
Michael Wagman

Resummation, Evolution, Factorization 2025

Milan University

October 17, 2025

The Collins-Soper Kernel from Lattice QCD



4

Our knowledge of proton structure has 
historically focused on collinear PDFs

Depends on initial-state hadron but independent 
of particular scattering process

Hadrons further contain rich 3D structure 
encoded in TMDPDFs

3D hadron structure

TMDPDFs needed to describe SIDIS, Drell-Yan, and other process

SIDIS
Drell-Yan

HERMES, COMPASS, 
JLab, …

Fermilab, RHIC, LHC, …

COMPASS, Fermilab, HERMES, JLab, LHC, RHIC, EIC, …
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The Collins-Soper kernel

Reviews:

UV anomalous dimension Collins-Soper kernel

(rapidity anomalous 
dimension)

Michael Wagman, in collaboration with Phiala Shanahan and Yong Zhao, APS April 2021

TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

• Changing hard momentum scales requires evolving TMDPDFs in      and       

• Evolution in     is perturbative as long as     is large, but evolution in      is always 
nonperturbative for

• Both anomalous dimensions are independent of the hadron target
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CS kernel phenomenology

Reviews:

Fits to SIDIS and Drell-Yan data with multiple energy scales are sensitive to 
evolution effects and therefore the CS kernel

CS kernel can be extracted along with TMDPDF in global fits

Modeling significant for

(nonperturbative region)

SV19 - Scimemi and Vladimirov, JEHP 06 (2020) Pavia19 - Bacchetta et al, JEHP 07 (2020)

(582 SIDIS + 457 DY data points) (353 DY data points)

Can we constrain the large        behavior of the CS kernel using lattice QCD?
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Lattice QCD

Reviews:

"Ji, Jin, Yuan, Zhang and Zhao, PRD 99 (2019)"

TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

Lattice QCD enables nonperturabtive calculations of QCD path integrals numerically

Quark fields integrated out 
analytically, propagators 
obtained with matrix inversion

Monte Carlo sample 
gluon fields with 
probability

(Dirac matrix size ~ )

Methods for direct calculation under study

Finite volume + non-zero lattice spacing:

finite number of integrals to compute
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Lattice QCD

Reviews:

"Ji, Jin, Yuan, Zhang and Zhao, PRD 99 (2019)"

TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

Lattice QCD enables nonperturabtive calculations of QCD path integrals numerically

Quark fields integrated out 
analytically, propagators 
obtained with matrix inversion

Monte Carlo sample 
gluon fields with 
probability

(Dirac matrix size ~ )

Methods for direct calculation under study

Operators involving timelike separations 
can’t be calculated straightforwardly

leads to a “sign problem”
Kanwar and MW, PRD 104 (2021)

Alexandru et al, PRL 117 (2016)

Methods to mitigate real-time sign problem 
studied, challenges remain (not this talk)



9

Quasi PDFs

Reviews:

"Ji, Jin, Yuan, Zhang and Zhao, PRD 99 (2019)"

Bringewatt et al [JAM], PRD 103 (2021)

Large momentum effective theory (LaMET) connects light-cone PDFs to Euclidean 
matrix elements that can be calculated using lattice QCD 

Quasi PDF:

Review: Ji et al, Rev. Mod. Phys. 93, 35005 (2021)

For large       , quasi PDFs can be related 
to light-cone PDFs by perturbative 
matching coefficients

Several LQCD groups are performing 
increasingly refined quasi PDF 
calculations

For e.g. isovector polarized nucleon 
PDFs, LQCD results provide 
significant improvements to global fits

See Snowmass white paper arXiv:2202.07193
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Quasi TMDPDFs
The construction of quasi TMDPDFs is more complicated than collinear PDFs

TMDPDF products appearing in e.g. Drell-Yan can be expressed as convolutions of 
“beam functions” and “soft functions”

Quasi beam functions can be constructed that are related to light-cone beam 
functions by a Lorentz boost

Ji, PRL 110 (2013)

Ebert, Stewart, Zhao, JHEP 1909 (2019)
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The soft function
TMDPDF products in Drell-Yan also involve a soft function that depends on the light-

like momenta of both hadrons

Soft function cannot be related to a matrix element of equal-time operator product by 
a Lorentz boost

Recent progress relates light-cone soft 
function to a large-momentum form 
factor that can be calculated with LQCD

Ji, Liu, and Liu, Nucl Phys B 955 (2020)

Zhang et al [LPC], PRL 125 (2020)

Proof of principle demonstration that LQCD 
can predict TMDPDFs
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The CS kernel from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

Ratios of TMDPDFs free from soft factors and can be calculated with LQCD

CS kernel determination using quasi-TMDPDFs suggested:

Yoon et al, PRD 96 (2017)Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)

Euclidean quasi-beam 
function 

Ji, Sun, Xiong, Yuan PRD 91 (2015)

Method concretely relating CS kernel to quasi TMDPDF ratios proposed and derived:

Perturbative matching factor known at NNLO



3 values of 

3 values of 
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First LQCD exploration
CS kernel is a property of QCD vacuum, 

independent of hadronic state

Allows high precision with only 400 quark propagator sources

35,660 bare matrix elements - 
robust automated fitting essential

We can learn about nuclear 
interactions using pion states!

In quenched (             ) QCD, exact results 
calculable using heavy quark probe

All 16 Dirac structures and 
staple geometries       and

Shanahan, MW, Zhao, PRD 102 (2020)
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Quenched LQCD results

CS kernel determined precisely 
for        extending into 
nonperturbative regime

Shanahan, MW, Zhao, PRD 102 (2020)

Fourier transform truncation 
effects challenging to quantify, 
two different models used to 
extrapolate beam functions 
outside range of data

Shading denotes relative size of 
hard-to-quantify (at the time) 
systematics
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Fourier transform challenges
Fourier transform truncation effects: challenging systematic uncertainties to quantify

Broadening of the (physical) beam 
function with increasing      
leads to larger truncation 
effects

Modeling of beam functions outside 
region with LQCD results 
necessary to cover region where 
Fourier transform integrand matters

Renormalization issues?

Finite volume effects?

Unexpected asymmetry visible at 
large 

Briceño, Guerrero, Hansen, and Monahan, 
PRD 99 (2018)

Shanahan, MW, Zhao, PRD 102 (2020)



• Larger physical volume enable larger staple 
extents than in quenched calculation

Dynamical LQCD exploration

Mixed action:                                MILC ensembles with ~physical quark masses

• Wilson flow (fixed in lattice units) used as smearing in valence action to reduce 
statistical noise

vs quenched

Bazavov et al [MILC] PRD 87 (2013)

• Wilson valence quarks with tree-level clover improvement, 

Shanahan, MW, Zhao, PRD 104 (2021) 16



CS kernel systematics

Reviews:

•    -dependence of CS kernel not 
successfully cancelled

• Differences between estimates with 
different momentum pairs visible

Fourier transforming an 
analytically extrapolated model 
leads to smaller (though still 
visible)      and       dependence

Fits of            artifacts also attempted

Shanahan, MW, Zhao, PRD 104 (2021)

NLO quasi/light-cone matching effects 
significant 

Still significant Fourier transform systematics

• Approximations valid only at LO 
used in previous calculations 
insufficient

17
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Shanahan, MW, Zhao, PRD 101 (2020)

Zhang et al [  QCD], PRD 104 (2021)
𝜒
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Asymmetry persists in large volume using standard RI/MOM renormalization

Bare RI/MOM

Shanahan, MW, Zhao, PRD 104 (2021)

Numerical issues seen in other calculations applying RI/MOM to nonlocal operators

Huo et al [LPC], Nucl. Phys. B 969 (2021)

Renormalization and mixing

Constantinou, Panagopoulos, Spanoudes, 
PRD 99 (2019)

Operator mixing predicted by 1-loop lattice 
perturbation theory (white dots) does not 
capture large nonperturbative effects

Implies large UV-finite effects in RI/MOM scheme

Zhang et al [LPC], PRD 110 (2024)

https://inspirehep.net/authors/1037546
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The CS kernel can also be extracted from ratios of TMD wavefunctions analogous to 
distribution amplitudes

LPC collaboration found TMD wavefunctions 
with more symmetric staple geometries 
enable higher precision, improved Fourier 
transform systematics

Chu et al [LPC], PRD 106 (2022)

TMD wavefunctions

Results broadly consistent with previous LQCD 
calculations and phenomenology

Systematics remain:

• One lattice spacing, no continuum limit

• Unphysical pion mass

• Operator mixing assumed to be negligible
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Controlling LQCD systematics

• Larger boosts and (symmetric) staple extents 
using efficient TMD wavefunction codes reduce 
Fourier transform truncation effects

Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

• Nearly physical quark masses

• Continuum limit from 3 physical-mass 
ensembles with different lattice spacings

PRL 132 (2024)
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RI-xMOM renormalization

RI-xMOM renormalization scheme turns 
nonlocal operators into products of local 
operators by introducing auxiliary static 
quark fields

Operator mixing patterns agree 
with perturbative expectations

Ji, Zhang, and Zhao, PRL 120 (2018)

Green, Jansen, and Steffens, PRL 121 (2018)

Green, Jansen, and Steffens, PRD 101 (2020)



23

RI-xMOM renormalization

RI-xMOM renormalization scheme turns 
nonlocal operators into products of local 
operators by introducing auxiliary static 
quark fields

Operator mixing patterns agree 
with perturbative expectations

Ji, Zhang, and Zhao, PRL 120 (2018)

Green, Jansen, and Steffens, PRL 121 (2018)

Green, Jansen, and Steffens, PRD 101 (2020)

Static-light 

current

Static-static current

Static propagator



Discretization effects
New calculations used two additional MILC ensembles with nearly physical 

(valence and sea) pion masses

Avkhadiev, Shanahan, MW, 
Zhao, PRL 132 (2024)

24
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Fourier transform 

Resulting renormalized TMD wavefunctions display expected symmetry in

Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

Large enough           achieved that 
simple DFTs show negligible 
truncation effects for all momenta 
studied
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Extracting the CS kernel

Ratios of TMD wavefunction DFTs show 
(asymptotically) expected independence

Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

CS kernel extracted from averaging over 
intermediate       and momentum pairs

LO, NLO, and NNLO perturbative 
matching shows clear 
convergence at large 

Resumed “unexpanded” matching 
improves small       convergence



Renormalon subtraction
Non-zero imaginary part of CS kernel unexpectedly appears after matching:

Avkhadiev, Shanahan, MW, 
Zhao, PRL 132 (2024)

• Small 𝑏𝑇 corrections to matching formula —- reduced by “unexpanded” 
resummed matching kernel. uNNLL matching affects Re and Im parts

• Renormalons — reduce with “leading-renomalon subtraction.” Only Im part

Liu and Su, JHEP 2024 (2024)

Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

27



The continuum limit

Discretization effects subtracted by fitting to parameterization of continuum CS kernel 
+ lattice artifacts

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

• Variety of other parameterizations, e.g. with (𝑎/𝑏𝑇)
2 terms, explored

• AIC used for data-driven model selection

28



The CS kernel from LQCD

Continuum-limit LQCD results agree nicely with state-of-the-art phenomenological 
determinations of the CS kernel from global fits 

Continuum-limit LQCD results can be directly included in future global fits

LQCD precision is sufficient to exclude some models at large

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

29



LQCD CS kernel parameterization

Continuum-limit LQCD results can be directly 
included in future global fits by fixing CS 
kernel to pQCD+LQCD parameterization 

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024)

𝑐0 = 0.32(12)

Nonperturbative effects can summarized by 
one parameter fit to LQCD data:

Other parameterizations with 
complementary physics 
interpretations possible, e.g. 
hadron structure oriented (HSO)

Aslan, Boglione, Gonzalez-Hernandez, Rainaldi, 
Rogers, and Simonelli, PRD 110 (2024)

30



But is it QCD or a “model” ?

Avkhadiev, Shanahan, MW, Zhao, PRL 132 (2024) 31

Scimemi-Vladimirov 
parameterization

Hadron structure oriented 
parameterization

BLNY parameterization Curvature of CS kernel at ~1.0 fm 
and value for 𝑏𝑇 ≳ 1 fm 
sensitive to parameterization 
(“model”)

• CS kernel for 𝑏𝑇 ≲ 1 fm robust 
prediction of pQCD + LQCD



Zhao, PRL 133 (2024)

Towards full TMDs from LQCD

Calculations of quasi-beam functions, quas-TMD wavefunctions, and the quasi-soft 
function can be combined to make complete predictions of TMDs

Chu et al [LPC], PRD 109 (2024)

First exploratory LQCD calculations of 
nucleon TMDs (including soft 
function) performed by LPC 
Collaboration

• One lattice spacing, three nucleon 
boosts, two quark masses

Exciting times ahead for TMD studies with LQCD

New Coulomb-gauge operators can 

reduce noise at large 𝑏𝑇

Gao, Liu, Zhao, PRD 109 (2024)

32

Bollweg, Gao, Mukherjee, 
Zhao, PRD 109 (2024)

New hadron operators can reduce nose 

at large 𝑃𝑧

Zhang, Grebe, Hackett, MW, Zhao, PRD 112 (2025)
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Towards the gluon CS kernel

Avkhadiev, Fu, Shanahan, MW, Zhao, in progress

Similar LaMET strategy can be used to compute gluon CS kernel

• Exploratory calculation with single lattice ensemble underway

Poorly constrained phenomenologically, LQCD can provide novel constraints



Many thanks to my collaborators

CS kernel determination using quasi-TMDPDFs suggested:

Yoon et al, PRD 96 (2017)

Ji, Sun, Xiong, Yuan PRD 91 (2015)

Onward to gluons!

Phiala Shanahan (MIT) Yong Zhao (ANL)

Artur Avkhadiev (MIT->ANL) Yang Fu (MIT)

Shanahan, MW, Zhao: PRD 101 (2020), PRD 102 (2020), PRD 104 (2021)
Avkhadiev, Shanahan, MW, Zhao: PRD 108 (2023),  PRL 132 (2024)



Questions?
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