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Why deep?
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Exploring principles

Invariance

[Fukushima, 1980; LeCun et al., 1995],· · · ,[Mallat, 2016]
Compositionality

[Geman et al., 2002; Serre et al., 2005], · · · ,[Schmidt-Hieber, 2020]
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(Sparse) Compositionality

f = fℓ ◦ · · · f2 ◦ f1, fj ∈ F(Rdj)

Spare tree structure

f(x1, · · · , x8) = h7
(
h5((h1(x1, x2), h2(x3, x4))), h6((h3(x5, x6), h4(x7, x8)))

)

[Poggio et al., 2017; Mhaskar et al., 2017; Schmidt-Hieber, 2020]
Multi-index Model (MIM)

f(x) = g ◦ B(x)
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Outline

Learning theory and curses and blessings

Multi-index model and hyper-kernels

Optimization and numerical results
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Statistical learning

Let P be a probability measure on RD × R, and for all f ∈ M(RD,R)

L(f) =
∫
(y − f(x))2dP(x, y).

Problem: solve
min

f∈M(RD,R)
L(f)

given (x1, y1), . . . , (xn, yn) ∼ Pn.
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Empirical risk minimization (ERM)

min
f∈M(RD,R)

L(f) 7→ min
f∈H

L̂(f)

where H ⊂ M(RD,R) and

L̂(f) =
1
n

n∑
i=1

(yi − f(xi))2.
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Choices forH

▶ Neural nets

f(x) =
u∑

i=1

ciσ(w⊤
i x), σ(a) = max{0, a}.

[McCulloch, Pitts ’43, Rosenblatt ’58, Rumelhart et al. ’86]
▶ Kernel methods

f(x) =
u∑

i=1

ciK(xi, x), K positive definite (PD).

[Smola, Schölkopf ’02]
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Kernel ridge regression (KRR)

min
f∈H

L̂(f) + λ∥f∥2H

Representer theorem: The unique minimizer can be written as

f̂(x) =
n∑

i=1

K(x, xi)ci

with
c = (K̂ + λI)−1ŷ K̂ij = K(xi, xj) ŷ = [y1, . . . , yn]

[Kimeldorf, Wahba, ’70]
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Curse of dimensionality and blessing of smoothness

Assume |y| ≤ M a.s. and
L(f∗) = min

f∈M(RD,R)
L(f)

with f∗ ∈ Hs(RD), s ≥ D/2+ 1/2.

1-layer neural nets with appropriate width and KRR with appropriate λ both satisfy whp

L(̂f)− L(f∗) ≲ n−
2s

2s+D ∼ ϵ.

or
n ∼ ϵ−

2s+D
2s .

[Barron ’94, Caponetto. De Vito ’05]
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Remarks

n−
2s

2s+D

▶ Optimal for f∗ ∈ Hs(RD) [Stone ’82]
▶ ...but does not distinguish kernel methods and NN.
▶ New smoothness classes? [Barron ’93]
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Compositional sparsity

f = hL ◦ · · · h2 ◦ h1, hj ∈ Hsj(Rdj)

e.g. [Mhaskar, Poggio ’16, Schmidt-Hieber ’20, Dhamen ’22]

Tree sparse composition

f(x1, · · · , x8) = h7
(
h5((h1(x1, x2), h2(x3, x4))), h6((h3(x5, x6), h4(x7, x8)))

)

Multi-Index model
f(x) = g(Bx)
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Multi-index model (MIM)

f∗(x) = g∗(B∗x)

where
▶ B∗ ∈ Rd∗×D, and
▶ g∗ : Rd∗ → R.
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Some context

f∗(x) = g∗(B∗x)

▶ Sufficient dimension reduction
e.g. [Li, ’91, Fukumizu, Bach, Jordan ’09]

▶ Nonparametric statistics
e.g. [Härdle et al. ’93 , Klock et al. ’00]

▶ Representation learning
[Bach, ’17, Bietti et al. ’24, Damian et al. ’24]
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Hyper kernels

HB RKHS with kernel KB : RD × RD → R

KB(x, x′) = K(Bx,Bx′)

▶ B ∈ Rd×D.
▶ K : Rd × Rd → R pos. def. kernel, HK RKHS on Rd.

see also Hyper-RBF [Brunelli, Poggio ’92] RFM [ Radhakrishnan et al. ’22]
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Hyper-kernel ridge regression (HKRR)

min
∥B∥≤1

min
f∈HB

1
n

n∑
i=1

(f(xi)− yi)2 + λ∥f∥2HB
.

Q1 (Statistics): Sample complexity?

Q2 (Optimization): Compute the solution?
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Sample complexity of HKRR

Assume |y| ≤ M a.s. and
L(f∗) = min

f∈M(RD,R)
L(f)

with g∗ ∈ HK , Kx ∈ Cs(Rd∗)

HKRR with λ = n−
2s

2s+2d∗ satisfy whp

L(̂f)− L(f∗) ≲ CDn−
2s

2s+2d∗ .
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Remarks

CDn−
2s

2s+2d∗ vs n−
2s

2s+D

▶ Beyond the curse of dimensionality.
▶ Same result tuning by hold-out cross-validation.
▶ Suboptimal bound.
▶ Nyström . . .
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Proof sketch

Error decomposition:

L(̂fλ,B)− L(f∗)

≤
{
L(̂fλ,B)− L(f∗)− (L̂(̂fλ,B)− L̂(f∗))

}
+
{
L̂(fλ,B∗)− L̂(f∗)− (L(fλ,B∗)− L(f∗))

}
+
{
L(fλ,B∗)− L(f∗) + λ∥fB∗

λ ∥2B∗

}
Sample error estimate: Key technique L∞-covering of the composite classes class g ◦ B.
Approximation error estimate

[Cucker, Zhou ’07]
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Representer theorem

min
∥B∥≤1

min
f∈HB

1
n

n∑
i=1

(f(xi)− yi)2 + λ∥f∥2HB
.

⇓

min
∥B∥≤1

min
c∈Rn

1
n

∥∥∥K̂Bc− y
∥∥∥2

+ λcTK̂Bc
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min
∥B∥≤1

min
c∈RM

1
n

∥∥∥K̂Bc− y
∥∥∥2

+ λcTK̂Bc︸ ︷︷ ︸
L̂λ(B,α)

,

VarPro
ct = arg min

c∈RM
L̂λ(Bt−1, c)

Bt = P∥B∥≤1

(
Bt−1 − ηB∇BL̂λ(Bt−1, ct)

)
AGDct = ct−1 + ηc∇cL̂λ(Bt−1, ct−1)

Bt = P∥B∥≤1

(
Bt−1 − ηB∇BL̂λ(Bt, ct)

)

Both algorithms converge to a critical point.
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VarPro V.S. AGD

VarPro: faster convergence, trapped in local minima
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2D visualization

f : x, y 7→ (x− y2)2 + cos(πy) + (1− y)2.

(x0, y0) = (−1.5,−1.5)

26



2D visualization

f : x, y 7→ (x− y2)2 + cos(πy) + (1− y)2.

(x0, y0) = (−1.5,−0.1)
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The role of latent dimension d

d∗ = 3,D = 50
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Wrapping up

▶ Depth and compositional sparsity.

▶ MIM with HKRR: sample complexity.

▶ HKRR optimization.

What next?
▶ Better bounds? SGD?

▶ Compositional sparsity: non linear MIM, deeeeep.
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Thanks for listening!
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