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|. Motivation

1. Interferometric observations of gravitational waves since 2015.

2. Is it possible to explore the quantum nature of gravity by
interferometric observations?

3. Proposal by Parikh, Wilczek, and Zahariade to study the
quantum noise due to gravitons.

4. Quantum noise can be studied by the open quantum system
approach of Feynman and Vernon.

5. This approach was first applied to the case of graviton by
Galley, Hu, and Lin.
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II. Quantum Brownian motion paradigm

A particle (system) coupled linearly to a set of harmonic oscillators

(environment):
S = /Ods[ M2 — v ]
o

Selan] = /OtdSZanqn

n

Snelx, {an}] = /0 d5 " (—Cox an)

n

2.2
mpwp qn:|

(Schwinger, Feynman-Vernon, Caldeira-Leggett, Hu-Paz-Zhang,

)
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The dynamics of the particle is governed by the CTP effective
action

eir[x_*_,xf] — eiS[x+]—iS[X,] «

/ 11 D4+ Dan- (e"sel{qw}]—fse[{qnf}]
C

™,

eisfnt[x+ 7{qn+ }]_isint [X* ,{Qn— }])
—  oSha]=iSIx-+iSiF[x x-]

where Sjr is the influence action due to the quantum harmonic
oscillators.
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The influence action S;r can be expressed in terms of the
Schwinger-Keldysh propagators

SiF[x4, x|
= Zn:;/dsds’

(X1 (5) G (5, 8" )x1(8) = x4:(5) Gy — (5, 5 )x—(8")
—x_(8)Gn—(5,5") x4 (") + x_(5) Gr——(s, s")x_(5")]

due to the corresponding boundary conditions.
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The Schwinger-Keldysh propagators are

Gri+(s,8) = —nnls —s)sgn(s — s') +iva(s — ')
Gni—(5,8") = na(s—5) +iva(s—5)
Ghi(s5,8") = —nu(s—5)+iva(s =5
Gn——(s,5) nn(s — ') sgn(s — ') + ivy(s — &)
where
2
/ — _
Ma(s —s') = 2mnwn sinwp(s —s')
/ G
vp(s—5') = T coswp(s — §')
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The influence action S;r can be written as
eiSIF — e—2if0t ds [5 ds'[Ax(s)n(s—s")Zx(s")]
e—%fot ds [ ds’ [Ax(s)v(s—s')Ax(s")]
where Ax(s) = x4(s) — x_(s) and Zx(s) = 3[x;(s) + x_(s)], and
2

Mo —s) = Ymls )=~ Y 5 sinunls - <)

mpWn

C2
v(is—s) = Zun(s—s’):z2m” coswp(s —s')

w
n nWn

SiF is basically separated into its real and imaginary parts.
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Rewriting the imaginary part of S as
e—% J AxvAx
_ N / Dge 3 & g} [ Axvix

= /Dge—z (E—ivDx)y=H(E—ivAx) g—3 [ DxvDx
— N [ Deplegel e

where P[] = e=2 /€7 is the Gaussian probability density of the
stochastic force &.

Due to this probability density one has the stochastic average
(€(s)€(s"))s = v(s — §") which is called the noise kernel.
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After this procedure the effective action

Mxp,x2] = S[xy] — S[x_]

—2/ ds/ ds' Ax(s)n(s — s')Ix(s")

+ /0 dsAx(s)&(s)

The equation of motion for the particle is then given by

(5r[X+, X—]
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The equation of motion is a Langevin equation with the stochastic
force £(t),

Mx + V'(x) —I—/O dsn(t — s)x(s) = &(t)

The integral term is related to dissipation as one can write

2

n(t) = %V(t) =v(t) = Z G coswpt

2mpw?

and we have
t
Mx + V'(x) —I—/ dsy(t — s)x(s) = &(t)
0

n(s — s’) is called the dissipation kernel.
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Quantum mechanically the system is described by the density
matrix p(t) with the evolution

p(t) = J(¢,0) p(0)

where the evolution operator can be expressed in terms of path
integrals

J(XJrv q4,X—,q—, t|X+i7 q+i, X—j, 4—i, 0)

q — q—
B /X+ DX+/ " Dq. /x DX_/ Dq_ eSbea+]=iSk.q-]
Xti q+i X_j q_;

i
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Integrating over the degrees of freedom g, we have the reduced
density matrix

pr X+7X—

/ dq+/ dq- p(x+, q+,x—,q-)0(q4+ — q-)
with the evolution

pr(X+7 X—y t)
[e.9] oo
/ dX+i/ dX—i -/r(X—i-yX—?t‘X-‘rl'vX—i?O) pr(X+i7X—i70)
—o0 —00
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Suppose the initial state of the system and the environment is
uncorrelated.

The evolution operator for the reduced density matrix can be
represented by

JY(XJrv X—, t|X+i7X—i7 0)

= /X+ DX+ /X— DX_ eiS[X+]7i5[X—]+iS’F[X+7X_]
Xi X_j
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Hu-Paz-Zhang master equation (xy — x and x_ — x’)

0 i 0?2 9?2
apr(X,X/, t) = le <6x2 - 6x’2> MQfen( t) (X2 - XQ)

T ()(x = X) <68X - ;}(,) — Dpp(t)(x —x')?

~iDm(0)x =) (5 8i)]pr(x,xcr)

['(t) is the dissipation coefficient, whereas Dp,(t) and Dp,(t) are
the diffusion coefficients responsible for decoherence.
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Einstein action

S = ?/dd'x\/_—gR
where k2 = 167G.

With g, = 1y + Khy,, the graviton action

Sgrav = —% / d*x > 9 (x)0*h) (x)



Fermi normal coordinate system (t, Z) along the geodesic of the
first mass with the metric

goo(t, Z) = —-1- R,'ojo(t, O)ZiZj + -
- 2 ;
go,'(t, Z) = —gRo,'jk(t,O)ZJZk-F"'
1

gij(t,Z) = 0jj— 3R:kj/(t 0)zkz' + .-

Action of the second mass,

Sm = —m/ v/ —ds?
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In terms of the gravitational perturbation xh,,,, the Riemann
tensor component

K -
Riojo = =7 hij

Sm:/dt [géyz"’z'j—i—%ﬁijzizj] +--
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With

JO(x) =

mkK

22

d3k
(2m)°

Closed-time-path formalism

eSIF

L (R )

%
3
N

/ Dh.. Dh_ e/(Sslh]=Sslh-]+[ Jihy—[ J-h-)
cTP

e_g J(U4 Gy ds—Jp Gy J_—J_ Gy Ji+J_G__J_)

Schwinger-Keldysh Green functions

—i{Thy(x)hi(x))

~i{h- ()b ()
—ih_(x)hy () = Gy (X x
—i(Th_(x)h_(x")) = =G}, (x,x')
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Influence action

SEF = /dtdt’ (j;AU(t)> Dii(t, t') <::22"’(t’)>
; 2 2
+2/dtdt/ <jt2A’f(t)> Niju(t, t) (CZQA"’(t’)>
where
T = [0+ 2 (02 (1)
Al(t) = ZL(0)Z,(t) - Z(t)Z (1)
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The dissipation and the noise kernels,

D:: / . m2/<'32 d3kd3k/ d3 d3 /
Uk/(t’ t) = 51276 e
e KT H AN N (K)el3) (K) Gret(x, )

S

/ m’? 3. 3.1 3. 43/
Niju(t, t') = 10226 Pk d3k | d*xd>x
e—iE.ie—iE/.;/ Z e(.-s)(E)EE(S/)(E/)G(l)(X’ X,)

S

Gret(x,x") = i6(t — t')([h(x), h(x")]) is the retarded Green
function, and G(M(x, x') = ({h(x), h(x')}) is the Hadamard
function.
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Feynman-Vernon formalism
_l i AUNUk/Ak’

— N/ Dé‘ e § £IJ+IA Numn)(N )Ukl(ék/+iNklqupq) eféf AUNUMAM

- / D¢ Plg] e7') 47

where Ny = (d?/dt?)(d?/dt”?) Ny and with the gaussian
probability density

P[f] Ne 2 L[ g (N-1)ikgy,

where ¢jj is a stochastic force and AV is a normalization constant.
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Stochastic effective action for the geodesic separation
Ssea = Sm[Z+] — Sm[Z_] + SiF
= m/dt(s,'J‘Z-jr(t)Z.‘_];_(t)— m/dté,-jz"'(t)z'i(t)
/dtdt AT(8) Dy (t, )X (¢ /dt&u Al(t)
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Langevin equation

0Ssea
1) zj'r

=0

zi=z_=z

S mE () 4+ 20m / dt' B (£, ') 2" ()25 ()2 ()

—26% ¢y (t) 2/ () =0
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We shall concentrate on the noise effect due to the stochastic force

mfi(t) = 25ik§k/(t) Zl(t)
with the correlation function

(€i()&(t))s

/ D Ple] €5(t)éu()

= N,'jk/(t, t').



Geodesic separation
z' =zy3+ 67

where zj(t) corresponds to the geodesic motion without the
graviton effects,

mzh(t) =0
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Imposing the initial conditions: §z/(0) = §2/(0) = 0,

20 =2 [t (¢ - 9 a1

mJo
Geodesic separation correlation

. . 4 . . [t t'
<5Z'(t)5zj(tl)>s — mzé/kéﬂ/ dt/// dt”/(t _ t”)(t’ _ t///)
0 0

2677 ( t”)Zé’( t///) Nkmln ( t”, t///)
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In the Minkowski vacuum, take the cutoff scale A ~ 1/zy and
t ~ zg, the fluctuation can be estimated to be

((621(£))2)® ~ g ~ 103°m

which is the order of Planck length.
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Thermal state at low temperature,

(62 (1)) ~ T
and at high temperature,

(627 ()2)() ~ T2

Enhancement only at very high temperature
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Squeezed state
1¢(82—312
=T 0)
K

Enhancement by the squeeze parameter,

((023())2)() ~ €54/ ((623(1))2)©

Primordial gravitons from the inflationary era are in a squeezed
quantum state.

With the grand unified inflation, for example,
e$ ~ 1018

it will bring the noise effect to a detectable level.
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Geodesic congruence

Deformation tensor Q;; defined by

d(Az) ; .
70,1: = QJ(AZ)J

2j; can be decomposed into

1

Q; =

9(5,-j+a,j+w,-j.

with @ being the expansion scalar, o;j; the shear tensor, and wj; the
rotation tensor.
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Evolution of the deformation tensor

dQY; i i
dtj =-0 kaj+Kj

For example, for the expansion scalar

. 1 .. .. .
0= —§02 —UiJ‘UU —f—w,-jw” + K’,‘

Raychaudhuri equation with an external tidal force
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However, for the shear tensor
(0(t)ou(t’)) = (00)i(o0)k

m2/ dt/// dt/// NIJ t// t/”)

For example, taking (0p); = 0, the stochastic average of (033)? in
the Minkowski vacuum

\/<a33(t)033(t)>(0) ~ (?) 38;

~ 1.94x 10 %1

which is again too small to be detectable.
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Again, the magnitude of the shear tensor fluctuation due to
graviton quantum noise can be enhanced by the squeezing
parameter in the squeezed state.

Vies(®)os()© ~ &/ (os(t)os(t)©
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Reduced density matrix of the particle

pr(z+7 Z—a t)

< 3
:/dz+i
[e e}

o0
/ d3Z_,' Jr(Z+,Z_, t|Z+;,Z_;,0)p,(Z+;,Z_;,0)
—0o0
with the evolution operator

Z Fa e
IZ 7o 1210, 70,0) = / Dz, / Dz ¢l Selz" 7]
Zy zZ_

action.

where Scc = Sp[z+] — Sm[z—] + Sif is called the coarse-grained
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Influence action

SEF = /dtdt’ (j;AU(t)> Dii(t, t') <::22"’(t’)>
; 2 2
+2/dtdt/ <jt2A’f(t)> Niju(t, t) (CZQA"’(t’)>
where
T = [0+ 2 (02 (1)
Al(t) = ZL(0)Z,(t) - Z(t)Z (1)
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As the graviton degrees of freedom have been integrated over, Sqq
can be expressed as

Sea[Z, A]
_ /tdtléij [Ei(t0)A (1)
w2 [Can [ [ Saaiem )] 0%, )
[ (Fdm() + Jadmae) )
[jZAk(tz)z,(rg)}
with £(6) = [Z() + Z-(6))/2 and & = Z.(¢) — Z. (1)
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Master equation of the reduced density matrix

o - -
a. I‘zaA;
57 Pr t)

] o 0O . i
a [mren(t)azfaA,- + Ni(t) + N2 ()2 A

+Ds(t) <z"z,-+iA"A,-)+iDQ(t) <z" 0 +1A 0 >

oA X
Lo 0 9 0 10 0
() <z ox A aAf> (1) (8Af on,; " aoxi 0% )

+
9 9 0 0 09 9 0 0
Na(t) <3aAi A, 03] 0%; | OA1 O, O 0% )

88(88 188>

ox o6, \onian, T aagiox, ) | rEAY)

+ID4(t)

with ¥ =[Z, +Z]/2and A=Z7, — 7.

Hing-Tong Cho Graviton quantum noise on geodesic congruences and gravitati



Terms quadratic in X', A' and their derivatives can be considered
as renormalization contributions.

The term with N4(t) is related to the noise kernel and is
associated with decoherence phenomena.

The term with D4(t) is related to the dissipation kernel and is
associated with processes with loss of energy.
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In the high temperature (5 — 0) or Markovian limit,

647102
Nijui(t1, t2) ~ _17;75 [26i0k — 3(ik0j1 + 0i10jic)] 0(t1 — t2)

and the master equation

5127°a2 (1 o 0 o 0 o 0
= = \a7 7)) 8 5 5=t 253 55t 57 55
15m*p 4 0z 07 0z 0z' 9z' 9z’

) aaaa)

97 07 ‘9z 07 97 97

o o 9 9N ..,
oz 07 97 07 ) |PF7H)
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Estimation of the decoherence time scale due to gravitons

_ 12871002 Dy o O
boer ™ <15m45 ) 3(5+p")(F—p') + (P — ")

in the momentum representation for the off-diagonal density
matrix elements.

Similar results in this Markovian case have been obtained by
Blencowe, and Anastopoulos and Hu.
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In the low temperature (non-Markovian) case, the temperature
dependent part of the noise kernel

327802
NG (e, ) ~ a5 2000k = 30y + Gudye)]

and the master equation

o . ., 1 72t o
= t)= - — t
5; PP P 1) a<t+352> p(p,p’,t)
where
128742 a2 - o o
a= < 5 > 3(6+ 5" (F— ")+ (B* — 5")°]
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The perturbative solution with a proportional to a?,

2
p(p,p’',t) ~ —alnt — 6—B2t +-

Hence, at low temperature or the non-Markovian case, the decay
of the density matrix element is —In t for the zero temperature
part, and —t2 in the temperature dependent part which is propor-
tional to 1/3% or T2.

This is distinctly different from the high temperature (Markovian)
decay.
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VI. Conclusions

1. Quantum effect of gravitons could manifest as noise on the
particle/detector.

2. Noise effects to separation fluctuations have been analyzed for
the Minkowski, thermal, and squeezed vacua. For the squeez-
ed state, the effect may be enhanced to a detectable level.

3. Similar results are obtained for the fluctuations of geodesic
congruences due to graviton noise effects.

4. We have derived a master equation for the particle density
matrix due to graviton effects. This non-Markovian master
equation is valid for all temperatures, as contrast to the
previous one (the ABH equation) which is for the high
temperature (Markovian) regime.
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