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• At every order of your calculation there are logarithms that grow 
large in kinematic limits

• Actually,  is the expansion parameter. This is not small!αsL ∼ 1

̂σ ∼ 1
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+α2

s (L4 + L3 + … + 1)
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+αn

s (L2n + L2n−1 + … + 1)
+…

LARGE LOGS EVERYWHERE
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L ∼ log ( high scale
low scale )αs ∼ 0.1



• Factorisation theorem splits up amplitudes into single-scale objects

• Predict logarithmic structure up to some power in expansion 
parameter
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Van Beekveld, Laenen, Sinninghe Damsté, Vernazza (2021)

• Factorisation theorem splits up 
amplitudes into single-scale objects

• Predict logarithmic structure up to 
some power in expansion parameter



OUTLINE

• Factorisation theorem of amplitude

• Method of regions

• Jet functions up to subleading powers & check
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• Hard function  Matching coefficient

• Jet function  Matrix element definition

• Soft function  Matrix element definition

• Leading power logarithms via 

→

→

→
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WHAT ARE THE INGREDIENTS AT LP?
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Mµ ⇠ Jf ⇥H
µ
f,f̄

⇥ Jf̄ ⇥ S



(SUB)LEADING POWER FACTORISATION
𝒪(λ0) 𝒪(λ) 𝒪(λ2) 𝒪(λ2)
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ℳμ ∼ Jf × Hμ
f, f̄

× Jf̄ × S + Jf × Hμρ
f, f̄γ

⊗ Jf̄γ ρ × S + ( fγγ) + ( fff ) + ( fγ)( fγ) + 𝒪(λ3)

(SUB)LEADING POWER FACTORISATION



METHOD OF REGIONS
• Philosophy: expand in  before integrating

• E.g., if  is collinear :

λ

k
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I =

Z
[dk]N µ 1

(p1 � k)2 �m2

1

(p2 + k)2 �m2

1

k2

Beneke, Smirnov (1998)
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Ih =

(
µ2

→ŝ

)ω [
→

2

ω2
→

3

ω
→ 8 + ε2 + . . .

]
ū(p1)ϑ

µv(p2) +O(ϖ)
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Ic = Ic̄ =

(
µ2

m2

)ω [
1

ω2
+
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ω
+ 4 +

ε2
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]
ū(p1)ϑ
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(p2 + k)2 →m2
↑ 2p→2 · k +O(ω2)
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METHOD OF REGIONS

• Full result is sum of all regions:

Beneke, Smirnov (1998)
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ū(p1)ϑ

µv(p2) +O(ϖ, ω)

10

<latexit sha1_base64="iYjZIRtJlMe2yDR40zAsQFmJm+I="></latexit>

=

(
µ2

→ŝ
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METHOD OF REGIONS & FACTORISATION
• Method of regions: 

• Factorisation at leading power:

• Check with recent method of regions calculation for massive QED form factor

I = Ic + Ic̄ + Ih

ℳμ = Jf Hμ
f, f̄

Jf̄ S ⊃ J(1)
f H(0)μ

f, f̄
J(0)

f̄
+ J(0)

f H(1)μ
f, f̄

J(0)
f̄

+ J(0)
f H(0)μ

f, f̄
J(1)

f̄

Ic Ih Ic̄+ +I =

Laenen, Vernazza et al. (2024)
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BUILDING BLOCKS

• Building blocks based on SCET

• Fermion:   

• Gluon/photon:   

• Combining them in products, and with 

ψ̄(x)Φi(x, ∞)

Φi(∞, x)[iDμΦi(x, ∞)]
∂⊥

Beneke et al. (2017)
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 JET FUNCTIONJf

• Definition of the f-jet with a Wilson line: 

• Eikonal Feynman rule                   = 
n̄σ

n̄ ⋅ k
=

p−σ
2

p−
2 ⋅ k
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Jf (p1, n̄) = hp1|  ̄(0)�n̄(0,1)|0i
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
�ie

Z 0

1
d� n̄ ·A(x+ �n̄)

�

Collins (1989)13



 JET FUNCTIONJfγ

• Effective Feynman rule

• Momentum fraction

• Convolution 
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fermion photon
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p+1
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◆
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ONE-LOOP RESULTS

= ⊗+×
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TWO LOOPS
• One loop collinear, one loop anticollinear with existing jet functions

• One loop hard, one loop collinear with existing jet functions

• Only new ingredients are (one-loop) hard functions
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TWO LOOPS

• Two-loop jets are needed for double-
collinear factorisation

• For most diagrams only need  and 

• Not sufficient for (crossed) ladder diagram

Jf Jfγ
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 JET FUNCTIONJfγγ

• (Crossed) Ladder needs a new jet function

• Starts at 

•  ,  and  do not overlap, so no double counting

𝒪(λ2)

Jf Jfγ Jfγγ
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fermion

photon

photon
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 JET FUNCTIONJfff̄

• Fermion attachments instead of 
photon attachments

• Furry diagrams

• Starts at 𝒪(λ2)
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 JET FUNCTIONJfff̄

• Fermion attachments instead of 
photon attachments

• Furry diagrams 

• Starts at 𝒪(λ2)
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OUTLOOK

• Include radiation in jets

• Move towards cross sections

• Derive resummation formulas from factorisation theorem
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SUMMARY

• Definition of jet functions and calculate them up to two loops in QED

• Check results with method of regions results and it holds exactly
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SUMMARY

• Definition of jet functions and calculate them up to two loops in QED

• Check results with method of regions results and it holds exactly
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Thanks for your attention!



BACK-UP SLIDES



WHERE DO THE DIVERGENCES COME FROM?
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• Deduce from generic Feynman integral where the IR singularities are

• Generic denominator:

• Landau equations

• Pinched surface

<latexit sha1_base64="fvSbq4T2ZHJM7TtsiPxAbZnkZ1w="></latexit>

@D

@`µi
= 0, 8i, µ
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`2i �m2
i = 0 or ↵i = 0

Landau (1959)
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IX

i=1

↵i(`
2
i �m2

i ) + i⌘



REDUCED DIAGRAMS
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• Solve the Landau equations

• General reduced diagram for (QED) 
process for 

• Collinear and soft singularities

• Note: this is just a necessary condition

<latexit sha1_base64="KNe5sSw9NWbYuGL+GlaHdwoS5ZM="></latexit>
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FROM REDUCED DIAGRAMS TO POWER 
COUNTING

• When is it a sufficient condition?

• Power counting parameter  to quantify singularities

• All lines and connections have some scaling in terms 
of 

• Derive which kind of diagrams can exist at a certain 
order in 

• Degree of divergence

λ

λ

λ
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�G � 0

Sterman (1978)



FROM POWER COUNTING TO 
FACTORISATION

• Collinear :

• Anticollinear :

• Soft:

• Hard: 

• Collinear fermion: 
28
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<latexit sha1_base64="rwhUCoBbOGDxITD91/4tDf+HKL8="></latexit>

kµ ⇠ Q(1, 1, 1)

Laenen, Vernazza et al. (2021)



 JET FUNCTIONJf∂γ

• Expand hard function such that it depends only on the large 
momentum component
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 JET FUNCTIONJfff̄
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NO OVERLAP BETWEEN JETS
• At leading power, collinear photon propagator becomes 

• Effective Feynman rule for photon propagator in  and Jfγ Jfγγ
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MOMENTUM ROUTING FOR CROSSED 
LADDER

• cc region: contributions from  ,  and 

• Due to ,  
loop momentum  through photon

• cc’ region: contribution from 

• Due to ,  
loop momentum  through fermions

Jf Jfγ Jfγγ

δ(n̄ ⋅ ki − ℓ+
i )

kμ
i

Jfff̄

δ(n̄ ⋅ ki − ℓ+
i )

kμ
i
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