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➡ Proposal:   required tameness principle is sharp o-minimality
[TG,Schlechter,van Vliet ’23][TG,van Vliet ’24]

quantitive measure of information:  
integers (F,D), sharp complexity
[Binyamini,Novikov ’22][Binyamini,Novikov,Zak ’23]
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S(D) = �
Z

dDx
⇣

1
2 (@�1)

2 + 1
2 (@�2)

2 + V (�1,�2) + . . .
⌘

such that vacuum locus is hyperbolic spiral 

infinitely long spiral in Euclidean space  
ending on point 

<latexit sha1_base64="pZdhRjYEBQ3ENFrAb6edNVSkNd8=">AAACBHicbVDLSsNAFL3xWesr6rKbYBEqSEmKVJdFNy4r2Ac0MUym03boZBJmJkIJXbjxV9y4UMStH+HOv3GaZqGtBwbOPede7twTxIxKZdvfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHoBkgSRjlpKaoY6caCoDBgpBOMr2d+54EISSN+pyYx8UI05HRAMVJa8s1SxY1H1HfuXUwFPsuK2rw49c2yXbUzWMvEyUkZcjR988vtRzgJCVeYISl7jh0rL0VCUczItOgmksQIj9GQ9DTlKCTSS7MjptaJVvrWIBL6cWVl6u+JFIVSTsJAd4ZIjeSiNxP/83qJGlx6KeVxogjH80WDhFkqsmaJWH0qCFZsognCguq/WniEBMJK51bUITiLJy+Tdq3q1Kv12/Ny4yqPowAlOIYKOHABDbiBJrQAwyM8wyu8GU/Gi/FufMxbV4x85gj+wPj8AWbSl1I=</latexit>

(��
1,�

�
2)

<latexit sha1_base64="Cur96nt+I1/MXufFyhAoxGrScsc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSpLosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1a1X64/X5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDYKZKE</latexit>

V (�1,�2)

➡ Contradiction: if distance conjecture [Ooguri,Vafa] is valid for both the  
theories of                and the effective theory with only

<latexit sha1_base64="cC4L4XgiA3s+LIKcLf0AaAvZD8M=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSpLosunFZwT6gDWEynbZDJ5MwMxFq6Je4caGIWz/FnX/jNM1CWw9c7uGce5k7J4g5U9pxvq219Y3Nre3CTnF3b/+gZB8etVWUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG7nfueRSsUi8aCnMfVCPBJsyAjWRvLtUqUfj5nvXmStdu7bZafqZECrxM1JGXI0ffurP4hIElKhCcdK9Vwn1l6KpWaE01mxnygaYzLBI9ozVOCQKi/NDp+hM6MM0DCSpoRGmfp7I8WhUtMwMJMh1mO17M3F/7xeoofXXspEnGgqyOKhYcKRjtA8BTRgkhLNp4ZgIpm5FZExlphok1XRhOAuf3mVtGtVt16t31+WGzd5HAU4gVOogAtX0IA7aEILCCTwDK/wZj1ZL9a79bEYXbPynWP4A+vzByuokiQ=</latexit>

(�1,�2)
<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�



  Too complex? 
➡ consider effective field theory 

4/18

<latexit sha1_base64="iTR+3gzsqOQQ8d4ZS8Los+lDp0A="></latexit>

S(D) = �
Z

dDx
⇣

1
2 (@�1)

2 + 1
2 (@�2)

2 + V (�1,�2) + . . .
⌘

such that vacuum locus is hyperbolic spiral 

infinitely long spiral in Euclidean space  
ending on point 

<latexit sha1_base64="pZdhRjYEBQ3ENFrAb6edNVSkNd8=">AAACBHicbVDLSsNAFL3xWesr6rKbYBEqSEmKVJdFNy4r2Ac0MUym03boZBJmJkIJXbjxV9y4UMStH+HOv3GaZqGtBwbOPede7twTxIxKZdvfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHoBkgSRjlpKaoY6caCoDBgpBOMr2d+54EISSN+pyYx8UI05HRAMVJa8s1SxY1H1HfuXUwFPsuK2rw49c2yXbUzWMvEyUkZcjR988vtRzgJCVeYISl7jh0rL0VCUczItOgmksQIj9GQ9DTlKCTSS7MjptaJVvrWIBL6cWVl6u+JFIVSTsJAd4ZIjeSiNxP/83qJGlx6KeVxogjH80WDhFkqsmaJWH0qCFZsognCguq/WniEBMJK51bUITiLJy+Tdq3q1Kv12/Ny4yqPowAlOIYKOHABDbiBJrQAwyM8wyu8GU/Gi/FufMxbV4x85gj+wPj8AWbSl1I=</latexit>

(��
1,�

�
2)

<latexit sha1_base64="Cur96nt+I1/MXufFyhAoxGrScsc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSpLosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1a1X64/X5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDYKZKE</latexit>

V (�1,�2)

➡ Interpret this as                     is being too complex                        
<latexit sha1_base64="Cur96nt+I1/MXufFyhAoxGrScsc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSpLosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1a1X64/X5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDYKZKE</latexit>

V (�1,�2)

➡ Contradiction: if distance conjecture [Ooguri,Vafa] is valid for both the  
theories of                and the effective theory with only

<latexit sha1_base64="cC4L4XgiA3s+LIKcLf0AaAvZD8M=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSpLosunFZwT6gDWEynbZDJ5MwMxFq6Je4caGIWz/FnX/jNM1CWw9c7uGce5k7J4g5U9pxvq219Y3Nre3CTnF3b/+gZB8etVWUSEJbJOKR7AZYUc4EbWmmOe3GkuIw4LQTTG7nfueRSsUi8aCnMfVCPBJsyAjWRvLtUqUfj5nvXmStdu7bZafqZECrxM1JGXI0ffurP4hIElKhCcdK9Vwn1l6KpWaE01mxnygaYzLBI9ozVOCQKi/NDp+hM6MM0DCSpoRGmfp7I8WhUtMwMJMh1mO17M3F/7xeoofXXspEnGgqyOKhYcKRjtA8BTRgkhLNp4ZgIpm5FZExlphok1XRhOAuf3mVtGtVt16t31+WGzd5HAU4gVOogAtX0IA7aEILCCTwDK/wZj1ZL9a79bEYXbPynWP4A+vzByuokiQ=</latexit>

(�1,�2)
<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�



  Too complex? 
➡ consider effective field theory:                super Yang-Mills with SU(N) 

5/18

<latexit sha1_base64="2LOum5X6Vhp6/Pl7Cy/+KygEzfY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRFqhuh6MaVVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlt6nemVCoWikc9i6gb4JFgPiNYG8ntB1iPCebJ/fy6NihX7KqdAa0SJycVyNEclL/6w5DEARWacKxUz7Ej7SZYakY4nZf6saIRJhM8oj1DBQ6ocpMs9BydGWWI/FCaJzTK1N8bCQ6UmgWemUxDqmUvFf/zerH2r9yEiSjWVJDFIT/mSIcobQANmaRE85khmEhmsiIyxhITbXoqmRKc5S+vknat6tSr9YeLSuMmr6MIJ3AK5+DAJTTgDprQAgJP8Ayv8GZNrRfr3fpYjBasfOcY/sD6/AGDE5Hy</latexit>

N = 2
<latexit sha1_base64="ivvEETb5L8LMikUTnk4jVF3ok/Q="></latexit>

S(D) = �
Z

d4x
1

g2

⇣
Tr(D�)†(D�) + Tr(F )2 +Tr[�†,�]2 + . . .

⌘



  Too complex? 
➡ consider effective field theory:                super Yang-Mills with SU(N) 

5/18

➡ Contradiction:  expect that QFT cannot be coupled to QG for                        
<latexit sha1_base64="QULw+WIA6NzfQlxeZ2Cx1zdIHYE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqZ6k6MVTqWA/oF1KNs22oUl2TbLFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMvCDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+a0xVZpF8t5MYuoLPJAsZAQbK/m1q1ov7SqBBH6c9oolt+zOgf4SLyMlyFDvFT+7/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+9BSdWKWPwkjZkgbN1Z8TKRZaT0RgOwU2Q73szcT/vE5iwks/ZTJODJVksShMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzKtgQvOWX/5LmWdmrlCt356XqdRZHHo7gGE7Bgwuowi3UoQEEHuAJXuDVGTvPzpvzvmjNOdnMIfyC8/ENWM2R2Q==</latexit>

N > Nmax

many works starting with [Vafa ‘05]

<latexit sha1_base64="2LOum5X6Vhp6/Pl7Cy/+KygEzfY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRFqhuh6MaVVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlt6nemVCoWikc9i6gb4JFgPiNYG8ntB1iPCebJ/fy6NihX7KqdAa0SJycVyNEclL/6w5DEARWacKxUz7Ej7SZYakY4nZf6saIRJhM8oj1DBQ6ocpMs9BydGWWI/FCaJzTK1N8bCQ6UmgWemUxDqmUvFf/zerH2r9yEiSjWVJDFIT/mSIcobQANmaRE85khmEhmsiIyxhITbXoqmRKc5S+vknat6tSr9YeLSuMmr6MIJ3AK5+DAJTTgDprQAgJP8Ayv8GZNrRfr3fpYjBasfOcY/sD6/AGDE5Hy</latexit>

N = 2
<latexit sha1_base64="ivvEETb5L8LMikUTnk4jVF3ok/Q="></latexit>

S(D) = �
Z

d4x
1

g2

⇣
Tr(D�)†(D�) + Tr(F )2 +Tr[�†,�]2 + . . .

⌘



  Too complex? 
➡ consider effective field theory:                super Yang-Mills with SU(N) 

5/18

➡ Contradiction:  expect that QFT cannot be coupled to QG for                        
<latexit sha1_base64="QULw+WIA6NzfQlxeZ2Cx1zdIHYE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqZ6k6MVTqWA/oF1KNs22oUl2TbLFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMvCDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+a0xVZpF8t5MYuoLPJAsZAQbK/m1q1ov7SqBBH6c9oolt+zOgf4SLyMlyFDvFT+7/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+9BSdWKWPwkjZkgbN1Z8TKRZaT0RgOwU2Q73szcT/vE5iwks/ZTJODJVksShMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzKtgQvOWX/5LmWdmrlCt356XqdRZHHo7gGE7Bgwuowi3UoQEEHuAJXuDVGTvPzpvzvmjNOdnMIfyC8/ENWM2R2Q==</latexit>

N > Nmax

many works starting with [Vafa ‘05]

<latexit sha1_base64="2LOum5X6Vhp6/Pl7Cy/+KygEzfY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRFqhuh6MaVVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlt6nemVCoWikc9i6gb4JFgPiNYG8ntB1iPCebJ/fy6NihX7KqdAa0SJycVyNEclL/6w5DEARWacKxUz7Ej7SZYakY4nZf6saIRJhM8oj1DBQ6ocpMs9BydGWWI/FCaJzTK1N8bCQ6UmgWemUxDqmUvFf/zerH2r9yEiSjWVJDFIT/mSIcobQANmaRE85khmEhmsiIyxhITbXoqmRKc5S+vknat6tSr9YeLSuMmr6MIJ3AK5+DAJTTgDprQAgJP8Ayv8GZNrRfr3fpYjBasfOcY/sD6/AGDE5Hy</latexit>

N = 2
<latexit sha1_base64="ivvEETb5L8LMikUTnk4jVF3ok/Q="></latexit>

S(D) = �
Z

d4x
1

g2

⇣
Tr(D�)†(D�) + Tr(F )2 +Tr[�†,�]2 + . . .

⌘

→  too complex = many fields? 



  Too complex? 
➡ consider effective field theory:                super Yang-Mills with SU(N) 

5/18

➡ Contradiction:  expect that QFT cannot be coupled to QG for                        
<latexit sha1_base64="QULw+WIA6NzfQlxeZ2Cx1zdIHYE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqZ6k6MVTqWA/oF1KNs22oUl2TbLFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMvCDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+a0xVZpF8t5MYuoLPJAsZAQbK/m1q1ov7SqBBH6c9oolt+zOgf4SLyMlyFDvFT+7/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+9BSdWKWPwkjZkgbN1Z8TKRZaT0RgOwU2Q73szcT/vE5iwks/ZTJODJVksShMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzKtgQvOWX/5LmWdmrlCt356XqdRZHHo7gGE7Bgwuowi3UoQEEHuAJXuDVGTvPzpvzvmjNOdnMIfyC8/ENWM2R2Q==</latexit>

N > Nmax

many works starting with [Vafa ‘05]

<latexit sha1_base64="2LOum5X6Vhp6/Pl7Cy/+KygEzfY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRFqhuh6MaVVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlt6nemVCoWikc9i6gb4JFgPiNYG8ntB1iPCebJ/fy6NihX7KqdAa0SJycVyNEclL/6w5DEARWacKxUz7Ej7SZYakY4nZf6saIRJhM8oj1DBQ6ocpMs9BydGWWI/FCaJzTK1N8bCQ6UmgWemUxDqmUvFf/zerH2r9yEiSjWVJDFIT/mSIcobQANmaRE85khmEhmsiIyxhITbXoqmRKc5S+vknat6tSr9YeLSuMmr6MIJ3AK5+DAJTTgDprQAgJP8Ayv8GZNrRfr3fpYjBasfOcY/sD6/AGDE5Hy</latexit>

N = 2
<latexit sha1_base64="ivvEETb5L8LMikUTnk4jVF3ok/Q="></latexit>

S(D) = �
Z

d4x
1

g2

⇣
Tr(D�)†(D�) + Tr(F )2 +Tr[�†,�]2 + . . .

⌘

→  too complex = many fields? 

➡ Coulomb branch of theory with  
<latexit sha1_base64="5kRXRH3/iXME/JCtQccxjG5TT64=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglASkepFKHrxVCrYD2hD2Gy37dLdJOxuxBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzLwg5kxpx/m2ciura+sb+c3C1vbObtHe22+qKJGENkjEI9kOsKKchbShmea0HUuKRcBpKxjdTP3WA5WKReG9HsfUE3gQsj4jWBvJt4u1q5qfdqVAAj9OTl3fLjllZwa0TNyMlCBD3be/ur2IJIKGmnCsVMd1Yu2lWGpGOJ0UuomiMSYjPKAdQ0MsqPLS2eETdGyUHupH0lSo0Uz9PZFiodRYBKZTYD1Ui95U/M/rJLp/6aUsjBNNQzJf1E840hGapoB6TFKi+dgQTCQztyIyxBITbbIqmBDcxZeXSfOs7FbKlbvzUvU6iyMPh3AEJ+DCBVThFurQAAIJPMMrvFlP1ov1bn3MW3NWNnMAf2B9/gCuOZJ5</latexit>

N = Nmax + 1
→  integrate out fields (much fewer remaining massless fields)



  Too complex? 
➡ consider effective field theory:                super Yang-Mills with SU(N) 

5/18

➡ Contradiction:  expect that QFT cannot be coupled to QG for                        
<latexit sha1_base64="QULw+WIA6NzfQlxeZ2Cx1zdIHYE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqZ6k6MVTqWA/oF1KNs22oUl2TbLFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMvCDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+a0xVZpF8t5MYuoLPJAsZAQbK/m1q1ov7SqBBH6c9oolt+zOgf4SLyMlyFDvFT+7/YgkgkpDONa647mx8VOsDCOcTgvdRNMYkxEe0I6lEguq/XR+9BSdWKWPwkjZkgbN1Z8TKRZaT0RgOwU2Q73szcT/vE5iwks/ZTJODJVksShMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzKtgQvOWX/5LmWdmrlCt356XqdRZHHo7gGE7Bgwuowi3UoQEEHuAJXuDVGTvPzpvzvmjNOdnMIfyC8/ENWM2R2Q==</latexit>

N > Nmax

many works starting with [Vafa ‘05]
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The quantum corrections were analyzed in [22]. The tree level and one loop contributions

add up to

Fone loop = i
1

2ω
A2 ln

A2

Λ2
(2.15)

where Λ is the dynamically generated scale. This logarithm is related to the one loop beta

function and also ensures the anomalous transformation laws under U(1)R. Higher order

perturbative corrections are absent. Instantons lead to new terms. The anomaly and the

instanton action suggest that

F = i
1
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+
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A
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where the k’th term arises as a contribution of k instantons. A detailed calculation of

the k = 1 term [22] indicates that F1 →= 0. We will soon see that infinitely many Fk are

nonzero.

Corrections to the classical formula (2.14) are related to the beta function, and for

N = 4 supersymmetric Yang-Mills theory, whose beta function vanishes, the formula (2.14)

is exact.

3. Duality

We have noted above that locally, by virtue of N = 2 supersymmetry, the metric on

the moduli space is of the form

(ds)2 = Im τ(a) da da, (3.1)

with τ(a) the holomorphic function τ = ∂2F/∂a2. The one loop formula (2.15) shows that

for large |a|, τ(a) ≈ i
(
ln(a2/Λ2) + 3

)
/ω is a multivalued function whose imaginary part

is single-valued and positive. However, if Im τ(a) is globally defined it cannot be positive

definite as the harmonic function Im τ cannot have a minimum. This indicates that the

above description of the metric must be valid only locally.

To what extent is it possible to change variables from a to some other local parameter,

while leaving the metric in the form (3.1)? The answer to this question is at the heart of

the physics. We define aD = ∂F/∂a. The metric can then be written

(ds)2 = Im daD da = −
i

2
(daDda − dadaD) . (3.2)
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➡ Contradiction: volume growth conjecture [Delgado,Heisteeg,Raman,Torres,Vafa,Xu ‘24]: 
geodesic balls in moduli space grow maximally like Euclidean space

‣ upper half plane with hyperbolic metric

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="x2FufEx2BX80H4Yh2GDYU1N/sV4=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiAIQpgRiV6EoBePEcwCyRh6Oj1Jk56F7hp1GPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1vFgKjbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veD32mw9caRGFd5jG3A1oPxS+YBSNdN9BmpBL8kROiCBpt1iyy/YEZJE4M1KCGWrd4lenF7Ek4CEySbVuO3aMbkYVCib5qNBJNI8pG9I+bxsa0oBrN5tcPSJHRukRP1KmQiQT9fdERgOt08AznQHFgZ73xuJ/XjtB/8LNRBgnyEM2XeQnkmBExhGQnlCcoUwNoUwJcythA6ooQxNUwYTgzL+8SBqnZadSrtyelapXszjycACHcAwOnEMVbqAGdWCg4Ble4c16tF6sd+tj2pqzZjP78AfW5w9M4pEZ</latexit>

⌧ = x+ iy
<latexit sha1_base64="WZ+DoOpKSWD+fGSnrB+8JIY4CR0="></latexit>

ds2
H
=

d⌧d⌧̄

(Im⌧)2



  Too complex? 
➡ Geometry of moduli spaces 

6/18

➡ Contradiction: volume growth conjecture [Delgado,Heisteeg,Raman,Torres,Vafa,Xu ‘24]: 
geodesic balls in moduli space grow maximally like Euclidean space

‣ upper half plane with hyperbolic metric

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="x2FufEx2BX80H4Yh2GDYU1N/sV4=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiAIQpgRiV6EoBePEcwCyRh6Oj1Jk56F7hp1GPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1vFgKjbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veD32mw9caRGFd5jG3A1oPxS+YBSNdN9BmpBL8kROiCBpt1iyy/YEZJE4M1KCGWrd4lenF7Ek4CEySbVuO3aMbkYVCib5qNBJNI8pG9I+bxsa0oBrN5tcPSJHRukRP1KmQiQT9fdERgOt08AznQHFgZ73xuJ/XjtB/8LNRBgnyEM2XeQnkmBExhGQnlCcoUwNoUwJcythA6ooQxNUwYTgzL+8SBqnZadSrtyelapXszjycACHcAwOnEMVbqAGdWCg4Ble4c16tF6sd+tj2pqzZjP78AfW5w9M4pEZ</latexit>

⌧ = x+ iy
<latexit sha1_base64="WZ+DoOpKSWD+fGSnrB+8JIY4CR0="></latexit>

ds2
H
=

d⌧d⌧̄

(Im⌧)2

Moduli space        with metric:  
<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
<latexit sha1_base64="Wgazr/yq69ic8ZXQBEgTpyxu9+Y=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBKR6rGoB48V7Ac0oWy2m3bpZhN2J0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcYX0/9zgNTmsfyHrKE+REZSh5ySsBIfbty4yk+HAFRKn7EHpchZH276tScGfAycQtSRQWaffvLG8Q0jZgEKojWPddJwM+JAk4Fm5S9VLOE0DEZsp6hkkRM+/ns+Ak+McoAh7EyJQHP1N8TOYm0zqLAdEYERnrRm4r/eb0Uwks/5zJJgUk6XxSmAkOMp0ngAVeMgsgMIVRxcyumI6IIBZNX2YTgLr68TNpnNbdeq9+dVxtXRRwldISO0Sly0QVqoFvURC1EUYae0St6s56sF+vd+pi3rljFTAX9gfX5A/19lQM=</latexit>

D ! 1

<latexit sha1_base64="ENd//GbtbgVwfshxBpLyHjNhzKU="></latexit>

MD :=
�
x 2 M : dist(x, x0)  D

 

<latexit sha1_base64="1ABCPrCCNU3TK10j1IdJVYI/pxA=">AAACKnicbVDLSgNBEJz1bXxFPXoZDIIihF2R6MGDr4MXQcFEIRvD7KSjg7Mzy0xvMCz7PV78FS8eFPHqhzh5HIxa0FBUddPdFSVSWPT9D29sfGJyanpmtjA3v7C4VFxeqVmdGg5VrqU2NxGzIIWCKgqUcJMYYHEk4Tp6OOn51x0wVmh1hd0EGjG7U6ItOEMnNYtHIcIjZh0t880wZnjPmczO8+bpFj2gp7fZwG6JeMTeotshJFZIrfJmseSX/T7oXxIMSYkMcdEsvoYtzdMYFHLJrK0HfoKNjBkUXEJeCFMLCeMP7A7qjioWg21k/VdzuuGUFm1r40oh7as/JzIWW9uNI9fZO9f+9nrif149xfZ+IxMqSREUHyxqp5Kipr3caEsY4Ci7jjBuhLuV8ntmGEeXbsGFEPx++S+p7ZSDSrlyuVs6PB7GMUPWyDrZJAHZI4fkjFyQKuHkibyQN/LuPXuv3of3OWgd84Yzq2QE3tc3g0yn7w==</latexit>

vol(MD) < Ddim(M)+✏

→ talk of Damain van de Heisteeg



  Too complex? 
➡ Geometry of moduli spaces 

6/18

➡ Contradiction: volume growth conjecture [Delgado,Heisteeg,Raman,Torres,Vafa,Xu ‘24]: 
geodesic balls in moduli space grow maximally like Euclidean space

‣ upper half plane with hyperbolic metric

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="x2FufEx2BX80H4Yh2GDYU1N/sV4=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiAIQpgRiV6EoBePEcwCyRh6Oj1Jk56F7hp1GPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1vFgKjbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veD32mw9caRGFd5jG3A1oPxS+YBSNdN9BmpBL8kROiCBpt1iyy/YEZJE4M1KCGWrd4lenF7Ek4CEySbVuO3aMbkYVCib5qNBJNI8pG9I+bxsa0oBrN5tcPSJHRukRP1KmQiQT9fdERgOt08AznQHFgZ73xuJ/XjtB/8LNRBgnyEM2XeQnkmBExhGQnlCcoUwNoUwJcythA6ooQxNUwYTgzL+8SBqnZadSrtyelapXszjycACHcAwOnEMVbqAGdWCg4Ble4c16tF6sd+tj2pqzZjP78AfW5w9M4pEZ</latexit>

⌧ = x+ iy
<latexit sha1_base64="WZ+DoOpKSWD+fGSnrB+8JIY4CR0="></latexit>

ds2
H
=

d⌧d⌧̄

(Im⌧)2

➡ Interpret this as the statement that        with          is too complex                       
<latexit sha1_base64="04mhc5gXMBolIZAg5oh575rP55g=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvXDERJAIG9ItBRq63U371oRs+BdePGiMV/+NN/+NXdiDgpM0mcy8l86bIJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEa6E1DDpVC8hQIl78Sa0zCQ/CGY3Gb+wxPXRkTqHqcx90M6UmIoGEUrPfZCiuMgSBuzfrniVt05yCrxclKBHM1++as3iFgScoVMUmO6nhujn1KNgkk+K/USw2PKJnTEu5YqGnLjp/PEM3JmlQEZRto+hWSu/t5IaWjMNAzsZJbQLHuZ+J/XTXB47adCxQlyxRYfDRNJMCLZ+WQgNGcop5ZQpoXNStiYasrQllSyJXjLJ6+S9kXVq1Vrd5eV+k1eRxFO4BTOwYMrqEMDmtACBgqe4RXeHOO8OO/Ox2K04OQ7x/AHzucPsb+Q8w==</latexit>

H
<latexit sha1_base64="EANg1eFIQePEn/mVL9njLZVgQC0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KkmR6rLopssK9gFtDJPJpB06eTAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+Z4CWdSWda3sba+sbm1Xdop7+7tHxyalaOujFNBaIfEPBZ9D0vKWUQ7iilO+4mgOPQ47XmTm9zvPVAhWRzdqWlCnRCPIhYwgpWWXLPiy/u6mw1DrMael7VmM9esWjVrDrRK7IJUoUDbNb+GfkzSkEaKcCzlwLYS5WRYKEY4nZWHqaQJJhM8ogNNIxxS6WTz6DN0phUfBbHQL1Jorv7eyHAo5TT09GQeUS57ufifN0hVcOVkLEpSRSOyOBSkHKkY5T0gnwlKFJ9qgolgOisiYywwUbqtsi7BXv7yKunWa3aj1ri9qDavizpKcAKncA42XEITWtCGDhB4hGd4hTfjyXgx3o2PxeiaUewcwx8Ynz93WpQo</latexit>

ds2
H

Moduli space        with metric:  
<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
<latexit sha1_base64="Wgazr/yq69ic8ZXQBEgTpyxu9+Y=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBKR6rGoB48V7Ac0oWy2m3bpZhN2J0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcYX0/9zgNTmsfyHrKE+REZSh5ySsBIfbty4yk+HAFRKn7EHpchZH276tScGfAycQtSRQWaffvLG8Q0jZgEKojWPddJwM+JAk4Fm5S9VLOE0DEZsp6hkkRM+/ns+Ak+McoAh7EyJQHP1N8TOYm0zqLAdEYERnrRm4r/eb0Uwks/5zJJgUk6XxSmAkOMp0ngAVeMgsgMIVRxcyumI6IIBZNX2YTgLr68TNpnNbdeq9+dVxtXRRwldISO0Sly0QVqoFvURC1EUYae0St6s56sF+vd+pi3rljFTAX9gfX5A/19lQM=</latexit>

D ! 1

<latexit sha1_base64="ENd//GbtbgVwfshxBpLyHjNhzKU="></latexit>

MD :=
�
x 2 M : dist(x, x0)  D

 

<latexit sha1_base64="1ABCPrCCNU3TK10j1IdJVYI/pxA=">AAACKnicbVDLSgNBEJz1bXxFPXoZDIIihF2R6MGDr4MXQcFEIRvD7KSjg7Mzy0xvMCz7PV78FS8eFPHqhzh5HIxa0FBUddPdFSVSWPT9D29sfGJyanpmtjA3v7C4VFxeqVmdGg5VrqU2NxGzIIWCKgqUcJMYYHEk4Tp6OOn51x0wVmh1hd0EGjG7U6ItOEMnNYtHIcIjZh0t880wZnjPmczO8+bpFj2gp7fZwG6JeMTeotshJFZIrfJmseSX/T7oXxIMSYkMcdEsvoYtzdMYFHLJrK0HfoKNjBkUXEJeCFMLCeMP7A7qjioWg21k/VdzuuGUFm1r40oh7as/JzIWW9uNI9fZO9f+9nrif149xfZ+IxMqSREUHyxqp5Kipr3caEsY4Ci7jjBuhLuV8ntmGEeXbsGFEPx++S+p7ZSDSrlyuVs6PB7GMUPWyDrZJAHZI4fkjFyQKuHkibyQN/LuPXuv3of3OWgd84Yzq2QE3tc3g0yn7w==</latexit>

vol(MD) < Ddim(M)+✏

→ talk of Damain van de Heisteeg



  Should we find this puzzling?  
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<latexit sha1_base64="X2wylNp3JTYwCSV0U3saR4S+su0="></latexit>

F ={|⌧ | � 1,� 1
2  Re⌧  0}[

{|⌧ | > 1, 0 < Re⌧ < 1
2}

<latexit sha1_base64="L7Hizm/YnNN1sXmHliapk6eGy5c=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJS3ShFN3VXwT6gCWUynbRDJw9mbsQSsnbjr7hxoYhbv8Cdf+Ok7UJbD1w4nHMv997jxYIrsKxvY2FxaXlltbBWXN/Y3No2d3abKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nD69xv3TOpeBTewShmbkD6Ifc5JaClrnngBAQGnpfWMnyBndQB9gDpTZA5QBJ8aTlZ1yxZZWsMPE/sKSmhKepd88vpRTQJWAhUEKU6thWDmxIJnAqWFZ1EsZjQIemzjqYhCZhy0/ErGT7SSg/7kdQVAh6rvydSEig1CjzdmR+uZr1c/M/rJOCfuykP4wRYSCeL/ERgiHCeC+5xySiIkSaESq5vxXRAJKGg0yvqEOzZl+dJ86RsV8qV29NS9WoaRwHto0N0jGx0hqqohuqogSh6RM/oFb0ZT8aL8W58TFoXjOnMHvoD4/MHnfCaOg==</latexit>

H = {Im⌧ > 0}

<latexit sha1_base64="AQVar/7/Zs4GCLkHDZvAAmK8XDg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKVJdFt24rGgf2IQymU7aoZMHMzdiCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywtr6yuFddLG5tb2zv67l5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8lfmdByokC4M7mETU8fEwYB4jGJTU1w9soI+Q3PK0Uju1fQwj103u05O+Xjar5hTGIrFyUkY5mn39yx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKeogH2qXSS6QOpcayUgeGFQlUAxlT9PZFgX8qJ76rO7EQ572Xif14vBu/CSVgQxUADMlvkxdyA0MjSMAZMUAJ8oggmgqlbDTLCAhNQmZVUCNb8y4ukXata9Wr95qzcuMzjKKJDdIQqyELnqIGuURO1EEEpekav6E170l60d+1j1lrQ8pl99Afa5w9TV5Y/</latexit>

Sl(2,Z)swampy upper half plane fundamental domain of 



  Should we find this puzzling?  
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<latexit sha1_base64="X2wylNp3JTYwCSV0U3saR4S+su0="></latexit>

F ={|⌧ | � 1,� 1
2  Re⌧  0}[

{|⌧ | > 1, 0 < Re⌧ < 1
2}

<latexit sha1_base64="L7Hizm/YnNN1sXmHliapk6eGy5c=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJS3ShFN3VXwT6gCWUynbRDJw9mbsQSsnbjr7hxoYhbv8Cdf+Ok7UJbD1w4nHMv997jxYIrsKxvY2FxaXlltbBWXN/Y3No2d3abKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nD69xv3TOpeBTewShmbkD6Ifc5JaClrnngBAQGnpfWMnyBndQB9gDpTZA5QBJ8aTlZ1yxZZWsMPE/sKSmhKepd88vpRTQJWAhUEKU6thWDmxIJnAqWFZ1EsZjQIemzjqYhCZhy0/ErGT7SSg/7kdQVAh6rvydSEig1CjzdmR+uZr1c/M/rJOCfuykP4wRYSCeL/ERgiHCeC+5xySiIkSaESq5vxXRAJKGg0yvqEOzZl+dJ86RsV8qV29NS9WoaRwHto0N0jGx0hqqohuqogSh6RM/oFb0ZT8aL8W58TFoXjOnMHvoD4/MHnfCaOg==</latexit>

H = {Im⌧ > 0}

‣ exponentially growing volume

‣ dense set of infinite distance 
points on the real line + infinite 
distance point at  

<latexit sha1_base64="2Bzpr6PRKiM1JDPiWf1tXtYtEN4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseiF71VsB/QlLLZbtqlm03Ynagh9OrFv+LFgyJe/Qfe/Ddu2xy09cHA470ZZub5seAaHOfbKiwtr6yuFddLG5tb2zv27l5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6nPitO6Y0j+QtpDHrhmQgecApASP1bOwBe4DsOhx7QBLsKT4YAlEquscelwGkPbvsVJwp8CJxc1JGOeo9+8vrRzQJmQQqiNYd14mhmxEFnAo2LnmJZjGhIzJgHUMlCZnuZtNPxvjIKH0cRMqUBDxVf09kJNQ6DX3TGRIY6nlvIv7ndRIIzrsZl3ECTNLZoiARGCI8iQX3uWIURGoIoYqbWzEdEkUomPBKJgR3/uVF0jypuNVK9ea0XLvI4yiiA3SIjpGLzlANXaE6aiCKHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AHY/mtY=</latexit>

Im⌧ ! 1

<latexit sha1_base64="AQVar/7/Zs4GCLkHDZvAAmK8XDg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKVJdFt24rGgf2IQymU7aoZMHMzdiCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywtr6yuFddLG5tb2zv67l5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8lfmdByokC4M7mETU8fEwYB4jGJTU1w9soI+Q3PK0Uju1fQwj103u05O+Xjar5hTGIrFyUkY5mn39yx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKeogH2qXSS6QOpcayUgeGFQlUAxlT9PZFgX8qJ76rO7EQ572Xif14vBu/CSVgQxUADMlvkxdyA0MjSMAZMUAJ8oggmgqlbDTLCAhNQmZVUCNb8y4ukXata9Wr95qzcuMzjKKJDdIQqyELnqIGuURO1EEEpekav6E170l60d+1j1lrQ8pl99Afa5w9TV5Y/</latexit>

Sl(2,Z)swampy upper half plane fundamental domain of 
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<latexit sha1_base64="X2wylNp3JTYwCSV0U3saR4S+su0="></latexit>

F ={|⌧ | � 1,� 1
2  Re⌧  0}[

{|⌧ | > 1, 0 < Re⌧ < 1
2}

‣ finite volume

<latexit sha1_base64="L7Hizm/YnNN1sXmHliapk6eGy5c=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJS3ShFN3VXwT6gCWUynbRDJw9mbsQSsnbjr7hxoYhbv8Cdf+Ok7UJbD1w4nHMv997jxYIrsKxvY2FxaXlltbBWXN/Y3No2d3abKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nD69xv3TOpeBTewShmbkD6Ifc5JaClrnngBAQGnpfWMnyBndQB9gDpTZA5QBJ8aTlZ1yxZZWsMPE/sKSmhKepd88vpRTQJWAhUEKU6thWDmxIJnAqWFZ1EsZjQIemzjqYhCZhy0/ErGT7SSg/7kdQVAh6rvydSEig1CjzdmR+uZr1c/M/rJOCfuykP4wRYSCeL/ERgiHCeC+5xySiIkSaESq5vxXRAJKGg0yvqEOzZl+dJ86RsV8qV29NS9WoaRwHto0N0jGx0hqqohuqogSh6RM/oFb0ZT8aL8W58TFoXjOnMHvoD4/MHnfCaOg==</latexit>

H = {Im⌧ > 0}

‣ exponentially growing volume

‣ dense set of infinite distance 
points on the real line + infinite 
distance point at  

<latexit sha1_base64="2Bzpr6PRKiM1JDPiWf1tXtYtEN4=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseiF71VsB/QlLLZbtqlm03Ynagh9OrFv+LFgyJe/Qfe/Ddu2xy09cHA470ZZub5seAaHOfbKiwtr6yuFddLG5tb2zv27l5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6nPitO6Y0j+QtpDHrhmQgecApASP1bOwBe4DsOhx7QBLsKT4YAlEquscelwGkPbvsVJwp8CJxc1JGOeo9+8vrRzQJmQQqiNYd14mhmxEFnAo2LnmJZjGhIzJgHUMlCZnuZtNPxvjIKH0cRMqUBDxVf09kJNQ6DX3TGRIY6nlvIv7ndRIIzrsZl3ECTNLZoiARGCI8iQX3uWIURGoIoYqbWzEdEkUomPBKJgR3/uVF0jypuNVK9ea0XLvI4yiiA3SIjpGLzlANXaE6aiCKHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AHY/mtY=</latexit>

Im⌧ ! 1

<latexit sha1_base64="AQVar/7/Zs4GCLkHDZvAAmK8XDg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKVJdFt24rGgf2IQymU7aoZMHMzdiCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfe4EWcSTPNbKywtr6yuFddLG5tb2zv67l5bhrEgtEVCHoquiyXlLKAtYMBpNxIU+y6nHXd8lfmdByokC4M7mETU8fEwYB4jGJTU1w9soI+Q3PK0Uju1fQwj103u05O+Xjar5hTGIrFyUkY5mn39yx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKeogH2qXSS6QOpcayUgeGFQlUAxlT9PZFgX8qJ76rO7EQ572Xif14vBu/CSVgQxUADMlvkxdyA0MjSMAZMUAJ8oggmgqlbDTLCAhNQmZVUCNb8y4ukXata9Wr95qzcuMzjKKJDdIQqyELnqIGuURO1EEEpekav6E170l60d+1j1lrQ8pl99Afa5w9TV5Y/</latexit>
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all, it is immediate to evaluate c(3, 2) = 2ω. Determining
the Gabrielov number is generally more tricky, but in this
simple case one can easily deduce it from figure 1, from
which it is clear that the maximum number of connected
components of the intersection between the image of the
fundamental domain a straight line in R

3 is bounded by
2. Therefore, the theorem predicts a polynomial bound
on the scaling of the volume

Vol2(Femb
SL(2,Z) →B3(r)) ↑ 4ωr2 . (9)

It is important to note that the fundamental domain
is a subset of H that does not implement the identifica-
tion between points of the boundary given by the action
of SL(2,Z). One may then wonder if a tame isometric
embedding of the actual moduli space H/SL(2,Z) also
exists. Though the explicit construction is much more
involved in practice, there are several important results
that point towards an a!rmative answer.

First, we recall that the quotient H/SL(2,Z) is topo-
logically a punctured Riemann sphere P1\{↓}. The map
from FSL(2,Z) to P

1\{↓} that identifies the points on
the boundary of the fundamental domain through the
SL(2,Z)-action is given by the Hauptmodule of the dual-
ity group. This map consists of an algebraic combination
of powers of the j-invariant function. The j-invariant
function is tame over FSL(2,Z) [26], where it is in fact
injective (note that tameness is lost when its domain is
extended to the full hyperbolic plane due to the exis-
tence of infinite preimages for each point in P

1\{↓}).
Consequently, the Hauptmodule map from FSL(2,Z) to
H/SL(2,Z) will also be tame.

Second, it is possible to check that the hyperbolic
metric of the upper half-plane is mapped to the Weil-
Petersson metric of the modular curve H/SL(2,Z) un-
der the action of the Hauptmodule. One then removes
two additional singular points, namely the elliptic points
ε = ↔1/2 +

↗
3/2i and ε = i [27], and works on

P
1\{0, 1,↓}. The metric on this space is derived from

a Kähler potential that can be expanded as a function
of the complex structure modulus in terms of the two
independent periods of the modular curve

Kcs = ↔ log
[
i(”0(z)”0(z̄)↔”

0
(z̄)”0(z))

]
. (10)

A recent result from o-minimality proves the tameness
of the periods [28], which means that the Weil-Petersson
metric obtained from gzz̄ = ϑzϑz̄Kcs will also be tame.

The discussion above recontextualizes the role of the
duality group and the importance of quotienting the
moduli space by its action. The identification of points
in the same orbit keeps the j-function and the period
map in a domain where they are tame. In the particu-
lar case of the hyperbolic plane, as in many others, this
requirement results in a moduli space of finite volume.

Having established the tame nature of H/SL(2,Z) and
its metric, the only potential obstruction to the existence
of a tame isometric embedding into Euclidean space are
the three special limit points of the fundamental domain

FSL(2,Z). One of them (ε ↘ i↓) gives rise to the cusp
of the punctured sphere, while the two others correspond
to elliptic points previously mentioned. Out of the three,
the most problematic is the cusp, which is the only one
that describes a point at infinite distance. The tame em-
beddability of this geometric feature into Euclidean space
is shown using the notion of Siegel sets in appendix B.
Consequently, we expect H/SL(2,Z) to admit an isomet-
ric tame embedding and therefore obey similar bounds
to (9).
What is then the di#erence between the spaces H and

H/SL(2,Z) with regards to the isometric embedding?
The hyperbolic plane is simply too large to be embed-
ded in Euclidean space without folding it infinitely many
times. In this sense, the negative curvature, which con-
trols the folding, presents an obstruction to the tame em-
bedding. The length of any bounded horizontal segment
x ≃ (↔c, c) diverges when it approaches y = 0 and such
growth cannot be accounted for by any tame embedding.
This untamable behavior appears when approaching re-
gions at infinite distance in moduli space. In [29], the ob-
struction is more rigorously formalized and extended to a
certain class of simply connected Riemannian manifolds
with negative curvature. The moduli space H/SL(2,Z)
is not simply connected, so it evades the premise of the
theorem. Moreover, it only has one limit point at infi-
nite distance and so the issue regarding the divergence
of segments does not arise. More generally, we expect
any duality group acting over H whose fundamental do-
main has a finite number of infinite distance points to be
tamely embeddable. This will include Fuchsian groups
of the first kind, such as the congruence subgroups of
SL(2,Z) [16, 30].
In the following section we will show that this picture

is very general and can be easily pushed back to pro-
vide a bound on the scaling of the volume of the original
manifold with respect to the geodesic distance. We will
also explore how the coe!cient in front of the polynomial
growth can be related to the complexity of the manifold
and its embedding.

IV. GENERAL PICTURE

A. Volume Growth

Now that we have understood the importance of the
embedding and the subtle but crucial distinction between
a tame manifold and a tame embedding into Euclidean
space, let us present the general result that relates this
framework to the compactifiability conjecture.
We start by introducing some notation. We denote

by M the candidate moduli space under consideration
(either the complete space, its fundamental domain un-
der some duality group or the quotient space under said
duality) and by g the metric in that space. Let ϖ be
the isometrical embedding of the moduli space into an
N↔dimensional Euclidean space, that is ϖ : M ↘ R

N

hyperbolic metric becomes:

period integrals of elliptic curve
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all, it is immediate to evaluate c(3, 2) = 2ω. Determining
the Gabrielov number is generally more tricky, but in this
simple case one can easily deduce it from figure 1, from
which it is clear that the maximum number of connected
components of the intersection between the image of the
fundamental domain a straight line in R

3 is bounded by
2. Therefore, the theorem predicts a polynomial bound
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It is important to note that the fundamental domain
is a subset of H that does not implement the identifica-
tion between points of the boundary given by the action
of SL(2,Z). One may then wonder if a tame isometric
embedding of the actual moduli space H/SL(2,Z) also
exists. Though the explicit construction is much more
involved in practice, there are several important results
that point towards an a!rmative answer.

First, we recall that the quotient H/SL(2,Z) is topo-
logically a punctured Riemann sphere P1\{↓}. The map
from FSL(2,Z) to P

1\{↓} that identifies the points on
the boundary of the fundamental domain through the
SL(2,Z)-action is given by the Hauptmodule of the dual-
ity group. This map consists of an algebraic combination
of powers of the j-invariant function. The j-invariant
function is tame over FSL(2,Z) [26], where it is in fact
injective (note that tameness is lost when its domain is
extended to the full hyperbolic plane due to the exis-
tence of infinite preimages for each point in P

1\{↓}).
Consequently, the Hauptmodule map from FSL(2,Z) to
H/SL(2,Z) will also be tame.

Second, it is possible to check that the hyperbolic
metric of the upper half-plane is mapped to the Weil-
Petersson metric of the modular curve H/SL(2,Z) un-
der the action of the Hauptmodule. One then removes
two additional singular points, namely the elliptic points
ε = ↔1/2 +

↗
3/2i and ε = i [27], and works on

P
1\{0, 1,↓}. The metric on this space is derived from

a Kähler potential that can be expanded as a function
of the complex structure modulus in terms of the two
independent periods of the modular curve

Kcs = ↔ log
[
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A recent result from o-minimality proves the tameness
of the periods [28], which means that the Weil-Petersson
metric obtained from gzz̄ = ϑzϑz̄Kcs will also be tame.

The discussion above recontextualizes the role of the
duality group and the importance of quotienting the
moduli space by its action. The identification of points
in the same orbit keeps the j-function and the period
map in a domain where they are tame. In the particu-
lar case of the hyperbolic plane, as in many others, this
requirement results in a moduli space of finite volume.

Having established the tame nature of H/SL(2,Z) and
its metric, the only potential obstruction to the existence
of a tame isometric embedding into Euclidean space are
the three special limit points of the fundamental domain

FSL(2,Z). One of them (ε ↘ i↓) gives rise to the cusp
of the punctured sphere, while the two others correspond
to elliptic points previously mentioned. Out of the three,
the most problematic is the cusp, which is the only one
that describes a point at infinite distance. The tame em-
beddability of this geometric feature into Euclidean space
is shown using the notion of Siegel sets in appendix B.
Consequently, we expect H/SL(2,Z) to admit an isomet-
ric tame embedding and therefore obey similar bounds
to (9).
What is then the di#erence between the spaces H and

H/SL(2,Z) with regards to the isometric embedding?
The hyperbolic plane is simply too large to be embed-
ded in Euclidean space without folding it infinitely many
times. In this sense, the negative curvature, which con-
trols the folding, presents an obstruction to the tame em-
bedding. The length of any bounded horizontal segment
x ≃ (↔c, c) diverges when it approaches y = 0 and such
growth cannot be accounted for by any tame embedding.
This untamable behavior appears when approaching re-
gions at infinite distance in moduli space. In [29], the ob-
struction is more rigorously formalized and extended to a
certain class of simply connected Riemannian manifolds
with negative curvature. The moduli space H/SL(2,Z)
is not simply connected, so it evades the premise of the
theorem. Moreover, it only has one limit point at infi-
nite distance and so the issue regarding the divergence
of segments does not arise. More generally, we expect
any duality group acting over H whose fundamental do-
main has a finite number of infinite distance points to be
tamely embeddable. This will include Fuchsian groups
of the first kind, such as the congruence subgroups of
SL(2,Z) [16, 30].
In the following section we will show that this picture

is very general and can be easily pushed back to pro-
vide a bound on the scaling of the volume of the original
manifold with respect to the geodesic distance. We will
also explore how the coe!cient in front of the polynomial
growth can be related to the complexity of the manifold
and its embedding.
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A. Volume Growth

Now that we have understood the importance of the
embedding and the subtle but crucial distinction between
a tame manifold and a tame embedding into Euclidean
space, let us present the general result that relates this
framework to the compactifiability conjecture.
We start by introducing some notation. We denote

by M the candidate moduli space under consideration
(either the complete space, its fundamental domain un-
der some duality group or the quotient space under said
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→  amount of information needed to specify polynomial (real coefficients)

<latexit sha1_base64="8aakxsOf1ng8u04got2xl/WtuPY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVISSVKluhKIblxXsBdoYJtNJO3QyCTMTaQndufFV3LhQxK2v4M63cZpmodUfBj7+cw5nzu9FjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZX03rrnghJQ36rxhFxAtTn1KcYKW255n69NDqCFxC5NhzdVeCxpgocwRROoGsWrbKVCv4FO4MiyFR3zc9uL8RxQLjCDEnZsa1IOQkSimJGJoVuLEmE8BD1SUcjRwGRTpLeMYGH2ulBPxT6cQVT9+dEggIpx4GnOwOkBnK+NjX/q3Vi5Z87CeVRrAjHs0V+zKAK4TQU2KOCYMXGGhAWVP8V4gESCCsdXUGHYM+f/BealbJdLVdvTou1yyyOPNgDB6AEbHAGauAa1EEDYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q1L4JUk</latexit>
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→  amount of information needed to specify polynomial (real coefficients)
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<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>
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<latexit sha1_base64="c/XBkMryrEVcRVB7Tsct9aEdzVk=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7KwrisoK9QBrKZDpph04uzEyEEvIObnwVNy4UcevGnW/jJG1ARQ8M/PzfOTNnfjdiVEjD+NRKS8srq2vl9crG5tb2jr671xVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d3qZ8d4d4YKGwa2cRcTx0TigHsVIKmuonySD/BKbj10nMWqGKss6zYTZMEwlms1Gvd5Mr9KhXi04LDgsODRzZBhVsKj2UP8YjEIc+ySQmCEhbNOIpJMgLilmJK0MYkEihKdoTGwlA+QT4ST5Oik8Us4IeiFXJ5Awd79PJMgXYua7qtNHciJ+s8z8i9mx9BpOQoMoliTA84e8mEEZwiwgOKKcYMlmSiDMqdoV4gniCEsVY0WFUPwU/i+69Zpp1aybs2rrYhFHGRyAQ3AMTHAOWuAatEEHYHAPHsEzeNEetCftVXubt5a0xcw++FHa+xe8/ZpK</latexit>
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<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D       -  degree of polynomial 

➡ Bounds from complexity: 
‣ Upper: Number of zeros, minima, and maxima of            

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>
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unit ball

‣ Lower: Number of data points to approximate     
           up to error    : <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)
<latexit sha1_base64="lMn8ZK39chCm1hRXencgqS6Cyb4="></latexit>

N(✏, F,D)
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<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>
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<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>
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unit ball

‣ Lower: Number of data points to approximate     
           up to error    : <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)
<latexit sha1_base64="lMn8ZK39chCm1hRXencgqS6Cyb4="></latexit>

N(✏, F,D)

‣ Upper: Volume growth  →  later 



  Intuition from polynomials 

➡ Complexity for polynomials  

→  amount of information needed to specify polynomial (real coefficients)

<latexit sha1_base64="8aakxsOf1ng8u04got2xl/WtuPY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVISSVKluhKIblxXsBdoYJtNJO3QyCTMTaQndufFV3LhQxK2v4M63cZpmodUfBj7+cw5nzu9FjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZX03rrnghJQ36rxhFxAtTn1KcYKW255n69NDqCFxC5NhzdVeCxpgocwRROoGsWrbKVCv4FO4MiyFR3zc9uL8RxQLjCDEnZsa1IOQkSimJGJoVuLEmE8BD1SUcjRwGRTpLeMYGH2ulBPxT6cQVT9+dEggIpx4GnOwOkBnK+NjX/q3Vi5Z87CeVRrAjHs0V+zKAK4TQU2KOCYMXGGhAWVP8V4gESCCsdXUGHYM+f/BealbJdLVdvTou1yyyOPNgDB6AEbHAGauAa1EEDYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q1L4JUk</latexit>

P (x) = a1x
2 + a2x+ a3  -  number of variables

<latexit sha1_base64="c/XBkMryrEVcRVB7Tsct9aEdzVk=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7KwrisoK9QBrKZDpph04uzEyEEvIObnwVNy4UcevGnW/jJG1ARQ8M/PzfOTNnfjdiVEjD+NRKS8srq2vl9crG5tb2jr671xVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d3qZ8d4d4YKGwa2cRcTx0TigHsVIKmuonySD/BKbj10nMWqGKss6zYTZMEwlms1Gvd5Mr9KhXi04LDgsODRzZBhVsKj2UP8YjEIc+ySQmCEhbNOIpJMgLilmJK0MYkEihKdoTGwlA+QT4ST5Oik8Us4IeiFXJ5Awd79PJMgXYua7qtNHciJ+s8z8i9mx9BpOQoMoliTA84e8mEEZwiwgOKKcYMlmSiDMqdoV4gniCEsVY0WFUPwU/i+69Zpp1aybs2rrYhFHGRyAQ3AMTHAOWuAatEEHYHAPHsEzeNEetCftVXubt5a0xcw++FHa+xe8/ZpK</latexit>

F

<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D       -  degree of polynomial 

➡ Bounds from complexity: 
‣ Upper: Number of zeros, minima, and maxima of            

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)

10/18

unit ball

‣ Lower: Number of data points to approximate     
           up to error    : <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)
<latexit sha1_base64="lMn8ZK39chCm1hRXencgqS6Cyb4="></latexit>

N(✏, F,D)

➡ Complexity of (semi-) algebraic sets               :     
<latexit sha1_base64="4bBWG5pJVnffcuOtR4XcJa7jyTs=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZkRqS6rblxWsQ/ojCVJ77ShmQdJRihjF/6KGxeKuPU33Pk3ZtpZaOuBwOGce7knh8aCK23b39bC4tLyymphrbi+sbm1XdrZbaookQwaLBKRbFOiQPAQGpprAe1YAgmogBYdXmV+6wGk4lF4p0cxeAHph9znjGgjdUv7F9hVCVWgsRsQPaA0vR3fG6NsV+wJ8DxxclJGOerd0pfbi1gSQKiZIEp1HDvWXkqk5kzAuOgmCmLChqQPHUNDEoDy0kn+MT4ySg/7kTQv1Hii/t5ISaDUKKBmMsuoZr1M/M/rJNo/91IexomGkE0P+YnAOsJZGbjHJTAtRoYQJrnJitmASMK0qaxoSnBmvzxPmicVp1qp3pyWa5d5HQV0gA7RMXLQGaqha1RHDcTQI3pGr+jNerJerHfrYzq6YOU7e+gPrM8fpl+V5Q==</latexit>

A ⇢ Rn
<latexit sha1_base64="KqNVpI49AlDLAY4h0apNHQMHOYM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSElEqptK1Y3LFuwDmhAm02k7dDIJMxOxhH6BG3/FjQtF3Lp25984TbPQ1gMXzpxzL3Pv8SNGpbKsb2NpeWV1bT23kd/c2t7ZNff2WzKMBSZNHLJQdHwkCaOcNBVVjHQiQVDgM9L2RzdTv31PhKQhv1PjiLgBGnDapxgpLXlm8arq+HTgJHWPlh6OYRVaJw5szB6XFkzNiWcWrLKVAi4SOyMFkKHumV9OL8RxQLjCDEnZta1IuQkSimJGJnknliRCeIQGpKspRwGRbpKeM4FFrfRgPxS6uIKp+nsiQYGU48DXnQFSQznvTcX/vG6s+hduQnkUK8Lx7KN+zKAK4TQb2KOCYMXGmiAsqN4V4iESCCudYF6HYM+fvEhap2W7Uq40zgq16yyOHDgER6AEbHAOauAW1EETYPAInsEreDOejBfj3fiYtS4Z2cwB+APj8wdxkJk4</latexit>

A =
�
Pi(x) = 0, Qi(x) > 0

 
<latexit sha1_base64="/DLVxDLbhi7iJISeWISxbY0TsAU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUV+4AmhMl00g6dmYSZiVBD8FfcuFDErf/hzr9x0mahrQcGDufcyz1zwoRRpR3n21paXlldW69sVDe3tnd27b39jopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+Lrwuw9EKhqLez1JiM/RUNCIYqSNFNiHHkd6FIbZXR5knuQQsWEe2DWn7kwBF4lbkhoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG86qWKJAiP0ZD0DRWIE+Vn0/Q5PDHKAEaxNE9oOFV/b2SIKzXhoZkssqp5rxD/8/qpji79jIok1UTg2aEoZVDHsKgCDqgkWLOJIQhLarJCPEISYW0Kq5oS3PkvL5LOWd1t1Bu357XmVVlHBRyBY3AKXHABmuAGtEAbYPAInsEreLOerBfr3fqYjS5Z5c4B+APr8wfOcZV4</latexit>Ralg →  is o-minimal structure with notion of complexity

‣ Upper: Volume growth  →  later 
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→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax
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d

dx
eax = a eax

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]
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➡ How to deal with exponential function?  
 
 
 

→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

Pfaffian chain:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)
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➡ How to deal with exponential function?  
 
 
 

→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

Pfaffian chain:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)
<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)
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→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

Pfaffian chain:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)
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➡ How to deal with exponential function?  
 
 
 

→  new perspective:   → record information needed   
     in differential equation 

<latexit sha1_base64="rxoQsqDdj0PBXW+vbkNeeAWHqT8="></latexit>

d

dx
eax = a eax

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

Pfaffian chain:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·
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<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)

→ Pfaffian functions are o-minimal + have a notion of complexity

 
format:                                 (number of variables +  
                                                       number of non-trivial functions)

<latexit sha1_base64="ZWfRgR77oTDoDkOKvzOmianf4P8="></latexit>

D = deg(P ) +
X

ij

deg(Pi,j)

<latexit sha1_base64="wK9PfPMLeFluXPpNZfF9ApLHkis="></latexit>

F= n+ r

degree:
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➡ Many key applications in swampland program (and study of amplitudes) 
use Hodge theory and period integrals 
 see talks by Marchesano, Wiesner, van de Heisteeg, Knapp,…
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use Hodge theory and period integrals 
 

‣ good news:  periods satisfy differential equations (Picard-Fuchs equations)

→  need complexity of periods integrals (complicated functions on moduli space)
see talks by Marchesano, Wiesner, van de Heisteeg, Knapp,…

‣ bad news:  periods are not Pfaffian functions

➡ recent advance:  [Binyamini ’24] period integrals definable in 
<latexit sha1_base64="lseaC6ZfNbSp1lHfvuraohGK8UU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIlJdFt24EKliH9CEMJlO2qEzSZiZiCVk46+4caGIWz/DnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljxzz+FIDX0/vcu81BEcXt8ck8c488yqVbMmgPPELkgVFGh65pfTj3DCSagwQ1L2bCtWboqEopiRrOIkksQIj9CA9DQNESfSTScPZPBQK30YREJXqOBE/T2RIi7lmPu6Mz9Xznq5+J/XS1Rw7qY0jBNFQjxdFCQMqgjmacA+FQQrNtYEYUH1rRAPkUBY6cwqOgR79uV50j6p2fVa/fa02rgo4iiDfXAAjoANzkADXIEmaAEMMvAMXsGb8WS8GO/Gx7S1ZBQzu+APjM8fpxKWdQ==</latexit>RLN,exp

LN - log-Noetherian functions
<latexit sha1_base64="TXAfT5TFUCEDs+dCt7Ur5wUFJFc=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoICVRqW6EohuXFewDmhgm00k7ZPJgZiK0IR/ixl9x40IRNy4E/8ZpG1BbDwyce8693LnHjRkV0jC+tMLC4tLySnG1tLa+sbmlb++0RJRwTJo4YhHvuEgQRkPSlFQy0ok5QYHLSNv1r8Z++55wQaPwVg5jYgeoH1KPYiSV5OgnozsKLY8jnFox4pIiBj3Hz34q1ZBdwIaT+jSrjI68Q+joZaNqTADniZmTMsjRcPQPqxfhJCChxAwJ0TWNWNrpeAFmJCtZiSAxwj7qk66iIQqIsNPJcRk8UEoPehFXL5Rwov6eSFEgxDBwVWeA5EDMemPxP6+bSO/cTmkYJ5KEeLrISxiUERwnBXuUEyzZUBGEOVV/hXiAVFJS5VlSIZizJ8+T1nHVrFVrN6fl+mUeRxHsgX1QASY4A3VwDRqgCTB4AE/gBbxqj9qz9qa9T1sLWj6zC/5A+/wGeWuhlQ==</latexit>
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➡ Many key applications in swampland program (and study of amplitudes) 
use Hodge theory and period integrals 
 

‣ good news:  periods satisfy differential equations (Picard-Fuchs equations)

→  need complexity of periods integrals (complicated functions on moduli space)
see talks by Marchesano, Wiesner, van de Heisteeg, Knapp,…

‣ bad news:  periods are not Pfaffian functions

➡ recent advance:  [Binyamini ’24] period integrals definable in 
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have complexity 
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>F
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What is (F,D)?

up-shot:  sharply o-minimal structures have clean notion of complexity 
                 →   relevant examples are under construction   



Tameness, volume growth, 
and embeddings
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Theorem:                   be a tame set, then  
                    for any ball             :

<latexit sha1_base64="4bBWG5pJVnffcuOtR4XcJa7jyTs=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZkRqS6rblxWsQ/ojCVJ77ShmQdJRihjF/6KGxeKuPU33Pk3ZtpZaOuBwOGce7knh8aCK23b39bC4tLyymphrbi+sbm1XdrZbaookQwaLBKRbFOiQPAQGpprAe1YAgmogBYdXmV+6wGk4lF4p0cxeAHph9znjGgjdUv7F9hVCVWgsRsQPaA0vR3fG6NsV+wJ8DxxclJGOerd0pfbi1gSQKiZIEp1HDvWXkqk5kzAuOgmCmLChqQPHUNDEoDy0kn+MT4ySg/7kTQv1Hii/t5ISaDUKKBmMsuoZr1M/M/rJNo/91IexomGkE0P+YnAOsJZGbjHJTAtRoYQJrnJitmASMK0qaxoSnBmvzxPmicVp1qp3pyWa5d5HQV0gA7RMXLQGaqha1RHDcTQI3pGr+jNerJerHfrYzq6YOU7e+gPrM8fpl+V5Q==</latexit>

A ⇢ Rn

<latexit sha1_base64="BibxfgkJR9x1dWUEubTYNvySJgE="></latexit>

Vol(A \Bn(r))  C(n;A) rdim(A)

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)
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Bn(r)

[Yomdin,Comte]

finite, uniform upper bound on number of connected  
components of                for any                        plane      in  

<latexit sha1_base64="jjkBlBKhDMU+JuJF+OFAOohD8Qo=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkItVj1YvHCvYD2lA2m227dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXhBzpsF1v63cyura+kZ+s7C1vbNbtPf2mzpKFKENEvFItQOsKWeSNoABp+1YUSwCTlvB6Gbqtx6o0iyS9zCOqS/wQLI+IxiM1LOL8rQL9BHSkIlJ+eqkZ5fcijuDs0y8jJRQhnrP/uqGEUkElUA41rrjuTH4KVbACKeTQjfRNMZkhAe0Y6jEgmo/nR0+cY6NEjr9SJmS4MzU3xMpFlqPRWA6BYahXvSm4n9eJ4H+pZ8yGSdAJZkv6ifcgciZpuCETFECfGwIJoqZWx0yxAoTMFkVTAje4svLpHlW8aqV6t15qXadxZFHh+gIlZGHLlAN3aI6aiCCEvSMXtGb9WS9WO/Wx7w1Z2UzB+gPrM8fMFSSzA==</latexit>

n� dim(A)
<latexit sha1_base64="uiRM3JHGRwuNxIhAMkn8xdeKUlY=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLqxmUF+4B2kEx6pw3NZEKSEUrpR7hxoYhbv8edf2PazkJbDwQO55xL7j2REtxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTpJlm2GCpSHU7ogYFl9iw3ApsK400iQS2ouHt1G89oTY8lQ92pDBMaF/ymDNqndS67jKqSP2xVPYr/gxkmQQ5KUMOl//q9lKWJSgtE9SYTuArG46ptpwJnBS7mUFF2ZD2seOopAmacDxbd0JOndIjcardk5bM1N8TY5oYM0oil0yoHZhFbyr+53UyG1+FYy5VZlGy+UdxJohNyfR20uMamRUjRyjT3O1K2IBqyqxrqOhKCBZPXibN80pQrVTvL8q1m7yOAhzDCZxBAJdQgzuoQwMYDOEZXuHNU96L9+59zKMrXj5zBH/gff4AgyKPDA==</latexit>

A \ P
<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn [Gabrielov]
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Theorem:                   be a tame set, then  
                    for any ball             :

<latexit sha1_base64="4bBWG5pJVnffcuOtR4XcJa7jyTs=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZkRqS6rblxWsQ/ojCVJ77ShmQdJRihjF/6KGxeKuPU33Pk3ZtpZaOuBwOGce7knh8aCK23b39bC4tLyymphrbi+sbm1XdrZbaookQwaLBKRbFOiQPAQGpprAe1YAgmogBYdXmV+6wGk4lF4p0cxeAHph9znjGgjdUv7F9hVCVWgsRsQPaA0vR3fG6NsV+wJ8DxxclJGOerd0pfbi1gSQKiZIEp1HDvWXkqk5kzAuOgmCmLChqQPHUNDEoDy0kn+MT4ySg/7kTQv1Hii/t5ISaDUKKBmMsuoZr1M/M/rJNo/91IexomGkE0P+YnAOsJZGbjHJTAtRoYQJrnJitmASMK0qaxoSnBmvzxPmicVp1qp3pyWa5d5HQV0gA7RMXLQGaqha1RHDcTQI3pGr+jNerJerHfrYzq6YOU7e+gPrM8fpl+V5Q==</latexit>

A ⇢ Rn

<latexit sha1_base64="BibxfgkJR9x1dWUEubTYNvySJgE="></latexit>

Vol(A \Bn(r))  C(n;A) rdim(A)

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)

[Yomdin,Comte]

finite, uniform upper bound on number of connected  
components of                for any                        plane      in  

<latexit sha1_base64="jjkBlBKhDMU+JuJF+OFAOohD8Qo=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkItVj1YvHCvYD2lA2m227dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXhBzpsF1v63cyura+kZ+s7C1vbNbtPf2mzpKFKENEvFItQOsKWeSNoABp+1YUSwCTlvB6Gbqtx6o0iyS9zCOqS/wQLI+IxiM1LOL8rQL9BHSkIlJ+eqkZ5fcijuDs0y8jJRQhnrP/uqGEUkElUA41rrjuTH4KVbACKeTQjfRNMZkhAe0Y6jEgmo/nR0+cY6NEjr9SJmS4MzU3xMpFlqPRWA6BYahXvSm4n9eJ4H+pZ8yGSdAJZkv6ifcgciZpuCETFECfGwIJoqZWx0yxAoTMFkVTAje4svLpHlW8aqV6t15qXadxZFHh+gIlZGHLlAN3aI6aiCCEvSMXtGb9WS9WO/Wx7w1Z2UzB+gPrM8fMFSSzA==</latexit>

n� dim(A)
<latexit sha1_base64="uiRM3JHGRwuNxIhAMkn8xdeKUlY=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLqxmUF+4B2kEx6pw3NZEKSEUrpR7hxoYhbv8edf2PazkJbDwQO55xL7j2REtxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTpJlm2GCpSHU7ogYFl9iw3ApsK400iQS2ouHt1G89oTY8lQ92pDBMaF/ymDNqndS67jKqSP2xVPYr/gxkmQQ5KUMOl//q9lKWJSgtE9SYTuArG46ptpwJnBS7mUFF2ZD2seOopAmacDxbd0JOndIjcardk5bM1N8TY5oYM0oil0yoHZhFbyr+53UyG1+FYy5VZlGy+UdxJohNyfR20uMamRUjRyjT3O1K2IBqyqxrqOhKCBZPXibN80pQrVTvL8q1m7yOAhzDCZxBAJdQgzuoQwMYDOEZXuHNU96L9+59zKMrXj5zBH/gff4AgyKPDA==</latexit>

A \ P
<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn [Gabrielov]

➡ Remark:  theorem is non-trivial locally, without taking  
                 → non-trivial even for finite volume sets           

<latexit sha1_base64="XWHQDMBzq5UdI3ho1udV9f+Fi+E=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmlMl00g6dTMLMjRJD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7W0vLK6tl7aKG9ube/s2nv7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hrit++Z0jyWd5AlzI/IQPKQUwJG6tmHCnuKD4ZAlIofsMdlCFnPrjhVZwq8SNyCVFCBRs/+8voxTSMmgQqiddd1EvBzooBTwcZlL9UsIXREBqxrqCQR034+vX6MT4zSx2GsTEnAU/X3RE4irbMoMJ0RgaGe9ybif143hfDSz7lMUmCSzhaFqcAQ40kUuM8VoyAyQwhV3NyK6ZAoQsEEVjYhuPMvL5LWWdWtVWu355X6VRFHCR2hY3SKXHSB6ugGNVATUfSIntErerOerBfr3fqYtS5ZxcwB+gPr8wee2ZVb</latexit>

r ! 1
<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A



  Volume growth of tame sets
➡ Tameness constrains volume growths
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Theorem:                   be a tame set, then  
                    for any ball             :

<latexit sha1_base64="4bBWG5pJVnffcuOtR4XcJa7jyTs=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZkRqS6rblxWsQ/ojCVJ77ShmQdJRihjF/6KGxeKuPU33Pk3ZtpZaOuBwOGce7knh8aCK23b39bC4tLyymphrbi+sbm1XdrZbaookQwaLBKRbFOiQPAQGpprAe1YAgmogBYdXmV+6wGk4lF4p0cxeAHph9znjGgjdUv7F9hVCVWgsRsQPaA0vR3fG6NsV+wJ8DxxclJGOerd0pfbi1gSQKiZIEp1HDvWXkqk5kzAuOgmCmLChqQPHUNDEoDy0kn+MT4ySg/7kTQv1Hii/t5ISaDUKKBmMsuoZr1M/M/rJNo/91IexomGkE0P+YnAOsJZGbjHJTAtRoYQJrnJitmASMK0qaxoSnBmvzxPmicVp1qp3pyWa5d5HQV0gA7RMXLQGaqha1RHDcTQI3pGr+jNerJerHfrYzq6YOU7e+gPrM8fpl+V5Q==</latexit>

A ⇢ Rn

<latexit sha1_base64="BibxfgkJR9x1dWUEubTYNvySJgE="></latexit>

Vol(A \Bn(r))  C(n;A) rdim(A)

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="TX/U3oOq7KrpqLgJAiBs5i5Fbg4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Ko/iLI67xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXrVTvLku1ehZHHk7gFMrgwRXU4BYa0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AsjKOkg==</latexit>

Bn(r)

[Yomdin,Comte]

finite, uniform upper bound on number of connected  
components of                for any                        plane      in  

<latexit sha1_base64="jjkBlBKhDMU+JuJF+OFAOohD8Qo=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkItVj1YvHCvYD2lA2m227dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXhBzpsF1v63cyura+kZ+s7C1vbNbtPf2mzpKFKENEvFItQOsKWeSNoABp+1YUSwCTlvB6Gbqtx6o0iyS9zCOqS/wQLI+IxiM1LOL8rQL9BHSkIlJ+eqkZ5fcijuDs0y8jJRQhnrP/uqGEUkElUA41rrjuTH4KVbACKeTQjfRNMZkhAe0Y6jEgmo/nR0+cY6NEjr9SJmS4MzU3xMpFlqPRWA6BYahXvSm4n9eJ4H+pZ8yGSdAJZkv6ifcgciZpuCETFECfGwIJoqZWx0yxAoTMFkVTAje4svLpHlW8aqV6t15qXadxZFHh+gIlZGHLlAN3aI6aiCCEvSMXtGb9WS9WO/Wx7w1Z2UzB+gPrM8fMFSSzA==</latexit>

n� dim(A)
<latexit sha1_base64="uiRM3JHGRwuNxIhAMkn8xdeKUlY=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLqxmUF+4B2kEx6pw3NZEKSEUrpR7hxoYhbv8edf2PazkJbDwQO55xL7j2REtxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTpJlm2GCpSHU7ogYFl9iw3ApsK400iQS2ouHt1G89oTY8lQ92pDBMaF/ymDNqndS67jKqSP2xVPYr/gxkmQQ5KUMOl//q9lKWJSgtE9SYTuArG46ptpwJnBS7mUFF2ZD2seOopAmacDxbd0JOndIjcardk5bM1N8TY5oYM0oil0yoHZhFbyr+53UyG1+FYy5VZlGy+UdxJohNyfR20uMamRUjRyjT3O1K2IBqyqxrqOhKCBZPXibN80pQrVTvL8q1m7yOAhzDCZxBAJdQgzuoQwMYDOEZXuHNU96L9+59zKMrXj5zBH/gff4AgyKPDA==</latexit>

A \ P
<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn [Gabrielov]

➡ Remark:  theorem is non-trivial locally, without taking  
                 → non-trivial even for finite volume sets           

<latexit sha1_base64="XWHQDMBzq5UdI3ho1udV9f+Fi+E=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmlMl00g6dTMLMjRJD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7W0vLK6tl7aKG9ube/s2nv7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hrit++Z0jyWd5AlzI/IQPKQUwJG6tmHCnuKD4ZAlIofsMdlCFnPrjhVZwq8SNyCVFCBRs/+8voxTSMmgQqiddd1EvBzooBTwcZlL9UsIXREBqxrqCQR034+vX6MT4zSx2GsTEnAU/X3RE4irbMoMJ0RgaGe9ybif143hfDSz7lMUmCSzhaFqcAQ40kUuM8VoyAyQwhV3NyK6ZAoQsEEVjYhuPMvL5LWWdWtVWu355X6VRFHCR2hY3SKXHSB6ugGNVATUfSIntErerOerBfr3fqYtS5ZxcwB+gPr8wee2ZVb</latexit>

r ! 1
<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A

➡ Sharply o-minimal set:   
<latexit sha1_base64="oal6klpHBFgHbzzLoJWwDV5ouGE="></latexit>

C(n,A)=C(F,D, n)

explicitly computable function depending on the  
complexity              of the set

<latexit sha1_base64="mVNeqw4q+zq97UyBlWrhstu2eoM=">AAACF3icdVDNS8MwHE3n15xfVY9egkOYMEo7pG63oSIeJ7hN6MpIs2wLSz9IUmGU/Rde/Fe8eFDEq978b0y7FVT0QeDx3vslvzwvYlRI0/zUCkvLK6trxfXSxubW9o6+u9cRYcwxaeOQhfzWQ4IwGpC2pJKR24gT5HuMdL3Jeep37wgXNAxu5DQiro9GAR1SjKSS+rqR9LJLHD7y3MQ0TAXbrqbEqpuWIo1GvVZrzCqX1YvjWV8v5xmYZ2CegVZmmWYZLNDq6x+9QYhjnwQSMySEY5mRdBPEJcWMzEq9WJAI4QkaEUfRAPlEuEm20gweKWUAhyFXJ5AwU79PJMgXYup7KukjORa/vVT8y3NiOay7CQ2iWJIAzx8axgzKEKYlwQHlBEs2VQRhTtWuEI8RR1iqKkuqhPyn8H/SqRmWbdjXJ+Xm2aKOIjgAh6ACLHAKmuAKtEAbYHAPHsEzeNEetCftVXubRwvaYmYf/ID2/gWljpsz</latexit>

(F,D) [Binyamini,Novikov,Zack ’23]
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<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn
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<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>nNash’s embedding theorem:  always exits      with                                   isometry
<latexit sha1_base64="5UBTfj32KyZX1h4G1eHoHB6USg8=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQiVVwV3bgRqtgHNLFMppNm6CQTZiZKCfkJN/6KGxeKuBXc+TdO0iy09cDA4ZxzmXuPGzEqlWl+G3PzC4tLy6WV8ura+sZmZWu7LXksMGlhzrjoukgSRkPSUlQx0o0EQYHLSMcdXWR+554ISXl4q8YRcQI0DKlHMVJa6lcO7Yie2QFSPkYsuUqh7XM+EnToKyQEf4C557rJTXqn41WzZuaAs8QqSBUUaPYrX/aA4zggocIMSdmzzEg5CRKKYkbSsh1LEiE8QkPS0zREAZFOkl+Vwn2tDKDHhX6hgrn6eyJBgZTjwNXJbEc57WXif14vVt6pk9AwihUJ8eQjL2ZQcZhVBAdUEKzYWBOEBdW7QuwjgbDSRZZ1Cdb0ybOkfVSz6rX69XG1cV7UUQK7YA8cAAucgAa4BE3QAhg8gmfwCt6MJ+PFeDc+JtE5o5jZAX9gfP4AsQKfzg==</latexit>

⇡ : M ,! Rn
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<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>nNash’s embedding theorem:  always exits      with                                   isometry
<latexit sha1_base64="5UBTfj32KyZX1h4G1eHoHB6USg8=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQiVVwV3bgRqtgHNLFMppNm6CQTZiZKCfkJN/6KGxeKuBXc+TdO0iy09cDA4ZxzmXuPGzEqlWl+G3PzC4tLy6WV8ura+sZmZWu7LXksMGlhzrjoukgSRkPSUlQx0o0EQYHLSMcdXWR+554ISXl4q8YRcQI0DKlHMVJa6lcO7Yie2QFSPkYsuUqh7XM+EnToKyQEf4C557rJTXqn41WzZuaAs8QqSBUUaPYrX/aA4zggocIMSdmzzEg5CRKKYkbSsh1LEiE8QkPS0zREAZFOkl+Vwn2tDKDHhX6hgrn6eyJBgZTjwNXJbEc57WXif14vVt6pk9AwihUJ8eQjL2ZQcZhVBAdUEKzYWBOEBdW7QuwjgbDSRZZ1Cdb0ybOkfVSz6rX69XG1cV7UUQK7YA8cAAucgAa4BE3QAhg8gmfwCt6MJ+PFeDc+JtE5o5jZAX9gfP4AsQKfzg==</latexit>

⇡ : M ,! Rn

➡ Volume growth conjecture follows from requiring:  
          Moduli spaces               should admit a tame, isometric  
          embedding into       . 

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)
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<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>nNash’s embedding theorem:  always exits      with                                   isometry
<latexit sha1_base64="5UBTfj32KyZX1h4G1eHoHB6USg8=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQiVVwV3bgRqtgHNLFMppNm6CQTZiZKCfkJN/6KGxeKuBXc+TdO0iy09cDA4ZxzmXuPGzEqlWl+G3PzC4tLy6WV8ura+sZmZWu7LXksMGlhzrjoukgSRkPSUlQx0o0EQYHLSMcdXWR+554ISXl4q8YRcQI0DKlHMVJa6lcO7Yie2QFSPkYsuUqh7XM+EnToKyQEf4C557rJTXqn41WzZuaAs8QqSBUUaPYrX/aA4zggocIMSdmzzEg5CRKKYkbSsh1LEiE8QkPS0zREAZFOkl+Vwn2tDKDHhX6hgrn6eyJBgZTjwNXJbEc57WXif14vVt6pk9AwihUJ8eQjL2ZQcZhVBAdUEKzYWBOEBdW7QuwjgbDSRZZ1Cdb0ybOkfVSz6rX69XG1cV7UUQK7YA8cAAucgAa4BE3QAhg8gmfwCt6MJ+PFeDc+JtE5o5jZAX9gfP4AsQKfzg==</latexit>

⇡ : M ,! Rn

➡ Volume growth conjecture follows from requiring:  
          Moduli spaces               should admit a tame, isometric  
          embedding into       . 

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)

➡ Remarks:
‣ [DHRTX ’24] call volume growth condition a compactifiability condition:  

matches with tame sets are always compactifiable  [van den Dries] 
‣ complexity               of               are constrained by volume growth

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)
<latexit sha1_base64="/LJYmpQ45EL6ZDCVRAG6B53Q39s=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJIUie2tqIjHCqYttKFstpt26WYTdjdCKf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g4U9q2P6yl5ZXVtfXcRn5za3tnt7C331RxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC4zv3VPpWKxuNPjhPoRHggWMoK1kbzS9enVSa9QtMu2geuijDhV2zGkVqtWKjXkzCzbLsICjV7hvduPSRpRoQnHSnUcO9H+BEvNCKfTfDdVNMFkhAe0Y6jAEVX+ZHbsFB0bpY/CWJoSGs3U7xMTHCk1jgLTGWE9VL+9TPzL66Q6rPoTJpJUU0Hmi8KUIx2j7HPUZ5ISzceGYCKZuRWRIZaYaJNP3oTw9Sn6nzQrZcctu7dnxfrFIo4cHMIRlMCBc6jDDTTAAwIMHuAJni1hPVov1uu8dclazBzAD1hvn6+Ujfs=</latexit>

(F,D)
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<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>nNash’s embedding theorem:  always exits      with                                   isometry
<latexit sha1_base64="5UBTfj32KyZX1h4G1eHoHB6USg8=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQiVVwV3bgRqtgHNLFMppNm6CQTZiZKCfkJN/6KGxeKuBXc+TdO0iy09cDA4ZxzmXuPGzEqlWl+G3PzC4tLy6WV8ura+sZmZWu7LXksMGlhzrjoukgSRkPSUlQx0o0EQYHLSMcdXWR+554ISXl4q8YRcQI0DKlHMVJa6lcO7Yie2QFSPkYsuUqh7XM+EnToKyQEf4C557rJTXqn41WzZuaAs8QqSBUUaPYrX/aA4zggocIMSdmzzEg5CRKKYkbSsh1LEiE8QkPS0zREAZFOkl+Vwn2tDKDHhX6hgrn6eyJBgZTjwNXJbEc57WXif14vVt6pk9AwihUJ8eQjL2ZQcZhVBAdUEKzYWBOEBdW7QuwjgbDSRZZ1Cdb0ybOkfVSz6rX69XG1cV7UUQK7YA8cAAucgAa4BE3QAhg8gmfwCt6MJ+PFeDc+JtE5o5jZAX9gfP4AsQKfzg==</latexit>

⇡ : M ,! Rn

➡ Volume growth conjecture follows from requiring:  
          Moduli spaces               should admit a tame, isometric  
          embedding into       . 

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)

➡ Key questions:   Tame version of Nash’s embedding theorem? 
                              → Conditions for the existence of tame     ?                 <latexit sha1_base64="v6/MwzE16i7ELvSWbRDEWv+IshE=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHitYW2qVk02wbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrK6tbxQ3S1vbO7t75f2DOx2nirI2jUWsugHRTHDJ2oYbwbqJYiQKBOsEk8vc79wzpXksb800YX5ERpKHnBJjpZt+wgflCq5iC89DOXHr2LWk0ajXag3kzi2MK7BEa1B+7w9jmkZMGiqI1j0XJ8bPiDKcCjYr9VPNEkInZMR6lkoSMe1n81Nn6MQqQxTGypY0aK5+n8hIpPU0CmxnRMxY//Zy8S+vl5qw7mdcJqlhki4WhalAJkb532jIFaNGTC0hVHF7K6Jjogg1Np2SDeHrU/Q/uatVXa/qXZ9VmhfLOIpwBMdwCi6cQxOuoAVtoDCCB3iCZ0c4j86L87poLTjLmUP4AeftE6qUjhU=</latexit>⇡

➡ Remarks:
‣ [DHRTX ’24] call volume growth condition a compactifiability condition:  

matches with tame sets are always compactifiable  [van den Dries] 
‣ complexity               of               are constrained by volume growth

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)
<latexit sha1_base64="/LJYmpQ45EL6ZDCVRAG6B53Q39s=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJIUie2tqIjHCqYttKFstpt26WYTdjdCKf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g4U9q2P6yl5ZXVtfXcRn5za3tnt7C331RxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC4zv3VPpWKxuNPjhPoRHggWMoK1kbzS9enVSa9QtMu2geuijDhV2zGkVqtWKjXkzCzbLsICjV7hvduPSRpRoQnHSnUcO9H+BEvNCKfTfDdVNMFkhAe0Y6jAEVX+ZHbsFB0bpY/CWJoSGs3U7xMTHCk1jgLTGWE9VL+9TPzL66Q6rPoTJpJUU0Hmi8KUIx2j7HPUZ5ISzceGYCKZuRWRIZaYaJNP3oTw9Sn6nzQrZcctu7dnxfrFIo4cHMIRlMCBc6jDDTTAAwIMHuAJni1hPVov1uu8dclazBzAD1hvn6+Ujfs=</latexit>

(F,D)
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➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)
<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn



  Moduli space covers are too complex
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➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn



  Moduli space covers are too complex

15/18

➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

highly oscillating to account for  
asymptotic negative curvature

compare to
<latexit sha1_base64="6UN1+bZoAWwcyHkRil5EizWfsxs=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvGBrDHokevGIiXwk0JDtsoUN222zOzVgwy/x4kFjvPpTvPlvXKAHBV8yyct7M5mZ58eCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW49MaR7JB5jEzAvJQPKAUwJG6tnFLrAxpJrLadk9H5/17JJTcebAq8TNSAllqPfsr24/oknIJFBBtO64TgxeShRwKti00E00iwkdkQHrGCpJyLSXzg+f4lOj9HEQKVMS8Fz9PZGSUOtJ6JvOkMBQL3sz8T+vk0Bw7aVcxgkwSReLgkRgiPAsBdznilEQE0MIVdzciumQKELBZFUwIbjLL6+S5kXFrVaq95el2k0WRx4doxNURi66QjV0h+qogShK0DN6RW/Wk/VivVsfi9aclc0coT+wPn8ARNOS2A==</latexit>

sin(1/x)
0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn
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➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

➡ More generally:  

consider a manifold         with negative sectional  
curvature (             ), simply connected, complete 

<latexit sha1_base64="w4A+oe5YCjWJ+Y/X7vgalnEVtVo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpKIVBcuim5cuKhgH9CEMplM2qGTSZiZCCXtb7hxoYhbf8adf+O0zUJbDwwczjmXe+f4CWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfvD26nffqJSsVg86lFCvQj3BQsZwdpI7jU6G7v3Jh7gca9csav2DGiZODmpQI5Gr/zlBjFJIyo04ViprmMn2suw1IxwOim5qaIJJkPcp11DBY6o8rLZzRN0YpQAhbE0T2g0U39PZDhSahT5JhlhPVCL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kBKGCSEs1HhmAimbkVkQGWmGhTU8mU4Cx+eZm0zqtOrVp7uKjUb/I6inAEx3AKDlxCHe6gAU0gkMAzvMKblVov1rv1MY8WrHzmEP7A+vwBG5KRGw==</latexit>

< �|⇤|

<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

highly oscillating to account for  
asymptotic negative curvature

compare to
<latexit sha1_base64="6UN1+bZoAWwcyHkRil5EizWfsxs=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvGBrDHokevGIiXwk0JDtsoUN222zOzVgwy/x4kFjvPpTvPlvXKAHBV8yyct7M5mZ58eCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW49MaR7JB5jEzAvJQPKAUwJG6tnFLrAxpJrLadk9H5/17JJTcebAq8TNSAllqPfsr24/oknIJFBBtO64TgxeShRwKti00E00iwkdkQHrGCpJyLSXzg+f4lOj9HEQKVMS8Fz9PZGSUOtJ6JvOkMBQL3sz8T+vk0Bw7aVcxgkwSReLgkRgiPAsBdznilEQE0MIVdzciumQKELBZFUwIbjLL6+S5kXFrVaq95el2k0WRx4doxNURi66QjV0h+qogShK0DN6RW/Wk/VivVsfi9aclc0coT+wPn8ARNOS2A==</latexit>

sin(1/x)
0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn
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➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

➡ More generally:  

consider a manifold         with negative sectional  
curvature (             ), simply connected, complete 

<latexit sha1_base64="w4A+oe5YCjWJ+Y/X7vgalnEVtVo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpKIVBcuim5cuKhgH9CEMplM2qGTSZiZCCXtb7hxoYhbf8adf+O0zUJbDwwczjmXe+f4CWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfvD26nffqJSsVg86lFCvQj3BQsZwdpI7jU6G7v3Jh7gca9csav2DGiZODmpQI5Gr/zlBjFJIyo04ViprmMn2suw1IxwOim5qaIJJkPcp11DBY6o8rLZzRN0YpQAhbE0T2g0U39PZDhSahT5JhlhPVCL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kBKGCSEs1HhmAimbkVkQGWmGhTU8mU4Cx+eZm0zqtOrVp7uKjUb/I6inAEx3AKDlxCHe6gAU0gkMAzvMKblVov1rv1MY8WrHzmEP7A+vwBG5KRGw==</latexit>

< �|⇤|

<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

highly oscillating to account for  
asymptotic negative curvature

compare to
<latexit sha1_base64="6UN1+bZoAWwcyHkRil5EizWfsxs=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvGBrDHokevGIiXwk0JDtsoUN222zOzVgwy/x4kFjvPpTvPlvXKAHBV8yyct7M5mZ58eCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW49MaR7JB5jEzAvJQPKAUwJG6tnFLrAxpJrLadk9H5/17JJTcebAq8TNSAllqPfsr24/oknIJFBBtO64TgxeShRwKti00E00iwkdkQHrGCpJyLSXzg+f4lOj9HEQKVMS8Fz9PZGSUOtJ6JvOkMBQL3sz8T+vk0Bw7aVcxgkwSReLgkRgiPAsBdznilEQE0MIVdzciumQKELBZFUwIbjLL6+S5kXFrVaq95el2k0WRx4doxNURi66QjV0h+qogShK0DN6RW/Wk/VivVsfi9aclc0coT+wPn8ARNOS2A==</latexit>

sin(1/x)
0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0

⇒ for all                     one can always find balls              and              such that 
<latexit sha1_base64="leIFvDTlf1s2HMKddAqKSaVu/lA=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8SNkVqZ6k6MVjBfsB3aVk09k2NJuEJCuU0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmxYozY33/21tZXVvf2CxsFbd3dvf2SweHTSMzTaFBJZe6HRMDnAloWGY5tJUGksYcWvHwbuq3nkAbJsWjHSmIUtIXLGGUWCeFISjDuBTn+sbvlsp+xZ8BL5MgJ2WUo94tfYU9SbMUhKWcGNMJfGWjMdGWUQ6TYpgZUIQOSR86jgqSgonGs5sn+NQpPZxI7UpYPFN/T4xJaswojV1nSuzALHpT8T+vk9nkOhozoTILgs4XJRnHVuJpALjHNFDLR44Qqpm7FdMB0YRaF1PRhRAsvrxMmheVoFqpPlyWa7d5HAV0jE7QGQrQFaqhe1RHDUSRQs/oFb15mffivXsf89YVL585Qn/gff4AiYORXw==</latexit>

✏, r > 0
<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn
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➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

➡ More generally:  

consider a manifold         with negative sectional  
curvature (             ), simply connected, complete 

<latexit sha1_base64="w4A+oe5YCjWJ+Y/X7vgalnEVtVo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpKIVBcuim5cuKhgH9CEMplM2qGTSZiZCCXtb7hxoYhbf8adf+O0zUJbDwwczjmXe+f4CWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfvD26nffqJSsVg86lFCvQj3BQsZwdpI7jU6G7v3Jh7gca9csav2DGiZODmpQI5Gr/zlBjFJIyo04ViprmMn2suw1IxwOim5qaIJJkPcp11DBY6o8rLZzRN0YpQAhbE0T2g0U39PZDhSahT5JhlhPVCL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kBKGCSEs1HhmAimbkVkQGWmGhTU8mU4Cx+eZm0zqtOrVp7uKjUb/I6inAEx3AKDlxCHe6gAU0gkMAzvMKblVov1rv1MY8WrHzmEP7A+vwBG5KRGw==</latexit>

< �|⇤|

<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

highly oscillating to account for  
asymptotic negative curvature

compare to
<latexit sha1_base64="6UN1+bZoAWwcyHkRil5EizWfsxs=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvGBrDHokevGIiXwk0JDtsoUN222zOzVgwy/x4kFjvPpTvPlvXKAHBV8yyct7M5mZ58eCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW49MaR7JB5jEzAvJQPKAUwJG6tnFLrAxpJrLadk9H5/17JJTcebAq8TNSAllqPfsr24/oknIJFBBtO64TgxeShRwKti00E00iwkdkQHrGCpJyLSXzg+f4lOj9HEQKVMS8Fz9PZGSUOtJ6JvOkMBQL3sz8T+vk0Bw7aVcxgkwSReLgkRgiPAsBdznilEQE0MIVdzciumQKELBZFUwIbjLL6+S5kXFrVaq95el2k0WRx4doxNURi66QjV0h+qogShK0DN6RW/Wk/VivVsfi9aclc0coT+wPn8ARNOS2A==</latexit>

sin(1/x)
0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0

⇒ for all                     one can always find balls              and              such that 
<latexit sha1_base64="leIFvDTlf1s2HMKddAqKSaVu/lA=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8SNkVqZ6k6MVjBfsB3aVk09k2NJuEJCuU0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmxYozY33/21tZXVvf2CxsFbd3dvf2SweHTSMzTaFBJZe6HRMDnAloWGY5tJUGksYcWvHwbuq3nkAbJsWjHSmIUtIXLGGUWCeFISjDuBTn+sbvlsp+xZ8BL5MgJ2WUo94tfYU9SbMUhKWcGNMJfGWjMdGWUQ6TYpgZUIQOSR86jgqSgonGs5sn+NQpPZxI7UpYPFN/T4xJaswojV1nSuzALHpT8T+vk9nkOhozoTILgs4XJRnHVuJpALjHNFDLR44Qqpm7FdMB0YRaF1PRhRAsvrxMmheVoFqpPlyWa7d5HAV0jE7QGQrQFaqhe1RHDUSRQs/oFb15mffivXsf89YVL585Qn/gff4AiYORXw==</latexit>

✏, r > 0
<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)

(1)               and              are           apart in   
<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)
<latexit sha1_base64="ctbpJOliW/oNyVmsModABFvRtPU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF48RzAOSNcxOOsmQ2dl1ZjYQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwrqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLh7dRvjFBpHskHM47RD2lf8h5n1FjJb2OsuYjkY3ruTTqFoltyZyDLxMtIETJUO4WvdjdiSYjSMEG1bnlubPyUKsOZwEm+nWiMKRvSPrYslTRE7aezoyfk1Cpd0ouULWnITP09kdJQ63EY2M6QmoFe9Kbif14rMb1rP+UyTgxKNl/USwQxEZkmQLpcITNibAllittbCRtQRZmxOeVtCN7iy8ukflHyyqXy/WWxcpPFkYNjOIEz8OAKKnAHVagBgyd4hld4c0bOi/PufMxbV5xs5gj+wPn8AbJQkhE=</latexit>

✏�1
<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn



  Moduli space covers are too complex

15/18

➡ Implication:                 has no tame, isometric embedding in any 
<latexit sha1_base64="3DQkDTW7fcR6sc6oLPKlnTWKTYk=">AAACBHicbVBNS8NAEJ3Ur1q/oh57CRahgpREpHoseumxgq2FNoTNdtMu3WzC7kYoIQcv/hUvHhTx6o/w5r9x2wbU1gcLb9+bYWaeHzMqlW1/GYWV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR9ZEkjHLSVlQx0o0FQaHPyJ0/vp76d/dESBrxWzWJiRuiIacBxUhpyTPL1X6I1Mj302Z2OvTSn1924pkVu2bPYC0TJycVyNHyzM/+IMJJSLjCDEnZc+xYuSkSimJGslI/kSRGeIyGpKcpRyGRbjo7IrOOtTKwgkjox5U1U393pCiUchL6unK6o1z0puJ/Xi9RwaWbUh4ninA8HxQkzFKRNU3EGlBBsGITTRAWVO9q4RESCCudW0mH4CyevEw6ZzWnXqvfnFcaV3kcRSjDEVTBgQtoQBNa0AYMD/AEL/BqPBrPxpvxPi8tGHnPIfyB8fENk6qYEw==</latexit>

(H, gH)

isometric embedding needs       , is known and wild
<latexit sha1_base64="kxXaKhcciSzP8b0KVsGPTcM6A3w=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99PHer9SdWvuDGiZeAWpQoFmv/LlDxJiYio04VipnuemOsiw1IxwOi37RtEUkzEe0p6lAsdUBdks8xSdWmWAokTaJzSaqb83MhwrNYlDO5lnVIteLv7n9YyOroKMidRoKsj8UGQ40gnKC0ADJinRfGIJJpLZrIiMsMRE25rKtgRv8cvLpH1e8+q1+t1FtXFd1FGCYziBM/DgEhpwC01oAYEUnuEV3hzjvDjvzsd8dMUpdo7gD5zPH/PEkaU=</latexit>

R6 [Blanusa ’55]

➡ More generally:  

consider a manifold         with negative sectional  
curvature (             ), simply connected, complete 

<latexit sha1_base64="w4A+oe5YCjWJ+Y/X7vgalnEVtVo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpKIVBcuim5cuKhgH9CEMplM2qGTSZiZCCXtb7hxoYhbf8adf+O0zUJbDwwczjmXe+f4CWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wctFaeS0CaJeSw7PlaUM0GbmmlOO4mkOPI5bfvD26nffqJSsVg86lFCvQj3BQsZwdpI7jU6G7v3Jh7gca9csav2DGiZODmpQI5Gr/zlBjFJIyo04ViprmMn2suw1IxwOim5qaIJJkPcp11DBY6o8rLZzRN0YpQAhbE0T2g0U39PZDhSahT5JhlhPVCL3lT8z+umOrzyMiaSVFNB5ovClCMdo2kBKGCSEs1HhmAimbkVkQGWmGhTU8mU4Cx+eZm0zqtOrVp7uKjUb/I6inAEx3AKDlxCHe6gAU0gkMAzvMKblVov1rv1MY8WrHzmEP7A+vwBG5KRGw==</latexit>

< �|⇤|

<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

highly oscillating to account for  
asymptotic negative curvature

compare to
<latexit sha1_base64="6UN1+bZoAWwcyHkRil5EizWfsxs=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvGBrDHokevGIiXwk0JDtsoUN222zOzVgwy/x4kFjvPpTvPlvXKAHBV8yyct7M5mZ58eCa3Ccbyu3tr6xuZXfLuzs7u0X7YPDpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDvzW49MaR7JB5jEzAvJQPKAUwJG6tnFLrAxpJrLadk9H5/17JJTcebAq8TNSAllqPfsr24/oknIJFBBtO64TgxeShRwKti00E00iwkdkQHrGCpJyLSXzg+f4lOj9HEQKVMS8Fz9PZGSUOtJ6JvOkMBQL3sz8T+vk0Bw7aVcxgkwSReLgkRgiPAsBdznilEQE0MIVdzciumQKELBZFUwIbjLL6+S5kXFrVaq95el2k0WRx4doxNURi66QjV0h+qogShK0DN6RW/Wk/VivVsfi9aclc0coT+wPn8ARNOS2A==</latexit>

sin(1/x)
0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0

⇒ for all                     one can always find balls              and              such that 
<latexit sha1_base64="leIFvDTlf1s2HMKddAqKSaVu/lA=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8SNkVqZ6k6MVjBfsB3aVk09k2NJuEJCuU0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmxYozY33/21tZXVvf2CxsFbd3dvf2SweHTSMzTaFBJZe6HRMDnAloWGY5tJUGksYcWvHwbuq3nkAbJsWjHSmIUtIXLGGUWCeFISjDuBTn+sbvlsp+xZ8BL5MgJ2WUo94tfYU9SbMUhKWcGNMJfGWjMdGWUQ6TYpgZUIQOSR86jgqSgonGs5sn+NQpPZxI7UpYPFN/T4xJaswojV1nSuzALHpT8T+vk9nkOhozoTILgs4XJRnHVuJpALjHNFDLR44Qqpm7FdMB0YRaF1PRhRAsvrxMmheVoFqpPlyWa7d5HAV0jE7QGQrQFaqhe1RHDUSRQs/oFb15mffivXsf89YVL585Qn/gff4AiYORXw==</latexit>

✏, r > 0
<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)

[Fontenele,Xavier]
(2)               and              are       apart in         after embedding <latexit sha1_base64="LYEhijaFLpEbEJigh1WdXnHJZLg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmIckS5id9CZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJz32IDGMK4n75Ypf9efAqyTISQXlaPTLX72BoqkAaSknxnQDP7FhRrRllMO01EsNJISOyRC6jkoiwITZ/OApPnPKAMdKu5IWz9XfExkRxkxE5DoFsSOz7M3E/7xuauPrMGMySS1IulgUpxxbhWff4wHTQC2fOEKoZu5WTEdEE2pdRiUXQrD88ippXVSDWrV2f1mp3+RxFNEJOkXnKEBXqI7uUAM1EUUCPaNX9OZp78V79z4WrQUvnzlGf+B9/gCpK5BV</latexit>✏

<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)
<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn

(1)               and              are           apart in   
<latexit sha1_base64="e3UL7jn1/hTTd8RMXMRZYIJ1tFo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YeGV1OSiW3Iq7AFonXkZKkKE5KH71h5IkERWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LBY6o9tPFtTN0YZUhCqWyJQxaqL8nUhxpPY0C2xlhM9ar3lz8z+slJrzxUybixFBBlovChCMj0fx1NGSKEsOnlmCimL0VkTFWmBgbUMGG4K2+vE7aVxWvVqndV0v1RhZHHs7gHMrgwTXU4Q6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AVo+OVg==</latexit>

B1(r)
<latexit sha1_base64="Os89xHQ0XrZZAUPwF3KufuY/e2E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqd0YVMvqclAsuRV3AbROvIyUIENzUPzqDyVJIioM4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWChxR7aeLa2fowipDFEplSxi0UH9PpDjSehoFtjPCZqxXvbn4n9dLTHjjp0zEiaGCLBeFCUdGovnraMgUJYZPLcFEMXsrImOsMDE2oIINwVt9eZ20qxWvVqndX5XqjSyOPJzBOZTBg2uowx00oQUEHuEZXuHNkc6L8+58LFtzTjZzCn/gfP4AWBaOVw==</latexit>

B2(r)
<latexit sha1_base64="ctbpJOliW/oNyVmsModABFvRtPU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF48RzAOSNcxOOsmQ2dl1ZjYQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwrqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLh7dRvjFBpHskHM47RD2lf8h5n1FjJb2OsuYjkY3ruTTqFoltyZyDLxMtIETJUO4WvdjdiSYjSMEG1bnlubPyUKsOZwEm+nWiMKRvSPrYslTRE7aezoyfk1Cpd0ouULWnITP09kdJQ63EY2M6QmoFe9Kbif14rMb1rP+UyTgxKNl/USwQxEZkmQLpcITNibAllittbCRtQRZmxOeVtCN7iy8ukflHyyqXy/WWxcpPFkYNjOIEz8OAKKnAHVagBgyd4hld4c0bOi/PufMxbV5xs5gj+wPn8AbJQkhE=</latexit>

✏�1
<latexit sha1_base64="lhRng2t4zJtcVgzGiZejj1e0+Xo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRjRuhgn1AE8pkctsOnUzCzEQpoeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gQJZ0o7zre1tLyyurZe2ihvbm3v7Np7+y0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdjK5zv/0AUrFY3OtxAn5EBoL1GSXaSD370IuIHlLCM++RhTAkGuPbSc+uOFVnCrxI3IJUUIFGz/7ywpimEQhNOVGq6zqJ9jMiNaMcJmUvVZAQOiID6BoqSATKz6bxJ/jEKCHux9I8ofFU/b2RkUipcRSYyTysmvdy8T+vm+r+pZ8xkaQaBJ0d6qcc6xjnXeCQSaCajw0hVDKTFdMhkYRq01jZlODOf3mRtM6qbq1auzuv1K+KOkroCB2jU+SiC1RHN6iBmoiiDD2jV/RmPVkv1rv1MRtdsoqdA/QH1ucP/+OVhQ==</latexit>

cM

<latexit sha1_base64="VdtYYHJO+OUfju3gi9BIVbNFOQk=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnFPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+yf3OE5WKJeJBT1IaxHgoWMQI1lby/RjrURhm99NH0a9U3Zo7A1omXkGqUKDZr3z5g4SYmApNOFaq57mpDjIsNSOcTsu+UTTFZIyHtGepwDFVQTbLPEWnVhmgKJH2CY1m6u+NDMdKTeLQTuYZ1aKXi/95PaOjqyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqayLcFb/PIyaZ/XvHqtfndRbVwXdZTgGE7gDDy4hAbcQhNaQCCFZ3iFN8c4L8678zEfXXGKnSP4A+fzB0izkd0=</latexit>

Rn



  It’s a tame world

16/18

➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3



  It’s a tame world

16/18

➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)



  It’s a tame world
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>Ftame on    [Peterzil,Starchenko ’04]
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

        is complex structure moduli space of Calabi-Yau manifold    
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M➡ General picture:

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>Ftame on    [Peterzil,Starchenko ’04]
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

period map:
<latexit sha1_base64="brIo23qtaLTskVjX8l+1qYmimeI="></latexit>

� : M ! �\G/H is a tame map   
[Bakker,Klingler,Tsimerman ’18]

        is complex structure moduli space of Calabi-Yau manifold    
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M➡ General picture:

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>Ftame on    [Peterzil,Starchenko ’04]
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

period map:
<latexit sha1_base64="brIo23qtaLTskVjX8l+1qYmimeI="></latexit>

� : M ! �\G/H is a tame map   
[Bakker,Klingler,Tsimerman ’18]

<latexit sha1_base64="8t2y9DHeFaAjSU6eFLoXt6JA3IM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6MaNUME+oAlhMp20Q2eSMDMRSghu/BU3LhRx61e482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++Dr3uw9ESBqF92oSE5ejYUgDipHSkmcewJrDkRphxNLb7HTopY7gEMvsxDOrVt2aAi4SuyBVUKDlmV/OIMIJJ6HCDEnZt61YuSkSimJGsoqTSBIjPEZD0tc0RJxIN52+kMFjrQxgEAldoYJT9fdEiriUE+7rzvxcOe/l4n9eP1HBpZvSME4UCfFsUZAwqCKY5wEHVBCs2EQThAXVt0I8QgJhpVOr6BDs+ZcXSeesbjfqjbvzavOqiKMMDsERqAEbXIAmuAEt0AYYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+AD3llrc=</latexit>

(M, gcs) have finite volume
[Todorov ’04]

        is complex structure moduli space of Calabi-Yau manifold    
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M➡ General picture:

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>Ftame on    [Peterzil,Starchenko ’04]
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➡ Back to fundamental domain
<latexit sha1_base64="CB4Wx7UIKD9DltcLkAtd714XDRg=">AAACHnicbZDLSsNAFIYn9V5vUZduBotQQWoi3paiIC4V7QWbUibTaTs4mYSZE7GEPIkbX8WNC0UEV/o2TmoErf4w8POdc5hzfj8SXIPjfFiFsfGJyanpmeLs3PzCor20XNNhrCir0lCEquETzQSXrAocBGtEipHAF6zuXx9n9foNU5qH8hIGEWsFpCd5l1MCBrXtXS8g0KdEJCcp9mgoe3hIfD85Tbc8YLeQXIi0vL35ja/SDdy2S07FGQr/NW5uSijXWdt+8zohjQMmgQqiddN1ImglRAGngqVFL9YsIvSa9FjTWEkCplvJ8LwUrxvSwd1QmScBD+nPiYQEWg8C33RmO+rRWgb/qzVj6B60Ei6jGJikXx91Y4EhxFlWuMMVoyAGxhCquNkV0z5RhIJJtGhCcEdP/mtq2xV3r7J3vlM6PMrjmEaraA2VkYv20SE6RWeoiii6Qw/oCT1b99aj9WK9frUWrHxmBf2S9f4JIrGiew==</latexit>

F ⇠= H/Sl(2,Z)

Siegel sets admit tame isometric  
embedding into 

<latexit sha1_base64="jbIAg8mRby0Gj7IONu7z0nPEO8g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq1WXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd1p1Bt3F7XmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7ziRog==</latexit>

R3

period map:
<latexit sha1_base64="brIo23qtaLTskVjX8l+1qYmimeI="></latexit>

� : M ! �\G/H is a tame map   
[Bakker,Klingler,Tsimerman ’18]

<latexit sha1_base64="8t2y9DHeFaAjSU6eFLoXt6JA3IM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6MaNUME+oAlhMp20Q2eSMDMRSghu/BU3LhRx61e482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++Dr3uw9ESBqF92oSE5ejYUgDipHSkmcewJrDkRphxNLb7HTopY7gEMvsxDOrVt2aAi4SuyBVUKDlmV/OIMIJJ6HCDEnZt61YuSkSimJGsoqTSBIjPEZD0tc0RJxIN52+kMFjrQxgEAldoYJT9fdEiriUE+7rzvxcOe/l4n9eP1HBpZvSME4UCfFsUZAwqCKY5wEHVBCs2EQThAXVt0I8QgJhpVOr6BDs+ZcXSeesbjfqjbvzavOqiKMMDsERqAEbXIAmuAEt0AYYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+AD3llrc=</latexit>

(M, gcs) have finite volume
[Todorov ’04]

<latexit sha1_base64="8t2y9DHeFaAjSU6eFLoXt6JA3IM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6MaNUME+oAlhMp20Q2eSMDMRSghu/BU3LhRx61e482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++Dr3uw9ESBqF92oSE5ejYUgDipHSkmcewJrDkRphxNLb7HTopY7gEMvsxDOrVt2aAi4SuyBVUKDlmV/OIMIJJ6HCDEnZt61YuSkSimJGsoqTSBIjPEZD0tc0RJxIN52+kMFjrQxgEAldoYJT9fdEiriUE+7rzvxcOe/l4n9eP1HBpZvSME4UCfFsUZAwqCKY5wEHVBCs2EQThAXVt0I8QgJhpVOr6BDs+ZcXSeesbjfqjbvzavOqiKMMDsERqAEbXIAmuAEt0AYYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+AD3llrc=</latexit>

(M, gcs) have finite complexity
<latexit sha1_base64="/LJYmpQ45EL6ZDCVRAG6B53Q39s=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJIUie2tqIjHCqYttKFstpt26WYTdjdCKf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g4U9q2P6yl5ZXVtfXcRn5za3tnt7C331RxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC4zv3VPpWKxuNPjhPoRHggWMoK1kbzS9enVSa9QtMu2geuijDhV2zGkVqtWKjXkzCzbLsICjV7hvduPSRpRoQnHSnUcO9H+BEvNCKfTfDdVNMFkhAe0Y6jAEVX+ZHbsFB0bpY/CWJoSGs3U7xMTHCk1jgLTGWE9VL+9TPzL66Q6rPoTJpJUU0Hmi8KUIx2j7HPUZ5ISzceGYCKZuRWRIZaYaJNP3oTw9Sn6nzQrZcctu7dnxfrFIo4cHMIRlMCBc6jDDTTAAwIMHuAJni1hPVov1uu8dclazBzAD1hvn6+Ujfs=</latexit>

(F,D)
in progress

        is complex structure moduli space of Calabi-Yau manifold    
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M➡ General picture:

        metric on       
<latexit sha1_base64="2RaK7gdYCLLP0hJSO9MwZDLwLi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyUd+jM2YYJ7dzwbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8ol72cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQu6l6j3ni4rDVvijrKcAKncA4eXEET7qAFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHc9JGY</latexit>

M<latexit sha1_base64="GC/j3pGFxdT3ABxqUhAGH7IP/+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9DvtZTwtEzLRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MHiH+Q2A==</latexit>gcs

<latexit sha1_base64="JAMW4kmgnB66386+YkaHD/d9ey4=">AAACB3icbVDLSsNAFL3xWeur6lKQwSK4KolIdVl047KKfUATy2Q6aYZOMmFmopTQnRt/xY0LRdz6C+78GydtF9p6YOBwzrnMvcdPOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUIpWENojgQrZ9rChnMW1opjltJ5LiyOe05Q8uc791T6ViIr7Vw4R6Ee7HLGAEayN1SwduKMRAsn6osZTiAbnIjbAOfT+7Gd2ZQNmu2GOgeeJMSRmmqHdLX25PkDSisSYcK9Vx7ER7GZaaEU5HRTdVNMFkgPu0Y2iMI6q8bHzHCB0ZpYcCIc2LNRqrvycyHCk1jHyTzHdUs14u/ud1Uh2cexmLk1TTmEw+ClKOtEB5KajHJCWaDw3BRDKzKyIhlphoU13RlODMnjxPmicVp1qpXp+WaxfTOgqwD4dwDA6cQQ2uoA4NIPAIz/AKb9aT9WK9Wx+T6II1ndmDP7A+fwB3Apm0</latexit>

,! Rn
<latexit sha1_base64="o1DCRmv+ZOhgnJ7XKZ67Y5gMwws="></latexit>

M = P1\{0, 1,1}  ! F ⇠= Sl(2,Z)\Sl(2,R)/SO(2)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)

<latexit sha1_base64="8pD3BX+lVCnssUaZX7UKrMaT32Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEYwTwgWcLsZDYZMzu7zPQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrtR7LXaTpea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m507JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nvpC80ZyjHllCmhb2VsCHVlKFNqGBD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMRvAMr/DmJM6L8+58LFpzTjZzDH/gfP4As+iPLA==</latexit>

j(⌧)
<latexit sha1_base64="UcyT0g+RKkxVm3193ppbzFwwDEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVREJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fe3mRZw==</latexit>Ftame on    [Peterzil,Starchenko ’04]
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➡ Tameness conjecture  [TG ’21]:    Claims the universal tameness of moduli  
                                                           spaces, parameter spaces, and coupling  
                                                           functions of EFTs valid below fixed cut-off.
 → concretization for moduli spaces  

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)
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➡ Tameness conjecture  [TG ’21]:    Claims the universal tameness of moduli  
                                                           spaces, parameter spaces, and coupling  
                                                           functions of EFTs valid below fixed cut-off.
 → concretization for moduli spaces  

<latexit sha1_base64="/7jTc/UaLpWtbJe6Mul/2w+7iCo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bgRKtgHtKFMppN26GQSZiZCDf0SNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29kr1/0FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77J/PYjlYpF4kFPYuqFeChYwAjWRurbpUovxHpEME/vpmfD075ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNFTikyktnwafoxCgDFETSPKHRTP29keJQqUnom8kspVr0MvE/r5vo4MpLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aaroinBXfzyMmmdV91atXZ/Ua5f53UU4AiOoQIuXEIdbqEBTSCQwDO8wpv1ZL1Y79bHfHTFyncO4Q+szx/7y5Kr</latexit>

(M, g)

➡ Include potential:                             is a tame function on  
<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>
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➡ Tameness conjecture  [TG ’21]:    Claims the universal tameness of moduli  
                                                           spaces, parameter spaces, and coupling  
                                                           functions of EFTs valid below fixed cut-off.
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,
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‣ vacuum locus always satisfied volume growth conjecture, fixed by   
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(F,D)

e.g. complexity behavior               of self-dual flux vacuum locus conjectured  [TG,Monnee ’23]
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→  complexity bounds on effective theories arising in quantum gravity

➡ Quantify the complexity of spaces and functions using  
sharp o-minimality  (#o-minimality) 

➡ Example:  volume growth conjecture is implied by tameness of isometric  
                  embedding of moduli space with physical metric  
→ relations: tameness of the period map, asymptotic behavior of curvature,… 

➡ Future: 
‣ complexity and the species scale
‣ complexity to classify asymptotic limits

‣ precise condition on existence of tame embedding (tame Nash)
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