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  “Entanglement” between two systems is a pure quantum phenomena

  It is induced by the interaction from which the two systems are produced     

  Expected to violates Bell inequalities (set of correlation measurements)

  Violations incompatible with classical physics based on causality and local realism
  (locality)    (EPR paradox, hidden variables theories)
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 makes a gap in the description of composite systems    

What is entanglement ? What is entanglement ? 
classical concept of phase space  by abstract Hilbert spaceIn QM replaced by

Consider multipartite system of n subsystems

 Classical description → Cartesian product of  n subsystems → product of the n separate systems

 Quantum description → Hilbert space H → tensorial product of  subsystem spaces 

in general not possible to assign a single 
state vector to any of n subsystems

  giving rise to the phenomenon of entanglement  

superposition principle



                                                                                           

4

Local realismLocal realism
  Based on the (classical physics) idea that objects have definite properties whether or  
  not they are measured  

  and that measurements of these properties are not affected by events taking place 
 sufficiently far away

  Einstein Locality Principle Einstein Locality Principle 

Consider two systems A and B that have interacted in the past and are separated (space-like) far away 

The results of a measurement on A is unaffected by operations on the distance system B  

Based on locality principle 
they argue that QM is incomplete
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  One may argue that the incompleteness of QM followed from EPR paradox is inherent  
  in the probabilistic interpretation of Quantum Mechanics

 Dynamic behavior at microscopic level appears probabilistic only because some yet 
 unknown  parameters (hidden variables) have not been specified

 Bell inequalities (1964): 
 a test to discriminate between local and non-local (QM) description of Nature
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Quantum Entangled statesQuantum Entangled states violate  violate Bell inequalitiesBell inequalities
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 measuring spin along same directions just test property of  angular momentum conservation

 to check departure from Locality → require A and B to perform correlated measurements of 
 spin-projection in  two different directions   

 measurement of spin in particle 1 induces correlation on spin measurement of particle 2   

example J=0 state 

Not necessarily to be orthogonal

Bob Alice

Maximum entangled state
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      Bell inequalityBell inequality

 : spin      along      for particle 1 and spin      along      for particle 2

 For example: Alice use a,b directions and Bob b,c directions  

Local deterministic theories (hidden variables) satisfies Bell inequality

 Compute these probability correlations in QM for an entangled S=0 state 

Locality assumption → probability independence

Alice Bob



                                                                                           

9

suppose observer A finds              to be positive (+) with certainty

observer B’s measurement of             will find it negative (-) with certainty   

In order to compute we must consider a new quantization axis 
         
       that makes an angle              with   

The probability that              measurement yields + when particle 2 is known 

to be in a eigenstate of                  with + is   =  

QM predictionsQM predictions

plug in into the Bell 
inequality and we get...
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QM prediction of Bell inequalityQM prediction of Bell inequality

In this case Bell inequality is violated for 

optimization problem → find directions where Bell inequality is maximally violated

Maximum entangled states violate Bell inequalities but may not provide the maximum 
violation 

choose for example

c-direction
qbc
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Bell inequality violation observed in entangled photons

QM is a non-local theory
measurements in A affects what will be measured in B, even if A and B are space-like 
separated apart, and no causal exchange of information between them is possible

new challengenew challenge: testing entanglement and  Bell inequality violation at : testing entanglement and  Bell inequality violation at 
high energies and in the presence of strong and weak interactions ! high energies and in the presence of strong and weak interactions ! 
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Quantifying entanglement and Bell inequality violation 

 Requires the knowledge of the polarization density matrix of two-particles A,B production

  it can be fully reconstructed from the angular distributions of the single A,B decay products

  or analogously by measuring the complete set of helicity amplitudes

  but it can also be computed analytically

 knowledge of the full polarization density matrix allows to quantify (where possible) entanglement 
 and Bell inequality violations

the  too lboxthe  too lbox
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Polarization coefficients spin-correlations coefficients

  E n t a n g l e m e n tE n t a n g l e m e n t

Concurrence

vanishes for separable states, 
max value = 1

find → ri   square root of R eigenvalues, i=1,2,3,4   with  r1    the largest one   

 C.H. Bennett, D.P. Divincenzo, J.A. Smolin, W.K. Wootters, Phys. Rev. A 54 (1996) 3824

Qubi tsQub i ts

si  = 2 x 2 Pauli matrices

spin-1/2 particles, photon

4 x 4  matrix



                                                                                           

14

  B e l l  i n e q u a l i t y  v i o l a t i o nB e l l  i n e q u a l i t y  v i o l a t i o n

eigenvalues

Horodecki condition

for Alice

for Bob

CHSH inequalityCHSH inequality

R. Horodecki et al , Phys. Lett. A200 5 (1995)  340

Clauser-Horne-Schimony-Holt
Phys. Rev. Lett.  24 (1970) 549 

2 outcomes 
(qubits)

Violation of Bell inequality

Correlation matrix

Qubi tsQub i ts

m1 and m2 the largest ones
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massive spin-1 particles

  E n t a n g l e m e n tE n t a n g l e m e n t

Lower bound:
witness of 
Entanglement

F. Mintert, A. Buchleitner,  PRL 98 (2007) 140505 

 vanishes for separable states

only for pure states

Concurrence

Negativity

Entropy

G. Vidal, R.F. Werner,  Phys. Rev. A 65 (2002) 032314 

Ta = 3 x 3   Gell-Mann matrices

Qutr i t sQut r i t s

9 x 9  matrix
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CGLMP

  B e l l  i n e q u a l i t y  v i o l a t i o nB e l l  i n e q u a l i t y  v i o l a t i o n

each can take values →  

=

D. Collins, N. Gisin, N. Linden, S. Massar,  
S. Popescu, Phys. Rev. Lett 88 (2002) 040404 

in order to maximize the violation of Bell inequality

U,V are unitary 3x3 matrices
(depend on the  kinematic of the process)

satisfied by 
deterministic local 
theories 

Qutr i t sQut r i t s
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in CM frame

Deterministic theories →  separable states (example)

QM → non separable entangled states

e x a m p l ee x a m p l e

massless limit
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scattering angle in 
the C.M. frame

Wigner D-matrix

e x a m p l ee x a m p l e

relativistic 
massless limit



                                                                                           

19courtesy of M. Fabbrichesi

e x a m p l ee x a m p l e

 massless limit
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 high-energy regime
 in the presence of strong and weak interactions
 qubits and qutrits

Local deterministic models satisfy Bell inequality
Quantum mechanics does not

Both Entanglement and Bell inequality 
can be studied at colliders
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Where have we already seen
Entanglement or Bell inequality violation

at high energies? 
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11
✔

              Bell inequality

Bell locality condition Probability of finding
state f1 at time t1

a non vanishing value of epsilon’/epsilon (direct CP violation)  implies Bell inequality violation 

Asymmetry

F. Benatti, R. Floreanini  Phys. Rev. D57 (1998);   Eur. Phys. J C13 (2000) 267 

A Go, Belle Collaboration, Phys. Rev. Lett . 99 (2007) 131802

Data favour QM over SD at 13s and
over PS model (locality, hidden variables)
at 5.1s 

✔

Flavor space

oscillations  

oscillations  

F.  J. Bernabeu, A. Di Domenico, P. Villanueva, JHEP 10 (2015) 13 
J. Bernabeu, A. Di Domenico, Phys. Rev. D 105, 116004 (2022)

Probing CPT and T-reversal with entangled neutral Kaons
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Neutrino oscillations

Minos (6s)

11

Violation of LG inequality occurs over 
a distance of 735km. 

Dune, Nona, T2K

K3 < 1K4 < 2

✔

K4 

Realism and non-invasive 
measurements

flavor states mass states

Flavor space
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22 B meson decaysspin-1 qutrits B → MB → M11 M M22  

M. Fabbrichesi, R. Floreanini, EG, L. Marzola, Phys. Rev. D 109 (2024) 3, L031104
EG and L. Marzola, Symmetry 6 (2024) 8, 1036

hi = helicity amplitudes
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FIT  of coefficients FIT  of coefficients hhkk  

(AS contribution from 
non-resonant J/Y K* amplitude)
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Entanglement Bell inequality

M. Fabbrichesi, R. Floreanini, EG, L. Marzola, Phys. Rev. D 109 (2024) 3, L031104
EG and L. Marzola, Symmetry 6 (2024) 8, 1036

K. Chen et al, Eur. Phys. J. C 84 (2024) 580 

36s

8.2s

Significance of
Bell inequality violation

Free from locality loophole

✔

22 B meson decays
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Entanglement in pairs of top quarks

✔

33
D <  -1/3 sufficient condition
 for entanglement

Significance > 5s

→ also sensitive to Toponium formation
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Charmonium44 qubits, qutrits

scattering angle

M. Fabbrichesi, R. Floreanini, EG, L. Marzola, Phys. Rev. D 110 (2024) 3, 053008
                                               see, also: S. Wu et al. Phys Rev. D110 (2024) 054012

helicity amplitudes decomposition

Wigner rotation D-matrix
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maximum likelihood fit

to extract helicity amplitudes 


Qubits  (spin ½ )
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Qubits  (spin ½ )
Qutrits  (spin 1)

Concurrence        Horodecki condition

 maximum violation of Bell inequality   
 data not yet available to assess significance

Charmonium spin-0 statesCharmonium spin-0 states

CGLMP  I3

(13,3 s)

(8,8 s)

✔
N.A. Tornqvist, Phys. 11 (1981) 171-177
N.A. Tornqvist, Phys. Lett. A 117 (1986) 1 4
S.P. Baranov, Phys. G 35 (2008) 075002 

BesIII Collaboration, JHEP 05 (2023) 069 [arXiv:2301.12922]

Entropy



                                                                                           

31

Charmonium spin-1 statesCharmonium spin-1 states
Qubits  (spin ½ )

BesIII Collaboration, Phys. Rev. Lett 129 (2022) n. 13 
131801 [arXiv:2204.11058] 

Concurrence      

(56,3s)

Horodecki condition

✔

(118,7s)

Bell inequality violation     
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ongoing workongoing work
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 at threshold                  the state is a mixed one, with no quantum correlations
 at relativistic regime                the state is maximally entangled  

Entanglement and Bell inequality violation at Belle IIEntanglement and Bell inequality violation at Belle II

Bell inequality violation

Entanglement
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Montecarlo simulations for Belle II
Assuming data set of about 200million of events.  Analysis based on six decay channels 

Spin orientation reconstructed using the polarimeter vector method

Events passing selection cuts 

Observation of  Quantum entanglement and Bell inequality violation 
expected with a significance well above 5s

K. Ehataht, M. Fabbrichesi, L. Marzola, C. Veelken, Phys. Rev. D. 109 (2024) 3, 032005; [arXiv: 2311.17555]
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Entanglement at work for Entanglement at work for New PhysicsNew Physics search at Belle II search at Belle II

 NP can arise from the following 3 contact-interactions (CI)  dim. 5  operators

             

Three observables                            employed to constrain NP 

Concurrence Total cross section

EM tau-vertex
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c2   test with 3 dof    

M. Fabbrichesi, L. Marzola, Phys. Rev. D 109 (2024) 9, 095026; [arXiv:2401.04449]

Entanglement at work for Entanglement at work for New PhysicsNew Physics search at Belle II search at Belle II

benchmark 
Luminosity 1ab-1

K. Ehataht M. Fabbrichesi, L. Marzola, C. Veelken, Phys. Rev. D. 109 (2024) 3, 032005; [arXiv: 2311.17555]

Limits @ 95% C.L.
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Bell inequality violation in Bell inequality violation in top-antitoptop-antitop production at LHC production at LHC

angles computed in the
corresponding rest frame of 
the decaying  top or antitop

can be extracted by fitting the double angle distribution
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Bell inequality violation
Horodecki condition

M. Fabbrichesi, R. Floreanini, G. Panizzo, Phys. Rev. Letters 127 (2021), 2102.11883 [hep-ph]

First analysis of Bell inequalities where 
correlation matrix Cij is extracted from
event simulation, including ATLAS detector 
resolution (DELEPHES), acceptance, migration
and efficiency  effects.

Violation of null hypothesis can be assessed:

 at 2 s level with present Run 2 Luminosity
 
  at 4 s with projected full Run 3 Luminosity

Sensitivity to NP (EFT) studied in 
R. Aoude, E. Madge, F. Maltoni, L. Mantani, Phys. Rev. D 106 (2022) 5, 055007; [arXiv:2203.05619]
C. Severi, E. Vryonidou, JHEP 01 (2023) 148; [arXiv:2210.09339]

M. Fabbrichesi, EG, R. Floreanini, EPJC 83 (2023) 2,162;  [arXiv:2208.11723]

Montecarlo simulations

invariant mass of top-antitop

scattering angle in CM of top-antitop
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Entanglement and Bell inequality violation in Higgs → Entanglement and Bell inequality violation in Higgs → ZZ*ZZ*

maximum entanglement for c=1 ( ZZ* both at rest)

M. Fabbrichesi, EG, R. Floreanini, L. Marzola  EPJC 83 (2023) 9,823;  [arXiv:2302.00683]

Pure state

V=Z,W
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Bell inequality violation (I3 >2)Quantum entanglement (Entropy)

Montecarlo simulationMontecarlo simulation

SM expectations

Luminosity of 3ab-1  (Hi-Lumi at LHC)
Expected significance for observing the Bell inequality violation is 4.5s

J.A. Aguilar-Saavedra, A. Bernal, J.A. Casas, J.M. Moreno, Phys . Rev. D 107 1 (2023)  016012, [arXiv:2209.13441]

R. Ashby-Pickering, A.J. Barr, A. Wierzchucka, JHEP 05 (2023) 020; [arXiv:2209.13990]

M. Fabbrichesi, EG, R. Floreanini, L. Marzola  EPJC 83 (2023) 9,823

tensor basis
Gell-Mann basis
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Entanglement at work for Higgs Entanglement at work for Higgs anomalous couplingsanomalous couplings

CMS

ours

3 observables

c2   test with 3 dof    

@ 95%C.L.
our limits are mostly idealized whereas 
CMS includes statistical, systematics 
uncertainties+ background

dedicated Montecarlo to 
estimate uncertainties

M. Fabbrichesi, R. Floreanini, EG, L. Marzola, JHEP 09 (2023) 195; [arXiv:2304.02403]

@95C.L.
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Backup slidesBackup slides
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Closing the locality loophole (LL)Closing the locality loophole (LL)

 One must consider decays in which the produced particles are identical as in the B → f f

     (so their life time is also the same) 

t1,2  → time of decays

decay times follow the PDF 
distribution P(t) ~ Exp[- g b t] 

b → the velocity in unit of c
g  → the Lorentz factor

we need to check how many 
events satisfies the space-like
condition  

 For B → f f  we find that almost 90% of events satisfies this condition

 the two bases used in measuring the polarization are arbitrarily chosen (U V diagonalization)

 → provides a set-up where orientations of polarimeters can be freely and arbitrarily chosen

 So locality loophole can be closed!
M. Fabbrichesi, R. Floreanini, EG, L. Marzola, Phys. Rev. D 109 (2024) 3, L031104
EG and L. Marzola, Symmetry 6 (2024) 8, 1036
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Closing the detection loophole (DL)Closing the detection loophole (DL)
 DL exploits the fact that detectors are not 100% efficient

 Already for qubit the DL is closed if efficiency is more than 80% 

 This requirement above is even lower for states belonging to larger Hilbert space as qutrits

 The efficiency of LHCb detector for pion, Kaons, and muons is more than 90%  

 So also detection loophole is closed for LHCb ! 
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phase space written in terms of the spherical coordinates
(with independent polar axis) for the momenta 
of the final charged leptons in the respective rest frames 
of the decaying spin-1 particles

depend on the invariant 
mass              (or velocity b) 
and scattering angle
in the V1V2 cm frame 

=  density matrix of V1V2

Density matrices that describe the polarization of the two decaying W into 
final leptons (the charged ones assumed to be massless)

these are projectors in the case of the W-bosons because of their chiral 
couplings to leptons  

Differential cross section

azimuthal anglepolar angle

R. Rahaman, R.K. Singh, NPB 984 (2022) 115984, 
[arXiv:2109.09345]

How to Extract density matrix of Two-Qutrits from data

W W

R. Ashby-Pickering, A.J. Barr, A. Wierzchucka, JHEP 05 (2023)  020; [arXiv:2209.13990]
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can be computed by rotating to an arbitrary polar axis the spin states of gauge bosons
from the ones given in the k-direction quantization axis 

          (Wigner q-symbols) are functions of the corresponding spherical coordinates  

Density matrices for W-bosons 

a particular set of orthogonal functions
(see next slide)

set of polynomials
of spherical 
coordindates
(see backup slide)

For ZZ case, the set of functions are linear combinations of             → see backup slides
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Wigner’s Q symbols
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