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DYNAMICS WITH HIGHER ORDER INTERACTIONS

Rumor spreading
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NEW PHYSICS?

The idea of higher-order interactions is well-known in the set-
ting of many-body physics, for example in strong interactions***
or van der Waals interactions®®, as well as in statistical mechan-
ics*’. However, in all these cases, representations of higher-order
interactions are simple in the sense that they do not contribute
to the emerging complexity of the problem. In complex systems,
typically described as networks, the story is different, and in many
cases these interactions must be taken into account using more
advanced mathematical structures, such as hypergraphs and sim-
plicial complexes’. Several investigations have already shown that
the presence of higher-order interactions may substantially impact
the dynamics on networked systems, from diffusion®** and syn-
chronization™’' to social’*** and evolutionary processes’, possibly
leading to the emergence of abrupt (explosive) transitions between
states. Furthermore, although most research in complex systems
focuses on the dynamical evolution of the states of the nodes, it
is natural to consider that(higher-order structures (described by
hyperedges)could'themselvesipossessiardynamical state, leading to
a whole new panorama of dynamical processes: Finally, although
many datasets can be easily visualized as networks, very few are
readily described using a hypergraph representation. The chal-
lenge of(@oing from the'dynamics of units, and possibly informa-
tion about their(pairwiserinteractions, to a meaningful pattern of
higher-order interactions between these units, remains substantial.
In this Perspective, we outline the main signatures offnew physics
arising in higher-order systems; and we propose three key direc-
tions for future research.



NEW PHYSICS?

Questions:

How these new results are related with classical theory?
Are there equivalent pairwise models?

Do we always need them?
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COMPETITIVE COMMUNITY MODEL
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Described by a Replicator Equation (well mixed case)

HO competition

death ignites competition
among neighbours chosen hyperlink
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IDENTICAL PRYSIOLOGICAL RATES
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IDENTICAL PRYSIOLOGICAL RATES
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IDENTICAL PRYSIOLOGICAL RATES

f bithrate=1 F =D fxi=

Special case:
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Identical physiological rates

Lyapunov function

X:
V(ix) = — in* log x_j“

i -
dV
prs = —2;)9* [;Hi]éj]




IDENTICAL PRYSIOLOGICAL RATES

Special case: f; birth rate = 1 F(x) = Zf,-xi =
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DIFFERENT PHYSIOLOGICAL RATES

. dx;
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DIFFERENT PHYSIOLOGICAL RATES

Adding noise:

./\ f:and d; normally distributed with mean u = 1



DIFFERENT PHYSIOLOGICAL RATES

Adding noise:

f:and d; normally distributed with mean u = 1
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DIFFERENT PHYSIOLOGICAL RATES

Adding noise:

f:and d; normally distributed with mean u = 1
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REAL PHYSIOLOGICAL RATES

Real data

Allometric scaling of plant life history

Nuria Marba*, Carlos M. Duarte, and Susana Agusti Plant type n Individual mass, grams dry weight Mortality rate, d™’ Life span, d Birth rate, d™’

Instituto Mediterraneo de Estudios Avanzados, Consejo Superior de Investigaciones Cientificas, Universitat de les Illes Balears, Miquel Marqueés 21,

07190 Esporles, Spain

Edited by James H. Brown, University of New Mexico, Albuquerque, NM, and approved August 1, 2007 (received for review April 15, 2007) Phytoplankton 48 35+24x%x1 0_9(34 x 1 0_1 5—8.3 x 1 0_8) 39+7.0x1 0_2(1 2 x 1 0_3—2.5) 23+1.2x%x1 01(28 x 1 0_1—5.8 x 1 02) 15+25x1 0_1(40 x 1 0_2—3.7)

Plant mortality and birth rates are critical components of plant life ~ Our data set confirms that a similar —% scaling relati

history affecting the stability of plant populations and the ecosys-  applies to the scaling of plant birth rate (B, d~!) and M (1 1

tems they form. Although allometric theory predicts that both A general balance between plant lifespan and birth Macroalgae 37 7.2+4.6x10"(7.3x1074-1.5x103) 7.6 £1.8x10732.2x 1074-5.8 x 1072) 4.0+ 1.2x10%1.2x1071-3.1 x 10%) 1.4+0.63x107%(2.6 x 1074-3.8 x 1072

plant birth and mortality rates should be size-dependent, this  required to achieve a balanced population size and dens

prediction has not yet been tested across plants ranging the full  that a proportional scaling between plant lifespan and bir

i ctrum. H how that both lati rtality and  is expected. Indeed, there was a strong positive scaling be - - - - - _

S amlation birth rates scole st the — 7. pover and plant fesponss D and B (Fig. 3), but the slope was significantly lower Mosses 7 2.1+0.26 x107%(1.6 x 1072-3.3 x 107?) 1.8+0.27 x1073(6.7 x 1074-2.8 x 107%) 4.8 +1.0 x 10%(2.5 x 10%-1.0 x 103)

the %2 power of plant mass across plant species spanning from the  (slope, 95% c.l. 0.78-0.87; Fig. 3), indicating that plan

tiniest phototrophs to the largest trees. Whereas the controls on  tended to exceed mortality for the smallest phototrophs. I

nlant lifacnanc ara ac vat nnnrlv indarctand anr findinac ciinnect the slooe of the scaling relationship closelv annroached. a Ferns 3 26 -+ ‘] O X ’] 0_4(1 3 X 1 0_4_4.6 X ’] 0_4) 34 - 1 1 X 1 03(1 5 X 1 03_52 X 1 03) 20 - 032 X 1 0_4(‘] 2 X ’] 0_4_2.8 X 1 0—4)
Seagrasses 151 3.1+0.37x107(7.0 x 1073-2.5) 25+0-35x1073(5.6 x 107°-4.1 x 1072) 13+1.4%x10%1.7x10"-1.2 x 10% 1.9+ 0.20x 1073(3.9 x 10™°-1.2 x 1072)
Land and salt marsh herbs 190 49+ 2.4(1.8%1072-1.2 x 109 5.8+1.5x1073(1.4x107°-2.2%x107") 16 + 3.0 x 10%(3.2-5.0 x 10%) 2.1+0.44x1073(1.1 x 10™-2.0 x 107?)
Succulent plants 12 2.9+ 1.4 x103%4.4 x 10%-6.1 x 103) 8.9+2.2x10732.6 x107°-2.0 x 1072) 7.6 £3.3x103(3.5x 10"-2.7 x 10%) 2.1+£0.8x107°(6.7x 107°-3.6 x 107°)
Shrubs and lianas 20 5.9+ 3.2x10"4.5-1.8 x 10?) 1.1+0.6%x1072(1.1 x 1074-1.2 x 1071) 14 + 4.1 x 10%4(6.0-6.5 x 103)
Mangroves 30 2.8+1.3%x10"6.4%107-3.2 x 102) 3.5+ 0.94 x 1073(2.4 x 1075-2.3 x 1072) 1.8 +0.94 x 103(3.0 x 10"-2.8 x 10%)
Trees 230 7.7 £1.2%x10°(11-11 x 109) 2.9+0.53x10742.8%1077-5.2 x 1073) 1.1+ 0.2 x 10°(1.3 x 10%2-2.5 x 10°) 4.1 +0.65%x107>(3.0x 107°-3.1 x 107%)
Overall 728 23 +4.2x10%3.4 x 1071°-11 x 10°) 2.9+0.58 x 107%(2.8 x 1077-2.5) 37+6.7x10%2.8 x 1071-2.5 x 10°) 1.34£0.32x107(3.0 x 1076-3.7)

From N. Marba, et al., Proc. Natl. Acad. Sci. U.S.A. 104 (40) 15777-15780 (2007/)
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Real data

Allometric scaling of plant

Nuria Marba*, Carlos M. Duarte, and Susana Agusti

Instituto Mediterraneo de Estudios Avanzados, Consejo Superior de Investigac

07190 Esporles, Spain

Edited by James H. Brown, University of New Mexico, Albuquerque, NM, and ¢

Plant mortality and birth rates are critical components of plant life
history affecting the stability of plant populations and the ecosys-
tems they form. Although allometric theory predicts that both
plant birth and mortality rates should be size-dependent, this
prediction has not yet been tested across plants ranging the full
size spectrum. Here we show that both population mortality and

population b'rth ates I th —a power and plant lifespan as
th Ya power of plan t ma ss plant species spanning from the
tiniest ph oto t ophs to th I g est trees. Whereas the controls on
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NETWORKS

Special case:
Identical physiological rates

Random networks (Erdos-Rényi) with tunable fraction of HOIs

a fraction of hyperlinks



Special case:

NETWORKS

Identical physiological rates

Random networks (Erd6s-Rényi) with tunable fraction of HOIs
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NETWORKS

Special case:
Identical physiological rates é [ R
Random networks (Erdds-Rényi) with tunable fraction of HOIs %l 06| \
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SUMMING UP

Higher-order interactions can be a framework to study dynamical systems on networks

However:
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+ Rethink their study at the light of Network Theory and Statistical Mechanics /

- Leave the "new physics” behind and put efforts in systematize these new results 0
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