Computational Quantum Field Theory

in curved spacetimes

Mohammed Alkhateeb

June 24, 2025

UNIVERSITY OF
' PLYMOUTH gUNIVERSITE Ea

UNIVERSITE
DE NAMUR

M. Alkhateeb CQFT June 24, 2025 1/17



CQFT for Schwinger effect and wave packet propagation

@ Schwinger effect: Creation of particle-antiparticle pairs under strong electric fields.

Klein tunneling: Undamped wave packet propagation through potential barriers higher than
the incident wave energy by more than mc?2.

o CQFT has been successful in accounting for the Schwinger effect, Klein tunneling, and
regular tunneling in relativistic quantum mechanics.

Strong fields (including gravitational fields).

Extend CQFT to curved spacetimes!
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Figure: Boson pair production in a barrier. Figure: M. Alkhateeb and A. Matzkin, 2022.
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CQFT for Schwinger effect and wave packet propagation
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Figure: Klein tunneling of a Dirac wave packet. [M. Alkhateeb and Alexandre Matzkin, 2020]
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CQFT in curved spacetimes Formalism
Outline

© CQFT in curved spacetimes
o Formalism
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CQFT in curved spacetimes [ESCIGIEIE

Formalism
o For spin—% fermions (Dirac)
iv?0a1) — mp =0

i’V —mip =0

or more explicitly:
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CQFT in curved spacetimes [ESCIGIEIE

o Canonical quantization of the free particle field

&) =D (Elpybp+ D (&lmd]
2 n

Different mode expansions give answers to different questions.

@ The Hamiltonian:

o Time dependent field operator

P(r,6) =D _(€lp)bo(r +Z§\ Ydj(r)

p

o Commutation (anti-commutation) relations :

{d1(x), ()} = d(x —y) & {&l, &} =d(p— q)
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CQFT in curved spacetimes Formalism

Time evolution

@ The idea is to calculate the time evolution of QFT states in terms of that of the first
quantized states.

o Time evolution of the quantum field operator in terms of 1st quantized Hamiltonian A and
QFT Hamiltonian H:

. L0 a aa
[H,4] = iy ="m
19} PRS
"a’d) = Zh“’)bp +Zh‘”>d§
P n

@ Time evolution of creation and annihilation operators can be calculated in terms of time
evolution of 1st quantized states

bo(r) = _(¢'|0lp) bp+2 n'|0|p)d}
p’

4}r) = > (p'10ln bp+Z /|01

p’

where U lis the time evolution operator. 0=eihr
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Outline

© CQFT in curved spacetimes

@ Observables
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CQFT in curved spacetimes [ENOLECRVELIES

Observables

o Using

97, €) = S {xlphbo(r) + (I (r

= "2;-%-(7—76) + 1[’*(7_75)

o Charge density: . .
Pen(7,€) = DT (7,€)d(r,€)

@ Number densities
pe = DL, )b (7,€)

po =P (1, )P (7,€)
o Wave packets

1)) = > g+(p)b}lI0))-
p

o All expectation values are evaluated in terms of the modes, the amplitudes < n|0|p >,

< n|0\p > and so on after applying the operators algebra.
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CQFT in curved spacetimes Numerical treatment
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© CQFT in curved spacetimes

@ Numerical treatment
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CQFT in curved spacetimes Numerical treatment

Numerical treatment

@ One-dimensional position space lattice of width A:
N N
X = {—Eéx, (_E + 1)éx, ... —0x}

_ _A
whe.re ox = NAT
@ Reciprocal space lattice

N N N
P ={=50p.(=5 +1)dp, ... 6p}

where 6p = 2Z.
e Evaluate V/(X) on X and hy on P.
o Evaluate the basis vectors for each value p = ndp were n € {f%, f% +1,.., %}

o= () =10 ()

= (24) - (=)

@ Time evolution applied alternatively in x and p spaces:
0(5t) — il V)St/h o efivz%e—ihkdt/ﬁefivg—é
= UvUcUy
o Calculate the amplitudes < n|U|p > and < n|U|n’ > and so on.
T e 20 25 Y



Illustrations

[llustrations

The metric

ds? = a(x)dr? — Ld§2
a(x)

o Calculate the Christoffel sympols, the tetrads and the spin connections.

@ The Dirac equation

\/ﬁﬂz (3t - aléX) ox) (7, 8) — (mrfyax - mc2) W8 =0

@ The Hamiltonian:

A = i+ i(0() ~ Doxep + (al) — meo +i 5,
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Conclusion

Conclusion

@ We extended the frame work of CQFT to curved spacetimes.

@ We are emplying the too in investigating the dynamics of wave packet propagation and pair
creation.

o Investigating other quantum phenomena in curved spacetimes!
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Conclusion
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Conclusion

Thanks!

M. Alkhateel CQFT June 24, 2025 17 /17



	CQFT for Schwinger effect and wave packet propagation
	CQFT in curved spacetimes
	Formalism
	Observables
	Numerical treatment

	Illustrations
	Conclusion

