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CQFT for Schwinger effect and wave packet propagation

CQFT for Schwinger effect and wave packet propagation

Schwinger effect: Creation of particle-antiparticle pairs under strong electric fields.
Klein tunneling: Undamped wave packet propagation through potential barriers higher than
the incident wave energy by more than mc2.
CQFT has been successful in accounting for the Schwinger effect, Klein tunneling, and
regular tunneling in relativistic quantum mechanics.
Strong fields (including gravitational fields).
Extend CQFT to curved spacetimes!

Figure: Fermion pair production in a barrier.

Figure: Boson pair production in a barrier. Figure: M. Alkhateeb and A. Matzkin, 2022.
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CQFT for Schwinger effect and wave packet propagation

Figure: Klein tunneling of a Dirac wave packet. [M. Alkhateeb and Alexandre Matzkin, 2020]
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CQFT in curved spacetimes Formalism

Formalism

For spin- 1
2
fermions (Dirac)

iγa∂aψ −mψ = 0

iγν∇νψ −mψ = 0

or more explicitly:

ieνaγ
a(∂ν +Ων)ψ −mψ = 0

gµν(x)e
µ
a (x)e

ν
b (x) = ηab

ηabe
a
µ (x)e

b
ν (x) = gµν(x)

Ων(x) = −
i

4
ωabν(x)σ

ab

ωa
bν = eaµ (x)∂νe

µ
b (x) + eaµ (x)e

σ
b (x)Γ

µ
νσ

iℏ
∂

∂τ
ψ = hDψ
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CQFT in curved spacetimes Formalism

Canonical quantization of the free particle field

ψ̂(ξ) =
∑
p

⟨ξ|p⟩b̂p +
∑
n

⟨ξ|n⟩d̂†
n

Different mode expansions give answers to different questions.

The Hamiltonian:
ĤD = ψ̄hDψ

Time dependent field operator

ψ̂(τ, ξ) =
∑
p

⟨ξ|p⟩b̂p(τ) +
∑
n

⟨ξ|n⟩d̂†
n (τ)

Commutation (anti-commutation) relations :

{ψ̂†(x), ψ̂(y)} = δ(x − y) ⇔ {ĉ†p , ĉq} = δ(p − q)
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CQFT in curved spacetimes Formalism

Time evolution

The idea is to calculate the time evolution of QFT states in terms of that of the first
quantized states.

Time evolution of the quantum field operator in terms of 1st quantized Hamiltonian ĥ and
QFT Hamiltonian Ĥ:

[Ĥ, ψ̂] = i
∂

∂t
ψ̂ = ĥψ̂

i
∂

∂t
ψ̂ =

∑
p

ĥ|p⟩b̂p +
∑
n

ĥ|n⟩d̂†
n

Time evolution of creation and annihilation operators can be calculated in terms of time
evolution of 1st quantized states

b̂p(τ) =
∑
p′

⟨p′|Û|p⟩b̂p +
∑
n′

⟨n′|Û|p⟩d̂†
n

d̂†
n (τ) =

∑
p′

⟨p′|Û|n⟩b̂p +
∑
n′

⟨n′|Û|n⟩d̂†
n

where Û Iis the time evolution operator. Û = e−i ĥτ
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CQFT in curved spacetimes Observables

Observables

Using

ψ̂(τ, ξ) =
∑
p

⟨x |p⟩b̂p(τ) +
∑
n

⟨x |n⟩d̂†
n (τ)

= ψ̂+(τ, ξ) + ψ̂−(τ, ξ)

Charge density:
ρ̂ch(τ, ξ) = ψ̂†(τ, ξ)ψ̂(τ, ξ)

Number densities

ρ̂+ = ψ̂†
+(τ, ξ)ψ̂+(τ, ξ)

ρ̂− = ψ̂†
−(τ, ξ)ψ̂−(τ, ξ)

Wave packets

∥χ⟩⟩ =
∑
p

g+(p)b
†
p∥0⟩⟩.

All expectation values are evaluated in terms of the modes, the amplitudes < n|Û|p >,

< n|Û|p > and so on after applying the operators algebra.
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CQFT in curved spacetimes Numerical treatment
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CQFT in curved spacetimes Numerical treatment

Numerical treatment

One-dimensional position space lattice of width Λ:

X = {−
N

2
δx , (−

N

2
+ 1)δx , ....

N

2
δx}

where δx = Λ
N+1

.
Reciprocal space lattice

P = {−
N

2
δp, (−

N

2
+ 1)δp, ....

N

2
δp}

where δp = 2π
Λ
.

Evaluate V (X ) on X and hk on P.
Evaluate the basis vectors for each value p = nδp were n ∈ {−N

2
,−N

2
+ 1, ..., N

2
}

|p⟩ =
(
ψp(p)
χp(p)

)
= N(p)

(
1
cp

mc2+E(p)

)
|n⟩ =

(
ψn(p)
χn(p)

)
= N(p)

(− cp
mc2+E(p)

1

)
Time evolution applied alternatively in x and p spaces:

Û(δt) = e−i(hk+V )δt/ℏ ≈ e−iV δt
2ℏ e−ihkδt/ℏe−iV δt

2ℏ

= ÛV Ûk ÛV

Calculate the amplitudes < n|Û|p > and < n|Û|n′ > and so on.
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Illustrations

Illustrations

The metric

ds2 = α(x)dτ2 −
1

α(x)
dξ2

Calculate the Christoffel sympols, the tetrads and the spin connections.

The Dirac equation

i√
α(x)

σz

(
∂t −

α′(x)

8
σx

)
ψ(τ, ξ)−

(√
α(x)σy∂x −mc2

)
ψ(τ, ξ) = 0

The Hamiltonian:

Ĥ = Ĥfr + i(α(x)− 1)σxcp̂ + (
√
α(x)− 1)mc2σz + i

α′(x)

8
σx
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Illustrations
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Illustrations
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Conclusion

Conclusion

We extended the frame work of CQFT to curved spacetimes.

We are emplying the too in investigating the dynamics of wave packet propagation and pair
creation.

Investigating other quantum phenomena in curved spacetimes!
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Conclusion

Thanks!
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