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We investigate the dynamical Casimir effect in a coplanar waveguide (CPW) terminated by a
superconducting quantum interference device (SQUID). Changing the magnetic flux through the
SQUID parametrically modulates the boundary condition of the CPW, and thereby, its effective
length. Effective boundary velocities comparable to the speed of light in the CPW result in broad-
band photon generation which is identical to the one calculated in the dynamical Casimir effect for
a single oscillating mirror. We estimate the power of the radiation for realistic parameters and show
that it is experimentally feasible to directly detect this nonclassical broadband radiation.

PACS numbers: 85.25.Cp, 42.50.Lc, 84.40.Az

Two parallel mirrors in empty space are attracted to
each other due to the vacuum fluctuations of the elec-
tromagnetic field, because of the different mode density
inside compared to outside of the mirrors. This striking
effect of quantum electrodynamics (QED) was predicted
by Casimir in 1948 and since then it has also been verified
experimentally (see, e.g., Ref. [1]).

If the mirrors move, there is also a mismatch between
vacuum modes at different instances of time. It was pre-
dicted [2] that this may result in the creation of real pho-
tons out of vacuum fluctuations. This dynamical Casimir
effect (DCE) also holds for a single mirror subject to
nonuniform acceleration in empty space [3]. Although
receiving considerable interest [4, 5] since its theoretical
discovery, there is still no experimental verification of the
DCE. This is mainly due to the fact that the rate of pho-
ton production is nonnegligible only when the mirror ve-
locity approaches the speed of light, ruling out the use of
massive mirrors [7]. Proposals for the experimental veri-
fication of the DCE have suggested rapidly changing the
field boundary conditions in other ways, e.g., using lasers
to modulate the reflectivity of a thin semiconductor film
[6, 7] or the resonance frequency of a superconducting
stripline resonator [8].

Here we show that a coplanar waveguide (CPW) termi-
nated by a superconducting quantum interference device
(SQUID), as shown in Fig. 1, is a very promising system
for experimentally observing the DCE. The inductance of
the SQUID can be controlled by the local magnetic flux
threading the loop, giving a tunable boundary condition
that is equivalent to that of a short-circuited transmission
line with a tunable length. Because there is no massive
mirror moving, the velocity of the effective boundary can
approach the speed of light in the transmission line. The
photon production from the vacuum can thus be made
experimentally detectable, and its photon spectrum is
identical to the one calculated in the DCE for a single
oscillating mirror [9].

Building on work on superconducting circuits for quan-

FIG. 1: (Color online) (a) A schematic diagram representing
a CPW terminated to ground through a SQUID-loop. The
effective inductance of the SQUID can be tuned by the mag-
netic flux Φext(t), providing a tunable boundary condition.
(b) The setup in (a) is equivalent to a short-circuited trans-
mission line with a tunable length Leff , i.e., with a tunable
“mirror”. We analyze this system using the input/output for-
malism, which gives the spectrum of the scattered outgoing
field, Φout, as a function of the incoming field, Φin, in the
coplanar waveguide.

tum information [10–12], there has recently been rapid
progress in the field of circuit QED, where the interaction
between artificial superconducting atoms and the elec-
tromagnetic field in microwave cavities is studied. Re-
cent achievements include strong coupling between arti-
ficial atoms (qubits) and resonators [13], single-artificial-
atom lasing [14], and Fock-state generation [15]. Cavities
with tunable frequencies and low dissipation have also
been demonstrated [16, 17], and it has been shown that
the resonance frequency can be changed by hundreds of
linewidths on a timescale much shorter than the photon

1. Quantum world is made of all-permeating fields
(electric, magnetic,. . . )
▶ sometimes localised as ‘particles’

2. Quantum vacuum has a tension
Theory: Casimir 1948

(although cf. Jaffe 2005)

Observation: 1958, 1997,. . .

3. ‘Particle’ ≈ excitation on the vacuum

4. Changing spacetime → excitations!
(e.g. moving boundary)

Theory: Moore 1970

Observation:
Wilson et al 2011
Lähteenmäki et al 2013
(electrical simulation of motion)

Image: Johansson et al 2009
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Lähteenmäki et al 2013
(electrical simulation of motion)

Image: Johansson et al 2009



Pre-history: four lessons in quantum theory

The dynamical Casimir effect in a superconducting coplanar waveguide

J.R. Johansson,1, 2 G. Johansson,2 C.M. Wilson,2 and Franco Nori1, 3

1Advanced Science Institute, The Institute of Physical and Chemical Research (RIKEN), Wako-shi, Saitama 351-0198, Japan
2Microtechnology and Nanoscience, MC2, Chalmers University of Technology, SE-412 96 Göteborg, Sweden
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Cosmological ‘particle creation’ Parker 1968. . .

Gravitational collapse Hawking 1974, 1975

Late time outgoing thermal flux

TH =
1

8πM

Receding mirror in Minkowski Davies and Fulling 1977

Tailored late time trajectory
⇒ Hawking-type radiation

from the mirror
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Arena: Fock space

Input

▶ “vacuum plus excitations” (old school)
▶ relies on notion of “positive frequency”

⇒ different positive frequency choices related by Bogoliubov
transformations

▶ typically employs spread-out Fourier modes

⇒ localising a “particle”?

Local observables of the field

⟨Tµν⟩, . . . (renormalisation)

Local matter system coupled to the field

“A particle is what a particle detector detects”

W. G. Unruh

, public communication, 1976–present
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Pointlike two-state detector Unruh(1976)-DeWitt(1979)

Quantum field Two-state detector (atom)

D spacetime dimension ∥0⟩⟩ state with energy 0

ϕ real scalar field ∥1⟩⟩ state with energy E

|Ψ⟩ field initial state x(τ) detector worldline,
τ proper time

Interaction

Hint(τ) = cχ(τ)µ(τ)ϕ
(
x(τ)

)

Linear!

c coupling constant
χ switching function, C∞

0 , real-valued
µ detector’s monopole moment operator
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Probability of transition

∥0⟩⟩ ⊗ |Ψ⟩ −→ ∥1⟩⟩ ⊗ |anything⟩

in first-order perturbation theory:

P(E ) = c2
∣∣⟨⟨0∥µ(0)∥1⟩⟩∣∣2︸ ︷︷ ︸

detector internals only:
drop!

× Fχ(E )︸ ︷︷ ︸
trajectory and |0⟩:
response function

Fχ(E ) =

∫
dτ ′dτ ′′ e−iE(τ ′−τ ′′) χ(τ ′)χ(τ ′′)W (τ ′, τ ′′)

W (τ ′, τ ′′) = ⟨Ψ|ϕ
(
x(τ ′)

)
ϕ
(
x(τ ′′)

)
|Ψ⟩ Wightman function

(distribution)
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Response function

Fχ(E ) =

∫
dτ ′dτ ′′ e−iE(τ ′−τ ′′) χ(τ ′)χ(τ ′′)W (τ ′, τ ′′)

(distribution)

W : field initial state |Ψ⟩ and detector motion
χ: detector switching
E : detector energy gap

E > 0: excitation

E < 0: de-excitation

Theorem (Hörmander 1971)

If |Ψ⟩ is Hadamard and x(τ) is smooth, then W (τ ′, τ ′′) is a
well-defined distribution on R× R

Corollary

If χ is C∞
0 and x(τ) is smooth, Fχ(E ) is well defined!
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Switching?

Fχ(E ) =

∫
dτ ′dτ ′′ e−iE(τ ′−τ ′′) χ(τ ′)χ(τ ′′)W (τ ′, τ ′′)

(distribution)

Switching effects (artefacts?) intertwine with
effects due to |Ψ⟩, motion, energy gap

Stationary motion: W (τ ′, τ ′′) = W (τ ′ − τ ′′, 0)

• uniform linear acceleration in Minkowski vacuum (Unruh effect)

• static observer outside Schwarzschild black hole,. . .

Long time limit → transition rate:

yet within linear perturbation theory!

χ(τ  )’ 

τ ’  τ0
δδ τ

∆τ

Fχ(E )

∆τ
−−−−−−→
∆τ→∞

F (E ) =

∫ ∞

−∞
ds e−iEs W (s, 0)
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Sharp switching?

Fχ(E ) =

∫
dτ ′dτ ′′ e−iE(τ ′−τ ′′) χ(τ ′)χ(τ ′′)W (τ ′, τ ′′)

(distribution)
χ(τ  )’ 

τ ’  τ0
δδ τ

∆τ

δ → 0? Switching effects grow. . . Hodgkinson and JL 2012

D = 2, 3: Fχ(E ) finite as δ → 0

D = 4, 5: Fχ(E ) → ∞ but d
dτ Fχ(E ) finite as δ → 0

Instantaneous transition rate still well defined
(measurable in an ensemble of ensembles)

D = 6: d
dτ Fχ(E ) → ∞ as δ → 0

Instantaneous transition rate divergent
(for generic states/trajectories)
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Remarks

▶ W (τ ′, τ ′′) sometimes infrared divergent (eg D = 2 massless)

Cure: Hint(τ) ∝ d
dτ ϕ

(
x(τ)

)
(but more singular at sharp switching)

▶ Fermions: Hint(τ) ∝ ψ
(
x(τ)

)
ψ
(
x(τ)

)
quadratic Takagi 1986

⇒ more singular JL and Toussaint 2016

▶ Higher-order perturbation theory? More singular!
Needed in entanglement harvesting by multiple detectors

▶ Spatially smeared detectors? Less singular!
. . . but acausality appears Sorkin 1991, Bostelmann et al 2021

▶ Moving cavities Bruschi et al 2012, Lorek et al 2015,. . .

▶ Complementary track: open quantum systems approach
Long time, weak coupling, Markovian approximation
⇒ Sharp switch-off well defined (after renormalisation)
Benatti and Floreanini 2004,. . .

▶ Pointlike two-state detector → pointlike SHO
⇒ Gaussian nonperturbative methods Lin and Hu 2007,. . .
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Example: 1+1 receding mirror Juárez-Aubry and JL 2015

Closely similar to
collapsing star spacetime

x ∼ −t − κ−1e−2κt

κ↔ surface gravity

Massless field

Past:
▶ Ḟτ (E ) ∼ −E [1− cos(2dE )︸ ︷︷ ︸

boundary

] Θ(−E )

Future:

▶ Ḟτ (E ) ∼ −E

2
Θ(−E )︸ ︷︷ ︸

left-movers:
vacuum

+
E

2 (e2πE/κ − 1)︸ ︷︷ ︸
right-movers:

temperature κ/(2π)

Onset of
thermal flux
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Closely similar to
collapsing star spacetime

x ∼ −t − κ−1e−2κt

κ↔ surface gravity

Massless field

Past:
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Example: 1+1 null shell collapse Juárez-Aubry and JL 2018

Late time state approaches
the Unruh state on Kruskal
(stationary outgoing flux)

Massless field

Future:

▶ Ḟτ (E ) ∼ −E

2
Θ(−E )︸ ︷︷ ︸

left-movers:
vacuum

+
E

2 (eE/Tloc − 1)︸ ︷︷ ︸
right-movers:

temperature Tloc

Onset of
thermal flux
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Example: 1+1 Schwarzschild infall Juárez-Aubry and JL 2015

Vacua (stationary wrt Killing time)
▶ Boulware: Minkowski vacuum at infinity
▶ Hartle-Hawking-Israel: thermal equilibrium T∞ = 1/(8πM)
▶ Unruh: collapse end state → outgoing Hawking radiation

Outcomes (massless field)
▶ At infinity Boulware empty, HHI thermal, Unruh half-thermal
▶ HHI and Unruh:

▶ (half-)thermality gradually lost during the fall
▶ Horizon-crossing non-drastic
▶ Ḟτ ∼ r−3/2 near the singularity
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Example: 2+1 BTZ infall
Conformal field, HHI state
Spinless Hodgkinson and JL 2012, Preciado-Rivas et al 2024

▶ Ḟτ has discontinuous derivative (“glitch”) when switch-off
moment is on the lightcone of the switch-on moment

▶ Happens already outside the horizon!

Spinning Wang et al 2024

▶ HHI state has singularities beyond the inner horizon Steif 1994

⇒ severe glitches there
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▶ Ḟτ has discontinuous derivative (“glitch”) when switch-off
moment is on the lightcone of the switch-on moment

▶ Happens already outside the horizon!

Spinning Wang et al 2024

▶ HHI state has singularities beyond the inner horizon Steif 1994

⇒ severe glitches there



Example: 2+1 BTZ infall
Conformal field, HHI state
Spinless Hodgkinson and JL 2012, Preciado-Rivas et al 2024
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Example: infall in a single-exterior BTZ hole Spadafora et al 2024

t =0

Z2 quotient−−−−−−−−−−−−−→
(U,V ,φ)∼(V ,U,φ+π)

t =0

spinless BTZ

RP2 geon

Infalling detector configurations on the geon:

▶ New glitches after horizon-crossing
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Example: 3+1 Schwarzschild infall Ng et al 2022; Shallue and Carroll 2025

Ḟτ numerically difficult!

Consider Fχ with

χ(τ) =

cos4
(
π(τ−τmid)

2∆

)
for |τ − τmid| < ∆

0 otherwise

∆: half the interaction duration
τmid: interaction interval midpoint

τ−τmid
∆▶ Finite duration, C 3

▶ Close to Gaussian
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3+1 Schwarzschild infall (cont’d) Shallue and Carroll [arXiv:2501.06609]

Fχ

0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

rmid  [RS]
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0.0832
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0.0834

0.0835

0.0836

F

Hartle-Hawking

0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

rmid  [RS]

Unruh

E/TH

−0.10

−0.05

−0.01

0.01

0.05

0.10

∆ ≲ M needed to resolve timescales near and beyond the horizon
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3+1 Schwarzschild infall (cont’d) Shallue and Carroll [arXiv:2501.06609]
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3+1 Schwarzschild infall (cont’d) Shallue and Carroll [arXiv:2501.06609]
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