Renormalized stress-energy tensor
Elizabeth Winstanley

School of Mathematical and Physical Sciences
The University of Sheffield

&,
-4
S

University of

Sheffield

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025

1/100



@ Minkowski space-time

© Adiabatic renormalization

© Hadamard renormalization

© Black holes

© WKB-based implementation

@ Extended coordinates implementation
@ Pragmatic mode-sum implementation

© Black hole interiors
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Stress-energy tensor (SET)

Classical Einstein equations J

G,\p = Ag,\P = 87TTAP
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Stress-energy tensor (SET) expectation value

Semi-classical Einstein equations
G)\P +A8Ap = 87T<TAP> J

C_2.<energy) momentum

density density
* TOl TO2 TO3
710 shear
720 stress
T30 pressure

energy momentum
flux flux
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Quantum scalar field &
Field equation
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@ V, — covariant derivative

@ yu —scalar field mass
@ ¢ —coupling to Ricci scalar curvature R
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Quantum scalar field &

Field equation
[vAvA 2 CR] ®=0

@ V, — covariant derivative

@ yu —scalar field mass

@ ¢ —coupling to Ricci scalar curvature R
¢ = 0 — minimal coupling
€= % — conformal coupling

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 4 /100



B
Quantum scalar field &

Field equation
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Field operators
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Quantum scalar field &

Field equation

[VNA _— —gR] ®=0

Field operators

@ Stress-energy tensor T/\p
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Quantum scalar field &

Field equation

[VAV" e —é,‘R] ®=0

Field operators

@ Stress-energy tensor TAp
@ Square of the field &2
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Quantum scalar field &

Field equation

[VAVA — 2~ ¢R| @ =0

Field operators

@ Stress-energy tensor TAP
@ Square of the field &2

Vacuum polarization ($?)

y

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 4 /100



I
Quantum scalar field &

Field equation

[VAV" e —é,‘R] ®=0

Field operators

@ Stress-energy tensor TAP
@ Square of the field &2

Vacuum polarization ($?)

@ Simplest nontrivial expectation value
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Quantum scalar field &

Field equation
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Field operators

@ Stress-energy tensor TAP
@ Square of the field &2

Vacuum polarization ($?)

@ Simplest nontrivial expectation value
@ Simpler to compute than SET
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I
Quantum scalar field &

Field equation

[VAV" e —@R] ®=0

Field operators

@ Stress-energy tensor TAP
@ Square of the field &2

Vacuum polarization ($?)

@ Simplest nontrivial expectation value
@ Simpler to compute than SET

@ Has some physical features in common with SET )
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SET renormalization
on Minkowski space-time
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Minkowski space-time

QFT on Minkowski space-time: Mode approach
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QFT on Minkowski space-time: Mode approach

Minkowski space-time

ds® = 1y, dxt dxf = —d? + dx® + dy® + dz?
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Minkowski space-time

QFT on Minkowski space-time: Mode approach

Minkowski space-time

ds® = 1y, dxt dxf = —d? + dx® + dy® + dz?

Klein-Gordon equation

[aAaA — }42] d=0
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W IVENES LIl Mode approach

QFT on Minkowski space-time: Mode approach

Minkowski space-time

ds®> =g Ap dx* dx? = —dt? + dx? 4 dy? + dz°

v
Klein-Gordon equation
[aAaA - y2] ®=0
V.
Plane wave solutions
Pp = ;3 exp (—iwt) exp (ip.x)
V1673 |w|
4
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Plane wave solutions
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QFT on Minkowski space-time: Mode approach

Minkowski space-time

ds®> =g Ap dx* dx? = —dt? + dx? 4 dy? + dz°

Klein-Gordon equation
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Plane wave solutions

1
= —————exp (—iwt) exp (ip.x
¢p 670 o] p (—iwt) exp (ip.x)

@ w — frequency

@ p — momentum

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 6 /100



W IVENES LIl Mode approach

QFT on Minkowski space-time: Mode approach

Minkowski space-time

ds®> =g Ap dx* dx? = —dt? + dx? 4 dy? + dz°

Klein-Gordon equation

[aAaA - ]/t2] ®=0

Plane wave solutions

1
= ——exp (—iwt) exp (ip.x
¢p 6] p (—iwt) exp (ip.x)
@ w — frequency

@ p — momentum

W~ |p| = 2
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Minkowski space-time

Canonical quantization

Elizabeth Wi



Minkowski space-time

Canonical quantization

Classical scalar field

o=/ d&’p [apgbp + a’{,cpi‘,]

w>
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Minkowski space-time

Canonical quantization

Quantum scalar field

b= [ &p |apgp+ayep)

w>

Elizabeth Winstanley (Sheffield)



Minkowski sp

Canonical quantization

Quantum scalar field

ace-time
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W IVENES LIl Mode approach

Canonical quantization

Quantum scalar field

Vacuum state
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Minkowski space-time

Minkowski space-time renormalization: Part 1
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Minkowski space-time

Minkowski space-time renormalization: Part 1

Vacuum polarization

(0/®?%[0)
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Minkowski space-time renormalization: Part 1

Vacuum polarization

0)
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization
(0]®2(0) = / Lpdp’ (0||apgp +andy| |appp +abop]

— [ PP’ gy gy Olapih|0)

0)
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization
(0]®2(0) = / Lpdp’ (0||apgp +andy| |appp +abop]

— [ &pd’p’ gy gy (0lay i} |0)
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization

©018%10) = [ o s’ (0 [ayy +afg3] [antp + 305
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization
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Minkowski space-time renormalization: Part 1

Vacuum polarization
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Minkowski space-time renormalization: Part 1

Vacuum polarization
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Minkowski space-time renormalization: Part 1

Vacuum polarization
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization

(0|$2|0) = /dsp &p’ <0 ‘ [ap,qyp, +ﬁ’1;,¢;,] {ap(pp +ap¢l’;} 0>
= [ @D gy Olaps|0) = [ Lo gy (Olsay +(p' — p)0)

_ [ 43 2 1 /3 1
_/dp‘%' - 1678 dl9|w|_>Oo

Normal ordering

Annihilation operators are always to the right of creation operators
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W IVENES LIl Mode approach

Minkowski space-time renormalization: Part 1

Vacuum polarization

(0210) = [ Lo (0 [apty + a0y ] (2595 +305] [0)
= [ Cpdp gy Olapd|0) = [ Lo P gy (013 +3(p' —p)0)

_ [ 43 2 1 /3 1
_/dp‘%' - 1678 dl9|w|_>Oo

Normal ordering

Annihilation operators are always to the right of creation operators

Renormalized vacuum SET

(0[Ty,|0) :=0

4
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Minkowski space-time

QFT on Minkowski space-time: Green function approach
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QFT on Minkowski space-time: Green function approach

Vacuum Feynman Green function
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QFT on Minkowski space-time: Green function approach

Vacuum Feynman Green function

—iGg(x, x")
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W RS et Green function approach

QFT on Minkowski space-time: Green function approach
Vacuum Feynman Green function

T [®(x), $(x")] - time-ordered product

—iGp(x,x") = (0|T [®(x), &(x)] |0)
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W RS et Green function approach

QFT on Minkowski space-time: Green function approach
Vacuum Feynman Green function

T [®(x), $(x")] - time-ordered product

—iGp(x,2) = (O[T [&(x), b(x’ )] 0) S(w)
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W RS et Green function approach

QFT on Minkowski space-time: Green function approach
Vacuum Feynman Green function

T [®(x), $(x")] - time-ordered product

—iGr(x,x') = (O|T [b(x), b(x' >} 0) S(w)

—1w(t—t') ip.(x—x’) I
— dw
164/ —w2+\pp|+y > \)J > /)\

h 4

R(co)

Klein-Gordon equation

[E)AB)‘ — luz} [—iGp(x,x")] = —d(x — x')

y
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Minkowski space-time

QFT on Minkowski space-time: Green function approach

Klein-Gordon equation

[8,\8)‘ — ;uz} [—iGp(x,x)] = —6(x — x')

Elizabeth Winstanley (Sheffield)



WY EINIEISEEREICSEIN  Green function approach

QFT on Minkowski space-time: Green function approach

Klein-Gordon equation

[aAaA — luz} [—iGp(x,x)] = —d(x — x')

y
Feynman Green function
. i 2
/
—iGg(x,x") = — K Hg )(y\/2c7)
8V 20

y
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QFT on Minkowski space-time: Green function approach

Klein-Gordon equation

[aAaA — luz} [—iGp(x,x)] = —d(x — x')

Feynman Green function

~iGr(x, %) = —Sn‘j%Hi”(y@)

@ Synge world function

20(x,x") =150 (xA _ x)"> <xp _ xP’)
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QFT on Minkowski space-time: Green function approach

Klein-Gordon equation
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QFT on Minkowski space-time: Green function approach

Klein-Gordon equation
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Feynman Green function
. i 2
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@ Synge world function
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QFT on Minkowski space-time: Green function approach

Klein-Gordon equation
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Feynman Green function
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@ Synge world function
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Minkowski space-time renormalization: Part 2
Vacuum SET

(0/T3,l0)
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Minkowski space-time renormalization: Part 2
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(0[Tx,|0) = lim {7y, [—iGp(x,x")] } second order differential operator 7,
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Minkowski space-time renormalization: Part 2
Vacuum SET

(0[Tx,|0) = lim {7y, [—iGp(x,x")] } second order differential operator 7,
x'—x

—iGg(x, x') =
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Regularized Green function

—iGgr(x, x")
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WY EINIEISEEREICSEIN  Green function approach

Minkowski space-time renormalization: Part 2
Vacuum SET

(0[Tx,|0) = lim {7y, [—iGp(x,x")] } second order differential operator 7,
x'—x

2
—iGp(x,x') = 8@12 log [21%0] + gﬂz [1-2C+in] +...

820

Regularized Green function

. . 1 2 .
—iGr(x,x') = —iGg(x,x") — {87120 8]/7[12 log [2p?c] + 1g7r2 [1-2C +17T]}
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WY EINIEISEEREICSEIN  Green function approach

Minkowski space-time renormalization: Part 2
Vacuum SET

(0[Tx,|0) = lim {7y, [—iGp(x,x")] } second order differential operator 7,
x'—x

—iGg(x, x') =

2
I“ S _ .
S0 802 log [2p%c] + = — [1—-2C+in|+...

Regularized Green function

. . 1 2 .
—iGr(x,x') = —iGg(x,x") — {87120 8P7lrz log [2p?c] + 1g7r2 [1-2C +17T]}

Renormalized SET

(0/T3,/0) = Jim {Thp [-iGr(x, x)] }

y
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Minkowski space-time renormalization: Part 2
Vacuum SET

(0[Tx,|0) = lim {7y, [—iGp(x,x")] } second order differential operator 7,
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Regularized Green function

. . 1 2 .
—iGr(x,x') = —iGg(x,x") — {87120 8P7lrz log [2p?c] + 1g7r2 [1-2C +17T]}

Renormalized SET

2 9 9 / _
<O|TAP|O> = 3}’13({7:\‘0 [—1GR(x,x )]} = 0 |
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Minkowski space-time

Renormalization in Minkowski space-time

Approaches to renormalization

@ By definition
(0]T»,|0) :=0

@ State subtraction - differences in expectation values between two quantum states
@ Remove high-frequency divergences in mode sum

@ Remove short-distance singularities in Green function

Homework

Extend this to curved space-time

J
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@ By definition (0|TAP|O) := 0 in Minkowski space-time
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Minkowski space-time

Renormalization in curved space-time

@ By definition (O|T/\p|0) := 0 in Minkowski space-time

GAp + Ag)\p = 87[<T?\p> J

@ State subtraction - differences in expectation values between two quantum states
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Minkowski space-time

Renormalization in curved space-time

@ By definition (O|T/\p|0) := 0 in Minkowski space-time
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@ State subtraction - differences in expectation values between two quantum states

What should the “reference” state be? }
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Minkowski space-time

Renormalization in curved space-time

e By definition (0|T),|0) := 0 in Minkowski space-time

GAp + Ag)\p = 87T<T)\p>

@ State subtraction - differences in expectation values between two quantum states

What should the “reference” state be? }
@ Remove high-frequency divergences in mode sum
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Minkowski space-time

Renormalization in curved space-time

e By definition (0|T),|0) := 0 in Minkowski space-time

GAp + Ag)\p = 87T<T)\p>

@ State subtraction - differences in expectation values between two quantum states

What should the “reference” state be?

@ Remove high-frequency divergences in mode sum
Modes not known in closed form J
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Minkowski space-time

Renormalization in curved space-time

e By definition (0|T),|0) := 0 in Minkowski space-time

G?\p + Ag)\p = 87T<T)\p>

@ State subtraction - differences in expectation values between two quantum states

What should the “reference” state be?

@ Remove high-frequency divergences in mode sum

Modes not known in closed form

@ Remove short-distance singularities in Green function

Form of this in curved space-time?

)
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Adiabatic renormalization

Adiabatic renormalization |

Fulling & Parker Ann. Phys. 87 176 (1974)
Parker & Fulling PRD 9 341 (1974)
Fulling, Parker & Hu PRD 10 3905 (1974)
Birrell Proc. Roy. Soc. B361 513 (1978)
Bunch JPA 11 603 (1978)

Bunch JPA 13 1297 (1980)

Anderson & Parker PRD 36 2963 (1987)

del Rio & Navarro-Salas PRD 91 064031 (2015)
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Adiabatic reno: ation

Cosmological space-times

[ Image: ESA and the Planck Collaboration ]
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Adiabatic renormalization

Scalar field on cosmological space-times
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Adiabatic renormalization

Scalar field on cosmological space-times
Flat FLRW J

ds? = gy, dxt dxf = —d? +a?(t) [dx? + dy® + d2?]
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Adiabatic renormalization

Scalar field on cosmological space-times
Flat FLRW

d_52 — gAp dx/\ dxf = —dt2 —+ az(t) [dxz + dyz + dZZ]

Scalar field modes

¢p(t,x) = hp(t) exp (ip-x)
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Adiabatic renormalization

Scalar field on cosmological space-times

Flat FLRW
ds® = grpdxt dxf = —d#* + a*(t) [dx® + dy* + dz?]
y
Scalar field modes
¢p(t,x) = hp(t) exp (ip-x)
i lpl> | o, 34* 3i _
fip + | £y 5~ 5 TRy =0
y

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 16 /100



Adiabatic renormalization

Scalar field on cosmological space-times
Flat FLRW

d_52 — gAp dx/\ dxf = —dt2 —+ LZZ(f) [dxz + d]/z + dZZ]

Scalar field modes
¢p(t,x) = hp(t) exp (ip-x)

.. lpl> , 3a®> 3i B
hp+[a2 402 2a+€R p =0

Quantum scalar field

. 1, )
b= [ ——— [bptp + b}
V16m3ad { ] )
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Adiabatic renormalization

VP on flat FLRW
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

(®?)
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

X 1
@) = g | Lo 100l
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

A 1 1
) = femam | 195l = Ty [ R lmOf

Elizabeth Winstanley (Sheffield)



Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

(%) = m/dgp}%f = 16%317(1})/‘13p|hp(t)|2

Remove high frequency divergences? )
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

(%) = m/dsp“l’pf = m/d3p|hp(t)}2

Remove high frequency divergences?

WKB approximation

4

Elizabeth Winstanley (Sheffield)

SIGRAV Winter School, February 2025

17 /100



Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

A 1 1
) =t | o106l = Ty [ el

}2

Remove high frequency divergences?

WKB approximation

() = \/ﬁexp [—i o) dt]

4
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

(%) = m/dap“l’pf = m/d3p|hp(t)}2

Remove high frequency divergences?

WKB approximation

—

() = \/ﬁexp [—i o) dt]

4
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Adiabatic renormalization

VP on flat FLRW

Vacuum polarization

(%) = m/dap“l’pf = m/d3p|hp(t)}2

Remove high frequency divergences?

WKB approximation
1 . 2 1
() = exp [—1 JN0 dt] = Ol =g
v e(t) 2
3 O, |pP 3a>  3i
2 _p % IP 2 o4 o4
BT R T M R L TR T

Elizabeth Winstanley (Sheffield)
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Adiabatic expansion

Elizabeth Winstanley (Sheffield)

Adiabatic renormalization

2 ..
3Qp OQp + lp |2
4_0% 20, a?




Adiabatic renormalization

Adiabatic expansion

2 _2%p p P 2 o4 od
B a0, T2 T T4 2 TR

a(t) =1
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Adiabatic renormalization

Adiabatic expansion

2 _2%p p P 2 o4 od
B a0, T2 T T4 2 TR

a(t) =1 — R=0
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Adiabatic renormalization

Adiabatic expansion

Ll 2 ..
2 :3Qp . Op + ’P|2+y2_%_
p 40% 20, a? 442
a(t) =1 — R=0
302 (O
2 p__ % 2 2

3i

R
2a+(:
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Adiabatic renormalization

Adiabatic expansion

32
Z_BQP

]p| 342 3a
P02 201,‘L 2 T e TR
a(t) =1 — R=0
302 0O
2 p_ 2, 2 —n2
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Adiabatic renormalization

Adiabatic expansion

30 O, |p| 3a*  3i
2 _ 2 Rp p 2_ 047 o4
B a0, T2 T T4 2 TR
a(t) =1 — R=0
302 0O
%’ 4012 - ZQPP +1pl* + - Q% = |p] +#* = &?
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Adiabatic renormalization

Adiabatic expansion

30 O, |p| 3a*  3i
2 _ 2 Rp p 2_ 047 o4
B a0, T2 T T4 2 TR
a(t) =1 — R=0
302 0O
%’ 4012 - ZQPP +1pl* + - Q% = |p] +#* = &?
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Adiabatic renormalization

Adiabatic expansion

3 O, p 3d%  3i
2 P p P 2
- — R
P 40%, 20 + a? 442 2a+§

General a(t)
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Adiabatic renormalization

Adiabatic expansion

B pl2  , 3a*> 3i
pTam 20, T T a2 2 TR

General a(t)

Each time derivative adds an adiabatic order

QP:Qo+Qz+Q4+---
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Adiabatic renormalization

Adiabatic expansion

_ |p|2 2 Sﬂz 3i
Pranz 20, a2 + 402 24 +GR

General a(t)
Each time derivative adds an adiabatic order
QP =00+ D+ +...

Adiabatic order zero

7 —I-“le = w(t)
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Adiabatic renormalization

Adiabatic renormalization
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Adiabatic renormalization

Adiabatic renormalization

VP
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Adiabatic renormalization

Adiabatic renormalization

VP

2

() = gy | 0 o0
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Adiabatic renormalization

Adiabatic renormalization

VP

2

(%) = 16713;513(1‘)/&1)[ ‘hp(t)‘z _051]
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Adiabatic renormalization

Adiabatic renormalization

VP

2

(%) = 167‘[+13(t)/d3p[ ‘hp(t)‘z _051]

-1
0,
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Adiabatic renormalization

Adiabatic renormalization

VP

= 167‘[+ﬁ(t)/dspl ‘hp(t)‘z _051]
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Adiabatic renormalization

Adiabatic renormalization

VP

(%) = 167134613,0‘)/C13P[ ‘hp(t)‘Z _051]

+y2} +...

NI=

|2

_ 1 P
Qpl ZWJF... = [a(t)z
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Adiabatic renormalization

Adiabatic renormalization

vp
(@) = 1 /d3p |hp(t) \2 — 5"
1673a3(t) 4 P
1
2 2
Q—l - = ) — |p| 2 o
AR P
4
SE
Need to subtract terms up to and including adiabatic order four J
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Adiabatic renormalization

Example: de Sitter space-time

[ Figure: Moschella Sem. Poincaré 11 (2005) ]
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Adiabatic renormalization

Example: de Sitter space-time

@ Maximally symmetric space-time

[ Figure: Moschella Sem. Poincaré 11 (2005) ]
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Adiabatic renormalization

Example: de Sitter space-time

@ Maximally symmetric space-time

@ Relevant for inflation

[ Figure: Moschella Sem. Poincaré 11 (2005) ]
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Adiabatic renormalization

Example: de Sitter space-time

@ Maximally symmetric space-time
@ Relevant for inflation

@ Bunch-Davies vacuum
[ Bunch & Davies Proc. Roy. Soc. A360 117
(1978) |

[ Figure: Moschella Sem. Poincaré 11 (2005) ]
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Adiabatic renormalization

Example: de Sitter space-time

@ Maximally symmetric space-time
@ Relevant for inflation

@ Bunch-Davies vacuum
[ Bunch & Davies Proc. Roy. Soc. A360 117
(1978) |

Scale factor

a(t) =e  H = constant J

[ Figure: Moschella Sem. Poincaré 11 (2005) ]
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Adiabatic renormalization

Example: de Sitter space-time
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Adiabatic renormalization

Example: de Sitter space-time

Massless, conformally coupled scalar field modes

2 H?
h +{ 2Ht — 4 hy =

Solution in terms of Hankel functions
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Adiabatic renormalization

Example: de Sitter space-time
Massless, conformally coupled scalar field modes

Ipl2 H?

Solution in terms of Hankel functions

Adiabatic expansion

L] 2 .o
2:3Qp_Qp |P|2_£2
P 40% 20, et 4
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Adiabatic renormalization

Example: de Sitter space-time

Massless, conformally coupled scalar field modes

lp> H?
h + [ 2Ht ~ 4 hP:

Solution in terms of Hankel functions

4
Adiabatic expansion
L} 2 .
02 — 30y . Op p? o iz
Po40g 20, et 4
v
SEIL
(T7) = Diag{—E, P, P, P}
y
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Adiabatic renormalization

Example: de Sitter space-time
Massless, conformally coupled scalar field modes

Ipl2 H?

Solution in terms of Hankel functions

Adiabatic expansion

'2 ..
3Qp OQp |P|2 H?

O =42 20, "o 4
P p y
SET
(T%) = Diag{—E,P,P,P} = LZ&"
A L 96072 )
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Adiabatic renormalization

Adiabatic renormalization
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Adiabatic renormalization

Adiabatic renormalization

Advantages
@ Straightforward to implement

@ Straightforward for computations
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Adiabatic renormalization

Adiabatic renormalization

Advantages Disadvantages
@ Straightforward to implement @ Cosmological space-times
o Straightforward for computations @ Does not easily generalize
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Adiabatic renormalization

Adiabatic renormalization

Advantages Disadvantages
@ Straightforward to implement @ Cosmological space-times
@ Straightforward for computations @ Does not easily generalize
Homework

Extend adiabatic renormalization to

@ Black hole space-times
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Hadamard renormalization

Hadamard renormalization J

DeWitt Phys. Rept. 19 295 (1975)
Christensen PRD 14 2490 (1976)

Wald CMP 54 1 (1977)

Christensen PRD 17 946 (1978)

Decanini & Folacci PRD 78 044025 (2008)
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Overall strategy

Stress-energy tensor operator TAP

@ Involves products of field operators at the same space-time point
@ Expectation values are divergent
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Overall strategy

Stress-energy tensor operator T)\p

@ Involves products of field operators at the same space-time point

@ Expectation values are divergent

Regularization by point-splitting
o Ty, [—iGr(x, x")] finite for x" # x
e Divergences as x’ — x are purely geometric and independent of the quantum state
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Overall strategy

Stress-energy tensor operator T)\p

@ Involves products of field operators at the same space-time point

@ Expectation values are divergent

Regularization by point-splitting
o Ty, [—iGr(x, x")] finite for x" # x
e Divergences as x’ — x are purely geometric and independent of the quantum state

Renormalized expectation value

@ Subtract off appropriate divergent terms Gs(x, x”)

N

() e = J},lir; [Tho {—i [GE(x,x") — Gs(x,%")] }]

4
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Hadamard renormalization

Hadamard renormalization

Elizabeth Wi



Hadamard renormalization

Hadamard renormalization

Minkowski space-time

2
=il = 820 (x,x') 872 log [2p%0 (x, x')]
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Hadamard renormalization

Hadamard renormalization

Minkowski space-time

_ N 1 _ W 2 /
iGs(x,x') = S0 (xx) 812 log [2p°0(x, x)] |
Hadamard parametrix
. n U(x,x') , o(x,x")
iGs(x,x") = BEE] + V(x,x") log 12 |
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Hadamard renormalization

Hadamard renormalization

Hadamard parametrix

. N U(x,x) , o(x,x")
iGs(x, x") oz, ) + V(x,x") log 12
@ 20(x,x") square of the geodesic distance ,

between x and x’

20 = o0

[ Decanini & Folacci PRD 78 044025 (2008) ] L
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Hadamard renormalization

Hadamard renormalization

Hadamard parametrix

. U(x, x') o(x,x')
—iGs(x,x') = ) + V(x,x") log {T
@ 20(x,x") square of the geodesic distance
between x and x’ x!
20 = g0
e U(x,x"), V(x,x') biscalars regular as
X —x
i

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

Hadamard renormalization

Hadamard parametrix

—iGs(x,x") = l(;[((;c—,';:/l))

+ V(x,x) log [U(z—'zx/)}

@ 20(x,x") square of the geodesic distance
between x and x’ x!

20 = g0

e U(x,x"), V(x,x') biscalars regular as
x = x

@ [ renormalization length scale
Z

[ Decanini & Folacci PRD 78 044025 (2008) ]

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 25 /100



Hadamard renormalization

Hadamard parameters

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x")

A(x, x'
Uz, ) = 2%

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x")
A(x,x")
U(x,x) = =2
(%,x) 8772 )
Van Vleck determinant
[ Visser PRD 47 2395 (1993) | )

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) |
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Hadamard renormalization

Hadamard parameters

U(x,x")
A(x,x")

U(x, x/) = 87'(2

Van Vleck determinant

VaVir =4 - ATA 0

[ Visser PRD 47 2395 (1993) ]

4

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x")
A(x,x")

U(x, x/) = 87'(2

Van Vleck determinant

VaVir =4 - ATA 0

(N
Alx,x') =1+ gRApaanfP + ...

[ Visser PRD 47 2395 (1993) ]

4

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x")

Ax, x’
Uz, ) = 2%

Van Vleck determinant

VaVir =4 - ATA 0

(N
Ax,x') =1+ ERAPU')‘(T'p + ...

[ Visser PRD 47 2395 (1993) ]

4

Vi(x,x')

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)

Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x") V(x,x")
A(x, x') 82V (x,x') = Vo(x,x") + Vi(x, x)o(x, x') + ...

U(x, x/) = 87'(2

Van Vleck determinant

VaVir =4 - ATA 0

(N
Ax,x') =1+ ERAPU')‘(T'p + ...

[ Visser PRD 47 2395 (1993) ]

4

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x") V(x,x")
/ 872V (x,x) = Vo(x,x') + Vi (x,x)o(x,x) + ...
e ) = BT (x,%) = Vol x) + Vi, ¥)o(x, %)
87 ) . .
Van Vleck determinant (% %) 2 K g 6

. 1 1 :
VaVie =4—A7Ay0" "1 (5 - 6) Rao™ + ...

(N
Ax,x') =1+ ERAPU')‘(T'p + ...

[ Visser PRD 47 2395 (1993) ]

4

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)
Ottewill & Wardell PRD 84 104039 (2011) ]
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Hadamard renormalization

Hadamard parameters

U(x,x")
A(x,x")
8772

U(x,x') =

Van Vleck determinant

VAV =4 - A1A 07

1 -
A(x,x") =1+ —Ry,00 + ...

6
[ Visser PRD 47 2395 (1993) |

[ Decanini & Folacci PRD 73 044027 (2006); PRD 78 044025 (2008)

Elizabeth Winstanley (Sheffield)

Vi(x,x')

82V (x,x') = Vo(x,x") + Vi (x, ¥ )or(x, %) + ...

1 1 1
Vl(X, xl) = §H4 -+ Z (C— g) ‘MZR
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Hadamard renormalization

Renormalized SET

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x") = =1 [Gr(x,x") — Gs(x, )]

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x') = =i [Gg(x,x") — Gs(x,x")]

Renormalized SET

(Thp(x))

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x") = —i [Gr(x, x") — Gs(x,x")]

Renormalized SET

A

(Brp(x)) = lim [Tip {W(x,¥)}]

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x") = —i [Gr(x, x") — Gs(x,x")]

Renormalized SET

(Brp(x)) = lim [Tip {W(x,¥)}]

1
= —wy, + > (1-28) VaVow + = (25 = —) S Vi VW + CRy yw

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x") = —i [Gr(x, x") — Gs(x,x")]

y
Renormalized SET
(T1p(x)) = lim [Tip {W(x, ')}
1
= —wyy + 5 (1-28) VaVow + = (25 = —) Srp Vi VFw + ERy ,w
w = lim [W(x,x")]
x'—x )

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Renormalized SET

Regularized Green function

W(x,x") = —i [Gr(x, x") — Gs(x,x")]

Renormalized SET

A

(Brp(x)) = lim [Tip {W(x,¥)}]

1
= —wp+ 5 (1-28) VaVow + 5 (25 - —) 82V VEw + &Ry ,w

w = lim [W(x,x")] wy, = lim [V V,W(x,x")]
x'—x

x'—x

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

Gap + Agap = 87(Thp)ren J

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p =+ Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p =+ Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

VA <1im [The {W(xIX’)}D

x'—x

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p =+ Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

vt (tm (75 (Wex)}] ) = 9 (s lim V(5,2 )

x'—x

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p =+ Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

v <lim [Tho {W(x, x’)}]) =V (g/\p J}IILI; [Va(x, x’)]) =V [g2,01(x)]

x'—x

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p =+ Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

v (tim [T (W)} ) = V" (3 Jim [Vi(x,2)] ) = 97 [gsyon (o)

e Add —8Ap01 to (T/\p>

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G)\P + Ag/\p = 87T<TAp>ren — v)‘<’1A-’)tp>ren =0 J

v <lim [Tho {W(x,x’)}]) =V (g,\p lim [Vi(x, x')]) =V [g2,01(x)]

x'—x x'—x
e Add _g/\pvl to <T/\p>

N 1 1 1
<T)\p> - _ZUAp + z (1 — 25) V)\pr + E (25 — E) gApVAVAw + §R;\pw

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G)\P + Ag/\p = 87T<TAp>ren — v)‘<’1A-’)tp>ren =0 J

v <lim [Tho {W(x,x’)}]) =V (g,\p lim [Vi(x, x')]) =V [g2,01(x)]

x'—x x'—x
e Add _g/\pvl to <T/\p>

A 1 1 1
<T)\p>ren = —Wyp + 5 (1 — 25) V)\pr + 5 (25 — E) gApVAVAw + §R;\pw —8rp0V1

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation

G/\p + Ag/\p = 87T<T/\p>ren — vA<T/\p>ren =0 J

A

(Tap)ren = —Wap + 5 (1 —20)VaVow+ - (2‘: — > S Vi Viw + R\, w — 201

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

G/\p + Ag/\p = 87T<TAp>ren — v)‘<T’)&p>ren =0 J

N 1 1 1
(Trp)ren = —Wap + 5 (1-28) VaVow + 3 (2C — 5) Ao Vi VEw + CRyyw — 2001

Trace

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

G/\p + Ag/\p = 87T<TAp>ren — v)‘<T’)&p>ren =0 J

N 1 1 1
(Trp)ren = —Wap + 5 (1-28) VaVow + 3 (2C — 5) Ao Vi VEw + CRyyw — 2001

Trace

A

(T )ren

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

G)\P + Ag/\p = 87T<TAp>ren — v)‘<T’)&p>ren =0 J

R 1 1 1
(Trp)ren = —Wap + 5 (1-28) VaVow + 3 (2C — 5) Ao Vi VEw + CRyyw — 2001
Trace

(T )ren = —prw +3 (C - %) VAV, w4 20;

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

GAP + Ag/\p = 87T<TAp>ren — v)‘<T’)&p>ren =0 J

A 1 1 1 .
p e —_ —_— _— —_—— K —
(Tapdren = —wpp + 5 (1 =20) VaVow + 5 (2C 2) ViV W + ER\yw — grp01
Trace
(T} )ren = —p*w +3 (C — %) VAV w + 20

Massless u = 0, scalar field

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

GAP + Ag/\p = 87T<TAp>ren — v)‘<T’)&p>ren =0 J

A 1 1 1 .
p e —_ —_— _— —_—— K —
(Tapdren = —wpp + 5 (1 =20) VaVow + 5 (2C 2) ViV W + ER\yw — grp01
Trace
(T} )ren = —p*w +3 ((;‘ — é) VAV w + 20

Massless u = 0, conformally coupled ¢ = %, scalar field

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

GAP + Ag/\p = 87T<TAp>ren — v)‘<’1A-’)tp>ren =0 J

(Thp)ren = —wap + % (1-2Z)VaVow + % (2C — %) 8oV VW + ER ) pw — gapv1
Trace anomaly
(T )ren = —pPw +3 (C - %) VAVaw + 201
Massless u = 0, conformally coupled ¢ = %, scalar field

A

<T)/\\>ren = 2vl

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

SET conservation and trace

GAP + Ag/\p = 87T<TAp>ren — v)‘<’1A-’)tp>ren =0 J

(Thp)ren = —wap + % (1-2Z)VaVow + % <2C — %) 8oV VW + ER ) pw — gapv1
Trace anomaly
(T )ren = —pPw +3 (C - %) VAVaw + 201
Massless u = 0, conformally coupled ¢ = %, scalar field

A

<T)/\\>ren = 27)1

1
= W |:V)LV/\R - R)LPR/\‘D I RAPTKRAPTK]

[ Decanini & Folacci PRD 78 044025 (2008) ]
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Hadamard renormalization

Example: de Sitter space-time

[ Figures: Moschella Sem. Poincaré 11 (2005) ]
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Example: (Anti-)de Sitter space-time

[ Figures: Moschella Sem. Poincaré 11 (2005) ]
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Example: (Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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Example: (Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Green function

—iGg(x, x")

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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Example: (Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Green function

. A
—iGg(x, x') = i

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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Hadamard renormalization

Example: (Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Green function

2
A Ao (x, x'
—iGp(x, x") = 180 [csc M]

Hadamard parametrix

—iGg(x,x') = l(;l((;c—,,;c/’)) + V(x,x") log [%]

y
[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]

Elizabeth Winstanley (Sheffield)
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Example: (Anti-)de Sitter space-time
Massless, conformally coupled, scalar field

Green function

2
A Ao (x, x'
—iGp(x, x") = 180 [csc %]

Hadamard parametrix

~iGs(x,¥) = % V() log [dﬁzf;’)]

3 1
1 [2A ARk 2A ne
U(x,x') = = [ ng’x )} [csc —U(;’x )]

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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Example: (Anti-)de Sitter space-time
Massless, conformally coupled, scalar field

Green function

2
A Ao (x, x'
—iGp(x, x") = 180 [csc %]

Hadamard parametrix

—iGs(r) = TET) 4y, 10g [ 70X

1 2A n1i 2A ik
U(x,x/)zsnz[ (7(3x,x)} [CSC w] Vi ) = o

y
[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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(Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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(Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Regularized Green function

W(x, x")

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]

Elizabeth Winstanley (Sheffield)
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(Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Regularized Green function

2
A
AN _
W x) = g [CSC 6 ] 8720 (x, x')

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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(Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Regularized Green function

2
A
AN _
W x) = g [CSC 6 ] 8720 (x, 1)

Renormalized SET

A

1 1 1
<TAp>ren = —Wyp + gvApr = EgApVKV"w = ER/\Pw — 8Ap01

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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(Anti-)de Sitter space-time

Massless, conformally coupled, scalar field

Regularized Green function

2 3 1
N A B 1 2A0(x,x')]* 2A0(x, ') | *
Wik x') = 182 | <€ 6 8720 (x, x') 3 es¢ 3

Renormalized SET

A

1 1 1
<TAp>ren = —Wyp + gvApr = EgApVKV"w = ER/\Pw — 8Ap01

A A
(Then = 33672%

[ Page PRD 25 1499 (1982); Allen, Folacci & Gibbons PLB 189 304 (1987) ]
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Hadamard renormalization

Hadamard renormalization

Elizabeth Wi



Hadamard renormalization

Hadamard renormalization

Advantages
@ Underpins rigorous QFT on curved
space-time
e Applies to all physical quantum
states
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Hadamard renormalization

Hadamard renormalization

Advantages Disadvantages
o Underpins rigorous QFT on curved @ Practical implementation can be
space-time tricky
@ Applies to all physical quantum o 2777

states
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Hadamard renormalization

Hadamard renormalization

Advantages Disadvantages
o Underpins rigorous QFT on curved @ Practical implementation can be
space-time tricky
@ Applies to all physical quantum o 2777
states B
Homework
Develop a practical framework for Hadamard renormalization on black hole space-times J
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Renormalized stress-energy tensor
Elizabeth Winstanley

School of Mathematical and Physical Sciences
The University of Sheffield

&,
-4
S

University of

Sheffield
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@ Minkowski space-time

© Adiabatic renormalization

© Hadamard renormalization

© Black holes

© WKB-based implementation

@ Extended coordinates implementation
@ Pragmatic mode-sum implementation

© Black hole interiors

Elizabeth Winstanley (Sheffield)



Stress-energy tensor (SET) expectation value

Semi-classical Einstein equations
G)\P +A8Ap = 87T<TAP> J

C_2.<energy) momentum

density density
* TOl TO2 TO3
710 shear
720 stress
T30 pressure

energy momentum
flux flux
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Quantum scalar field &
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Quantum scalar field &

[V,\V)‘—yz—CR]CI>:0 J
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Quantum scalar field &

[VAVA—yz—CR]QD:O J

Vacuum polarization

(D% (%)) ten = J}}me {—i [Gr(x,%') — Gs(x,x)] }
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Quantum scalar field &

[VAV"—ﬁ—gR]cp:o J

Vacuum polarization
(®?(x))ren = lim {—i [Gp(x,x") — Gs(x,x)] }
X' —=x

Hadamard parametrix

Gl ) = U o6.2)

/
o(x,x) V(xx)log {T
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Quantum scalar field &

[VAV"—;B—gR]cp:o J

Vacuum polarization
(®?(x))ren = lim {—i [Gp(x,x") — Gs(x,x)] }
X' —=x

Hadamard parametrix

Gl ) = U o6.2)

/
o(x,x) V(xx)log {T

4

Develop a practical framework for Hadamard renormalization on black hole space-times J
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Black holes

Black holes ]

Hawking CMP 43 199 (1975)
Boulware PRD 11 1404 (1975)

Unruh PRD 14 870 (1976)

Hartle & Hawking PRD 13 2188 (1976)
Israel PLA 57 107 (1976)

Candelas PRD 21 2185 (1980)
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Black holes

Hawking radiation

[ Hawking CMP 43 199 (1975) |
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Black holes

Hawking radiation it
@ Black hole formed by gravitational I+t
collapse
Z'O

[ Hawking CMP 43 199 (1975) | i
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Black holes

Hawking radiation it

@ Black hole formed by gravitational I+t
collapse

@ Vacuum state at .# — 0

[ Hawking CMP 43 199 (1975) | i
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Black holes

Hawking radiation it

@ Black hole formed by gravitational I+t
collapse

@ Vacuum state at .# — 0

Thermal radiation at .#
K
Ty = ——
H 27

Kk — surface gravity

[ Hawking CMP 43 199 (1975) | i
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Schwarzschild black hole

Elizabeth Winstanley (Sheffield)



Schwarzschild black hole

ds® = —f(r)dt* + f(r) "' dr® +r* d6? + r*sin® 0 dg® f(r) =1—¥ J
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Schwarzschild black hole

ds? = —f(r) dP + f(r) "' dr + 12 d62 + r sin® 0 d g Fr)=1- ¥ J

spacetime singularity, r = 0

future timelike infinity, 74

Io spacelike infinity, To

universe

parallel universe

I spacetime singularity, - = 0 past timelike infinity, 1__

[ Figure: Ambrosetti, Charbonneau & Weinfurtner 0810.2631 ]
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Schwarzschild black hole

ds? = —f(r)d? + f(r) "1 dr? + 12 d6? + r*sin® 6 dg? fr)=1- g J
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Schwarzschild black hole

ds? = —f(r) d* + f(r) " dr® + 1> d6* + r* sin? 0 d ¢ flr)=1- ¥

Scalar field modes

1 .
4’w€m(t1 7,0, qp) = me_lthEm(er ¢)¢w€(r)

4
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Schwarzschild black hole

ds? = —f(r)dt® + f(r) "1 dr? + 12 d6? + r*sin® 6 dg? fr)=1- ¥

Scalar field modes

1 .
(owm(t/ 7,0, qp) = _e_WtYKm (9/ (P)IP(M (1’)
Nr

Y (6, @) — spherical harmonics

4
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Schwarzschild black hole

ds? = —f(r)dt® + f(r) "1 dr? + 12 d6? + r*sin® 6 dg? fr)=1- @

Scalar field modes

1 .
(Pwﬂm(t/ 7,0, §9) = /\Tre_WtYEm(er ¢)¢w€(r)

Yy (6, ¢) — spherical harmonics

N —normalization constant

4
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Schwarzschild black hole

ds? = —f(r)dt® + f(r) "1 dr? + 12 d6? + r*sin® 6 dg? fr)=1- @

Scalar field modes

1 .
(Pwﬂm(t/ 7,0, §9) = meilwtyﬁm(er ¢)¢w€(r)

Yy (6, ¢) — spherical harmonics
N - normalization constant

w — frequency

4
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Schwarzschild black hole

s2 = —f(r)dt* + f(r)"tdr* +r*d6? + r*sin® 0 dg? f(r)=1- %

Scalar field modes

1 .
¢w€m(t1 1,6, QD) = meﬂ(UtYém(Qr 90)1/Jw£ (1’)

Radial equation

2
[ dd 7 Vf(”*)] Pt (r) = WP (1) % = ]%

4
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Schwarzschild black hole

2
s2 = —f(r)dt* + f(r)"tdr* +r*d6? + r*sin® 0 dg? f(r)=1- _M

Scalar field modes
1
Puwim(t,1,0,9) = me Yo (0, @) P (1)
Radial equation

2 e
|: dd 2 + Vg(i"*):| leé(”) = w2¢wl(r) c:i_r = f%

Tortoise coordinate

Ty — —00 asr — 2M 7y — +00 asr — o

4
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Radial potential

[_ ;rzz + Vz(f’*)] Por(r) = @) J
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Radial potential

[_ ;rzz + Vz(f’*)] Por(r) = @) J

vi(r.)

e
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Radial potential

[_ ;rzz + Vz(f’*)] Por(r) = @) J

vi(r.)

e
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Black holes
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Black holes

V78 P24 in
In” modes ¢,

1’*—)—00
Ty —> 0
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Black holes

V78 P24 in
In” modes ¢,

1’* _> — o0
{ e lwrs Ty — 00
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Black holes

V78 P24 in
In” modes ¢,

1’* _> — o0
e—iwr*_i_ALr]\eeuur* Te — 00

e
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Black holes

“In” modes ¥,

B‘ggefi“”* Ty — —00
e W 4 Al e 1, — 00

e
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Black holes

“In” modes ¥,

Bgzefi“”* Ty — —00
e—lwr* + Ag)l(elwr* r* % 00

Elizabeth Winstanley (Sheffield)

“Up” modes lpfé

{

s — —00
Yy —» OO

v
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Black holes

“In” modes ¥,

Bgzefi“”* Ty — —00
e—lwr* + Ag)l(elwr* r* % 00

“Up” modes lpfé

{ eiwr*

s — —00
Yy —» OO

Elizabeth Winstanley (Sheffield)
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Black holes

“In” modes ¥,

Bgzefi“”* Ty — —00
e—lwr* + Ag)l(elwr* r* % 00

Elizabeth Winstanley (Sheffield)

“Up” modes lpfé

{ elr + AMe ior 5 —oo

Yy —» OO

v
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Black holes

“In” modes ¥,

Bgzefi“”* Ty — —00
e—lwr* + Ag)l(elwr* r* % 00

Elizabeth Winstanley (Sheffield)

“Up” modes lpfé

el + AMemior 5 o0
Bulzeiwr*

w

Yy —» OO

v
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Black holes

Unruh state |U) [ Unruh PRD 14870 (1976) |

e Hawking radiation at .#
@ Regularat H "
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Boulware state |B) [Boulware PRD 111404 (1975) |

@ State which is as empty as possible at infinity J

@ Diverges on the event horizon
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Black holes

Hartle-Hawking state |H) [ Hartle & Hawking PRD 13 2188 (1976), Istael PLA 57 107 (1976) |

@ Represents a black hole in thermal equilibrium with a heat bath
@ Regular on and outside event horizon J

Z'-l-
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Black holes

Feynman Green functions
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Black holes

Feynman Green functions

Boulware state
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Black holes

Feynman Green functions

Boulware state

e lw(t—t) o

—iGE(t,1,0,9;t 1,0, ¢") —/ doS —~ TNEE E E Y (0, 9) Y0 (6, ¢)

< [[9 ] + r>\]

Elizabeth Winstanley (Sheffield)
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Black holes

Feynman Green functions

Boulware state

e lw(t—t) o

—iGE(t, 1,0, 9;t' 1,0/, (p)—/ doS —~ TNEE E Z Y (0, 9) Y0 (6, ¢)

x [[9 (] + [ r)\]
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Black holes

Feynman Green functions

Boulware state

e lw(t—t) o
—iGE(t,7,0,9;t', 1,0, / dw N 2 (264; )Pg(cosy)

x ||9ing )" + w5 (]

cosy = cosfcosf’ +sinfsin b’ cos (¢ — ¢’
-9
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Black holes

Feynman Green functions

Boulware state

e lw(t—t) o
~iGR(x ) = [ e 4nW|222(2“1 Py(cos ) [[9in () + 95 ]
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Black holes

Feynman Green functions

Boulware state

[ee]

e iw(t—t) in 2 up 2
—IGF X, x / dw 47'C‘N|2 > Z(Ze-'_l PZ(C087 [|lpw€(r)| + ‘wwé(r)l ]

Unruh state
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Black holes

Feynman Green functions

Boulware state

71w(t ') oo u
—iGB(x,x) / dw TN Z (20 +1) Py(cosy) [|1p )|2+ \wwlz(r)}z]

Unruh state

—iw(t—t')

Gy (x,x') :/0 dw ZnWP > 2 (20+1) Po(cosy) [[#i5 ()] + [¢25(r)[* coth (22
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Black holes

Feynman Green functions

Boulware state

71w(t ') oo u
—iGB(x,x) / dw TN Z (20 +1) Py(cosy) [|1p )|2+ \wwlz(r)}z]

Unruh state

—iw(t—t')

—iGY (x,x') :/0 dw ZnWP ; 2 (20+1) Pe(cosy) [[#i5 ()] + [¢25(r)[*coth (22
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Black holes

Feynman Green functions

Boulware state

[ee]

71w(t t") u
—iGB(x,x) / dw TN Z (20 + 1) Py(cosy) [|1p )|2+ Wafz(r)}z}

Unruh state

—iw(t—t')

—iGy (¥, x') :/0 dw ZN|N|2 5 Z (20 +1) Py(cosy) Ulp )‘24— |1/J:J}Z(r)|2coth (%)}

Hartle-Hawking state

71wt ') oo W
—iGH (x, x") / dw TN Z (2¢+1) Py(cos ) |:‘l/)w€ r)\ + |9 B (r)| }coth <T>

v
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Black holes

Feynman Green functions

Boulware state

[ee]

71w(t t") u
—iGB(x,x) / dw TN Z (20 + 1) Py(cosy) [|1p )|2+ Wafz(r)}z}

Unruh state

—iw(t—t')

—iGy (¥, x') :/0 dw ZN|N|2 5 Z (20 +1) Py(cosy) Ulp )‘24— |1/J:J}Z(r)|2coth (%)}

Hartle-Hawking state

71wt ') oo TTw
—iGH (x, x") / dw TN Z (2¢+1) Py(cos ) |:‘l/)w€ r)\ + |9 B (r)| }coth <7>

v
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Black holes

Renormalized expectation values

<TAp(x)>ren = J}/lg}c [ﬂp {—i [GF(X, x’) — Gs(x, x')] }] — 8Ap01
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Black holes

Renormalized expectation values

<TAp(x)>ren = J}/lin [ﬂp {—i [Gp(x, x’) — Gs(x, x')] }] — 8Ap01

X

Feynman Green function Gg(x, x’)
@ Mode sum over separable solutions of the Klein-Gordon equation
@ Modes typically found numerically
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Black holes

Renormalized expectation values

<T)\p(x)>ren = J}/lin [7j\p {—i [GF(x, x') — Gs(x, x/)] }] — 8ApU1

X

Feynman Green function Gg(x, x’)
@ Mode sum over separable solutions of the Klein-Gordon equation
@ Modes typically found numerically

Hadamard parametrix Gg(x, x”)
@ Purely geometric

@ Taylor series expansions for x” close to x
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Black holes

Renormalized expectation values

<T,\p(x)>ren = J}/lin [7;\‘0 {—i [GF(x, x/) — Gs(x, x/)] }] — 8ApU1

X

Feynman Green function Gg(x, x’)

@ Mode sum over separable solutions of the Klein-Gordon equation
@ Modes typically found numerically

Hadamard parametrix Gg(x, x”)
@ Purely geometric

@ Taylor series expansions for x” close to x

Homework

Devise a method to subtract Gs(x, x’) from Gg(x, x’) so that the answer can be computed
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WKB-based implementation

WKB-based implementation |

Candelas & Howard PRD 29 1618 (1984)
Howard & Candelas PRL 53 403 (1984)

Howard PRD 30 2532 (1984)

Anderson, Hiscock & Samuel PRD 51 4337 (1995)
EW & Young PRD 77 024008 (2008)

Flachi & Tanaka PRD 78 064011 (2008)

Breen & Ottewill PRD 82 084019 (2010)

Breen & Ottewill PRD 85 084029 (2012)
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WKB-based implementation

WKB-based implementation

(D% (X)) ren = J}}Lr; {—1[Gp(x,x") — Gs(x,x")] }
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WKB-based implementation
(D% (X)) ren = J}/lg; {—1[Gr(x,x") — Gg(x,x")] }

point splitting
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WKB-based implementation

WKB-based implementation
(D% (X)) ren = J}/lg; {—1[Gp(x,x") — Gg(x,x")] }

Time-like point splitting

—iw(t—t") o
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WKB-based implementation

WKB-based implementation
(D% (X)) ren = J}/lg; {—1[Gp(x,x") — Gg(x,x")] }

Time-like point splitting

—iGh (s ) = [ s 3 e+ 1) [l P+ )]
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WKB-based implementation

WKB-based implementation
(D% (x))ren = J},ig; {—i[Ge(x,x") — Gs(x,x")] }

Time-like point splitting

—IGF x,x') / dw 47r|./\/'|2 2 Z (2¢+1) |:|llbg}€(r)|2+ W:;i(r)‘z]

4
20 —1w€
(@20 en =lim ¢ | [ 2 2 @¢+1) [Jui ] + [950)[°]
+ +iGs(e )] }
y
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WKB-based implementation

WKB-based implementation
(D% (x))ren = J},ig; {—i[Ge(x,x") — Gs(x,x")] }

Time-like point splitting

—IGF x,x') / dw 47r|./\/'|2 2 Z (2¢+1) |:|llbg}€(r)|2+ W:;i(r)‘z]

(& () e :nm{[/ dw4n‘;\17|€222(2£+1 ) [l + 19 e))]

e—0
/oo dw Y WKB —I—iGs(e)] }
/=0

_|_

- /Oo dw Y WKB
(=0

w=0

w=0

y
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WKB-based implementation

WKB approximation
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WKB approximation

d2
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WKB approximation
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WKB-based implementation

WKB approximation
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WKB approximation
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WKB-based implementation

WKB approximation

d2
B dzfédf + Vf(r*)lpwf = wzlpr J
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@ Wick rotation t — —it, w — iw
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Euclideanization
@ Wick rotation t — —it, w — iw
. ) d?
@ Radial equation — dlf:%” ‘4 Vi(r)owe = —wztpwg
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WKB-based implementation

Euclideanization
@ Wick rotation t — —it, w — iw
. ) d?
@ Radial equation — dlf:%” ‘4 Vi(r)owe = —wztpwg

Puwrs)
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WKB-based implementation

Euclidean geometry
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WKB-based implementation

Euclidean geometry
Nonrotating, spherically symmetric black hole J

ds? = —f(r)d* + f(r) " dr? + 2 d6* + r* sin® 0 d g? frw) =0
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WKB-based implementation

Euclidean geometry
Nonrotating, spherically symmetric black hole J

ds® = —f(r)dt? + f(r) "' dr? f(ry) =0
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds® = —f(r)dt? + f(r) "' dr?

Wick rotation

t— —iT
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole
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Wick rotation
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds® = f(r)dt* + f(r) 1 dr?

Wick rotation

t— —iT
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds? = f(r) dr? —|—f(r)_1 dr? f(r,) =0 )
Near-horizon metric
!
ds? = 2« (r—rp) dr® + 2K (r — rh)]_1 dr? K= f (Zf‘h)
y
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds® = f(r)dt® + f(r) 1 dr? f(rp) =0

Near-horizon metric

ds® = 2k (r—ry) d? + 2K (r — rh)]_1 dr? K= f'rn)

ds? = K®x?*dr? + dx? x =
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds® = f(r)dt® + f(r) 1 dr?

Near-horizon metric

ds? = x®x2d1? + dx?
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds? = f(r)dt® + f(r) "' dr?

Near-horizon metric

ds? = x®x2d1? + dx?

General T
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds? = f(r) dr? —|—f(r)_1 dr? f(r,) =0 )
Near-horizon metric
ds? = x®x2d1? + dx?
y
General T T period 27t/x
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds? = f(r)dt® + f(r)~ dr?

Near-horizon metric

ds? = x®x2d1? + dx?

@ Euclidean time coordinate periodic T — 7 +27/x

Elizabeth Winstanley (Sheffield)

SIGRAV Winter School, February 2025

52 /100



WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds®> = f(r)dr® + f(r)"1dr?

Near-horizon metric

ds? = x®x2d1? + dx?

@ Euclidean time coordinate periodic T — 7 +27/x
@ Thermal state at temperature /27w = Ty
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WKB-based implementation

Euclidean geometry

Nonrotating, spherically symmetric black hole

ds®> = f(r)dr® + f(r)"1dr?

Near-horizon metric

ds? = x®x2d1? + dx?

@ Euclidean time coordinate periodic T — 7 +27/x
@ Thermal state at temperature /27w = Ty
o Hartle-Hawking state

Elizabeth Winstanley (Sheffield)
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WKB-based implementation

Euclidean Green function

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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WKB-based implementation

Euclidean Green function

@
E

Minkowski space-time

e iw|t—t| ip.(x—x')
/d 7 7
—w?+ |p-p[+u

—iGg(x, x") 16 i

h d
h 4

A 4

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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WKB-based implementation

Euclidean Green function

Minkowski space-time

/ " fiw|t7t’\eip.(xfx’)

—iGg(x, x")

164

w2+\P-p!+ﬂ2J

Wick rotation

t — —iT w — iw

A 4

@
3

h d
h 4

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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WKB-based implementation

Euclidean Green function

Minkowski space-time

/ " fiw|t7t’\eip.(xfx’)

—iGg(x, x")

164

w2+\P-p!+ﬂ2J

Wick rotation

t — —iT w — iw

A 4

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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WKB-based implementation

Euclidean Green function

Minkowski space-time

e iw|t—t| ip.(x—x')
—iGp(x, x) / dw

164

w2+\p-p!+ﬂ2J

Wick rotation
t — —iT w — 1w

1w|T—T’|eip.(x—x’)
—iGg(x, x')

L 2

= s 808

w2+lppl+ﬂ

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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WKB-based implementation

Euclidean Green function

Minkowski space-time

L 2

- ( s e iw|t—t| ip.(x—x')

— x, x')

o 16 4/ P +lppl+42 |

Wick rotation

t — —iT w — iw

1w|T—T’|eip.(x—x’)

—iGg(x, x') /d

iGr(x,x) = g w2+lppl+ﬂ
= Gg(x, x')

[ Fulling & Ruijsenaars Phys. Rept. 152 135 (1987) ]
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Euclidean Green function
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WKB-based implementation

Euclidean Green function

Mode sum representation

K

4772 Z Z eichr(zg +1) Py(cos ) pue(r<)qne(r)

n=—00 (=0

Gg(x, ") =
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WKB-based implementation

Euclidean Green function

Mode sum representation

K

4772 Z Z eichr(zg +1) Py(cos ) pue(r<)qne(r)

n=—00 (=0

Gg(x, ") =

@ Periodicin T
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WKB-based implementation

Euclidean Green function

Mode sum representation

K

Tz L 2 €T (20+1) P(cos 1) pue(r<)ane(r>)

n=—00 (=0

Gg(x, ") =

@ Periodicin T

@ Legendre polynomials P;(cos )
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WKB-based implementation

Euclidean Green function

Mode sum representation

K

T2 L 2 €T+ 1) Pe(cos 1) pur(r<)ane(r>)

n=—oo /=0

Gg(x, ") =

@ Periodicin T

@ Legendre polynomials P;(cos )
@ Radial functions p,, g, computed numerically
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WKB-based implementation

Euclidean Green function

Mode sum representation

K

e L Y (204 1) Py(cos ) pur(r< ) (=)

n=—oo /=0

Gg(x, ") =

@ Periodicin T

@ Legendre polynomials P;(cos )
@ Radial functions p,, g, computed numerically
» r< =min{r, 7'}, r~ = max{r,r'}
> pye regular at event horizon, g,,, regular at infinity
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WKB-based implementation

Euclidean Green function

Mode sum representation

K
4772

Y Y (20 A1) e (r)ue(r)

n=—oo =0

Gg(x,x') =

@ Periodicin T
@ Legendre polynomials P;(cos )
@ Radial functions p,, g, computed numerically
» r< =min{r, 7'}, r~ = max{r,r'}
> pye regular at event horizon, g,,, regular at infinity

@ Time-like point-splitting AT =€, Ar =0,y =0
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WKB-based implementation

Hadamard parametrix AT = €

U(x,x")

GS(x/xl) = U'(X x) U(x x)

+V(x,x')lo g[

|

[ Anderson, Hiscock & Samuel PRD 51 4337 (1995) |
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WKB-based implementation

Hadamard parametrix AT = €

Gs(x,x'") = % +V(x,x")log [U(i’le)]

= e [ (52 ) ] [e+ 3108 (47
- ‘uz + f,2 fll f/
1672

19272f _ 96m2  48m2r

[ Anderson, Hiscock & Samuel PRD 51 4337 (1995) |
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WKB-based implementation

Hadamard parametrix AT = €

Gs(x,x'") = % +V(x,x")log [U(Jz’le)]

= e [ (52 ) ] [e+ 3108 (47
- ‘uz + f,2 fll f/
1672

19272f _ 96m2  48m2r

Distributional identities

[ Anderson, Hiscock & Samuel PRD 51 4337 (1995) |
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WKB-based implementation

Hadamard parametrix AT = €

Gs(x,x'") = % +V(x,x")log [U(Jz’le)]

e D)
wo, f”fF

T 1672 T 1027%F 962 M8mer )
Distributional identities
2y K
= K chos(nxe)—ﬁ-l-...

n=1

[ Anderson, Hiscock & Samuel PRD 51 4337 (1995) |
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WKB-based implementation

Hadamard parametrix AT = €

Gs(x,x'") = ((;C;C)) +V(x,x")log [%]

sl )

y2 f/2 f// B f/

T 1672 T 1027%F 962 M8mer )
Distributional identities
1_ —KZincos(nKe)—j-i-
€2 12

nl
1 2 2 > (nke)
2log(Ke) ;

[ Anderson, Hiscock & Samuel PRD 51 4337 (1995) |
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WKB-based implementation

Renormalized VP

e—0

(®%)ren = lim [Gr(x, x') — Gs(x, x')] J
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WKB-based implementation

Renormalized VP

e—0

<qA)2>ren = lim [GE(JC, x,) - GS(x/ x/)] = <<AI>2>analytic + <qA)2>numeric J

<qA)2>ana1 tic —
y

<Ci)2 > numeric —
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WKB-based implementation

Renormalized VP

<(AI>2>I‘GH = EE)I(I) [GE(xl x/) - GS(x/ x/)] = <q32>analytic + <qA)2>numeric J

(qA)2>ana1 tic —
y

R K [ee] [ee]
<q)2>numeric = H { Z (ZE + 1) Pn[(r)qnﬁ(r)
=0

n=1
+ 8% i (2¢+1) poe(r)qoe(r)

(=0
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WKB-based implementation

Renormalized VP

<CADZ>I‘GH = lli% [GE(xl x/) - Gs(x, x/)] = <(i>2>analytic + <q32>numeric J

(‘i’2>ana1yﬁc = —ﬁ [P‘Z - (‘: - %) R] [C + %log (%)]

2 2 1 ! 2
wooo f f f K
enz 19272 f 962 T agr T 4872 f
2 - - nK 1 5 1
<CI) >numer1c = 4_ ; ; 2£+ 1) pnf(r)qn€<r) +7 + ﬁ 12 + C — ER

+ % E;) (204 1) poe(r)qoe(r)
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WKB-based implementation

Numeric part

<ci>2>numeric = 4% i {i [(2€+ 1) pre(r)qne(r) ]
n=1 ({=0
nK 1 1
7+ [+ (6 68}
gz 2 20+ 1) po)n() |
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WKB-based implementation

Numeric part

3 K — - . .
(D) numeric = 2 Z { Z [(2041) pue(r)gne(r) — WKB approximation)]
n=1 =0

1

+ WKB approximation + 7 Ly e [y + (C - %R)] }

Z [(204 1) poe(r)qoe(r) — WKB approximation]
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WKB-based implementation

Numeric part

R K [ee] (o] ] )
(D) numeric = 2 ) { ) " [(2¢ 4+ 1) pue(r)qne(r) — WKB approximation]
n=1 | (=0

1

+ WKB approximation + 7 Ly e []/l + (C - %R)] }

Z [(204 1) poe(r)qoe(r) — WKB approximation]

@ Numerical mode sums
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WKB-based implementation

Numeric part

R K [ee] (o] ] )
(D) numeric = 2 ) { ) " [(2¢ 4+ 1) pue(r)qne(r) — WKB approximation]
n=1 | (=0

1

+ WKB approximation + 7 Ly e []/l + (C - %R)] }

Z [(204 1) poe(r)qoe(r) — WKB approximation]

@ Numerical mode sums

@ Semianalytic sums and integrals
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WKB-based implementation

RSET on Schwarzschild

ds® = f(r)dt*+ f(r) "1 dr? 4 r* d6? + r* sin” 0 d p? flr)=1- g J
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WKB-based implementation

RSET on Schwarzschild

ds®> = f(r)de® + f(r) "' dr* + 7> d6* + r* sin® 0 d¢* flr)=1-"=

_2.<energy> momentum

density density

@8 o1 7o 708

710 shear
720 stress

T30

energy momentum
flux flux

pressure
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WKB-based implementation

RSET on Schwarzschild

ds® = f(r)dt*+ f(r) "1 dr? 4 r* d6? + r* sin” 0 d p? f(r)=1- M J

N R

4 <D

\ ]
ap ]
ol
.
2
o

10 12 14 16 18 20 22 24 26 28 30 0 12 1.4 16 18 20 22 24 26 28 30
¢ €

N o
L

n L s L s L L L n
10 12 14 16 18 20 22 24 26 28 30
3

[ Howard & Candelas PRL 53 403 (1984) |
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WKB-based implementation

WKB-based implementation

Advantages
o First practical implementation

e WKB approximation can be found
algebraically
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WKB-based implementation

WKB-based implementation

Advantages Disadvantages
@ First practical implementation e WKB approximation is nonuniform
e WKB approximation can be found inr
algebraically @ Numerical issues near the horizon
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WKB-based implementation

WKB-based implementation

Advantages Disadvantages
@ First practical implementation e WKB approximation is nonuniform
e WKB approximation can be found inr
algebraically @ Numerical issues near the horizon
Homework
Devise a better Euclidean method of performing renormalization J
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Extended coordinates implementation

Extended coordinates method

Taylor & Breen PRD 94 125024 (2016)

Taylor & Breen PRD 96 105020 (2017)

Morley, Taylor & EW CQG 35 235010 (2018)

Breen & Taylor PRD 98 105006 (2018)

Morley, Taylor & EW PRD 103 045007 (2021)

Taylor, Breen & Ottewill PRD 106 065023 (2022)

Arrechea, Breen, Ottewill & Taylor PRD 108 125004 (2023)

Arrechea, Breen, Ottewill, Pisani & Taylor arXiv:2409.04528
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Renormalization strategy
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

K (0] (o) )
Gelx,¥') = o3 L 1oL+ 1) Pi(cos)puere)iue(r)

n=—oo /=0
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

K o0 o0 )
Ge(vx) = £ 1 Y eT(2041) Pu(cosy)pu(r<)u(r-)

n=-—oo0 (=0
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Extended coordinates implementation

Renormalization strategy

Mode sum representations
Set Ar =0

K

Ge(x,x') = 82 Yo Y @AT(20+ 1) Py(cos ¥) pue(r)qne(r)
n=—oc0 {0
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

Set Ar =0
Ge(x,x) = = L Y e™™T(20+1) P(cosy)pue(r)gue(r)
n=—00 (=0
Gs(x,¥) = 25 ¥ Y e™AT(20+1) Py(cosn)Tue(r)
n=—co (=0
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

Set Ar =0
Gelx,x) = g ¥ Y e"7(20+1) Py(cos 1)pue(r)gue(r)
n=—0c0 (=0
Gs(n¥) = gz 1 1"l + 1) Bleos)Tu(r)
4
Regularized Green function
Gr(x, x")
4
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

Set Ar =0
Gelx,x) = g ¥ Y e"7(20+1) Py(cos 1)pue(r)gue(r)
n=—o00 (=0
Gs(x,x") = 5 nzz_:oo;)e "AT(20 4 1) Py(cos )T ()
4
Regularized Green function
Gr(x,x") = Gg(x,x") — Gs(x,x")
4
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Extended coordinates implementation

Renormalization strategy

Mode sum representations

Set Ar =0
Gelxx) = gz L L e @l +1) Pcos)pu()ulr)
Gs(x,x") = # nioo;emmr(ﬂ +1) Py(cos y)Tpe(r)
J
Regularized Green function
Gr(x,x") = Gg(x,x") — Gs(x,x")
= g 2L @l 1) Plcos ) [ue)ge(r) ~ D)
y
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Extended coordinates implementation

Extended coordinates

[ Taylor & Breen PRD 94 125024 (2016), Taylor & Breen PRD 96 105020 (2017) ]

Elizabeth Winstanley (Sheffield)



Extended coordinates implementation

Extended coordinates

2
@ = 2 [1 — cos (kAT)]

[ Taylor & Breen PRD 94 125024 (2016), Taylor & Breen PRD 96 105020 (2017) ]
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Extended coordinates implementation

Extended coordinates

2
@ = 2 [1 — cos (kAT)]

s = f(r)@* +2r* (1 — cos )

[ Taylor & Breen PRD 94 125024 (2016), Taylor & Breen PRD 96 105020 (2017) ]
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Extended coordinates
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@ = 2 [1 — cos (kAT)]
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Extended coordinates
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@ = 2 [1 — cos (kAT)]
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Hadamard parametrix Gg(x, x”)
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Extended coordinates
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Extended coordinates
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Extended coordinates implementation

Mode sum representation of Gs(x, x’)

[ Taylor & Breen PRD 94 125024 (2016), Taylor & Breen PRD 96 105020 (2017) ]

Elizabeth Winstanley (Sheffield)



Extended coordinates implementation

Mode sum representation of Gs(x, x’)

U(x,x") part

[ Taylor & Breen PRD 94 125024 (2016), Taylor & Breen PRD 96 105020 (2017) ]
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Mode sum representation of Gs(x, x’)

U(x,x") part

w2a+2b [} 0o A u
2642 Y. ) e (20+1) Py(cos )" Fngan (1)

n=—oo (=0
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Mode sum representation of Gs(x, x’)
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Extended coordinates implementation

Mode sum representation of Gs(x, x’)

U(x,x") part

CDZa—I—Zb
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Extended coordinates implementation

Mode sum representation of Gs(x, x’)
U(x,x") part
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Mode sum representation of Gs(x, x’)

U(x,x") part
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Extended coordinates implementation

Mode sum representation of Gs(x, x’)
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Extended coordinates implementation

Mode sum representation of Gs(x, x’)
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Extended coordinates implementation

Schwarzschild black hole: Hartle-Hawking state

ds? = —f(r)d* + f(r) "' dr? + 7> d6* + 1* sin® 6 d¢? f(r) =1—¥ J

[ Howard & Candelas PRL 53 403 (1984); Taylor, Breen & Ottewill PRD 106 065023 (2022) |
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Schwarzschild black hole: Hartle-Hawking state

ds? = —f(r)d? + f(r) 1 dr? + 12 d6? + r*sin® 6 dg? f(r)=1- ¥ J

20 /1.0

[ Howard & Candelas PRL 53 403 (1984); Taylor, Breen & Ottewill PRD 106 065023 (2022) ]
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Extended coordinates implementation

Reissner-Nordstrom black hole

[ Figure: Anempodistov PRD 103 105008 (2021) ]
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Reissner-Nordstrom black hole

ds> = —f(r)dt? + f(r) "t dr?
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Extended coordinates implementation

Reissner-Nordstrom black hole

ds> = —f(r)dt? + f(r) "t dr?
+72d6% + r?sin? 9 dgo2
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Extended coordinates implementation

Reissner-Nordstrom black hole
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Extended coordinates implementation

Reissner-Nordstrom black hole
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Extended coordinates implementation

Reissner-Nordstrom black hole

[ Arrechea, Breen, Ottewill &
Taylor PRD 108 125004 (2023) ]
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@ Extended coordinates
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Extended coordinates implementation

Reissner-Nordstrom black hole

@ Extended coordinates
for HH

@ Differences between two
states do not require
renormalization

[ Arrechea, Breen, Ottewill &
Taylor PRD 108 125004 (2023) ]
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Extended coordinates implementation

Reissner-Nordstrom black hole
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@ Extended coordinates v
for HH
. fz<T;>B| 2 3 a4 5 6 7 M /l<j:)B| 2 3 a4 5 ] 7 ¥ fQ(qu)B‘ 2 3 4 5 3 7
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Extended coordinates implementation

Reissner-Nordstrom black hole

ds? = —f(r)d? + f(r) "1 dr?
+ 7> d6? + 1% sin” 0 dg?
fO=1-=+=

[ Figure: Shipley & Dolan CQG 33 175001 (2016) ]
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole

ds? = —f(r)d? + f(r) "1 dr?
+ 7> d6? + 1% sin” 0 dg?
fO=1-=+=

[ Figure: Shipley & Dolan CQG 33 175001 (2016) ]

Elizabeth Winstanley (Sheffield)



Extended coordinates implementation

Extremal Reissner-Nordstrom black hole
ds? = —f(r)dt? + f(r) "1 dr?
+ 7% d6? + 1% sin” 0 d p?

2 2
f(r):1—7Q+?—2

[ Figure: Shipley & Dolan CQG 33 175001 (2016) ]
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole

ds? = —f(r)dt? + f(r) "1 dr?
+ 7% d6? + 1% sin” 0 d p?
.20, ([, QY
f(r)—1—7+r—2—(1—7)

[ Figure: Shipley & Dolan CQG 33 175001 (2016) ]
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole

ds®> = —f(r)dt? + f(r)"tdr?
+ r2d6* + r*sin” 0 dg?
20 @2 (. Q)
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole

ds®> = —f(r)dt? + f(r)"tdr?
+ r2d6* + r*sin” 0 dg?
20 @ (. QY
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4
OTHZO

o HH state = Boulware state

[ Figure: Shipley & Dolan CQG 33 175001 (2016) ]
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Extended coordinates implementation

Extremal Reissner-Nordstrom black hole

2
ds? = —f(r)dt* + f(r) "1 dr* +r* d6* + r*sin® 0 dp? f(r)= ( — %)
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Schwarzschild-adS black holes
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Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k-"F-—- A<O0
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Extended coordinates implementation

Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k-"F-—- A<O0

dO? = d6? +sin? 6 d¢?
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Extended coordinates implementation

Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k—-"F—-—- A<O

k=0

dO? = d6* +sin? 0 dg? dQj = do*+ 6> dg?
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Extended coordinates implementation

Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k—-"F—-—- A<O

k=0

2 2 120302
dQj = d6? +sin? § d¢? dO} = d6*+ 62 d¢? dQ”; = df° +sinh“6dg

Elizabeth Winstanley (Sheffield)



Extended coordinates implementation

Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k—-"F—-—- A<O

Iy
2

future light cone

Io

past light cone
|

\
\\ AdS universe
\

[ Figure: Ambrosetti, Charbonneau & '
Weinfurtner 0810.2631 | - spacetime singularity, 7 = 0 T
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Extended coordinates implementation

Schwarzschild-adS black holes

ds? = —f(r)d? + f(r) 1 dr* +2dQ2  f(r)=k—-"F—-—- A<O

spacetime singularity, 7 = 0

Iy
L

Boundary conditions at r — co
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" | AdS universe
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Extended coordinates implementation

Schwarzschild-adS black holes

2
ds? = —f(r)d + f(r) 1 dr* +2dQ2  f(r) =k - g — ATr A<O0 J

Boundary conditions at r — co
@ Dirichlet

future light cone

Io
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|

" | AdS universe
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Elizabeth Winstanley (Sheffield)



Extended coordinates implementation

Schwarzschild-adS black holes

2
ds? = —f(r)d + f(r) 1 dr* +2dQ2  f(r) =k - g — ATr A<O0 J

Boundary conditions at r — co
@ Dirichlet

®=0
® Neumann g
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= =0
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" | AdS universe

[ Figure: Ambrosetti, Charbonneau & '
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Extended coordinates implementation

Schwarzschild-adS black holes

ds? = dr? -1 342 1 12402 _ M Ar? A
s° = —f(r)dt=+ f(r) re+r p f(r)y=k— == <0
A2 e
, (&°(x)), Dirichlet conditions, L=1 o (®"(x)), Neumann conditions, L=1
“ 5 104‘—1 0.0125
k=1 2 k=0 + k=-1
-0.0014] k=1 = k=0 o k=-1

-0.0016

-0.0018,
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-0.0020

-0.0022 0 5 il

[ Flachi & Tanaka PRD 78 064011 (2008); Morley, Taylor & EW CQG 35 235010 (2018), PRD 103 045007 (2021) ]
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Schwarzschild-Tangherlini black holes
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Schwarzschild-Tangherlini black holes

ds?> = —f(r)d + f(r) "1 dr* +12d07 , fr)=1- (r_h>d_3 J
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Extended coordinates implementation

Schwarzschild-Tangherlini black holes

_ 43
ds?> = —f(r)d + f(r) "1 dr* +12d07 , flr)y=1- (—h> J
T
<¢2>ren (¢2>reg
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[ Taylor & Breen PRD 94 125024 (2016); Taylor & Breen PRD 96 105020 (2017) ]
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Extended coordinates implementation

Advantages
@ Mode-by-mode renormalization
@ Topological black holes
e Higher-dimensional black holes
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Extended coordinates implementation
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@ Mode-by-mode renormalization @ Euclidean technique
@ Topological black holes e Hartle-Hawking state
e Higher-dimensional black holes @ Boulware state
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Extended coordinates implementation

Extended coordinates implementation

Advantages Disadvantages
@ Mode-by-mode renormalization @ Euclidean technique
@ Topological black holes e Hartle-Hawking state
e Higher-dimensional black holes @ Boulware state
Homework

Extended the “extended coordinates” implementation to
@ Rotating black holes
@ SET on higher-dimensional black holes
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Pragmatic mode-sum implementation

Pragmatic mode sum implementation |

Levi & Ori PRD 91 104028 (2015)

Levi & Ori PRD 94 044054 (2016)

Levi & Ori PRL 117 231101 (2016)

Levi, Eilon, Ori & van de Meent PRL 118 141102 (2017)

Levi PRD 95 025007 (2017)

Lanir, Levi, Ori & Sela PRD 97 024033 (2018)

Lanir, Levi & Ori PRD 98 084017 (2018)

Lanir, Ori, Zilberman, Sela, Maline & Levi PRD 99 061502 (2019)
Zilberman, Levi & Ori PRL 124 171302 (2020)

Zilberman & Ori PRD 104 024066 (2021)
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VP in Boulware state
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VP in Boulware state

(&7(x))ren = lim {~i [Gr(x,%') = Gs(x,x)] } J
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Pragmatic mode-sum implementation

VP in Boulware state

<q32(x)>ren = 3},13; {_i [Gp(x, x') — Gg(x, x')] }

Green function

elw(t—t")

~iGR() = [ dw g Y1 (204 1) Pleos) [0+ 9250

y
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VP in Boulware state
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y
Green function
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Pragmatic mode-sum implementation

VP in Boulware state
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VP in Boulware state
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Pragmatic mode-sum implementation

VP in Boulware state
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Pragmatic mode-sum implementation

VP in Boulware state

<ci)2(x)>ren = J}}g; {_i [Gp(x, x') — Gg(x, x')]}

4
Green function
1wt t') in ) up P
—iGB(x, x) / dw 1N Z (20 + 1) Py(cos ) [|1pw€(r)| + 9.5 (1) }
Time-like point-splitting t — ' =€, y =0
I(UG
—iGP(x,x') / dw4n|N|2 22 @0+ 1) [|9is ()] + [ )]
1we
=/ dw et (@)
4
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Pragmatic mode-sum implementation

F(w) for r=6
0.12 . . : : :
Fw)
017 1
2 up 2 0.08 F i
Y @0+ 1) [l + [ ]
=0 5
20.06 1
w
@ Diverges linearly as w — o0 0.04 } .
4
0.02 .
[ Figure: Levi & Ori PRD 91 104028 (2015) ] 0 ' ' . - :
0 0.5 1 15 2 25 3
w
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Pragmatic mode-sum implementation

Hadamard parametrix t — ' = €

—iGg(x,x")= g((j—";/))

Elizabeth Winstanley (Sheffield)



Pragmatic mode-sum implementation

Hadamard parametrix t — ' = €

. 1 17, 1 1 fe?
—iGs(x, x')= a2fe + 82 [P‘ - (C - g) R} [C 4F Elog (m)]
3 ‘uz N f/2 3 f// 3 f/ N
1672 19272f  96m?  487m?r
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Pragmatic mode-sum implementation

Hadamard parametrix t—t =¢€

. 1 17, 1 1 fe?
—iGs(x, x')= W + 32 [.u - (C - 6) R] [C + Elog (m)]
3 ‘uz N f/2 B f// 3 f/
1672~ 192m2f  96m?  487m°r

Ao

Integral representation of singular terms
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Pragmatic mode-sum implementation

Hadamard parametrix t—t =¢€

iGs(x, x')= zm%f@ + # []ﬂ _ (@' = %) R] [c + élog (Z—ii)}
v, 2 f

"2t 19272f 9672 487%r T

Integral representation of singular terms

2 °° i
€= — / we“dw
w=0
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Pragmatic mode-sum implementation

Hadamard parametrix t—t =¢€

_iGs(x, )= zmz#fez torg [yz - (@' - %) R] [c + 5 log ({—ii)]
LT iR A i

“ 1622 T 1022 £ 96m2  487%r T
Integral representation of singular terms
e 2= —/ w e dw
w=0
) eiwe it
1 = — - —
og (ex) /w_Oer(XdaH—(z C)—i—
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Pragmatic mode-sum implementation

Hadamard parametrix t—t =¢€

s ol 52 e+ e )

3 yz N f/2 B f// 3 f/ N
1672 19272f  96m?  487m?r

Integral representation of singular terms

€ 2= —/Oo w e dw
w=0
log (ex) = —/w:OJJr(XdaH— (——C) +.
o AN *© B(I’) iwe
1Gs(x,x)—/w=0 [A(r)w+—w+\/7/2L e““dw+C(r) +

|

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025

76 /100



Pragmatic mode-sum implementation

Freg(w)

Freg(w) ) <1072 | IFreg(“’) for r=6| |
Freg(w) 2t
= F(w) — | A(r)w + ML\/Z_B/ZL % .
w
@ Oscillates as w — o0 2t ]
4 . . ‘ . .
[ Figure: Levi & Ori PRD 91 104028 (2015) ] 0 0.5 1 15 2 25 3
w
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Pragmatic mode-sum implementation

1 X 104 H(w) for r=6
H(w)
“ / /
H(w) = / Freg(w ) dw 0.5
0
@ Oscillates as w — oo % 0 |
@ No limit as w — oo
4 05¢ ]
[ Figure: Levi & Ori PRD 91 104028 (2015) ] -1 : ' : ' :
0 0.5 1 15 2 25 3
w
SIGRAV Winter School, February 2025 78 /100
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Pragmatic mode-sum implementation

Null geodesics

J [} 0
[ Figure: Casals, Dolan, Ottewill & Wardell N or 1
PRD 79 124043 (2009) | L Retom ]
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Pragmatic mode-sum implementation

Null geodesics

@ Null geodesics orbit black hole | 5
J [ 0
[ Figure: Casals, Dolan, Ottewill & Wardell N or
PRD 79 124043 (2009) ] L Roem
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Pragmatic mode-sum implementation

Null geodesics

@ Null geodesics orbit black hole | 5
@ Return to same spatial point at
different time . o
J o 0
[ Figure: Casals, Dolan, Ottewill & Wardell N or
PRD 79 124043 (2009) ] -
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Pragmatic mode-sum implementation

Null geodesics

R
" pigmmen
i ot

@ Null geodesics orbit black hole

@ Return to same spatial point at
different time .

@ Nonlocal singularity in Green

function
J [} 0
[ Figure: Casals, Dolan, Ottewill & Wardell N or
PRD 79 124043 (2009) | L Retom
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Pragmatic mode-sum implementation

Null geodesics

R
" pigmmen
i ot

@ Null geodesics orbit black hole

@ Return to same spatial point at
different time .

@ Nonlocal singularity in Green
function

@ Not captured by Hadamard
parametrix

[ Figure: Casals, Dolan, Ottewill & Wardell N
PRD 79 124043 (2009) |

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025 79 /100



Pragmatic mode-sum implementation

Generalized integrals

H(w) = /w “;0 G, (1) de

] «10% H(w) for r=6
05}
3
f 0
-0.5
-1 - . . - -
0 05 1 1.5 2 25 3
w

[ Levi & Ori PRD 91 104028 (2015) ]
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Pragmatic mode-sum implementation

Generalized integrals

H(w) = /w “;0 G, (1) de

] «10% H(w) for r=6
05}
3
f 0
-05f
-1 - . . -
0 05 1 1.5 25

[ Levi & Ori PRD 91 104028 (2015) ]

Elizabeth Winstanley (Sheffield)

H(w) +H(w+v/2)]

N =




Pragmatic mode-sum implementation

Generalized integrals

w
_ ioe 1
Hiw)= [ e*Galr)da Hol0) = L (@) + H(w +v/2)
1X104 , _H(w)forr=6 ' 6.27 %107 Hf(w) for r=v6
6.26
05¢ 6.251
~ 624
3 2
T T 623
6.22
05
6.21
4 ‘ . . . ‘ 6.2 : :
0 05 1 15 2 25 3 0 0.5 1 1.5 2 25
w w

[ Levi & Ori PRD 91 104028 (2015) ]
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Pragmatic mode-sum implementation

SET on Schwarzschild

ds? = —f(r)df? + f(r) "1 dr? + 12 d6? + r*sin®  dg? fr)y=1- g J

[ Levi PRD 95 025007 (2017) ]
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Pragmatic mode-sum implementation

SET on Schwarzschild

ds? = —f(r)df? + f(r) "1 dr? + 12 d6? + r*sin®  dg? fr)y=1- g J

x10% RSET vs r in Boulware
— T, P
—_ Tr'xfz(r)x I
T, xPoxrt
+ Anderson's results

.
e,
et

5 10 15 20 25
r

[ Levi PRD 95 025007 (2017) ]
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Pragmatic mode-sum implementation

SET on Schwarzschild

ds? = —f(r)df* + f(r) " dr? + 12 d6? + r*sin® 0 d¢?

2M
f(r)zl—T

x10% RSET vs r in Boulware
¢ x10°° RSET vs rin Unruh

— T, P 25 ;
— T xPrxrt ——Thxfexr

2 ’ 2 —Tixf(r?
T xf(rpxrt 15 T,’x 50

+ Anderson's results : e
t
1
= 1

-
ey,
H I —

5 10 15 20 25 5 10 15 20 2
r r

[ Levi PRD 95 025007 (2017) ]
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Pragmatic mode-sum implementation

SET on Schwarzschild

ds? = —f(r)df? + f(r) "1 dr? + 12 d6? + r*sin®  dg? fr)y=1- g

x10% RSET vs r in Boulware 10 RSET vs rin HH
x10°° RSET vs rin Unruh 4
— T 5eRrer* 25 e
—Thxf(rxr?| t
— T "xfBrxrt t
2 Y, 2 ——Tixf(xr?
T xf(rpxrt 15 T,’x 50
+ Anderson's results : e
t
1
= 1

-
ey,
H I

5 10 15 20 25 5 10 15 20 25 5 10 15 20 25

[ Levi PRD 95 025007 (2017) ]




Pragmatic mode-sum implementation

Rotating black holes

Event horizon

()
—
Q
=
o
()
o
()
S
L
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Pragmatic mode-sum implementation

Kerr black hole

Elizabeth Wi



Pragmatic mode-sum implementation

Kerr black hole
ds> = —AZ ! [dt — asin® 6 d(p]2 +ZA 1 dr? +2d6? + =7 sin? 0 [(r* + a*) dp —a dt]2

A=71*—2Mr+a®> X =1r>+44%cos’0
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Pragmatic mode-sum implementation

Kerr black hole
ds> = —AZ ! [dt — asin® 6 d(p]2 +ZA 1 dr? +2d6? + =7 sin? 0 [(r* + a*) dp —a dt]2 J

C_2.<energy> momentum

density density

W8 o o 7o

710 shear
720 stress
T30 pressure
energy momentum

flux flux
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Pragmatic mode-sum implementation

Kerr black hole

ds* = —AX! [dt —asin® @ d(p}2 +ZA T dr? +2d6* + 2 tsin? 0 [(P + %) dg —a dt}2 J

i 7 (T vs ¢ in Unruh (r=6M)
w105 (Top)ren VS Tin Unruh 510 (T o8 ren
—r2><T“ _T“
—AZPKT —T,/2
Tea - 99/15
— AT —T,/15
66 o
—rxT o
o 1
—r><T(¢ t6 »
+ ¢-splitting + ¢-splitting
/M 0°

[ Levi, Eilon, Ori & van de Meent PRL 118 141102 (2017) ]
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Pragmatic mode-sum implementation

Pragmatic mode-sum implementation
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Pragmatic mode-sum implementation

Pragmatic mode-sum implementation

Advantages
@ Lorentzian space-time

@ All quantum states: Boulware,
Unruh and Hartle-Hawking

@ Rotating and nonrotating black
holes
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Pragmatic mode-sum implementation

Pragmatic mode-sum implementation

Advantages Disadvantages

@ Lorentzian space-tim .
ore Space-time @ Requires a very large number of

@ All quantum states: Boulware, field modes
Unruh and Hartle-Hawking

@ Rotating and nonrotating black
holes

@ Ricci-flat space-times

@ Minimal coupling
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Pragmatic mode-sum implementation

Pragmatic mode-sum implementation

Advantages Disadvantages

@ Lorentzian space-tim .
ore Space-time @ Requires a very large number of

@ All quantum states: Boulware, field modes
Unruh and Hartle-Hawking

@ Rotating and nonrotating black
holes

@ Ricci-flat space-times

@ Minimal coupling

Homework
Extend pragmatic mode-sum implementation to

e Higher-dimensional black holes

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025
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Black hole interiors

Black hole interiors J

Lanir, Levi & Ori PRD 98 084017 (2018)

Lanir, Levi, Ori & Sela PRD 97 024033 (2018)

Zilberman, Levi & Ori PRL 124 171302 (2020)

Hollands, Wald & Zahn CQG 37 115009 (2020)
Hollands, Klein & Zahn PRD 102 085004 (2020)
Zilberman & Ori PRD 104 024066 (2021)

Zilberman, Casals, Ori & Ottewill PRL 129 261102 (2022)
Klein, Soltani, Casals & Hollands PRL 132 121501 (2024)

Zilberman, Casals, Levi, Ori and Ottewill arXiv:2409.17464
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Black hole interiors

Inside a Schwarzschild black hole

ds? = —f(r)dt? + f(r)~1dr?
+ 7> d6? + 1 sin? 0 dp?

frn=1-24

7

Elizabeth Winstanley (Sheffield)

[ Lanir, Levi & Ori PRD 98 084017 (2018) |



Black hole interiors

Inside a Schwarzschild black hole

-3
ds? = —f(r) A2 + f(r) "' dr? 210
+ 7> d6? + 1 sin? 0 dp?
15
2M <
flr)=1-—= S
21
)
05 e .
0
1 1.2 1.4 1.6 1.8 2 2.2 2.4

[ Lanir, Levi & Ori PRD 98 084017 (2018) |
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Black hole interiors

Cosmic censorship

OBSERVER — SINGULARITY

— EVENT
HORIZON

SPACE

TIME
l\ -'_;
@ \
A N/
[ Figure: Johan Jarnestad s _TTEFE.-_‘_‘_ SE:IIR_A Peine
The Royal Swedish Academy of Sciences ] Lt :‘

S e =T
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Black hole interiors

Cosmic censorship

OBSERVER — SINGULARITY

Weak cosmic censorship LD
X — EVENT
e Singularity at the centre of black hole - Homzon
@ Not visible to an observer at infinity \V2
¢ AN
<
TIME
@ \ 7/
ik
[ Figure: Johan Jarnestad ‘_‘_TTEFE.-_“— e
The Royal Swedish Academy of Sciences | -:._ ’:,

[T g
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Black hole interiors

Cosmic censorship

Weak cosmic censorship
@ Singularity at the centre of black hole

@ Not visible to an observer at infinity

Strong cosmic censorship

@ Singularity not visible to an observer
inside a black hole

@ No breakdown in predictability

[ Figure: Johan Jarnestad
The Royal Swedish Academy of Sciences ]

Elizabeth Winstanley (Sheffield) RSET

OBSERVER — SINGULARITY

N
5 ( — EVENT

HORIZON

WE

TIME

ARRN
AV,

MATTER  — COLLAPSING
----------- STAR

---------

SIGRAV Winter School, February 2025
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Black hole interiors

Inside a Reissner-Nordstrom black hole
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Black hole interiors

Inside a Reissner-Nordstrom black hole
ds®> = —f(r)dt® + f(r)~1dr?
+ r* d6* + 1 sin”  d ¢*

2M .
f(r):1—7+?—2
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Black hole interiors

Inside a Reissner-Nordstrom black hole
ds®> = —f(r)dt® + f(r)~1dr?
+ 7> d6? + 1% sin? 0 dg?

2M .
f(r)zl—T"F%

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole
ds®> = —f(r)dt® + f(r)~1dr?
+ 7> d6? + 1% sin? 0 dg?

2M .
f(r)zl—T"F%

Horizons f(r+) =0

re =M+ /M2 — Q2

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole
ds®> = —f(r)dt® + f(r)~1dr?
+ 7> d6? + 1% sin? 0 dg?

2M .
f(r)zl—T"F%

Horizons f(r+) =0

re =M+ /M2 — Q2

@ r, event horizon

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole
ds®> = —f(r)dt® + f(r)~1dr?
+ 7> d6? + 1% sin? 0 dg?

2M .
f(r)zl—T"F%

Horizons f(r+) =0

re =M+ /M2 — Q2

@ r, event horizon

@ 7_ inner horizon

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole

Horizons f(r+) =0

Ti:le:\/Mz—Qz

@ . event horizon

@ r_ inner horizon

Inner horizon

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole

Horizons f(r+) =0

Ti:le:\/MZ—QZ

@ . event horizon

@ r_ inner horizon

Inner horizon
@ Naked singularity inside

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole

Horizons f(r+) =0

Ti:le:\/MZ—QZ

@ . event horizon

@ r_ inner horizon

Inner horizon
@ Naked singularity inside
@ Violates cosmic censorship

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole

Horizons f(r+) =0

Ti:le:\/MZ—QZ

@ . event horizon

@ r_ inner horizon

Inner horizon
@ Naked singularity inside
@ Violates cosmic censorship

@ Classical perturbation diverges
[ Simpson & Penrose IJTP 7 183 (1973) ]

[ Figure: Lanir, Levi, Ori & Sela PRD 97 024033 (2018) ]
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Black hole interiors

Inside a Reissner-Nordstrom black hole
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Black hole interiors

Inside a Reissner-Nordstrom black hole

At the inner horizon V — 0 J
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Black hole interiors

Inside a Reissner-Nordstrom black hole

At the inner horizon V — 0 (Tvv) ~ V=2(Ty) J
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Black hole interiors

Inside a Reissner-Nordstrom black hole

At the inner horizon V — 0 (Tyy) ~ V=% AW>J
3 3<10_6
H U U

5L Tyy Tuu Tvv
L

- Q/M

‘E 0 1 1 Il 1 1 L povy

= 09 097 0975 098 0985 0.995 1

3=

[ Zilberman, Levi & Ori PRL 124 171302 (2020); Zilberman & Ori PRD 104 024066 (2021) ]
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Inside a Kerr black hole

Elizabeth Wi



Black hole interiors

Inside a Kerr black hole Rotation axis

Quter
horizon

}
ds? = —AX ! [dt — asin26 dg)]” Static <

limit

+2A7dr? + 2. d6?
+ X7 'sin? 0 [(r* + a%) dop — adt]2

A=71*—2Mr+a®> T =r1r%+4d%cos?b

Ring singularity

i Inner
Ergosphere " horizon

[ Figure: Tito & Pavlov Galaxies 6 61 (2018) ]
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Black hole interiors

Inside a Kerr black hole

ds? = —AX"! [dt —asin®60 dq)]2
+ A dr? + £d6
+X 7 'sin?0 [(r* +a*) dp —a dt]2

A=71*—2Mr+a®> T =r1r%+4d%cos?b

Horizons A(r+) =0

re = M+ VM?—a?

e r, event horizon

@ r_ inner horizon

[ Figure: Tito & Pavlov Galaxies 6 61 (2018) ]
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Rotation axis

t
Static C-D Outer

limit

horizon

Ring singularity

i Inner
Ergosphere " horizon
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Black hole interiors

State subtraction

[ Figure: Zilberman, Casals, Ori & Ottewill PRL
129 261102 (2022) |




Black hole interiors

State subtraction

e Hadamard parametrix is
independent of the quantum state

[ Figure: Zilberman, Casals, Ori & Ottewill PRL
129 261102 (2022) |
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Black hole interiors

State subtraction

e Hadamard parametrix is
independent of the quantum state

e Differences between two quantum
states do not require
renormalization

[ Figure: Zilberman, Casals, Ori & Ottewill PRL
129 261102 (2022) |
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State subtraction

e Hadamard parametrix is
independent of the quantum state

e Differences between two quantum
states do not require
renormalization

@ Construct a quantum state regular
on the inner horizon

[ Figure: Zilberman, Casals, Ori & Ottewill PRL
129 261102 (2022) |
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Inside a Kerr black hole

Elizabeth Wi



Black hole interiors

Inside a Kerr black hole

At the inner horizon V. — 0 (Tvy) ~ V_2<Tvv>J
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Inside a Kerr black hole

At the inner horizon V — 0 (TVV) ~ V‘z(Tw)J
i - <Tv_v>7q;n
s _
- <Tuu>1("]en
4 =
N
3Irs
i<
2 -
1r o
| 0(°)
. | | | | |
10 20 30 50 60 70 80 90
-1 %10

[ Zilberman, Casals, Ori & Ottewill PRL 129 261102 (2022) |
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Black hole interiors

Inside a Kerr
black hole

Pragmatic mode-sum
renormalization

[ Zilberman, Casals, Levi,
Ori and Ottewill
arXiv:2409.17464 |
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Black hole interiors

Inside a Kerr
black hole

Pragmatic mode-sum
renormalization

- <TUU>7[‘]en
<TUU>7[*]en
"""" (TUU>1["]en <TUU>'(r]en

[ Zilberman, Casals, Levi, -1r
Ori and Ottewill
arXiv:2409.17464 | 27

Elizabeth Winstanley (Sheffield)
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

ds? = —f(r)de + f(r) 1d? +2d¥? flr)=1-—"—+= —— A>0 J
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

2M 2 A
ds? = —f(r)dt? + f(r) ' dr? 4+ * dQ? f(r)=1—7—|—?—2—7r A>0 J
Horizons f(r) =0 N
@ rj event horizon A /‘f‘/ N
S+ (r=o0) Y N gt =)

@ . > rj, cosmological horizon

[ Figure: Natario & Sasane Ann. H. Poincaré 23 2345 (2022) ]
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

2M 2 A
ds? = —f(r)dt? + f(r) ' dr? 4+ * dQ? f(r)=1—7—|—?—2—7r A>0 J
Horizons f(r) =0 N
@ rj event horizon A /‘f‘/ N
S+ (r=o0) Y N gt =)

@ . > rj, cosmological horizon

@ r_ < ry inner horizon

[ Figure: Natario & Sasane Ann. H. Poincaré 23 2345 (2022) ]
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

ds? = —f(r)dP + f(r)1dr* +2d0? f(r)=1- "+ — — A>0 J

Horizons f(r) =0

@ 1, event horizon

St (r=c0)

@ 1. > ry cosmological horizon

@ r_ < ry inner horizon

Cosmic censorship fails classically
for some RNdS black holes

[ Dias et al JHEP 10 001 (2018)

Cardoso et al PRL 120 031103 (2018)

Chrysostomou et al arXiv:2501.12968 | [ Figure: Natario & Sasane Ann. H. Poincaré 23 2345 (2022) ]
y
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

AsV —0
<Tvv> ~ K2_6|V|_2—|-

[ Hollands, Wald & Zahn
CQG 37 115009 (2020)

Hintz & Klein CQG 41 075006
(2024) |
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Black hole interiors

Inside a Reissner-Nordstrom-de Sitter black hole

AsV — 0

<Tvv> ~ K2_6|V|_2 G oo

[ Hollands, Wald & Zahn
CQG 37 115009 (2020)

Hintz & Klein CQG 41 075006
(2024) |

[ Hollands, Klein & Zahn
PRD 102 085004 (2020) ]

M C
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Black hole interiors

Inside a Kerr-de Sitter black hole

[ Figure: Klein, Soltani, Casals & Hollands
PRL 132 121501 (2024) |

Elizabeth Winstanley (Sheffield)



Inside a Kerr-de Sitter black hole
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[ Figure: Klein, Soltani, Casals & Hollands
PRL 132 121501 (2024) ]
SIGRAV Winter School, February 2025

95 /100



Inside a Kerr-de Sitter black hole

[ Klein, Soltani, Casals & Hollands PRL 132 121501 (2024) ]
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Backholeineriors IS
Inside a Kerr-de Sitter black hole

02 04 06 08 10°°8?

[ Klein, Soltani, Casals & Hollands PRL 132 121501 (2024) ]
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Black hole interiors

Inside a Kerr-de Sitter black hole
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[ Klein, Soltani, Casals & Hollands PRL 132 121501 (2024) ]
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Black hole interiors

Black hole interiors
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Black hole interiors

Black hole interiors

Methods
@ State subtraction

@ Pragmatic mode sum
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Black hole interiors

Black hole interiors

Methods Applications
@ State subtraction @ Behaviour at inner horizons

@ Pragmatic mode sum @ Strong cosmic censorship
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Black hole interiors

Black hole interiors

Methods Applications
@ State subtraction @ Behaviour at inner horizons
@ Pragmatic mode sum @ Strong cosmic censorship
Homework

@ Extend Euclidean methods to the black hole interior

Elizabeth Winstanley (Sheffield) SIGRAV Winter School, February 2025
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@ Minkowski space-time

© Adiabatic renormalization

© Hadamard renormalization

© Black holes

© WKB-based implementation

@ Extended coordinates implementation
@ Pragmatic mode-sum implementation

© Black hole interiors
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Renormalized stress-energy tensor

Semi-classical Einstein equations

GAp + Ag)\p = 87T<TAp>
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Renormalized stress-energy tensor

Semi-classical Einstein equations

GAp + Ag)\p = 87T<TAp>

Homework
Solve the backreaction problem J
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Questions?




