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Why deep?
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Exploring principles

Invariance
-
e |
[Fukushima, 1980; LeCun et al., 1995],- - - ,[Mallat, 2016]
Compositionality

[Geman et al.,, 2002; Serre et al., 2005], - - - ,[Schmidt-Hieber, 2020]
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(Sparse) Compositionality

f=fio---fhofy, fiecF(RY)
Spare tree structure

f(x',--,x®) = hy (hs((h1(x",x%), ha(x®, x*))), he((h3(x°,x°), ha(x’,x?))))

[Poggio et al., 2017; Mhaskar et al., 2017; Schmidt-Hieber, 2020]

Multi-index Model (MIM)
f(x) = g o B(x)



Outline

Multi-index model and hyper-kernels

Optimization and numerical results
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Statistical learning

Let P be a probability measure on R? x R, and for all f € M(RP,R)

L) = [ F0 dP(x.y).

Problem: solve

min  L(f)
fe M(RP R)

given (X1,¥1), .- -, (Xn,¥n) ~ P".



Empirical risk minimization (ERM)

in  L(f inL(f
remin, o LA = mink(f)

where H ¢ M(RP,R) and
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Choices for

» Neural nets .
f(x) = ZCiU(W,TX), o(a) = max{0,a}.
i=1

[McCulloch, Pitts '43, Rosenblatt '58, Rumelhart et al. '86]
» Kernel methods

u
f(x) = ciK(x;,x), K positive definite (PD).
i=1

[Smola, Schélkopf '02]
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Kernel ridge regression (KRR)

inL(f) + A||f|[3
minL(f) + Allfll3,
Representer theorem: The unique minimizer can be written as
N n
0 = S K(xx)e
i=1
with

c=((K+A)Ty Ki=KXi.X) Y= ¥l

[Kimeldorf, Wahba, '70]




Curse of dimensionality and blessing of smoothness
Assume |y| <M a.s. and

with f* € HS(RP), s > D/2+1/2.

1-layer neural nets with appropriate width and KRR with appropriate X both satisfy whp

~

L(F)—L(f.) Sn %D ~e

or
_ 254D
nr~e 2

[Barron ’94, Caponetto. De Vito '05]
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Remarks

25
n 2s+b

» Optimal for f* € H5(RP) [Stone '82]
> ..but does not distinguish kernel methods and NN.
> New smoothness classes? [Barron ‘93]
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Compositional sparsity

f=hio---hyohy, hjcHIRY)
e.g. [Mhaskar, Poggio "16, Schmidt-Hieber '20, Dhamen "22]
Tree sparse composition

f(x", - ,x8) = hy (hs((M(x",x2), ho(x3,x*))), he((h3(x°, x°), ha(x’,x?))))

Multi-Index model
f(x) = g(Bx)
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where
» B, € R%*P and
> g, :R% SR

Multi-index model (MIM)

f.(x) = g(B.x)



Some context

f.(x) = g(B.x)

» Sufficient dimension reduction

e.g. [Li, '91, Fukumizu, Bach, Jordan '09]
» Nonparametric statistics

e.g. [Hardle et al. '93, Klock et al. '00]
> Representation learning

[Bach, '17, Bietti et al. ‘24, Damian et al. 24]
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Hyper kernels

g RKHS with kernel K : R? x RP — R

Ks(x,x") = K(Bx,Bx')

> B c RI*D,
> K:RYxR?I— R pos. def. kernel, Hx RKHS on RY.

see also Hyper-RBF [Brunelli, Poggio '92] RFM [ Radhakrishnan et al. '22]
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Hyper-kernel ridge regression (HKRR)

n

1
H?ng frg”;ll-?s z::( (xi) =)™ + Al HHB

Q1 (Statistics): Sample complexity?

Q2 (Optimization): Compute the solution?
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Sample complexity of HKRR

Assume |y| <M a.s. and
L(f.) = mi L(f
( ) fGM(;!QD,]R) ( )

with g* € Hk, Ky € CS(R9)

HKRR with \ = n~ %% satisfy whp

~

L(F) — L(f.) S Con™ i



Remarks

__2s _ _2s
CDn 2Zst2d.  \JS N~ 2s+D

> Beyond the curse of dimensionality.

» Same result tuning by hold-out cross-validation.
» Suboptimal bound.

» Nystrom ...
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Proof sketch

Error decomposition:

A,
<{L(fip) ~ L(F) — (L(Fag) ~ LD + {L(Fre.) ~ L(F.) = (L(Frs.) — L()) }
+{L(rs.) — L(E) + NI 1.}

Sample error estimate: Key technique L..-covering of the composite classes class g o B.
Approximation error estimate

[Cucker, Zhou 'o07]
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Hyper-kernel ridge regression (HKRR)

n

min_ min ~ S (F06) — yi)? + A2,

IBlI<1feHs N <

Q1 (Statistics): Sample complexity?

Q2 (Optimization): Compute the solution?
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Representer theorem

n

HBH<1 fers N

4

min mlanKBC yH —I—)\CTKBC
IB]|<1cER N

1
min — > (F(xi) = i) + Allf[15,-
i=1
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min min —
IB|<1cerM N

~ 2 T
HKBC — yH + Ac' Kgce,

LA(B,a)
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. . 112 2 T
min min fHKBC—yH + Ac' Kge,

I1BII<TcerM N
LA(B.a)
VarPro AGD
Cr = arg min Lx(Bt-1,¢) Ct = Ct_1+ 1cVela(Bt—1,Ct-1)
Bt = Pyg)<1 (BH —n8VeLA(Bt-1, Cr)) Bt = Py <1 (Bt—1 —18VeLA(Bt, Ct))
Algorithm 1: VarPro (informal Algorithm 2: AGD (informal)
Require: B?, sp >0 Require: B, a’, s, >0, sg >0, n, € N*
(@ s L) 1 foris i
2: for i =0,1,... do 2: 1 = B! — sgVpL(B,a')
3: |B"‘rl = B' — spVpL(B', o’ l 3 aV=a
4@ o't R = 4 fori=01_..n.-1do
arg min,egn L£(B™, a) 5: (ai+! = o#i — 5,V L(B* ai))
5: end for 6: end for
6: return (B!, oit) 7. ot =qgine
8: end for

9: return (B!, o'*!)
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. . 112 2 T
min min fHKBC—yH + Ac' Kge,

Bl <1cerM N
LA(B.a)
VarPro AGD
Cr = arg min Lx(Bt-1,¢) Ct = Ct—1+ 1cVela(Bi—1, Ct-1)
Bt = Pyg)<1 (BH — 18 VBLA(Bt_1, Cr)) Bt = Py <1 (Bt—1 —18VeLA(Bt, Ct))
Algorithm 1: VarPro (informal Algorithm 2: AGD (informal)
Require: B?, sp >0 Require: B, a’, s, >0, sg >0, n, € N*
(@ s L) 1 foris i
2: for i =0,1,... do 2: 1 = B! — sgVpL(B,a')
3 (B =B —spVpL(B' o)) 3 oV=o
4@ o't R = 4 fori=01_..n.-1do
arg min,egn L£(B™, a) 5: (o741 = o# — 5,V L(B* i)
5: end for 6: end for
6: return (B!, oit) 7. ot =qgine
8: end for

9: return (B!, o'*!)

Both algorithms converge to a critical point.
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VarPro V.S. AGD

— VarPro
— AGD

Value of £
-

o s 10 15 20 25
Computation time (in second)

VarPro: faster convergence, trapped in local minima
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2D visualization

fix,y— (X —y?)?+ cos(my) + (1-y)%
(Xo,yo) = (—1.5, —15)

Paths on fix, y) = (x - y?)? + cos(my) + (1 —y)? + 1
675
g Function Value vs. Iterations
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2D visualization

f:x,y— (x—y?)?%+cos(zy) + (1—y)%

(X0,¥0) = (—1.5,-0.1)

Optimization Paths on fx, y) = (x - y?)? +cos(ny) + (1 - y)? + 1
T

First iterate
Last iterate (VarPro)
Last iterate (AGD)
Global minimizer
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Function Value vs. Iterations

o 1000 2000 3000 000 5000 5000
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The role of latent dimension d

=
08 7
i
—+— HKRR via VarPro
-+ HKRR via AGD
—— HKRR with true B

! — KRR
d-

R2 score

20
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Varying d in HKRR
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Wrapping up

» Depth and compositional sparsity.
» MIM with HKRR: sample complexity.
» HKRR optimization.

What next?
» Better bounds? SGD?

» Compositional sparsity: non linear MIM, deeeeep.
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Thanks for listening!
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