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Motivation: which phenomena are intrinsically quantum?

Quantum biology

Quantum thermodynamics

Resource theory of coherence

How can we irrevocably exclude the existence of any 

classical description? What is the role played by 

quantum coherence and by quantum correlations? 

News from Berkley Lab, May 2010 

image by Mohan Sarovar and Akihito Ishizaki

Streltsov, Adesso, Plenio
Rev.Mod.Phys. 89 (2017)

Goold, Huber, Riera, del Rio & Skrzypczyk, JPA 49 (2016)
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Environment: usually very complex, it is averaged out
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What about higher-

order probabilities?

Even though they are referred to open-system quantities,

in general one has to deal with the full unitary dynamics

System: degrees of freedom we are interested in

Environment: usually very complex, it is averaged out

with eigenprojectors 

Multi-time probabilities in open quantum systems



Classicality of the statistics

Summing over all the possible intermediate 

values we obtain the joint probability 

referred to the initial and final values

Kolmogorov consistency conditions
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Classicality of the statistics

Kolmogorov extension theorem

Summing over all the possible intermediate 

values we obtain the joint probability 

referred to the initial and final values

Kolmogorov consistency conditions

• Classicality understood as the possibility to perform non-invasive measurements

• Given a collection of multi-time probabilities as input, it allows us to state 

unambiguously whether there is an alternative classical way to account for them

• In the quantum realm it generally does not hold                         : role of coherences!

There exists a classical stochastic process whose 

joint probability distributions coincide with       for all n



o Only under proper conditions -- S-E correlations are irrelevant -- QRT

The whole hierarchy of probabilities is fixed by the reduced dynamical maps!!

Quantum Regression Theorem
M. Lax, Phys. Rev. 172, 350 (1968)

S. Swain, J. Phys. A 14, 2577 (1981) 
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o Only under proper conditions -- S-E correlations are irrelevant -- QRT

The whole hierarchy of probabilities is fixed by the reduced dynamical maps!!

Quantum Regression Theorem

o Markovian statistics

M. Lax, Phys. Rev. 172, 350 (1968)

S. Swain, J. Phys. A 14, 2577 (1981) 

In general, this is not possible
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o Only under proper conditions -- S-E correlations are irrelevant -- QRT

The whole hierarchy of probabilities is fixed by the reduced dynamical maps!!

Quantum Regression Theorem
M. Lax, Phys. Rev. 172, 350 (1968)
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Markovianity

o Markovian statistics

Propagators of the open-system dynamics



Dynamics of quantum coherences

• Definition: coherence-generating-and-detecting (CGD) dynamics

Total dephasing

Dephasing at an intermediate time changes the state 

transformation with dephasing at the initial and final times

The dynamics with propagators                               is CGD iff there are                       s.t. 



Dynamics of quantum coherences

• Definition: coherence-generating-and-detecting (CGD) dynamics

Total dephasing

Dephasing at an intermediate time changes the state 

transformation with dephasing at the initial and final times

The dynamics with propagators                               is CGD iff there are                       s.t. 

• Coherences are generated by the dynamics and the same coherences are 

turned into populations

• Direct connection with resource theory of coherence 



Let                               be a system’s non-degenerate observable

classical for any initial diagonal state

if and only if the dynamics                           is not CGD

One-to-one correspondence

and                             a Markovian statistics, then the statistics is 

AS, D.Egloff, MG Diaz, MB Plenio, SF Huelga Quantum Sci. Technol. 4, 01LT01 (2019)



• KEY POINT: we want to connect a property of the dynamics, (N)CGD,

                        with a property of the whole hierarchy of probabilities,  (N)Cl

Dynamical quantities ‘’live’’ here
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Classicality concerns the whole hierarchy
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Classicality concerns the whole hierarchy

AS, D.Egloff, MG Diaz, MB Plenio, SF Huelga Quantum Sci. Technol. 4, 01LT01 (2019)

Markovianity is what 

allows us to do that!



Quantum combs

• Multi-linear functional on the set of quantum operations

Chiribella, D’Ariano, Perinotti, PRA 80, 022339 (2009) 



Quantum combs

• Multi-linear functional on the set of quantum operations

Chiribella, D’Ariano, Perinotti, PRA 80, 022339 (2009) 

• It is always possible to represent it via a unitary dilation



Quantum combs

• Multi-linear functional on the set of quantum operations

Chiribella, D’Ariano, Perinotti, PRA 80, 022339 (2009) 

• It can be tomographically reconstructed via measurements on the open system only

• It is always possible to represent it via a unitary dilation

• Strictly related to non-Markovian quantum stochastic processes by Lindblad  
                                                                                  Commun. Math. Phys. 65, 281 (1979)



Discord and multi-time nonclassicality

• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



• Zero-discord state in the measurement basis

Dephasing in the measurement basis is 

non-invasive

Discord and multi-time nonclassicality

• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



• Non-classicality the global S-E dynamics generates quantum 

discord that can be later detected via measurements on the open system

• Zero-discord state in the measurement basis

Dephasing in the measurement basis is 

non-invasive

Discord and multi-time nonclassicality

• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



Summary
• Markovian multi-time statistics: one-to-one correspondence

Non-classicality of the multi-time 

statistics, in the sense of Kolmogorov

Capability of the dynamics to generate and 

detect quantum coherence

• Classical non-Markovian statistics and quantum combs

Structural 

characterization
diagonal in the

computational basis
classical

processes
all quantum 
processes

Role of 

discord
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Non-classicality without quantum coherence

• The statistics is non-classical: 2-time Kolmogorov does not hold 

• Beyond Markov, the hypothesis of our Theorem does not apply, in fact…

• The dynamics is NCGD (with respect to      )

Quantum coherence is not even generated!!



Non-classicality without quantum coherence

• The statistics is non-classical: 2-time Kolmogorov does not hold 

• Beyond Markov, the hypothesis of our Theorem does not apply, in fact…

Quantum coherence is not even generated!!

The open-system dynamics no longer accounts for multi-time 

statistics: a more general perspective is needed! 

• The dynamics is NCGD (with respect to      )



• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

Non-Markovian classical combs

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



• Choi-Jamiołkowski isomorphism for quantum combs 

Choi state of the CP map ”Multi-time” Choi state

Non-Markovian classical combs
• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



• Choi-Jamiołkowski isomorphism for quantum combs 

Choi state of the CP map ”Multi-time” Choi state

• Structural property of classical combs

Any comb: 

Non-Markovian classical combs
• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)



• Choi-Jamiołkowski isomorphism for quantum combs 

Choi state of the CP map ”Multi-time” Choi state

• Structural property of classical combs

diagonal in the
computational basis

classical
processes

all quantum 
processes

Any comb: 

Classical combs: 

Non-Markovian classical combs
• Full characterization of combs yielding a classical statistics: Kolmogorov iff 

S.Milz, D.Egloff, P.Taranto, T.Theurer, M.B.Plenio, AS, S.F.Huelga, Phys. Rev. X 10, 041049 (2020)
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