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Motivation

The Regge limit: ———0—

|
|
AN <p’l<s, Y~ (%) > 1/a(uB). I

The Balitsky—Fadin—-Kuraev-Lipatov (BFKL) equation:

a I
aT,G(ITusz,Y) = /K(lTlaqT)G(qT»lT27Y)7 Ir2 ) :
qr |
_._k_._
where G is Green’s function. State—of—the—art (in the QCD): !
LL~aY" NLL~ay" N2LL~a+2y"
= (112 =2(1,2y (1 _
K = ok + a&upkV + 0(a).
[BFKL *76-78] [FL *98] [FL *18; V. Del Duca et.al. "21;

E. Byrne '24; S. Abreu et.al. *25; ...]

Topics beyond the scope of this study:

» DGLAP anomalous dimension at Small—x['r, Jaroszewicz *82; G. Altarelli er.al. “00; R. Ball et.al. "18;...15

» Unitarization: BK equationygs 9, JIMWLK hamiltoniangg; g1y, - . . 3
> ...
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Motivation

White paper on the BFKL phySicsu mentschinski erat. 231 Mueller—Navelet (MN) dijetspx s,
A. Sabio-Vera, F. Schwennsen *07; D. Colferai er.al. *10; B. Duclou * er.al. *14;...]» quarkonia[z,c., He, B. Kniehl, M. Nefedov, V. Saleev *19;

ke nk
M. Nefedov"24;... 15 ¥~ V" [...; D. Colferai er.al. *23; A. Polizzi, M. Fucilla, A. Papa 2515 and many more. . .

Status of the MN dijets phenomenology:

» Hybrid approach: collinear factorization

and BFKL-resummed coeflicient function

4 ,
Ao + - .
2y Gi = / ¥ (pri,171,1) ¥ (pr2,r2,32);

Ir12
Large corrections to the IFs ~ In (p7./143) ;

>

o ) strong scale—sensitivity
» No applications of the exact solution;g. cuisini, v. Kovehegov *13, 1413
>

No phenomenology with Sudakov resummation;
» No uniform description of the data across all rapidities.

The hybrid approach meets TMDa miuetier, L. srymanowski, $. Wallon, B. Xiao, E Yuan*15; B. Xiao, E. Yuan"18;

T. Altinoluk, N. Armesto, A. Kovner, M. Lublinsky "23;...]-

This talk: high—energy factorization + RG-invariant solution. 3/20



The high—energy factorization



HEF

The process
p(P)+p(P7) — dijet(p1, p2) +X,

where P* =/Sand p; = (p; n_ + p; ny.) /2+ pr; with pi* = (p;,ne) = p) £ p3.

The Regge limit: pli < PFand A’ < p2; ~pu> < Sor|z~ pu?/s <1},

Motivation: resum ¥ ~ In (1/z x g7 /p?).
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HEF
The process
p(PT)+p(P") — dijet(p1, p2) +X,
where P = /S and p; = (p;rn_ +pfn+) /24 pri with pl?t = (pi,n+) = p? :I:p?.

The Regge limit: pii < P* and A? <<p%i ~u? < Sor ZN,uz/S<< 1

Motivation: resum ¥ ~ In (1/z x g /p?).

The high-energy factorization (HEF)(s. cani, m. Ciatatoni, . Hautmann *90-94; J. Collins, €. Ellis 911
dxy
o= Z/ / i (x1,q5, 1 / P /‘I’ X2,q7, %) H, ij (x127‘IT12>0‘s(ﬂR))

where x; 5 = (p1 +p5 £)/PE.
» Not limited to the TMD case P%l.z < u?;

» GI off—shell q% b= *‘I%Lz coefficient function H;j;
» Unintegrated PDF (UPDF):

1
dz ~ (x
q)l'(xvq%'v”z) :/? fi’ <g7”2) Cii’(z7qT7”2)7
x

where Cj; is calculated perturbatively: LP/NLP z, LL/NLL In(1/z), In(q% /u?).
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The parton Reggeization approaCh[M.Nefedov. V. Saleev, A. Shipilova '13]

The HEF coefficient function

(EFT
H;; <x127QT12706s HR /|A )|2
P1,p2

is calculated with the Reggeized gluons and quarks i, j = R, Q:
g ~lari| ~0(:)>q; ~0(P), a5 ~lar|~0@)>qf ~0E), ¢ia=—aF 2
» Prescriptions:
| A (EFT) 1 ar ’ TLEF) ,_ 1 g
AFD 22 L) wlAg;Ar]. 1AGT ]2 = lt[ AA};
A | (N?—l)(zltml) rAwAn]. | *= N 2 Tli-Aosei

» The induced term of the effective actiony;. ripuov 051

Sind = é / dtir [32R ()9 Wiy (] + PR (x) 04 Wiy (0]

where d+R+ (x) =0 and

.
ig o -1
Wi () = Pexp | =5 [ dd, vaee dhxe)| = (141805 v ()
= induced vertices D d; | — —i/I* = “Green’s function” A;;.
» Effective action for the Reggeized quarksi. ripaov, M. vyazousky 02
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The parton Reggeization approaCh[M.Nefedov, V. Saleev, A. Shipilova '13]

Improved KMRW formulagp, xefedov, v. sateev 20,

. 2 T X, 2 , 2
Cii' (X,Z, quu'z) = AéqT) l( q; a ) ZPii’ (Z) 0 (A(q%muz) - Z) )
T qr

where A(qF,4%) = p/ (1t + |ar|).
» d la Sudakov form factor:

2 2 ! dq7 8(q7) 22 22
*lnTi(xqua” ):/ n 2 (Ti(thu )+AT[(X,(]T,‘LL ))9
, a7 T
qar

» Expansion w.r.t. 1 —A(q3, u?) = |qr|/pn+ 0 (¢} /1?):

2 2
~InTi(q, %) = c1(@(ug)) x In (%) +ea((g)) x In* (%) ;

» Normalization condition (UPDF — PDF):

2

u
Z/dq% Ci[’(X,Z,(]T“U«Z) = 6(1 _Z)'
l'/

0
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The BFKL equation



The BFKL kernel

Strategy for solving the BFKL equation:

the kernel K —  eigenfunctions H, —  the Green’s function G
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The BFKL kernel

Strategy for solving the BFKL equation:

the kernel K —  eigenfunctions H, —  the Green’s function G

At the LO, the kernel is conformal invariant (= Hj(,0> (qr) ~ qu(yfl)):

[ K ) 1 ar) = 6 (03) 20 () 1 4r)

qar
» No coupling running: & (13.) = a(u3) + 0(a?);
» LO characteristic function: ¥ (y)— »'"/(1 — 7).

8/20



The BFKL kernel

Strategy for solving the BFKL equation:

the kernel K —  eigenfunctions H, —  the Green’s function G

(0)

At the LO, the kernel is conformal invariant (= H, ' (qr) ~ qzr(yfl)):

& ran) 8 ar) = 603 20 () 11 1)
qar

» No coupling running: & (13.) = a(u3) + 0(a?);

» LO characteristic function: ' ( =291 —-7).

At the NLO, the diagonalization of the kernel breaks:

[ K ran ) = ad) 20w +aih) 7| a0

qr
» Coupling running: & (12) = a(u3) (1 0 (1z) f;)r In (ilg)) +0(a3);
» Structure of the : = Wy - %
=xW(1-7)
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The BFKL equation

The exact solution of the N()LO BFKL equation constructed ing. chiriti, v. Kovehegov *13, 141
» The equation:

0 _
(TYG(ITl,le) :/K(ITMIT | ax(”]%)) G(qr,lm2.Y),

qr
initial condition: G (I71,l2,Y =0) = 5@ (171 —172), the kernel:
_ d
K(lTaQT | & (uz ) Z a Dar.ar), K" (r,qr) =

dug
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The BFKL equation

The exact solution of the N()LO BFKL equation constructed ing. chiriti, v. Kovehegov *13, 141

» The equation:

0 _
(TYG(ITl,le) :/K(1T17(IT | ax(“]%)) G(qr,lm2.Y),
qr

initial condition: G (I71,l2,Y =0) = 5@ (171 —172), the kernel:

_ d
K(lTaQT | & (uz ) Z a Dar.ar), K" (r,qr) =

dug
» Diagonalization of the kernel (order-by-order in @):
[ & (trar |6 (ad) Hylar. i) = o) 20 Hy(ir. 120),
qr
where

=Y awp) 2y Hy(r,13) = Y ol (ud) HY) (i) |

1 1
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The BFKL equation

The exact solution of the N()LO BFKL equation constructed ing. chiriti, v. Kovehegov *13, 141
» The equation:

0 _
(TYG(ITl,le) :/K(1T17(IT | ax(“]%)) G(qr,lm2.Y),

qr
initial condition: G (I71,l2,Y =0) = 5@ (171 —172), the kernel:
_ d
K(lTa‘IT | & (uz ) Z a Dar.ar), K" (r,qr) =

dug
» Diagonalization of the kernel (order-by-order in @):
[ & (trar |6 (ad) Hylar. i) = o) 20 Hy(ir. 120),
qr
where

=Y al ) x(y Hy(r,u3) =Y & (ud) HY (i, 1) |
1 1

» The RG-invariant expansion of the kernel:
_ _ d
where x(7) = x(1—7).so K(I7,qr) = K (qr,l7). 9/20



The BFKL equation
The RG-invariant solution (for n # 0):

G(lr1,172,Y) Z/* exp % (uz) 2 (n,7) ] ny (1, 1g) Hy (U2, ).

» The characteristic function (symm. and real), see 0 (72, 7) il kotikow L. Lipatov 001"

@ 8}((0)(n7)/) N 6(n,y)
8n  dy 4

2Oy =2v(1)=2Rew (5+7), 2Vny) =
» The eigenfunctions:

(0) 1 og-1) i . 2 (17 1(0)
H”vY(lT):ﬁlT e 4’17 Hn_y(lT,MR):;Cm(n,’}/)ln (;7;% Hn_y(lr),

the coefficients:

Bo 1

— =0.
87[ 3ylnx(0) (n’ ')/) 9 Cm>2

co=0, ci(ny)=0dc(ny), c2(ny) =

Completeness and orthonormality:
dy
Z/ i Hnr(lr MR Hy oy (O, 13) = 8P (ipy —172), /dle H”vy(lTvﬂl%)H;/_}/(lTvﬂl%) =8,48(r=7).
e ;

Agrees with the solution, grpovsky ‘131 Up to NLL, details coming soon. . .
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Resummation of the collinear poles

Collinear—improvement: x(n,y)+Ax(n,7).
» A (anti-) collinear poles:

21+1
XDy =Y, kpdy*al+ 6 +{y—=1-7}, dulny)=m+n/2+y,
k=1

» The w-shift schemeg. saum o8

_ 1_ _ o —k—2(1—1') -
d() k (’%Yi Ean(nﬂ Y)) £ ) Z do =) O££
I'=1l

due to so = |I71|[172| BFKL: 17| ~ 172) —> s¢ = 1%172 (DGLAP:B, , >, )inY =1n (%),

» The “all-poles” approximationa. sabio-vera ‘05: A. Sabio-Vera, F. Schwennsen ‘07]

aAx(ny) = ) |:Kl,2ay_dm+\/2653(7(0,1+K1,las)+(’<l,2as_dm)2
m=0
1 2041
© R Y st oo
1=0 k=1

» Doesn’t break the diagonalization of the kernel: Ay ~ 0'(&).
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The Green’s function

Imy

L=02

1 Y =05
l"
0.50 K\
g

010 ---
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; L L L
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The collinearly—improved NLO:
» The intercept: ® = a(u3) x(0,1/2);
» The o is scale-independent at tig = 20 GeV;
> grows slower w.r.t. ¥ = 0, (u2)Y than the LO one;
» is approximately scale-independent at ¥ ~ 1;

» doesn’t oscillate w.r.t. L =In(|lr1|/[l72]). 12720



Mueller—Navelet dijets production



Matching scheme

qr2 — < dqri

&

pr2 lAi P71
Examples:

< < L

The coefficient function for ¥ < 1/d(13):

(HEF)
H; ;

>
L d

y
Y < 1/a(})
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Matching scheme

>
T L d

y
= (112
qr2 — —qri Y < 1/0(ug)

&
pr2 4, Lpn

= (12
N qr2 — “—qri Y~ 1/0(1g)

&
< pr2 4 é é 1 pri

Examples (Y ~ In(1/z2)):

< Yoo @ { Yoo @8 .< Y o OB
= = =
Sogoo, @oooggo, [ -
~1/z2 ~1/z ~l/22

The coefficient function for ¥ ~ 1/ (u?):

):/‘I";F(pTth]ayl)(S::‘“'/l ) (pr2sdr2,y2) + O(1)/2)

Iri2

Reminder: G(lT],lfz, Y = ()) =563 (I —172).

HEFELD) _ iy 5T
7 Yoo
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Matching scheme

>
T >

y
Y < 1/a(pz)

Q?f‘ qr2 — < dqri
pr2 lAi PT1

Q ar2 can Y1/a)
&
A4 pr2 Lpri
Q@éﬁé‘ qr2 = I 17 — qT}/ ~ 1/‘2\(“%)
..
\&Q pr2l Lpn

The resummed coefficient function for ¥ ~ 1/ (u?):
BFKL _
Hi(j = /‘Pﬂpnyln,yl) G(r1,lr2,Y) W5 (Pra;lra, y2)

Iri2
Note: the UPDFs resum In'-? [(pn_,z ilTl‘z)z /P 2} to the IFs ‘Pli]
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Matching scheme

>
T L d

y
Y < 1/a(1})

Q{o{‘ qr2 — < qri
pr2 |, L P71
N qr2 — —aqn Y ~ 1/ (u3)
&
® pr2 4 1 pri
@“3 ar2 = lra 7y P 1/0(g)
I BFKL
\&Q pr2 | Lpr
The matching scheme:
Hl(jHEFJrBFKL) H(HEF) n H(BFKL) Hi(jBFKL,o)7
where
H}fFKL) - HiSBFKL’O) = 0 for Y1/ (,u,%),
HEF BFKL,0 ~ 2
H g PO 0 for Y~ 1/a(u3).
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Results

VS =2.76 Tev

——— HEF )
1N
“e—e—e HEF + NLO BFKL \
........ BEKL® ki
\

-——- LOBFKL

e CMS'22

1 2 3 4 5 6 7

Y

10

10

(b)

7/2.76 TeV /
|

| 10

g 10t

107

(©)

13/2.76 TeV /
(E|

12345678

Y

» The HEF describes the data well at low ¥ < 2 —3;

» The HEF gets subtracted by the BFKL (") starting from Y >3 —3.5;

Y

» The NLO BFKL-improved HEF is in agreement with the data at large Y > 3.5;

12345678

» The BFKL-improved HEF ratio R(Y) grows significantly faster than the HEF one.
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Results

P e DO
VS =1.8Tev
05<Y<15

10°

1/odo/dag

1/odo/dag

10"

s

* DO'9%6

VS =1.8Tev
25<Y<35

1/odo/dag

10

e DO'96

VS =1.8Tev

107
0 1 2 3 1 2 3 4 5 6
Ao Ad
10' s 10! .
Pe CMS'I6 ® . CMS'16 »
[ VS=7Tev VS =7Tev .
Y<3 o, 3<Y<6

2

1/odo/dag

1/ocdo/dag

1/odo/dag

Ad

Ad

» The HEF describes the data well at low Y
» The NLO BFKL-improved HEF is in agreement with the data at large Y;

» Compare Withs suio-vera, E schwennsen ‘07: B. Duclou” eral. *14]-

Ao
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Results

) b ! &) 12
. CMS'16 Ll e CMS'l6
1. I s s
v S =T7Tev S o8 S =7Tev
s . 506 -
. oy
e e
. e N T 1

The angular coefficients:
1 do 1
————=—— 142 C.(Y AP —
cdvdry 2m| ,§0 n(¥)cos (n(ag = 1))
» Low Y: no suppression by Cy-~.,,/Cy, is covered by the HEF;

» Large Y: in the limit Y — oo

G ~ O MR 2 (1=0.1/2)Y
suppression by C-.,,/Cy, interplay between the Sudakov & BFKL resummations;
17/20

» Compare Witha. subio-vera, F. Schwennsen *07: B. Duclou ” eral. *14] -



Conclusions & outlook

HEF + RG-invariant & coll. imp. NLO BFKL

» Low Y: the HEF describes the data, large Y: the BFKL resummation is necessary
= new evidences for the BFKL dynamics in the MN dijets;

» The matching scheme interpolates predictions between the two descriptions
= uniform description of the data across all values of the rapidity difference;

» No strong scale—sensitivity due to the NLL Sudakov and NLO eigenfunctions
= no need for the BLM procedure.

Outlook:
» NLO HEF A van Hameren, M. Nefedov 2515

Thank you for your attention!
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NLO characteristic function

The NLO characteristic function:

A nn) = 72000+ 360 - B (10wn)’

cos(7y) Ne\ 243y(1-7) N (1)
m[(“@wg)afzyy)ﬁ)a (1+5) oz
[ (+§ +y (1—7’+*)—2(¢(n,7)+¢(n,1_y))].,

X
where . = (4 — 12 4 5B0/N,)/12 and By = (11N, —2N;) /3. The function ¢ is:

m+]

o(ny) = i < (m+n+1)—y'(m+1)

m

+ (=)™ (B A+ 1) =B (m+1)) +

po-4(o(22) ¥(3).

w(m+1)—y/(m+n+1))
dm ’

where

19/20



The characteristic function

A (anti-) collinear poles:

2[+1
21D (ny) =

where dy, = djy(n,y) =m+n/2+ 7y and

kKo = 1,

1
PR

K1 =

1 0o 47
— 1 13—
+ 21//(n+ )= 3¢ (67+ 3N3)6" 1800(

_ B 1 0
Kip = 8NC+ Hn+12 11+2 6, +6O 1+
1 Nt
K1’3 = 24 <1+N3>
where . = (4 — 2 4+ 5B0/Ne)/12, Bo =

Z Kiedy oy (ug) + O () +{y—1-7},

24 ' 4N, 8("/<nJ2rl>_"/<n+2

Imy

(11N, —2Ng)/3, and H,, = w(n+1) —

-0.5.

-1.0

0.0

02 00 02 04 06 08 10 12

-02 00 02 04 06 08 1.0 12
Rey

y(1).
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