M, dilatation operator D,
and special conformal generator K.
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Conformal properties of light-like Wilson lines

i[P*,AY] = DA%, i[D,AY] = (x,0" + 1)A?,
MM A% = (0¥ — XV OMAY — (gOAM — ghAY)
i[K* A% = (2xx,0" — X204 2x0*)A% — 2x,,(gV@AH — ghYAY)

Complex notation

Oz oz' 0z
[?—7 U(Za z)] = Zzazf](z,Z), [*?07 U(Za z)] = ZaZU(Zv Z)a [’?-‘rv U(Z, Z)] = _aZU(Za z)
[3—7 U(Z, Z)] = ZZB;U(z,Z), [SO7 0(2, Z)] = Z@U(Za Z), [S-‘rv U(Z7 Z)] = _GZU(Za Z)

U(z,7) lies in the standard representation of conformal group SL(2, C)
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BFKL / BK equation in d-dimension

XEXL_ZL YEyL_Zl [[LZZ*ZF

d (ISNCFZ(I — 8) -2 Xi Yi Xi Yi
—Ux,y) = ——————|d € — —

dn (x,7) 22 2e 2 < X)) [(x2)= (2)e

X {Ll(x, 2) +U(z,y) —U(x,y) — U(x, Z)L{(z,y)}

Not conformal invariant = BFKL cannot be solved by power-like eigenfunction

Idea: Go to Wilson-Fisher point and restore conformal invariance

2
€e > —by — jozbi +--- = Blag) =0
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BK equation at Wilson-Fisher point

|. Balitsky and G.A.C (2024)

Expandin ¢ and ay = Consider NLO corrections (for conf. comp. operator)

D = SO o ()

271'2_5 X2y2
oy [ (=3 X-pr X
Al Rt AR PV il
+E47T ( " 4 + (x—y?2 'y

1—e
i conf __ aSNC 2—2¢ (x - y)ﬁ_
2ada [u(x7y) a 272 d Z X272 1+

Qs (x — )3 12 X2-v? Xx? aN, (67 w2 10ns
bl (XYM 4, 2T A AL
+O47r(n e P R T A

040,24 Ute19) ~Ul53) Ul DU )] Koy + O]

Notice: expansion in € does not reproduce the term In wx—‘) In L
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BK equation at Wilson-Fisher point

Ex —%b(} by = TINC —

S]] IS}

ny

iu(x’y) = M 4?2, (M)H [1 +

dn 2r2—ex X2Yy2
a;N. (67 w2  10ns
o (5 -5 o) [ ey ~ute) - uts )]
><+Oé—§Kmnf +0(a?, e, azsz)
1674 so T Ee T

Reversing the argument =
We can obtain the NLO running coupling from the LO calculation!

= Use NLO BK result to get the NNLO BK running coupling
Caveat: different choices for assembling in a conformal way the kernel atd # 4

= ambiguity of terms prop to b
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Pomeron intercept at Wilson-Fisher point

Forward linearized equation: BFKL

d aNIL(1—ei) [ 5 / ozsNC 67 w 10ns 2 I—e.
e — d Ex -
dnu(Z) T op2mes / ( 9 3 9N, )} ((z - Z/)zzﬂ)

x [2U(d) —U(Z)] + d7 Keont(2,7) U(Z) + O, e, aye?)

47r3

Conformal invariance restored: Solve by power-like eigenfunctions

(% dv, p _di_d1 ., wod gy
il = TE) [ [yt @) )
2
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BK equation at Wilson-Fisher point

using the evolution equation in d-dimension

d d .
U / ? / V(22 R (g2

RO = 2 [x(e) + 25(6) + 002, 0ve, )|

X(€) = (1 —e) = =€) —¢(1 e — )
Pomeron intercept (at v = 0)

2
Ne [41112—%5* +0(2)]

™

r X377

agN, (1 5*) _a

Pomeron intercept at d # 4 is different than the one at d = 4

What about the anomalous dimension of twist-2 operator?
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Light-ray operator as analytic continuation of local operator

Gluon light-ray (LR) operator of twist 2

FO, 4 x) W, x JPF (x4 xp)

Analytic continuation of local operator

L T(i=1 . .
Fovipe - U1 / dur' JF* e~V F(0)
2mi Hankel
_LG-1

dxy xTF (x )y, 0JF(0)

2mi Hankel

1 +o00 - .

= — dxy u, 'F%, 0]F*(0
F(Z—]) 0 +u+ —1(x+)[x+7 ] —( )

G. A. Chirilli (Univ alento) Conformal BK equation REF25 - 16 Oct 2025 16/33



Evolution equation for light-ray operator

Forward light-ray operator
FLex) = [P Ly +x)[Le + xRy 4 30)
Evolution equation

, d
w e s F O x ) W [P ey a0

7y .
- / &y [ K iy a) PG )R (e )
X4 X4

‘
Wpsxg)e = W Fxp,xp +xy) = PGXP{ig/ dwyA_(wy,x1)}

X4
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Evolution in forward local operators

forward local operators

0 Ln -2 )
F(Ly,x1)= Z + (’)g (x1), 0f = /dx+F‘iiV'i_2Fi’(x+,xl)
n=

d 1
uzd—lLLZF(L+,xJ_):/O du Kgq (u, o) F(uly,x 1)

d 1 .
= Nzﬁozng —w(e)O% . wlay) :—/0 du "2 K gq (u, vy

DGLAP kernel (only gluon)  (z=1—u)

™

uu

) = 20N (ua + [{L a4 %5@)) + 0(e?)

G. A. Chirilli (Univ f Salento) Conformal BK equation REF25 - 16 Oct 2025 18/33



Conformal light-ray operator

j=1+iw
+o0 1—i
.F}'(XJ_) :/ dL+L+ jF(L+,XJ_)
0
Evolution equation

d I 3
PR = [ diKlod 2 F )

= 7;(ay) is an analytic continuation of 4y (cy) from the “DGLAP side
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How to get the anomalous dimension ~; at j — 1 from an operator language
“from BFKL side”

Correlation function of

o Wilson frame built from light-ray operator
» |. Balitsky, V. Kazakov, E. Sobko (2013)

e quasi-pdf frame built from light-ray operator
» G.A.C. (gluon (2019) and quark (2021))

x+ I H I +
Wilson frame X )
“‘quasi-pdf-frame”

However, at d, # 2 there are many integrals and they are complicated
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Example: Correlation Function of quasi-pdf LR operators
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Easier way: Regge+DGLAP limit of CF of 4 scalar operators

DGLAP limit Regge limit
X4 X2 X3 Xy B
° by * * * Rapidity
N i ogap
Regge limit DGLAP limit
X4 X2
* L] *e
v
Rapidity
' gap >
X3 X4 y
. . L] *
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Easier way: Regge+DGLAP limit of CF of 4 scalar operators

Forward correlation function of 4 scalar operators (e.g.FF) ind = 4 — ¢, in QCD

A(Ly, Loyxi 1,500,231, x41) = (xjpx34)* 2 H00 (u?)200

X /dX2+dX3+<O(L+ + 224, X110 ) O (%24, X210 JO(L— + x4, %31 )O(xa—, X4 1))

o Regge limit: LyL_ — o
e DGLAP limit: x3, = 0
Plan:

Comparing Regge-+light-cone vs light-cone+Regge limits to relate the BFKL
Pomeron intercept to the anomalous dimensions of gluon LR operators in the
limit

Qs

j-l=w—0, =~1
w
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Correlation function in CFT

In CFT the 4-points CF depends only on the 2 conformal ratios: A(R, r)

(x— ) —y)? pp' XXl y_y.

A P T gy Ay ) Y S

=P )P = (Y =) =)
(x =2y =y x =y = y)?
[ =)y + Y (=) +xy (0 =) Fy- (= Y)IP
(x =2y —y)ix oy y

%
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Pomeron in CFT: “BFKL” representation of 4-point CF

Cornalba (2007); Cornalba, Costa, Penedones (2008); Costa, Gonsalves, Penedones
(2012)

AR, r) L i/dl/f_;'_(N(as’V))F(as’V)Q(r, V) RN@s)/2

2
fi(w) = £2=1 is a signature factor
Ar.v) = 2vsinh2mT (2 — 4+ 2i)T(§ — 1 —2iv)[(d —2) 4 (L)
T 20— (4 — 1) RS AN

is a solution of the Laplace equation for H;_; hyperboloid
0f,  +V2+1)Qr,v) =0

Dynamics encoded in:
Pomeron intercept:  R(g?,v)
Pomeron residue: F(g2,v)

G. A. Chirilli (University

Conformal BK equation



Light-cone limit to “BFKL”’ rep. of 4-point CF
2

2
Regge+LC x%2+ (x3—'x14j_ - ‘x4—x%3L)

Regge+LC X1,.X2, X3_X4_
R 88 -;2+ - , r x2 5
12,%34, X1 X2 X3_X4_ X7 X34

A(L+7 L_ X1 L, X21,X31, )C4J_) = (X%Z'x%4)4_26*+’yo (/‘1/2)270
x [ dosdin (OLs + 031100021 1 )OL +x4- 331 )Ofwa- x01)

1—&—6—@
2T
I TR (3]
/ld (uu)l ex—&+—5
X u
2 2 12-26—2e,
0 [y utaq a)rReE

S REa) =R (=i —€—2,a,))

711/77

cseric [1H0dE o
et [T NEFE a) (L) ()

2*[00

|
—w =5

EE

§

atd, =2andin N =4atNLO |.Balitsky and G.A.C. (2009)

but now we are in QCD!
25/33
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“DGLAP” representation of amplitude + Regge limit

DGLAP limit
e [ TRPTes - xj‘z
_—
expand
[ ] [ ] L] L]
X3 X4 X3 X4

3-point correlation function is known in CFT
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“DGLAP” representation of amplitude + Regge limit

A(L+,L,;X1J_,XQJ_,X3J_,)C4J_) = [X%Zx%4]472€*+wo (u2)2'yo

X/de+dX37 (O(L+ —|—xz+,X1L)O()C2+,sz_>O(L, +x47,X3J_)(9(x47,x4J_)>

3o d] ol i (i 2 2 l—e,+ 4
=1/, (1 MLy L_YF(j, a)( 12Lx34L) 2

5100

/ldu (W)H%—s*

145+ 2e
(o3, i+ x5y, ) 2

where

D(1+2j — 7+ 2¢.)
r2(1 +J+__5*)

F(j, o) = —ime(j, o)d(j, ozs)
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Anomalous dimensions at j — 1 from comparison of the two limits

A("( ',L ;.X]774Y2L7X3L,.x47>

3.
LC+Regge d] ini it /|
- /3 7(1 + V) Ly LY F(, o) (xip, 44, ) 52
2 —ico

/ld (MM)]+ 5 —Ex
X 1 .
0 (x%3 u+ x(%ﬁ w) =2

}pico o
Regge+LC 2 df l—gu— _R(©
[ A RO (LA L) O (1,8,

27100

x/ld () =6

el u+ o, a2 22

The two representations are the same if we make the following identifications

w=j-1=2R8¢a), vla) = -26-RE = -2¢-w
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Anomalous dimensions at j — 1 from comparison of the two limits

w=j-1 =R a), vilas) = 26 —R(E) = 2 —w

to put the above identification as the one in Lipatov-Fadin and Camici-Ciafaloni,

use Jo=-%

Solve at small w and 4 ~ 0. With the NLO accuracy

w = NGu) ~ SR () =~ RGw) - RGN ()

which can be rewritten as

w = 2R LRG) + 0[5 -2x ()X ()]}
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Anomalous dimensions at j — 1 from comparison of the two limits

w = J_l = &(é.vas)a ’Yj(as) = _25_&(6) = _25_("7

to put the above identification as the one in Lipatov-Fadin and Camici-Ciafaloni,

use F,=-%

Solve at small w and 4 ~ 0. With the NLO accuracy

= W, . - 1=, =,
w ~ N(,) — EN/(%J) ~ R(q,) — EN(%J)N/('YW)
which can be rewritten as

_ach7~ ach—~77~ 7/~]}
w= - {X(%HTW [5(%) 2X ()X ()
In Lipatov-Fadin’s formalism the term —2y(%.,) X' (7..) came from changing the
scale from sym to anti-sym.

Here it came from sym. energy scale R through the identification v, = £ + %
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Anomalous dimensions at j — 1 from comparison of the two limits

In the BFKL limit

j—1=w—0, Bt
w
the anomalous dimensions are represented as a sum of series in &
- Qg\n Qg\n 2 Qg\n
Yo = Zan(z) —I—wan(U) + w Zc,,(;) + ...

So we expand in power of

1
x() = vl =) =y —9(y) — vl —e =) = —+28(@)7+ . = %+0(7)
CaNeg 1 aNer 111 395 11,
o= g T Ko - T o))

which is exactly equation (23) of Fadin-Lipatov NLO BFKL paper (1998)

G. A. Chirilli (Unives Conformal BK equation REF25 - 16 Oct 2025 29/33




the corresponding anomalous dimension is

5, = SN o2y
w w

—|—w[ EaSNC_ (ach)31<395 11 5, [

= - 2g(3)) + 0(3)4]

12 7w w4
We see that at the critical point d = 4 — 2¢, we get the same anomalous
dimensions as at d = 4 in accordance with analysis of Braun, Manashov, Moch,
Strohmaier (2016-2017)
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Conclusions

e BKin d-dimension is useful if we go to the Wilson-Fisher point
» BFKL/BK are conformal invariant and eigenfunctions are power-like

» We recovered the NLO running coupling from LO BK

o At Wilson-Fisher pointd = 4 — 2¢,,
» the intercept is different than that at d = 4, but

» BFKL gives the correct anomalous dimensions of light-ray operator
F,; V"2 asj— 1 (in all orders in ay)

e This formalism allows one to calculate the running coupling part of the
NNLO BFKL/BK (caveat: ambiguity mentioned above)
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Conclusions

e BKin d-dimension is useful if we go to the Wilson-Fisher point
» BFKL/BK are conformal invariant and eigenfunctions are power-like

» We recovered the NLO running coupling from LO BK

e At Wilson-Fisher pointd = 4 — 2¢,,
» the intercept is different than that at d = 4, but

» BFKL gives the correct anomalous dimensions of light-ray operator
F,; V"2 asj— 1 (in all orders in ay)

e This formalism allows one to calculate the running coupling part of the
NNLO BFKL/BK (caveat: ambiguity mentioned above)

e The Wilson-Fisher point allows exploiting the correspondence NGLs in jets
and the BK/JIMWLK equation

» High-energy evolution in planar QCD to three loops: the non-conformal
contribution 2508.03794 [hep-ph] (2025) planar contribution

» In this case there is an ambiguity to be resolved from the NGLs side
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Diagrammatic calculation of the NNLO-BK/BFKL running coupling

Typical diagram for the NNLO-BK running coupling

Work in progress (l. Balitsky and G. A. C.)
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Upcoming event

Workshop at ECT* Trento, ltaly

Bridging TMD Frameworks: Intersections, Tensions, and Applications

09 - 13 March 2026

Organizers:

Aleksandra Lelek (University of Antwerp)

Pia Zurita (Universidad Complutense de Madrid)

Alexey Vladimirov  (Universidad Complutense de Madrid)
Giovanni A. Chirilli  (University of Salento & INFN, Lecce)
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Appendix




LO and NLO Impact Factor

T{ju (e ()} = / Puds I (2, 22, y)Tr{ U2 UL}

3722

+ / dadad’zs 1) (21,20, 23,0,y) (U3 UL { U1 017} — New{U2 011}

LO Impact Factor diagram: 1-©
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NLO Photon Impact Factor

2 2
(TG @ () })a]*° = / % 10 (x,y: 21, 22) (w{ D7 D17)

A ~ dZZ d2Z v v
[(T{j,.(x) y(y)}>A]NLO = /#dzzs [1{‘ (z1,22,23) + 1y (21,22, 23)
12

x[tr{U,, UL Hr{U, Usz } = Netr{U,, UJZ }

where 14" (z1, 22, z3) is finite and conformal, while

2 —+o00
Qg z da  sa
I{W(Zl,22713) _ LO_ <12 / g Z3
0

PR T )
2 23223 @

is rapidity divergent. a okt
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How to get the NLO Impact factor

T 4 o d*z1d’z JLO . o
( {]M(x).]”(y)}>A - T nv (X,y, Z1v22)<tr{ 212 >A
d*2d*zn 5 o t t t
+ Td 23 1,“/ (x,yy21, 22,233 1) [tr{ Uy, Uz3}tr{U23 Uz2} — Ntr{U,, Uz2}] +..
12

=
d*71d*2

(TG (07 ) 1)a )N = / ST 2 10 (x,ys 21, 2) [(e{ 07 D371 4]0
212

d*z1d’z
=/ 4 d*z3 10 (x. y: 21, 2. 235 ) [e{ U, US he{ U, UL } = Netr{ U, UL }]
12

3 2 el
A AL /s 7 + + ¢ da
[, 09a]" = 5% [ a5l U, UL (U, UL) ~ Nar(uul)) [ 50
| o . Z5~2, - e e Jo e}

213423
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How to get the NLO Impact factor

d’z1d*z
/#aa@ ng%o(xvy; 21,22, 233 ) [r{ U, U;r3}tr{U13 U;rz} = Netr{U, U;rz}]

Z4
12
d2Z dZZ a Z2 00 do - o do
= /%dza {Iﬁ”’(zl,zz,zg) + 7 SZI}I;,(/) > 122 {/ g s _/ _}}
212 a 213423 0 « 0 o
x[tr{U., Ul Ye{U., UL } — N.r{U., U }]

where o = ¢ and C is the Euler constant

-z G-z

25 = = yr

Z3 is not conformal invariant in the transverse 2-d coordinate space, but QCD at
tree level has to be conformal invariant.

G. A. Chirilli (University of Salento) Conformal BK equation REF25 - 16 Oct 2025 5/22



NLO Impact Factor

y X
_ ()i -m)A
2= T
0 o a5 7t os
NL . . _ L s 13
Ipy (x7ya 21722,23777) - I,uu X 2_ ) In ZZ3 -+ conf.
T 212223

The NLO impact factor is not Mdbius invariant = the color dipole with the
cutoff n = In o is not invariant.
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NLO Impact Factor

_ =3 O-n)]
A B

2
_ Lo & i3

> In QZg + conf.
2wzt 4

NLO . . —
Ipy (xv)’aZhZzaZ&ﬁ) - % X

The NLO impact factor is not Mdbius invariant = the color dipole with the
cutoff n = In o is not invariant.
However, if we define a composite operator (a - analog of 1~ for usual OPE)

A A f A A
[Te{ T2 UIM " = Te{U2 UI"}

2 2
[ o L e Fm Fm it azpp 2
+ d te{ U UM e{UZ U} — Tr{U? U"}] 1 + 0
47‘r/ <3 Z%3Z%3 [Nc r{ 2173 } r{ 372 } r{ 212 }] n 2%31%3 (O‘s)

the impact factor becomes conformal at the NLO.
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Operator expansion in conformal dipoles

T{}ﬂ(x)ju(y)} = /dzzld2 22 ILO(ZhZZ?x y)tr[{U"l ngn}]conf

+/d211d2Z2d213 I,IIIVL (z1,22,23, %, Y)[ tf{Unl Ulﬁ}tr{U” Uiny — w{ U1 Ui

3722

2 o, 2
agN, z zi,e“as
o= —12= /d 2352 In 22— 22 4+ conf.
Z13223 213423

the energy dependence matrix element of Wilson-line operators

2xt y+
(x—y)?

The new NLO impact factor is conformally invariant.

= ag=—

NLO IF in coordinate space for BK . Balitsky and G.A.C. (2010)
NLO IF in momentum space for BFKL l. Balitsky and G.A.C. (2012)
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Operator expansion in conformal dipoles

T4, (x5 (0)} = / P2d®z 1021, 22, x, y) [ { U7 Uy

1 P NN
+ / Padnd s 1,02, 2,23, %, My il Ule{ U205 — a{ U1 ULT)]

3722

2
JNLO ILO aSN /d - Z12 In 1126’ Tas®
nv

Zg + conf.
Z13Z23 Z13123

The new NLO impact factor is conformally invariant.
NLO IF in coordinate space for BK . Balitsky and G.A.C. (2010)
NLO IF in momentum space for BFKL l. Balitsky and G.A.C. (2012)

proton-Nucleus collision at NLO G.A.C., BW Xiao, F. Yuan (2011 - 2012)

to cure negativity of cross-section perhaps one could use similar constraint as
the one used in NLO impact-factor
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Evolution parameter: from 7 to a

In conformal A/ = 4 SYM theory one can construct the composite
conformal dipole operator order by order in perturbation theory.

. d n
a—e g = [%Tr{UxU;}]ZO =0

11 2 :
~ N, — gnf)lrun.coup.) + K5

d .
20— [T{UUNE™ ~ agkio(1+ (5
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Evolution equation for color dipoles in N/ = 4

d PN
%Tr{UZ Ui
2 2 2 2
N,

m 213253 4r L3 I
x [Te{T°U7 U TeUn U7y — N.Te{ 07 §17)]

2 /d2z3d214 2,2, { 1 22, } 21325

4t z§4 Z%32%4 2%3254 - 2332%4 2%4153
x Te{ [T, TP\ 07 7 7% U7 + TP7 07 [T, 71037y (07 ) (U7, — U7 )P

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity
of Wilson lines.
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BK at NLO

b:%NC—%nf X=x—z Y=y—z

d o

%Tr{UxUT} - = 2, ([Tr{UxUZT yTe{U.Uf} — NeTe{U, U}

(x —y)? sy 5, L XP-Y? X* 67 7 10
S (14 g (P = — b g+ (G = SN )|
agN, (x —y)? X? Y?
— In In }
2r XY2 0 (x—y)? (x—y)?

4 > | &7 {[Tr{U uhTe{U. UL HUu Ul - T{u Ut o ufu, oty

—2+

XIZYZ lexz —4 _ 2 _\2 XIZYz
_(Z/ N Z)] + (x y) (Z Z) ln ]

1
(z—2)* [ 2(x77y? — ¥2X2) Y2x>2
+ [Te{ U U Te{ U UL H{UL U} — T {0, UL U U UL U — (2 — 2)]
g (x—y)* (x—y)° ] X
X2y X2y - XPY?)  (z—7)2x2yl T xPy?

} + nf—terms)

NLO kernel = Running coupling terms + Non-conformal term + Conformal term
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Evolution equation for color dipoles in N/ = 4

d rm T f
2as ({0 UL

2 2
N,
a; Pz 21 {1 O L{ﬂ'}}
s

213233 4m L3
x [Te{TU2 U T U2 UL} — N.Tr{ U2 UIT}]
- o / Pr3d’z 73533, [1 2y } In 21324
4rt By Thi 35 — 3% 214353

x Te{ [T, 1) 07 T 7% U7 + TP 707 [T, 7105y (07 (U7, — U7)P

NLO kernel = Conformal
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NLO evolution of composite “conformal” dipoles in QCD

d . oy NN NI A
205 (O UL = 2% [z ({0 0L hr{ 0,01} - Nae( 0, 01, )™
2 2 67 210
X ;12 [ (blnzlzﬂ +b7Z231 Z13+N(——W—)__”f)}
21323 4 Z13223 Z23 9 3 9
d 21422 22, — 472,22 . 714722
+ 2/&{{,2+ 14 23*24 nzzuuh 4233}
4 Z34 2(2]4—223 — 224 4,13) 224 ZT}
x [te{U, UL, }tr{fj UL WU, UL} — {0, UL U, UL U,UL} — (24 — 23)]

22 20 2.2
+ X12%34 [21 12 34 + (1 + 5 2212234 )ln 213224 }

2 2 2 — 22 2,2
213424 2143 213224 ~ Z14%23 2147233

x [tr{ 0, U1 Yer{ 0, OF Yee{ 0, 08} — {00, U1 O U12U14U]L}_(z4—>z3)]—|—nf—terms)

b=4N,—2ns |. Balitsky and G.A.C

KxrLo Bk = Running coupling part + Conformal "non-analytic” (in j) part
+ Conformal analytic (A = 4) part

Linearized KnLo sk reproduces the known result for the forward NLO BFKL
kernel Fadin and Lipatov (1998).
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BFKL at the saddle point approximation

DIS at high-energy  —¢* = 0? > P? s=(P+q)?>Q°

Q2 ) %"‘il/

@) = [avr) 5" (%

N(v) is the BFKL pomeron intercept. v = % =iv

Saddle point approximation:

1 ag4ln?2
o~ (1)

XB
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From local operators to Light-ray operators

N-th moment of the structure function is

1 J+ico 2\ 7
My = /0 dxgxy o7 P (xg, 07) =/ dy o (Q—>

Lo N—1-X(y) \ P2
N
e = a (2000~ v) - £ 2k - v+ 1-9))
The BFKL is given as a sum over all the residues
o Leading residue: R(y) — %5 iy = e
o Next-to-Leading residue: R(y) — %

Closing the contour on the poles we get the anomalous dimensions of the
leading and higher twist operators at the nonphysical point N = 1.

G. A. Chirilli (Unives
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Analytic continuation in the complex plane
%—i—ioo F(v) Q2 Y
w—R(y) \ P?

NoRG)

| _ico

1
/mwﬁmﬁh/

0
Analytic continuation: N — 1 — w complex continuous variable

D o~ ()

resummation: BFKL eq

e

= Residues w = X(7)

Leading — Twist (s, w) =
w
=

aslnx—lel -2~ xp—=0 & w—=0
Thus, we get the analytic continuation of anomalous dimension at the

15/22

nonphysical point N — 1 of twist-2 gluon operator F¢, V¥=2F>"
REF25 - 16 Oct 2025

Conformal BK equation
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Anomalous dimension (gluon only)

agN, 1 1 11
W= <_N(N—1)_(N+1)(N+2)+¢(N+1)+7E_E>+O(a§)

BFKL gives (N, o) at N — 1

N n
— [ALOBEKL | (\y _ |\gNLO BFKL | QslVe
N [ N +( ) N + ] 7T(N— 1)

o LO BFKL: Jaroszewicz (1982)
o NLO BFKL: Fadin and Lipatov; Camici, Ciafaloni (1998)
o NNLO BFKL in ' = 4 SYM: Gromov et al(2016)

atN=1 F?,V_'F% isanon-local operator

We want an operator language
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Balitsky-Fadin-Kuraev-Lipatov equation

o Gk, K,Y) = / d*qK(k,q) G(q, K, Y)
Y

! 1 !
Gk, Y = 0) = >3k — k)

k=l|ki| and K = |K/ |

lnﬁ and s = (q1 + q2)?
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Balitsky-Fadin-Kuraev-Lipatov equation

o Gk, K,Y) = / d*qK(k,q) G(q, K, Y)
Y

! 1 !
Gk, Y = 0) = >3k — k)

k=l|ki| and K = |K/ |

lnﬁ and s = (q1 + q2)?

e Resum (a;Y)" — LO BFKL eq.
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Balitsky-Fadin-Kuraev-Lipatov equation

9 Gk, K, Y) = /dqu(kyq) G(q,k',Y)
oY
Gl K, Y = 0) = ——5(k — K

2k

k=l|ki| and K = |K/ |

IHW and s = (LI1 +Q2)

e Resum (a;Y)" — LO BFKL eq.
e Resum ay (a; ¥Y)" — NLO BFKL eq.
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Balitsky-Fadin-Kuraev-Lipatov equation

o Gk, K,Y) = /dqu(k, q)G(q,K,Y)
Y

! 1 !
Gk, Y = 0) = >3k — k)

k=l|ki| and K = |K/ |

lnﬁ and s = (q1 + q2)?

e Resum (a;Y)" — LO BFKL eq.
e Resum ay (a; ¥Y)" — NLO BFKL eq.

o The kernel is real and symmetric: K (k, k') = K(k', k) = K(k, k') is Hermitian
and the eigenvalues are real.
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LO BFKL equation

0
sy Ok 1) = [ PaK(k.0)Gla.k 1)
Pa KOk =14y _ =~ K21 __ oulNe
gk (k.q) (q°) = au xo(7) (k%) ap = —

o (k*)~'*7 are eigenfunctions.
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LO BFKL equation

0
sy Ok 1) = [ PaK(k.0)Gla.k 1)
o KO (k 2\—l+y _ = K21+ — a,Ne
qK"(k,q) (¢°) = au xo0(7) (k) = —

e (k*)~*7 are eigenfunctions.
e For y=1+iv and v real parameter = (k*)~'*” form a complete set.

e = LOeigenvalues xo(v) =2v(1) — (5 +iv) — (4 —iv) arereal and
Sym. v < —v

e LO BFKL is Conformal invariant.

2N\
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BFKL equation in the A'=4 SYM case

e In A/ = 4 SYM theory the coupling constant does not run.

° = (kz)*%“" are eigenfunctions at any order.

K(qa k) = aSYMKLO(qa k) + a%YMKNLO(qa k) + ..
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BFKL equation in the A'=4 SYM case

e In A/ = 4 SYM theory the coupling constant does not run.

° = (kz)*%“” are eigenfunctions at any order.
K(gq,k) = asymK™(q,k) + agymK""0(g, k) + ...
/ PqK(g,k) (@) = [asywxo(v) + adywxi (v) ... ] (3) 75

Glk.K.Y) = dv [asymxo(¥)+agyyxi (v).-.] K2\
kKX = [ S © k2

o The eigenvalues  , xo(v) +a; xi™(v) +... are real and symmetric for
V<> —U.

G. A. Chirilli (Unives Conformal BK equation REF25 - 16 Oct 2025 19/22



Conformal BK equation REF25 - 16 Oct 2025 20/22



~v*v* scattering cross-section at LO

. . . . A\
G PO o 157 (% ys 21, 22) I Y520, 2b)
®(r{U,, Ul }*e{U, UL }™)

G. A. Chirilli (Univer: Conformal BK equation REF25 - 16 Oct 2025 20/22



~v*v* scattering cross-section at LO

asxv)I(Yg Y
e“A(}V(B s )

G PO o 157 (% ys 21, 22) I Y520, 2b)
® <tr{U11 U;rz }YA )a(tr{ Uz, UL}YB )A
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~v*v* scattering cross-section at LO

2\ iV
AP (g, ) ox i /dyzgg (W) 12X () (Q_;) o X0(0) (Y4 Ys)

Q1Q 05

YBzf_hl?s s=(q1+q)*

010>

2 2\ .
AaﬁpA(Q1,Q2) i O /d Ifg( )Ip)\( ) (%) eau xo(v) In 0,05
2
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NLO structure functions for DIS off a large nucleus

D TS0 500 = [P (et + 20, 0L

2 Qs ZlZ K (Cl i C3)(C1 43) . pv my
+/d [4 T2 213253 <ln 2(k-G3)2(¢1 - ¢2) 2C)ILO+ g }

X [ir{ U, UL Yer{ U, O} = Nete {0, U Yo }

where
o R? (-G) & 1 (8:-C) | (-C)(k-G)
e 20%) = e (g - @){m SE e RS RS
L) GG G) K (G- )} R G)P & [(H'Cl)(ﬁ'éé) ACHS
(SEYS)I(CRYEY (2 G) (k- G)?OxrOy L (G2 G3) 262+ G3)
+(G Cz)}
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