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The question:

What are the elementary building blocks (=atoms)
of Higgs branches (=molecules)?

The strategy:

In order to find atoms,
try to break into pieces until it is not possible.

(A related but distinct question: classify rank-1 theories)
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Breaking a symplectic singularity into pieces:



15/36

How to obtain this without knowing the stratification a priori?
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Sharp question:

What are the unitary magnetic quivers
whose MC has an isolated singularity?

Using the Fission & Decay algorithm:

What are the stable unitary magnetic quivers ?
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Main Result

Theorem: The full list of stable unitary quivers is given in the table below.

The Theorem combined with the Decay & Fission Conjecture imply the
classification of ICSS which are MC of a unitary quiver.
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Comment on Y(d)

[BBFJLS, 21]
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Comment on Y(d)

[AB, Grimminger, 22]



32/36

New families of ICSS

ICSS Symmetry PL(HWG)

gbn so2n+1 µ2t
2 + (1 + µ2

1 + µ3
1)t

4 + µ3
1t

6 − µ6
1t

12

gdn so2n µ2t
2 + (1 + µ2

1 + µ3
1)t

4 + µ3
1t

6 − µ6
1t

12

gcn u1 ⊕ su2n+1 (1 + µ1µ2n)t
2 + (qµ3

1 + q−1µ3
2n)t

4 − µ3
1µ

3
2nt

8



33/36

Proof (1/2)

Definition. A quiver Q is a triple (V ,A,K ) where V is a finite set, A a function
V × V → Z and K a function V → Z>0, such that

(i) for all x ∈ V , A(x , x) = −2 + 2gx , for some gx ∈ Z≥0. If K (x) = 1, then
A(x , x) = −2.

(ii) for all x ̸= y ∈ V , A(x , y) = 0 if and only if A(y , x) = 0. If they are
non-zero, then both are positive and one is a divisor of the other.

(iii) there exists a function L : V → Z>0 such that for every x , y ∈ V ,
A(x , y)L(y) = A(y , x)L(x).

Definition. A connected quiver Q is good if it is non-empty and one of the
following holds true:

- Its Hilbert Series converges, is non-constant, and has in its series expansion
no coefficient at order t.

- Q is N · A(1)
0 for N ≥ 2 or N · X (r)

n for N ≥ 1.
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Proof (2/2)

Definition. Let Q = (V ,A,K ) be a quiver. A fission product of Q is a
multiset {{Q1, . . . ,Qn}} with n ≥ 0, where Qi = (Vi ,Ai ,Ki ) are quivers such that :

1 for each 1 ≤ i ≤ n, Qi is a good connected subquiver of Q;

2
∑n

i=1 Ki ≤ K , where we define each Ki to vanish on V \Vi

We call L(Q) the set of fission products of Q.

Definition. Let Q be a quiver and {{Q1, . . . ,Qn}}, {{Q ′
1, . . . ,Q

′
m}} two fission

products of Q. We define a partial order on L(Q) by
{{Q1, . . . ,Qn}} ≼ {{Q ′

1, . . . ,Q
′
m}} if there exists a partition {1, . . . , n} =

⊔m
j=1 Ij ,

with the Ij possibly empty, such that for every 1 ≤ j ≤ m, {{Qi : i ∈ Ij}} ∈ L(Q ′
j ).

Conjecture. There exists a 1-to-1 correspondence between the poset of
symplectic leaves of the Coulomb branch of a good 3d N = 4 quiver theory Q
and the poset (L,≽) of decay and fission products of the good quiver Q.

Theorem. Let Q be a good quiver. Then Q admits a decay product isomorphic
to one of the quivers listed above.

Proof. On the board?
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Conclusion

In a nutshell:

- We recover all ICSS from the math and physics literature,

- make new additions,

- and formulate a formal framework

- which enables us to prove a completeness result.

Open questions:

String theory realization of the new slices

Yet other ICSSs from other constructions?

Reasoning à la Robertson-Seymour for more general cases?

How to combine these building blocks to form general molecules?

Proof of the Decay & Fission Conjecture?
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Conclusion

Thank you!
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